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EIGENVALUE CRITERIA FOR EXISTENCE AND NONEXISTENCE
OF POSITIVE SOLUTIONS FOR a— ORDER FRACTIONAL
DIFFERENTIAL EQUATIONS, (2 < o < 3), ON THE HALF-LINE

ABDELHAMID BENMEZAI* AND SOUAD CHENTOUT

(Communicated by M. Feng)

Abstract. This article concerns nonexistence and existence of positive solutions to the fractional
differential equation

D%u(t)+ f(t,u(t)) =0, 0<1 <eo,
{ (0) = D*2u(0) = lim; .. D% Lu(t) = 0,

where a € (2,3), D* is the standard Riemann-Liouville derivative and f: RT x RT — R* is
a continuous function. The main results obtained here, are under eigenvalue criteria.

1. Introduction and main results

Because that fractional differential equations are considered as alternative models
to nonlinear differential equations, study of existence of positive solutions to boundary
value problems associated with fractional differential equations has become a very im-
portant area of applied mathematics over the last few decades. Such a subject has been
discussed in many recent papers; see, for example [7], [8], [10], [1 1], [12], [13], [14],
[17], [18], [19] and references therein.

We are concerned in this paper with nonexistence and existence of positive solu-
tions to the fractional boundary value problem (fbvp for short),

D%u(t)+ f(t,u(t)) =0, 0<t<oo, .
1(0) = D% 2u(0) = lim_... D% u(r) = 0, (a.D

where « € (2,3), DY is the standard Riemann-Liouville derivative and f: RT x RT —
R™ is a continuous function.

Motivated by the works in [1], [4], [5], [6] and [20], we want to establish nonexis-
tence and existence results to the fbvp (1.1) under eigenvalue criteria.
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Set

Qa:{qec(R+,R): q(s) >0ae. s>0and/ 5)(1+5)* 'ds < oo }

A continuous function g : RT x R — R is said to be 2, -Caratheodory if for all
r >0 there is y, € 2, such that

)g( (142)*! )) <y (t)(140)*"", forallz e R and u € [—r,r].
A continuous function g : R™ x R — R such that
’(1 +z)1*°‘g(z,u)‘ <a(t)+b()|ul, forall t,u e RT,

where p € (0,4) and a,b € 2, € C(R") with b(s) = (1+5)* VP Vp(s), isa
typical 2, -Caratheodory function.
Consider for ¢ in 2, the linear fractional boundary value problem

{ D%u(t) + ng(t)u(t) =0, ae. £ € (0, +o) (1.2)

u(0) = D%~ u(O) 0, lim,_,.. D% ult) =0,

where (1 is a real parameter.

PROPOSITION 1. For all functions q in 2, the fbvp (1.2) admits a unique posi-
tive eigenvalue Ly (q).

PROPOSITION 2. Assume that the nonlinearity f is a 2 -Caratheodory function
and there exists q € 2, such that one of the following Hypotheses (1.3) and (1.4)

o (q) < 1and f(t,u) > q(t)u, forallt,u >0, (1.3)
Uo (q) > 1and f(t,u) < q(t)u, forall t,u>0 (1.4)
holds true. Then the fbvp (1.1) has no positive solutions.

The existence result for positive solutions to the fbvp (1.1) needs to introduce the
following additional notations. Set for a .2, -Caratheodory function g : R™ x R — R,
g€ 2y and v =0,+oco

e s (0™ )
gt(q)_lms pu~>v max; >0 (l+l) lq() )
v (g) =limin min —( (1407 : u)
gvig) =1 fu—v >0 (1 —|—t) lq(l)u ) .
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THEOREM 1. Assume that the nonlinearity f is 2 -Caratheodory function and
there exist two functions qo,qe in 2y such that one of the following hypotheses (1.5)
or (1.6) holds true:

fie(ge) 1o (90) s

.ua(qoo) <l= .ua(fIO) (1)
. fi@o) . fralao)

Jo \1Y) J Ao \H0/

ta(ao) ~ ' lalge)” (10

Then the fbvp (1.1) admits a positive solution.

