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FINAL STATE PROBLEM FOR THE NONLOCAL NONLINEAR
SCHRODINGER EQUATION WITH DISSIPATIVE NONLINEARITY

MAMORU OKAMOTO* AND KOTA URIYA

(Communicated by P. I. Naumkin)

Abstract. We consider the asymptotic behavior of solutions to the nonlocal nonlinear Schrodinger
equation with dissipative nonlinearity. We prove that there exists a solution which has different
behavior from that of the typical cubic nonlinear Schrodinger equation.

1. Introduction

We consider the nonlocal nonlinear Schrédinger (NLS) equation
1 -
idu+ EQEu:lu(x)zu(—x), (L.1)

where A € C. Ablowitz and Musslimani [1] proved that (1.1) with A € R is a complete
integrable model, and hence has infinitely many conserved quantities. For example, if
A € R and u is a solution to (1.1), then

/Ru(t,x)mdx, /R{8xu(t,x)m—lu(t,x)2m2}dx

are independent of 7. They found solutions to (1.1) which are different to that of the
typical cubic NLS equation

iatu—k%&xzu:MuFu. (1.2)

Our aim in this paper is to investigate the asymptotic behavior of solutions to (1.1)
which differs from that of (1.2) when ImA # 0.

Since L?-norm of solutions to (1.2) with A € R is conserved, the global-in-time
well-posedness for (1.2) follows form the local well-posedness in [19]. However, while
the same argument as in [19] implies the local well-posedness for (1.7), the conserved
quantities of (1.1) do not work well to extend the local solution even if A € R.
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The long-time behavior of (1.2) has been studied by several researchers (see [15,
5,2,7,16,6,9, 12, 11] and references therein). It is known that the solution to NLS
equation scatters when the degree of nonlinearity is bigger than three. In addition, there
is no nontrivial solution to (1.2) is asymptotically free. In this sense, the cubic nonlin-
earity of the NLS equation in the one dimension is critical. Ozawa [15] constructed the
modified wave operator of (1.2) from a ball in H*?(R) to L?>(R) when A € R, where
H*"(R) denotes the weighted Sobolev space equipped with the norm

Il = [ (1= 22) 7 £

2’

for s,m € R. More precisely, he proved that for A € R and given small u, € H**(R),
there exist 7 > 0 and a unique solution u € C([T,0); L*(R)) to (1.2) satisfying

2 . ~
u(t,x) —el%_l%l_%iﬂr <'E> e*ll|u+(;ﬁ)|2]0g[ -0
t

12

)

as t — oo. Hayashi and Naumkin [6] showed the existence of the modified wave oper-
ator from a ball in H**(R) to H*B(R), for 1/2 < B < a < 1. Moreover, Shimomura
[17] proved that the solution to (1.2) with ImA < 0 decays faster by logarithmic order
than the linear solutions (see also [18, 8]). Namely, the solution u to (1.2) behaves like
the following as t — oo:

x? LT -1 i Re x
o =ik, ()—C) % (z,f) 2 b i loeW(rF) (1.3)
t t
where W (t,E) := 1 —2(ImA)|u(€)|* logt .
In the study of spinor Bose-Einstein condensates, the following system of cubic
NLS equations is considered ([10]):

iy + L8)62141 = u_lu%,

2’;“ (1.4)

i0jus + 2—mz&x2ug = u%u_g,

where m; and my are positive constants. We focus only on the mass resonance case,

namely m; = my, because the systems are asymptotically free in the remaining cases

(see, for example, [4]). Then, (1.4) has the mass conservation law, i.e., [lu;(z)]|2, +

Huz(t)||i2 is independent of 7. The second author [20] showed that mass transition

phenomenon occurs for (1.4) under the mass resonance condition (see [3, 4, 14] for the

two dimensional case).