Consider now the particular case of the fbvp (1.1), where the nonlinearity f takes
the form:

=m ol " .
ftu)y=m()(1+6)"""h (t, a +t)°“1>

Namely, we consider the fbvp

o o—1 u(t) ) _
D%u(t)+m(t)(L+8)*""h (z, T T 0,1>0, (1.7)
u(0) = D*2u(0) = 0, lim,_c. D u(t) =0,
where m € 2, and h: RT x Rt — R7T is a continuous function such that
for all » > O there is M, > 0O such that (1.8)
h(t,u) <M,, forallr >0andu € [0,r]. )

Set v=0,+c

. h(t,u
h{ =limsup,_,, [ max,>o (t,u) ,
u

h(t
hy, = liminf,_., { min;>¢ ( ,u))
u
We obtain from Proposition 2 and Theorem 1 the following corollaries.

COROLLARY 1. Assume that that hypothesis (1.8) holds true. If either
h(t,u) < Muwith0 <N < g (m)

or
h(t,u) > nu withn > Uy (m),

then the fbvp (1.7) admits no positive solution.
COROLLARY 2. Assume that hypothesis (1.8) holds true. If either
e < Ha(m) < hy

or
h§ < Ha(m) < hi.,
then the fbvp (1.7) admits a positive solution.
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At the end of this section, we consider the particular case of the fbvp (1.1), where
f(t,u) = p(t) (14+1)* ' uP . Namely, we consider the case of the fbvp

{ D%u(t)+ p(t)uP =0, t >0,

u(0) = D*2u(0) =0, lim, .. D* u(t) = 0, (1.9

where p >0 and p € C(RT,RT).
We obtain from Corollary 2 the following existence result.

COROLLARY 3. Assume that m € 24 where m(t) = p() (1 —|—t)(a71)(p71) . Then
Sforall p € (0,1)U(1,4e0) the fbvp (1.9) admits a positive solution.

Proof. We have
p
p(t)uf = p(t) (1+1)P > (dm) =m(t) (1+1)*"h (ﬁ) ;
where h(x) = x and

hi..=0< po(m) <hy =+, if p€(0,1),
hg =0 < Hg(m) <hi, =, if p € (1,+00).

Thus, existence of a positive solution for the fbvp (1.9) is obtained from Corollary
2. 0O

2. Abstract background

Let X be a real Banach space, the standard notations .% (X) and r(L) refer re-
spectively to the set of all linear bounded self-mapping defined on X and the spectral
radius of an operator L in .Z (X). Let K beaconein X, thatis K is a nonempty closed
convex subset of X such that KN (—K) = {0g} and tK C K for all r > 0. Hereafter,
= denotes the partial order induced by the cone K on the Banach space X. We write
forall x,yeX: x=<y(ory=x)ify—xeKandx<y (ory>x)if y—x€ K~ {0g}.

DEFINITION 1. Let L be a compact operator in % (X). L is said to be

i) positive, if L(K) C K,
ii) strongly positive, if int(K) # 0 and L(K ~ {Ox}) C int(K),

iii) lower bounded on the cone K, if

inf{||Lu|| : u € KNdB(0g,1)} > 0.

In all what follows, %k (X) denotes the subset of all positive compact operators
in . (X) and we set forall L € Zx (X)

Ar ={6 >0:3u > Ox such that Lu > Qu},
I'L ={6 >0:3u > Ox such that Lu < Ou}.
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DEFINITION 2. Let L be an operator in %% (X) and pu > 0. The operator L is
said to have the strongly index-jump property (SIJP for short) at u if

r(L) =supAr = infT.

PROPOSITION 3. (Proposition 3.16 in [2]) Let L be an operatorin £k (X). If L
is strongly positive, then L has the SIJP at r(L).

THEOREM 2. (Theorem 3.23 in [2]) Let L be an operatorin £k (X) and assume
that there is an increasing sequence (L) of operators in £k (X) such that L, — L in
operator norm and for all integers n > 1, L, has the SIJP at W,. Then L has the SIJP
at L =limy, = sup Uy,.

REMARK 1. We have from Proposition 3.14 and Proposition 3.15 in [3] that if
L € %k (X) has the SIJP at u, then u is the unique positive eigenvalue of L.

REMARK 2. It is easy to see that if L € %k (X) has the SIJP at u and L(K) C
P C K, where P isaconein E, then L € %p(X) has the SIJP at u.

In this work, the problem of existence and nonexistence of positive solutions for
the fbvp (1.1) will be converted to that of existence and nonexistence of fixed point for
a completely continuous mapping defined on a cone of an appropriate functional space.
This why we need the following two abstract results. Let 7 : K — K be a completely
continuous mapping. The following proposition provides under eigenvalue criteria a
nonexistence result for fixed point to the mapping 7 .

PROPOSITION 4. Assume that there exists L € £k (X) having the SIJP at |l such
that one of the following conditions (2.1) and (2.2) holds true,

u>1landTu > Lu, forallu € K, 2.1

u<landTu =< Lu, forallu € K. 2.2)
Then T has no positive fixed point.

Proof. We present the proof in the case of (2.1) holds, the other case is checked
similarly. To the contrary, suppose there exists u > Ox such that Tu = u. In this case
we have that u = Tu > Lu, 1 € Ay and u = infAy < 1.This contradicts ¢ > 1 in
hypothesis (2.1). [

The following theorem is an adapted version of Theorem 3.25 in [2]. It provides
under eigenvalue criteria an existence result for fixed point to the mapping 7.

THEOREM 3. Assume that there exist two operators Ly,Ly in Zx(X) and two
functions F1,F, : K — K such that

Ly is lower bounded on K,

Ly has the SIJP at r(Ly),
0<r(ly)<l<r(L) and

Liu— Fiu =2 Tu = Lyu+ Fpu, forallu € K.
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If either
Fiu=o(||ul|) asu— oo and Fou=o(||u|]) asu—0 (2.3)

or
Fiu=o(||ul|) asu — 0 and Fou = o (||u]|) asu — oo, (2.4)

then T has a positive fixed point.

3. Riemann-Liouville fractional derivative

Now, let us recall some basic facts related to the theory of fractional differential
equations. Let 3 be a positive real number, the Riemann-Liouville fractional integral
of order B of a function f : (0,4+c0) — R is defined by

B0 = g5 | 0= 0

where T'(f3) is the gamma function, provided that the right side is pointwise defined on
C(o+1) 10+B

I'(c+B+1) :

The Riemann-Liouville fractional derivative of order 3, of a continuous function

f:(0,4) — R is given by

o0 =g (@) [t

where n =[]+ 1, [B] denotes the integer part of the number f3, provided that the right
side is pointwise defined on R .

As a basic example, we quote for o > —1, Dgg" = %t“‘ﬁ. Thus, if

u € C(0,+o0) NIL! (0,+<0), then the fractional differential equation Dg Lu(t) =0 has

(0,+-o0). For example, we have for any real o > —1, I(l)it" =

u(t) = ZZ[P]H cit B “i ¢ €R,as unique solution and if u has a fractional derivative of

order 8 in C(0,+e)NL! (0,+c0), then

i=[B]+1 _
1208 u(t) = ur) + Z citP™i ¢ eR. (3.1)

For a detailed presentation on fractional differential calculs, see [15] or [16].

4. Fixed point formulation

Now, we introduce some spaces and operators needed for the proof of the main
results of this paper. Throughout, we let E and F be the linear spaces defined by

{—>o0 Z‘a

E= {uec(R+,R) . lim “@1 =0€R},
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Ju(®)]

E becomes
(14+0)*1°

equipped with the norm ||-||; where for all u € E, ||u||z = sup,~q

a Banach space.
In all what follows E™ denotes the cone of nonnegative functions in E and the
subset P of E defined by

P={uckE:u(t)>vy{)|ulg, forallr >0},
where
y(t) = min (1,/%71),

isaconein E.
Let G:R™ x R™ — R be the function given by

1 a-1_ (4 __ Ha—1 <g< oo
Glt.s) = {t (t—s5)""1, 0<s<t<eoo,

INCIR A 0<r<s<eo.