The long-time behavior of systems of NLS equations heavily depends on structure

of the nonlinearity. In fact, the second author [20] also observed the mass transition
phenomenon to the following NLS system:

. 1

iduy + Eaful = |u1|?uz,
| 12 2 (1.5)
idyuy + §8xu2 = |ua|“u;.
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On the other hand, Nakamura et al. [13] constructed the modified wave operator of the
following system:

1
idruy + Eaxzul = M%M_z‘f' |ul|2u27
1 (1.6)
i0yus + anzuz = w3 + |up Py

In particular, the asymptotic behavior of (1.6) is given by

2 _
ei% 7i%t7%ﬁj+ ({) ef2iRe(ﬁl+ﬁ2+)(’t—‘) lt)gt7
t
for j = 1,2 (see Remark 2.2 below). Note that more general cases are treated in [13].
By setting u (¢,x) = u(z,x) and up(z,x) = u(t,—x), (1.1) is written as the follow-
ing system of cubic NLS equations:

1
idiuy + —83141 = lu%%,
% (1.7)
idjuy + Eafuz = lu%u_l.

The structure of (1.7) is different from those of (1.4), (1.5), and (1.6). Indeed, ||u;(¢) Hiz +

Huz(t)||i2 is not conserved even if (u1,uy) is a solution to (1.7) and A € R, while (1.7)
is mass resonance.
A formal calculation shows that

8,/Rul(t,x)u2(t,x)dx: 2(Im7L)/R (ul(t,x)m>2dx

provided for solutions (uj,uy) to (1.7). Hence, / uy (t,x)uy(t,x)dx is conserved if
R

ImA = 0. Moreover, if u(7,x)us(t,x) is real-valued, ImA < O implies a dissipative
nature:

/Rul(t7x)u2(t7x)dx</Rul(07x)u2(0,x)dx.

Let u;4,us+ be given final states. To ensure the dissipative nature, we impose the
following assumption:

ASSUMPTION 1. There exists a constant 11 > 1 such that

%\m&)\ <104 (E)] < s (E)], (A-D)
(Im2)Re (@14722+ ) (&) < | 1m (@172 ) (&) (A-2)

hold for any & € R.

We choose asymptotic behavior (w;,w;) as follows:

iﬁ—iﬂ _1 X
wjlt,x) 1= el 71y 2qoj<t,;>, (1.8)
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where ¢ and ¢, are defined by

01(1,8) = 1 (E)R(1, ) be HTarald) 3 (R roere&)=a00) (1)
0a(1,E) 1= i, (E)R(1,E)ber tni A0 D) 3 (IRheR0D+40D) (1 1)

R(,E) = [1=2(m ) (704782 ) (6) Togr
A(t,E) == Arg (1 - 2(1m/1)(ﬁ1+ﬁ) (5)1ogz).

Here, we define the angle of z € C by Argz, namely Argz := 6 for z = |z|¢?® and
—7m < 6 < 7m. We note that (A-2) in Assumption 1 implies that R(¢,&) # 0. See
Lemma 3.1 below. Moreover, (A-2) yields that A(¢,&) € (—x, ), for > 1. Indeed, if

Im (ﬁHE) (£) =0, it follows from (A-2) that (ImA)Re (ﬁHﬁ) (£) <0, namely

At,&)=0.
We are now in position to state our main result.

THEOREM 1.1. Let uyy,upy € H*'(R). Assume that TmA # 0 and Assumption

1 holds. Then, there exists T > 0 such that the system (1.7) admits a (unique) solution
(ur,up) € C([T,); L*(R)?) satisfying

_1
s (6) = w;(0)l2 = o (17%).
ast— oo, for j=1,2.

In proving Theorem 1.1, the key point is choice of the asymptotic profile (1.9) and
(1.10). Roughly speaking, because w; and w; satisfy ||w;(t)[|z= = O (r~!/) and

1

iowy + 58)62\4)1 = lw%w_z—i-o (fl) ,
1

lath + E&fwz = AW%W_I"FO (t_l) ’

the difference u; —w; decays faster than that of the linear solutions. Accordingly, we
can apply the contraction mapping theorem as in [15] (see also [6, 20]).

In the proof of Theorem 1.1, we show that ¢;(r,x) defined in (1.9) and (1.10) has
logarithmic decay because of Assumption 1. See (3.6) below. Thanks to this dissipative
feature, the smallness of the data u; is not needed.