G
LEMMA 1. The functions G and — are continuous and have the following prop-

) ot
erties:
G(0,5) =0, forall s >0, 4.1)
a—1
0<Glt,s) < %7 forallt,s >0, 4.2)
. G(t,s) 1 . G(1,9)
}g% T m, anm prom =0, forall s >0, 4.3)
G(t,s) > y(t &,forallt,r,s}O, (4.4)
(1+7)*!

G
—(t,8) >0, forallt,s > 0. 4.5)

ot

Proof. Properties (4.1), (4.2), (4.3) and (4.5) are easy to check, let us prove prop-
erty (4.4). Set for n >0 and s € (0,1), ¢n(s) =n* ! —(n—s)*"1. The function
¢y has the following properties: for all s € (0,1),

!
¢} (s) > 0 and (‘p” (s)) <0, forall s € (0,1),

sa—l
. pn(s) . on(s)
}1_{1(1) o1 = oo and Shgg T = 1,
(1 —|—‘L’)°‘7l >0 (s) > s* ! foralls € (0,1), (4.6)

if n < & then @n (s) < ¢ (s), forall s € (0,7).

Therefore, we have

1 (g(s), if0<s <t <o,
G(t’s)_m{qo,(t),if0<t<s<oo @7
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and we obtain from the above properties of the function ¢, that for all 7,7,s > 0,

oa—1 oa—1
o) 1 > rt) - ifr<s <1,
0e(s) " oe() T (141 (14 1)
—1
(PI(S)><£>OC >1> 1 12 Y(t)ail, if T<s <1,
eo:(1) ~ \1 1 (1+17)* (I+7)
o
G(t,s) (p’(t)> ! T > ) AP T,0<s,
G(7,5) oc(T) T (14 1)* (1+17)
9ils) _ @e(s) _ | > MO ricog
¢z (s) %(()) (1+71) (I+7)
P o—1
(l)t(s):\a1> 1 2 ! 12 Y() 17lfS<t<
0cls) ST E T (14 T (14 )7

proving property (4.4) of the function G. [

LEMMA 2. For all functions h in C(RT,R)NLY (R, u(t) = [;" G(t,s)h(s)ds
is the unique solution to the fbvp:

D%u(t) +h(t) =0in (0,4e),
{ u(0) = D*2u(0) = lim; 1. D* 'u(t) = 0.

Proof. Applying the operator 1%, we obtain from (3.1) that u is a solution to
D%u(t) + h(t) = 0 if and only if

1 t
a—1 a—2 -3 a—1

= + + - = — h(s)d 4.8
u(t) cit cot c3t ( )/O (t s) (S) S, (4.8)

where ¢, ¢, and c3 are real constants. Consequently, the boundary condition #(0) =0
and (4.8) lead to ¢3 =0,

u(t) =— ﬁ /0[ (t — )% h(s)ds+ 1t 4 o172
and )
D" 2u(r) = — /0 (t —$)h(s)ds+ e T(a)t + Tt — 1), 4.9)

The boundary condition D*24(0) = 0 and (4.9) lead to ¢, = 0,

1 ! o— o—
u(t):—m/o (t — ) h(s)ds + 119!
and )
DY lu(r) = — /O h(s)ds +ciT(ct). (4.10)
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At the end, the boundary condition D%~ !u(+e0) = 0 and (4.10) lead to ¢; = ﬁ
JoF= h(s)ds and

Lo o1 27 _ [t
) = g /0 (1) s+ frgs /0 Ws)ds= [ G(t.s)h(s)ds. O

I'la 0

In order to prove the compactness of operators, we make use of the following
Lemma.

LEMMA 3. ([9])A nonempty subset M of E is relatively compact if the following
conditions hold:

(a) M is boundedin E,

x(t)

(b) the functions belonging to {u cu(t) = xe M} are locally equicon-

(l + t)O(*l ’
tinuous on [0,+e0), that is, equicontinuous on every compact interval of R* and
. , x(t) .
(c) the functions belonging to < u: u(t) = W, X €M » are equiconvergent
+1

at oo, that is, given € > 0, there corresponds T(g) > 0 such that |x(t) —
xX(+eo)| <&, forany t > T(€) and x € M.