We mention some remarks on Theorem 1.1. First, although we can solve the corre-
sponding profile equation to (1.7) even if A € R, the expected asymptotic behavior may
decay slower than the linear solutions (see Remark 2.1 below). Second, the uniqueness
holds only in X, 7 defined by (3.1) below, which is a subspace of C([T,);L*(R)?).
Third, in general, the asymptotic behavior obtained in Theorem 1.1 is different from
that of the typical NLS equation (see (1.3)), because of the presence of A(z,&) in (1.9)
and (1.10).
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REMARK 1.1. By setting u;4(x) = up4(—x) in Theorem 1.1, we can obtain the
asymptotic behavior of (1.1). More precisely, let u, € H*!(R) and assume that As-
sumption 1 holds with ;4 (x) = uy(x) and wup4(x) = uy(—x). Then, there exists a
(unique) solution u to (1.1) with

_1
=0 <[ 4) s

u(t,x) — e’%ﬂ%f% 0] <t7 iﬁ)

12

where ¢ is defined by

O(1,€) =i (E)Ro (1, &) Fe bt 8) o3 (I et d)-ao(e))
Ro(1,&) = |1 = 2(1m ) (0 (£)+ (—2) ) logr
Ao(1,€) := Arg (1-2(m2) (i (£)7,(=T) ) logr ).

b

Here, we give some examples for Assumption 1. For simplicity, let ImA = —1
and

(&) = (&) +ig(8), u24(8) =f(=¢)+ig(=¢)

for real-valued f,g. Then,

(1472) (&) = FE)(=8) +8(E)8(=8) +i(=(E)g(—E) + (=E)g(E)). (11D

Note that u := u; is also a final state of the nonlocal NLS equation (1.1), because
ui4(x) =up (—x). If both of f and g are even, (A-1) and (A-2) hold, while this case
is the same as the final state problem for the typical NLS equation (1.2).

Let x be a positive even Schwartz function, e.g., k(&) = e

(i) f(&)=(sinh&)e %" and g(&) = (cosh&)e %" satisfy
R.H.S. of (1.11) = (1 — isinh2& )e 2",
Hence, (A-2) holds. We also note that (A-1) follows from |uy4(&)| = |ua4 ()| =
V/cosh2ge .
(i) Set f(&)=2&x(&) and g(§) =€k (§). Then, [if1+ (&) =2+ ()| =V5E[x(&)

and
R.H.S. of (1.11) = (=3E? — 2i&|E|) k(€)%

Hence, (A-1) and (A-2) hold.
(i) Let £(&)=2(sin&)x(&) and g(€) = k(&). Then, we have [ (&)| ~ |2 (€)| ~
k(&) and
R.H.S. of (1.11) = (1 —4sin* & —4isin&) k(&)%.
If Re (ﬁ1+ﬁ> (&) <0, we have ‘Im (ﬁHE) (é)‘ > 2Kk(E)?. Accordingly,
(A-1) and (A-2) follow.
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(iv) Let
_ ey JEx(E), ifE>0,
f(&)—g(&)—{é,c@ oo

Then, iiy+(€) = itz (€) and
R.H.S. of (1.11) = 2E3k(€)?,
for & > 0. Hence, (A-1) fails, while (A-2) holds.

(v) Let f(§) = (sing)k(§) and g(¢) = (cosg)K(S). Then, we have |u1(S)] =
24 (&) = k(&) and

R.H.S. of (1.11) = (cos2& — isin2&)x(&)>.

The condition (A-2) fails, while (A-1) holds.

REMARK 1.2. Since we are interested in the asymptotic behavior of the nonlocal
NLS equation which differs from that of the typical NLS equation, the result and the
proofs are done in the setting of H 0.1 data. However, with some extra work as in [6],
we may replace H*!(R) by H**(R) for s > 1/2.

This paper is organized as follows. In Section 2, we solve a corresponding system
of ordinary differential equations to (1.7), which determines the asymptotic profile. In
Section 3, we prove our main result Theorem 1.1.

We summarize the notation used throughout this paper. We denote the Fouorier
transform of f by .Z f or f, which is defined by

£ '—; e £(x)dx
78) === [ e rxya.

In estimates, we use the notation A < B to mean A < CB for some constant C > 0. We

define A < B to mean A < B/C.

2. On the profile equation

In this section, we solve the profile equation given by

i1 = At~ 9} ,, o
0,0y =At719, 3. '

A direct calculation shows that

K(@19) =21~ (ImA)(9:9,)°,

which leads to .

ImA)ologt’

(P1P)0) = 757
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where 0 := @;(1)@,(1) € C. Hence, (2.1) is reduced to

S0 — —ilo

= 0 —2(ImA)ologr) ¥ o)
—iAG '

8[([)2 =

1(1—2(ImA)Glogr) 72
When ImA # 0, (2.2) has the solution

00) = pu()exp (5 Log(1 - 2(mA)ologn) ).

i
0(0) = pa()exp (o7 Logl1 ~2(mA)glogn) ).
where Logz:= log|z| +iArgz, for z € C. By setting
R(t) :=|1 —2(ImA)oclogt|, A(r):= Arg(l —2(ImA)clogt)

for simplicity, these solutions are written as follows:

Rel 4

01(1) = @1 (1)R(r) e~ A0 o (5 loek)=4()

0a(0) = pa(DR() 2 eH A0 A (i ek 140).
Thanks to the presence of R(t)’l/ 2, the nonlinearity has a dissipative nature as in [17].

REMARK 2.1. When ImA =0, (2.2) with A € R leads to

01(1) = @1 (1) exp(—idclogt) = @ (1)iHmoe=iAReologr
02(1) = (1) exp(—iAGlogt) = (1)1 MO~ iARecloer,

Hence, we conjecture that the asymptotic behavior of (1.7) with ImA = 0 is determined
by

W (t,x) == ei%‘/_z_i%t_%ﬁpr(f) A iy ) (7) g iARe(d1 7 ) () ot
r(t,x) 1= ei%_i%f%ﬁﬂ <)t€> A i) (5) it Re(in iy ) (3) logr

Indeed, these functions satisfy

idwy + %83\4)1 AW, + ;t ¢! 51 32 (ul Am (i) o _’)LRC("l*"H)lOgt) (j)

i0wy + %af% = AWk + %t—%el“z—r—%aﬁ (ﬁ s ot~ AIm(@ ) %Re(mwﬂ)logt) f)

We can find that there exists a solution (u;,u;) to (1.7) satisfying

[luj=wjll2 =0, (2.3)
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as t — oo, for j=1,2,if Im (z’ilﬁ_2> (&) =0, for £ € R, while this asymptotic behavior

is the same as that of (1.6). On the other hand, because Im(zi12) # 0 yields that
[wj(t)||z= < t~'/? fails, we could not obtain (2.3). This case is excluded from the
consideration in this paper, because we assume ImA # 0 in Theorem 1.1.

REMARK 2.2. The corresponding profile equation for (1.6) is given by

001 =1~ (@7, + |01 2), 0
i 2 :f_l(¢1¢22+ ‘(P2\2(P1)-
Since 0 (@19;) =0, (2.4) is reduced to

oo = —i2t ' (Re o)y,
@y = —i2t 7 (Re )@y,

where 0 := @;(1)p,(1) € C. Hence, the solution to (2.4) are written as follows:

o1(1) = (pl(l)efzi(Reg)logt’
P(t) = (Pz(l)e_zi(RCG)logt.

Hence, the modified scattering for (1.6) follows from essentially the same argument as
in [15].