LEMMA 4. Let g :RT xR — R be a 2, -Caratheodory function. The operator
T, : E — E with Tu(t) = [y~ G(t,5)g(s,u(s))ds, is well defined and is completely
continuous. Moreover, if g(t,u) >0, forall t,u >0, then Ty(EY) CP and u€E isa
fixed point of T, if and only if u is a solution to

D%u(t)+g(t,u(t)) =0, 0<t<eo,
{ u(0) = D*2u(0) = lim; . D* 'u(t) = 0.

Proof. The fact that T,u € E for all u € E follows from the following estimates
(4.11), (4.15) and (4.16). Let Q C B(0g,R) be a subset of E and let yg € 2, such
that

g(t, (140 u) < wr(t) 141)*"" forallz >0 and u € [-R,R].

We have then for all u € Q

|Tu(t)| te Glt,s) E Gy u(s) :
(1+0)%! </o (141! g( (149) (1+s)“—1> ¢
< 0+°°WR(S)(1+s)aflds. @.11)

This shows that the operator T is bounded on Q.
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Let [£,7] be an interval of RT. We have for all u € Q and all #1,1, € [£,1] with
0<tr—1 <1,

Tu(l‘z) B Tu(tl)
(1+0)*" (14!

1 /fl th—s\* 1 /g —s\*!
ST(a) Jo (\1+26 1+1

1 ) Ih—s a-l a—1
e a>[ ) w149 s
1

wr(s) (14 s)OC*1 ds

- e )al i )al T (s (145)% 4.12)
— || —— — s s s. .
T (o) \1+n 141 o VR
We have by the mean value theorem:
o—1 a—1 a—2
Hh—s B IH—s Q(OC—I) 15 S_tl N
1+1 1+1 1+n 1+, 141

n

+

n )a2 (th—11) (1 +35)
+n (I1+5)(1+n)
n

<(o—1) (—)H (tr—11) (4.13)

and

o2
n i) 5]
<-n(%) (%)

o—2
<(a-1)(f5) (-n). (4.14)

Set |yg|, = ﬁ JoF wr(s) (1+5)* " ds, inserting (4.13) and (4.14) in (4.12) we ob-
tain:

Tu()  Tu(h)
(146)%" (142)*!

(a=1)( n \*? n—1n\""
<2 -
I'(o) \ 1471 Vlo (2=01)+ 1+ Vil

o—2
< ﬁ (2(a— 1) (ﬁ) +1> [Wrlq (12 —11)
(4.15)

Proving that T, (€2) is equicontinuous.
We have forany u in Q and # > 0

Tu(t

(140!

T Glt,s)
< /0 Qo )l
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e Gl,s) -1
</ ———yr(s) (1+9)* "ds=H(t). (4.16)
T 1) )
Since ygr € 24, the property (4.3) of the function G and the dominated convergence
theorem lead to lim; ... H(z) = 0 and then 7,(Q) is equiconvergent.

Now, let us prove that the operator T, is continuous on . Let u be a function in
Q and (u,) C Q is such that limu, = u. Because of

t,s)

et
HTgun—TguHE < fgg/o (1+7

sl (5) = g5 s

ta—l
<sup————
>0 (141)*"

o0
< [ lels.n(9) = gls,u(s)) | s
95, 1(5)) — g(5,14(5))] < 2y(s),

+oo
| Tesm(s) = gls.usplds

and
lim [g(s,un(s)) — g(s,u(s))| =0, forall s >0,

we have by the Lebesgue dominated convergence theorem limHTgun — TguH g =0
Proving the continuity of 7,. Thus, T, () satisfies all conditions of Lemma 3 and
the mapping 7, is completely continuous.
At the end, assume that g(¢,u) > 0 for all #,u > 0, we obtain from property (4.4)
of the function G, that forany u € E* and ¢,7 >0
Foe G(t,s)

o0
Tut) = | Gl)slosulods > [ 7() ZGrglsao)ds

leading to

Te) > v0)s0p [ () ds > 1) [

This proves that T, (E*) C P and in particular T, (P) C P. The fact that fixed point of
T, are solutions to the fbvp in Lemma 4 follows from Lemma 2. [J
We obtain from Lemma 4 the following formulation of the fbvp (1.1).