3. Proof of Theorem 1.1
We introduce the following notation:
U) = b M) = el'S D(t)wzze*f%f%q/(f).
Then, we note that

U(t)=M@)D(t)FM(t), w;t)=M@)D()e;,
where (wy,w,) is defined by (1.8). By (1.7) and (2.1), we have

BTV (1)~ o) = AFU(~1) () ~ ~ots

& FU(~n (pH—)L/ (Wz—lu( )7 [(pf@])dr
o) :U(t)ﬁ’l(pl—k/l/t Ui —1) (u%u_z—%U(T)ﬁl [<pf@])dr
) =MODO)+ 2 [ UG-) (1 (MED(E) ) DT

2 [Tue- om@p@FME) - 17 [ole] T

+M@)D(t)F(M(t)—1).7 Lo.
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Let J(7) be the generator of the Galilean transformation, i.e. J(¢) := x+ itdy =
U(1)xU(—t). We also use the operator |J(r)|F defined by

B
@O)IP = U@ xPU(~1) = M(1) (~707) * M(~1),
for B > 0. We define the function space

Xop 1= {(w1,m) € CT, ) LXRP): s —willx,, <= (i=12)} G

L2>’

equipped with the norm

B
Il = sup (124012 0|01
t€[T7°°)

for B,b,T > 0.
Set : :
S<B<L O<b<%ﬁ. (3.2)
We will show that the map @ = (®;,®,) defined by
®1(un,12) (1) =wi 1)+ 2 [ U =) (ud - wiws) (e)de (3:3)
+4 [T UG- oM@DE@F M) - DT [ote] T
+M(1)D().F (M(t)—1).7 g1,
®s (11, 102) (1) = wa (£) + A /[NU(t — 1) (s — whwr) (t)d
- d
) /t Ul ME@DD)F M)~ 1) 7 [oFor]

+M@)Dt)F(M(t)—1).F o,

is a contraction mapping on a ball in X}, 7, for sufficiently large T .

We only consider the estimates for @, because ®, is similarly handled. We
write the second, third, and fourth terms on the right hand side of (3.3) as I, >, and
Iz, respectively:

(I)l(ul,u2)(t) —Wl(t) = L+bL+1.

Let K be a positive constant. We define
Bx(Xp1) i= {(ul,u2) € Xpr: luj—willx,, <K (j= 172)}.
First, we observe the lower bound of R(¢,&).
LEMMA 3.1. If ImA # 0 and (A-2) holds, we have
R(,E) 2 1+ | (@72 ) (6)togr, (34)

fort > 1 and & € R, where the implicit constant depends only on ImA and 1.
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Proof. When (ImA)Re (ﬁ1+ﬁ) (&)logr < 1/8, a direct calculation yields that

R(1,E) = %(Imxv) (- ) <é>\2<logz>2 —4(Im2)Re (@17 ) (&) logr + 1

> ¢4<Imx>2| (47221 ) <é>\2<logr>2+ %

We note that (A-2) implies that

(7147 ) &) < (mg—M n 1) [tm (.72 ) (2)] (3.5)

when (ImA)Re (zmﬁ) (&) > 0. Hence, if (ImA)Re (mﬁ) (&)logr > 1, it fol-
lows from (3.5) that

2

R(t,E) = \/(I—Z(Iml)Re (ﬁHﬁ) (5)10gt>2+4(lml)2 (Im (mﬁ) (5)1ogz)

> \/ | +4(ImA)>2 (Im (ﬁ1+ﬁ> (5)1ogt)2

> \/ 1 +4%\ (mﬁ)(@faogt)%

If 1/8 < (ImA)Re (ﬁHE) (&)logt < 1, by (3.5), we have

Im <I71+E>(5)| 1 |Im A |
Re (@) ()]~ 47 FImAT

R(1,E) > 2|ImM‘Im (ﬁHﬁ)(g)’log, > i:

Moreover, by (3.5), we get

(ImA)?

R(t,8) > 2\Im7t|’1m <ﬁ1+ﬁ> (5)‘104%1 2 2m

<ﬁ1+ﬁ> (€) ‘ log:.
Therefore, we obtain (3.4). [l
By (1.9), (1.10), (3.4), and (A-1), we have

1 1
< (1 2
L < (logt) \/

~

Uy

o~

U+

Ui+

< (logt)"2. (3.6)
Uy

1

s )lli- < |fiy R 2

I
Moreover, since
0R(t, )| +|R(t,8)IeA(t, )| S (10t + (8)ta+ ()| + |14 (8)Ietia+ (§)]) logt,

from (3.4), we get

lor ()1t S a1 + N7 12+ | 1 logt
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S el o (U g | goa [ || o og),
o2l < Ntz Nl + |l 122171 Tog

S Nzl goa (14 [Jun e[| o lluz [ o logz).
Hence, by taking 7 = T (||u1+|| o1, |[ua+ || o1 ) sufficiently large, we have

@1 ()11 + l92(1) | 71 < (log1)?, 3.7)

fort >T.
Next, we observe some L™ -bounds. By (3.6), we have

_1 1 _1
Iwj(@)ll= =172 [ @;(t) ||~ S 272 (logt) ™2, (3.8)
for j=1,2 and t > T . Since the Gagliardo-Nirenberg type inequality yields that

||f<t>||u»=HM(—r)f(r)HLmsum—r)f(r)uﬁ\( 9t M(=0)f )|
<1l [ Puo |,
by (3.2), we have
Jutj = wille= < Ke~450 <732 (logr) (3.9)

for j=1,2,t > T =T(|Jui4| g, |ua+| go1,K) > 1 and (ui,u2) € Bk (Xp ).
For the term I}, we use (3.8) and (3.9) to obtain

Il S [ e —w)lpde+ [ =) 2de

“ - 2
< / (hesllm+ Il = will2lzllmd =+ [ o 3 s = wall o

t
= K
S [ oge) dr S E P (logn) ! < 1t
: 100
(3.10)
fort >T=T(K)>1.
For the term I, (3.6), (3.7), and (3.2) yield that
o _ art
IIIzIILzS/t HU(t—T)M(T)D(T)f(M(T)—1)9 "otea] ||, — T
S [ et orml | s [ Tt laetel
=y x 1P Lz < i Lz
< drt
N/t T 2(”axq)lHL2||§01HL°°||¢2HL°°+H(p1||L°°||axq)2HL2)
o K _B
5/ T3 logtdt <1 ?logt < ——r" 270, (3.11)
: 100

fort >T=T(K)>1.
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For the term I3, by (3.7) and (3.2), we have

— _1 1
il S IMODOF (0= 1) ol SOl S Hows?
—b .

fort >T=T(K)>1.

In what follows, we consider the contribution of the second term in the Xj, 7 -norm.
By (3.7),

IO Pw;)]| = (=25 050)
L

, Sl < (logr)?,
which yields that

IOPu)| , <@ Pwio)| ,+ |76 P @) = wi0)]| , S Gogn)?+ ke

S (log1)?,

fort>T=T(K)>1.
By the fractional Leibniz rule, (3.8), and (3.9), we have

°° B IV TSR
H|J(t)|/311HL2§/t o (=02 5 { M(=1) (w1 +wi) M (= DpaM (=) 1 = w) | v
Tl =2y 3 L M=y =T G =)
+ [ |0t H{ ey PR =) | ax
< [ P —wo|| Jlollee Q= + =)z
[ = W) P+ o )t
Ty — wi Ll B B
+ [ = el (| 9@ P |, + o) P |, ) ax
+ [ @B il — walli-ae
t L
[ Il @ P =) ar
<K/ logT ldT
K
- -1 B
Kt (logt) \100t , (3.13)

fort >T=T(K)>1.
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The contribution of I, is estimates as follows: by (3.6), (3.7), and (3.2),

= _ _ dt
[vorn||, < [ vorve-ommpmmm -0z [ | S
” _ __ dt
< H|x|ﬁ<1—M<—r>>3f l[wfwz]) o
o — ,7
S e et [y e i
1-B
< [T Uollallonle- ol + o - loalln) 5
= 1B 18 K
<[ "7 logrdt <172 logr < —17°,
< 0gTdT 51 logr < 1 »
forr > T =T(K)> 1. Similarly,
v P, <|lv@Pmopezmo - 107" ),
_ _LB _ LB
S WP =ME0)7 |, S lloulln S0 (logr)?
gﬁt_b
1000
(3.15)

fort >T=T(K)>1.
From (3.10)—(3.15), we obtain

K
H®1(u17u2) _WIHX[;‘T g Z~

By a similar manner, we obtain that @ is a contraction mapping on Bk (X, 1),
which concludes the proof. [
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