COROLLARY 4. A function u € C(R™,R™) is a positive solution to the fbvp (1.1)
if and only if u = Tru, where Ty : P — P is completely continuous and Tru(t) =
Jo T G(t,5)f(s,u(s))ds forall uecP.

5. Proofs of main results

5.1. Auxilliary result

The main result of this subsection (Theorem 4) and its proof need to introduce
additional notations. With a function g in 2, and T > 0 are associated the linear
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operators L, in & (E), L}, Ll 1 in £ (F) and K] in £ (Fr) defined by

o0
Lou(t) = A G(t,5)q(s)u(s)ds, forallu € E,

Lun = Lgyu, forallu € F,
)= /OT Gr(t,s)q(s)u(s)ds, forallu € F,
)= /OT Gr(t,s)q(s)u(s)ds, forall u € Fr,
where for T >0 Gr :R* x [0,T] — R™ be such that

[ G(1,s), ift,s€[0,T],
Or(t,s) = {G(T,s), ifr>7

and Fr, F} are the Banach spaces defined by

.oulr
FT:{uEC[QT]:hmta(—)l:lER}

—!
Fl= {uEFT () - eC'o, T]}
equipped respectively with the norms

u(®)]

H”HFT: sup o , forallu € Fr,
tel0 T]
u(@®)\'
tO(*l

t
S = {ueFT:u(t) >0, foralls € (0,T] and linafof—7)1 >O}.
—

lullpp = lleell 7 + sup , forall u € F.

1€[0,T]

Setfor T >0

LEMMA 5. The set St is open in the Banach space Fr and S C FT+.

Proof. We have Fr \. St = F; UF,, where

Fy ={u€Fr:u(t) <0forsomer, € (0,7]}

FQZ{ueFT lim - ()1 \0}.

It is clear that F is a closed set in Fr, so let (u,) C F} be a sequence converging
to u in Fr and (¢,) C (0,T] with u,(t,) <0 and lim#, =7 € [0,T]. We distinguish
then two cases:
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Case 1. 7 € (0,7]. In this case we have u(7) = lim,— o1ty (f,) <0 and u € F}.
Case 2. 7 = 0. In this case we have u € F>. By the contrary suppose that u ¢ F»
and lim,_, t”a(—ﬂ = 1> 0. Thus, there is np € N and 6 > 0 such that for all n > n

I uy(t) u(r) 1
—Z < toc——l_ F < Z, forallr € (O,T]

and
31 u(r)
4 ol

< %7 forall 7 € (0,6].

Let n; be such that 7, € (0, 6], forall n > n;. We have then for all n > max(ng,n;)
the contradiction

o 71un(tn) o 1 un(tn) M(ln) u(t") —1 l 3l
0> uy(ty) =t F_tf ((t,‘,"l ~ o + e > _Z+Z

This ends the proof.

LEMMA 6. For all functions q in 2y and all T > 0, the operator L;T has the
SIP at r(L] 7).

Proof. Observe that L  has the SUP at (L ;) if and only if K7 has the SIJP at
r(Kyr) = r(LE 7). To this aim, we will prove that the operator K is strongly positive
and we conclude then by Proposition 4 that it has the SIJP at r(KLi 7)-

Let us prove first that Kf; r is compact. We have for all u € Fr

() - 2t 22
L ([ (-2) )

KF ! ~
Leading to lim,_, ( Z;ful(t)) =0 and L] 7u € F}. Thus, the operator K/ 7 : Fr —

F}, where KF u(t) = KX u(r), for all u € Fr and all £ € [0,T], is well defined and
Kf'p € % (Fr,F}). Since the embeding j of F} in Fr is compactand Kf = joKl,,
we have that K; 7 1s compact.

Now, since for all u € F with u#0

T
KL ru(r) = /O Gr(t,5)q(s)u(s)ds > 0, forall 1 € (0,T]
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and (by dominated convergence theorem)

K u(t TG ;
lim —%:T ()zlim/ T( s) ds—/ q(s)u(s)ds >0,
1—0 o1 t—0.Jo

we have K (F;" . {0}) C St C F; and the operator K['; is strongly positive. This
ends the proof. [

THEOREM 4. For all functions q in 2o the operator Ly, has the SIJP at r(Ly)
and is lower bounded on the cone P.

Proof. First letus prove that L] has the SIJP at r (L) . This will be obtained from

Theorem 2 whence we prove that LF =lim7 .. Lq 7 in operator norm and 7 — L; 7 is
increasing. We have for all u € F w1th ullp =1,

Liu(t) — LY pu(r) o G(t,s) T Gr(t,s)
qta—_lq’ = /0 proms) q(s)u(s)ds—/o proas q(s)u(s)ds
TG(t7s>_GT(tvS) T G(I,S)
< /0 ta—_lq(s)u(s)ds + /T ta_l q(s)u(s)ds
T G(,5) = Gr(t, S) 1 =G 1
< /0 — T s%ds +/ tO‘ 1 s%ds
+eo T G(t,s)— Gr(t
</ q(s)s* ds+ / —( :5) 71T( ’S)q(s)so‘*lds .
T 0 1%
Since Gr(t,s) = G(t,s), for t,s < T, we have
Liu(t) — L yu(t) e _
qta—_l% S/T q(s)s® 'ds, forallt <T
d
and since > (% )> <0, for s € (0,¢), we have in the case of t > T
Lgu(t)—Lg,Tu(f) e _ TG(t, ol GT t s) ol
e < . q(s)s s prom ds +/ ds
/ q a—1d+/ pr= 1 Ot—ld +/ o Ot—ld
T G(T,s)
1 ~1
g/T s*lds +2/ T %7 ds.

The above estimates lead to

LEu(t) — LF u(z)
ILg = Lgrll = sup (S“P T

Jullp=1 \ >0

)

oo T G(T
< / q(s)s* tds+ 2/ ( ’f) q(s)s% 1ds — 0, as T — oo.
T o T%




Differ. Equ. Appl. 11, No. 4 (2019), 463—480. 477

Then by means of the dominated convergence theorem, we conclude that

: F_gF || _ F F s

lim7 . 4o HLq - L%TH =0 and L, ; convergeto L, in operator norm.
For T} < T, and u € F*, we have

T, T
L;Tzu(t) —L;Tlu(t) =, GTz(t,s)q(s)u(s)ds—/O Gr, (t,5)q(s)u(s)ds

T )
- /O (Grs (t,5) — Gr, (1,5)) q(s)u(s)ds + /T " G0, )g(u(s)ds.

Because of
0,ifr < Ty,
Gr(t,5) = Gy (1,5) = { @/() = @ (s), if T <t < Ty, >0
on,(s) —or, (s), if T <t

we have L . > Ll ..

At this stage, we are able to prove that L, has the SIJP at r(L,). We have Apr C
AL, and FLg C Iy, So, let us prove that ALg = AL, and l"Lg =TIy, To this aim,
let A >0 and u € ET ~\ {0} be such that Lyu > Au. We have U = Lyu € F* ~ {0},
LyU = LyLgu = ALgu= AU and A € Ajp. This proves that A,y = Ar,. In similar

way, we also obtain that FLg = l"Lq . Thus, we have that

r(LY) = sup (AL5> =sup (Ar,) = inf (FL5> =inf(I,)

and the operator L, has the SIJP at r (Lg ) . Furthermore, since the cone E™ is total in
E and Remark 1 claims that r (Lg ) is the unique positive eigenvalue of L,;, we have
r(Lg) =r(Ly) and L, has the SIJP at r(L).
It remains to show that the operator L, is lower bounded on the cone P. We have
from property (4.4) of the function G
+oo

te 1
L) = [ 6.9 uts)ds > ([ 6961000 (145 as ) )

leading to
Lu(t) T G(t,s) 1
Lou|| =sup—2—/— >su / —— = q(s)y(s) (1 + )% "ds | ||ul|z -
ol = svp =0 901»( OO a9 as )l

This completes the proof. [

5.2. Proof of Propostion 1

We have from Lemma 4 that u is a positive eigenvalue of the linear eigenvalue
problem (1.2) if and only if u~! is a positive eigenvalue of the compact operator Ly.
Since Theorem 4 claims that L, has the SIJP at r(L,), we have from Remark 1 that
r(Lg) is the unique positive eigenvalue of L,. Therefore, we have that u = 1/r (L) is
the unique positive eigenvalue of the linear eigenvalue problem (1.2).
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5.3. Proof of Proposition 2

Assume that hypothesis (1.3) holds true (the case where (1.4) holds is checked
similarly). We have then from Theorem 4 the operator L, has the SIJP at r(L,),

and for all u € P
Tyu(t) = 0+°° G(t,5)f(s,u(s))ds > O+°° G(t,5)q(s)u(s)ds = Lyu(t).

Thus, hypothesis (2.1) holds and Proposition 4 claims that the operator 77 has no fixed
point. At end, we conclude by Corollary 4 that the fbvp (1.1) has no positive solution.
5.4. Proof of Theorem 1

Assume that hypothesis (1.5) holds true (the case where (1.6) holds is checked sim-
ilarly). Then we obtain from f..(¢ge) < 11(ge) that for & € (0, o (geo) — f1ea(ge0))
there is R large such that f(¢,u) < (Ho (ge) — €) geo(t) (1 +1)* ', forall 7 >0 and
u > R. Since the nonlinearity f is 2, -Caratheodory, there is yg € 2, such that

Flt,1) < (Mo () = €) () (L+0) ut Y (1) (140)* 7", forall £,u > 0. (5.1)

Also, we have from f (q0) > Ha(qo) that for € € (0, f; (q0) — Ha(ge)) thereis r>0

such that f(,u) > (l1g (ge) +€) qo(t) (1+1)* ' u, forall 1 >0 and u € [0,r]. Thus
we have

F(t,0) > (ba (q0)+€)qo(t) (140" u— f(t,u), forall,u>0,  (5.2)

where f(t,u) = sup <O, (U (goo) + ) qo(t) 1 +1)* —f(nu)) . Therefore, we ob-
tain from (5.1) and (5.2) that

Lgou— Fou < Tru < Ly u+ Fou, for all u € P,

where

Fou(t) = /0 " G,9) T (t,u (s))ds,

e a1
Fou(t) = /O G(t,5)wx (s) (1 +5) ds,
- 0 5

We conclude from Theorem 4, Theorem 3 and Corollary 4 that the fbvp (1.1)
admits a positive solution.
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REMARK 3. We have from Property (4.5) of the function G that if u is a solution
to the fbvp (1.1) then u is increasing and lim,_ .. u(¢) exists. Thus, it is natural to ask
about the boundedness of the solution u. A sufficient condition on the nonlinearity f
to have an unbounded solution is

!
lim [ s*'f(s,0)ds = 4o uniformely for 6 in compact intervals of (0, 4-co).

t—+eo J1
(5.3)
Indeed, if u is a solution of the fbvp (1.1), then we obtain from (4.6) and (4.7) that
forallt > 1,

u(t) = O+°° G(t,5) (s, u(s))ds
~+oo

1 4 1
= a7 b G0 satNas+ 7o [ G (st

1 t 1 Co
2 W/O G(t,s)f(s,u(s))ds = m/l s lf(S,u(S))ds,

Thus, if lim, . u(t) =1 € RT we have then the contradiction

1 1
= 1l >— a1 = oo,
= i ule) > gy tim [ 8 s u(s))ds = +

In the particular case where f(r,u) = m(t)uP, where p >0 and m € C(RT,R™),
the condition (5.3) is equivalent to

o0
/ 5% m(s)ds = +oo.
0
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