ifferential
quations
& @applications
Volume 11, Number 4 (2019), 509-529 doi:10.7153/dea-2019-11-25

POSITIVE SOLUTIONS FOR A SINGULAR COUPLED SYSTEM OF
NONLINEAR HIGHER-ORDER FRACTIONAL ¢-DIFFERENCE
BOUNDARY VALUE PROBLEMS WITH TWO PARAMETERS

WENGUI YANG

(Communicated by C. Goodrich)

Abstract. In this paper, we are concern with the existence of positive solutions for a singular
system of nonlinear fractional g-difference equations with coupled integral boundary conditions
and two parameters. By using the properties of the Green’s function and Guo-Krasnosel’skii
fixed point theorem, some existence results of at least one positive solution are obtained. As
applications, two examples are presented to illustrate the main results.

1. Introduction

The subject of fractional differential equations has gained considerable popular-
ity and importance due mainly to its fact that fractional differential equations describe
many phenomena than the corresponding integer order differential equations in various
fields of engineering and scientific disciplines such as physics, biophysics, chemistry,
biology, etc. For the theory and applications of fractional calculus, reader can see
[18, 22]. Many researchers pay more attentions to the existence of positive solutions
for a system of nonlinear fractional differential equations with integral and multi-point
boundary conditions, see [9, 13, 21, 25, 26, 34] and the references therein. In [35],
by applying a nonlinear alternative of Leray-Schauder type and Krasnosel’skii fixed
point theorems, Yuan et al. considered the multiple positive solutions for four-point
coupled boundary value problem for systems of the nonlinear semipositone fractional
differential equation. In [14, 16], the authors investigated the existence of positive so-
lutions for nonlinear Riemann-Liouville fractional differential equations with coupled
integral boundary conditions, respectively. In [24], Wang et al. studied the existence
of a class of higher-order singular semipositone fractional differential systems with
coupled integral boundary conditions and parameters. By using the properties of the
Green’s function and the Guo-Krasnosel’skii fixed point theorem, Henderson and Luca
[15] focused on the introduction of positive solutions for boundary value problems for
systems of fractional differential equations. By applying the corresponding Green’s
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function and Guo-Krasnosel’skii fixed point theorems, the author [30, 31] investigated
the positive solutions for nonlinear semipositone Hadamard fractional differential sys-
tems with coupled integral and four-point coupled boundary conditions, respectively.

Recently, fractional g-difference equations, regarded as g-analog of fractional dif-
ferential equations, have been studied by a lot of researchers. In papers [3, 5, 7, 8, 11,
19,20, 23,27, 28, 32, 38], the authors studied the existence and uniqueness of solutions
or positive solutions for the nonlinear fractional g-difference equations with boundary
conditions by using some standard fixed point theorems as well as monotone iterative
technique and lower-upper solution method. By applying the properties of the Green
function, the upper and lower solutions method and some well-known fixed-point the-
orems, Yuan and Yang [36, 37] considered the positive solutions to nonlinear boundary
value problems for delayed fractional g-difference systems and four-point boundary
value problems of fractional ¢-difference equations with p-Laplacian operator, respec-
tively. In [1] and [2], some important g-fractional inequalities were proved. Those
inequalities are necessary for the development of g-fractional systems. In [4], by ap-
plying some standard fixed point theorems, Ahmad et al. showed some existence re-
sults for sequential g-fractional integro-differential equations with nonlocal four-point
boundary conditions. Graef and Kong [10] investigated the existence of positive so-
lutions for boundary value problems with fractional g-derivatives. In [40], Zhou and
Liu obtained the uniqueness and existence of solutions for fractional g-difference sys-
tem with four-point boundary conditions obtained based on the nonlinear alternative
of Leray-Schauder type and Banach’s fixed point theorem. In [29], by applying the
nonlinear alternative of Leray-Schauder type and Krasnoselskii’s fixed point theorems,
the author gave the existence results of nonlinear semipositone fractional g-difference
systems with boundary value conditions. By using some well-known fixed point the-
orems, Yang and Qin [33] investigated the existence of positive solutions for a class
of nonlinear Caputo type fractional g-difference equations with integral boundary con-
ditions. By applying a mixed monotone method and Guo-Krasnoselskii fixed point
theorem, Zhao and Yang [39] studied the existence and uniqueness results of positive
solutions for the singular coupled integral boundary value problem of nonlinear higher-
order fractional g-difference equations.

Motivated by the wide applications of coupled boundary value problems and the
results mentioned above, we consider the following singular fractional g-difference
systems and two parameters

Dtu(t) 4+ Avfi(t,u(?),v(t)) =0, D2v(t)+2Aafa(t,u(t),v(t)) =0, 1€ (0,1), (1)
with the coupled integral boundary value conditions
DJlu(0) = DPv(0) =0, 0<ji<n—2,

1 1
u(l) :”1/0 gi(s)v(s)dys, v(1) :[.12/0 g2(s)u(s)dys, )

where ; >0, o; € (n; — 1,n;] with 3 <n; € N, D% is the Riemann-Liouville type
fractional g-derivative of fractional order oy, i = 1,2; A;, A, are two positive param-
eters, fi,f2:(0,1) x [0,00) x [0,00) — R are two continuous functions and may be
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singular at = 0, 1. In this article, we will obtain some existence results of at least one
positive solution for singular coupled boundary value problem (1) and (2) by applying
the properties of the Green’s function and Guo-Krasnoselskii fixed point theorem. At
the end, two examples are given to illustrate our main results.

2. Preliminaries

For the convenience of the reader, we present some necessary definitions and lem-
mas of fractional g-calculus theory to facilitate analysis of the g-fractional boundary
value problem (1). These details can be found in the recent literature; see [0, 17] and
references therein.

Let g € (0,1) and define

—1
la], = -1 1 acR.
The g-analogue of the power (a —b)" with n € No = {0,1,2,...} is
n—1
(a—b)9 =1, (a—b)"= H(a—bqk), n€Ny, a,beR.
k=0
More generally, if & € R, then

=

a—bq"
0 d— bqa+n :

(a—b)¥ =qa*
Note that, if 5 =0, then a®) = a®. Here we point out that the following equality holds
(a—b)* = a(a—bg* ") (a—b)*V).
The g-gamma function is defined by
T,)=(1-q)" V(1—g)'™ xeR\{0,~1,-2,...}

and satisfies T'y(x+ 1) = [x],Ty(x).
The g-derivative of a function f is here defined by

_ (&) = flgx)
(qu)(x) = W,

and g-derivatives of higher order by

(Dof)(x) = f(x) and (Dyf)(x) =Dy(Dy ' f)(x), neN.

The g-integral of a function f defined in the interval [0,5] is given by

(Dgf)(0) = Lim(Dqyf)(x)

= [ 10dt =21-9) 3, )", x€ (0,81

n=0
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If a € [0,b] and f is defined in the interval [0,b], its integral from a to b is defined by

/ubf(t)dqf = /Obf(t)dqt— /Oaf(t)dqt

Similarly as done for derivatives, an operator I:; can be defined, namely,

(o)) = fx) and (Ipf)(x) =L,y f)(x), neN.

The fundamental theorem of calculus applies to these operators ; and Dy, i.e.,
(Dqqu) (x) = f(x),
and if f is continuous at x = 0, then
(IgDyf)(x) = f(x) = f(0).

Basic properties of the two operators can be found in the book [6]. We now point out
five formulas that will be used later (;D, denotes the derivative with respect to variable

b
[ P61 = )6~ [ Du)6)stashdys (q-imegration by pars),
Dyt —5)(*) = [alq<r—s><“-”, Dyt =) = ~[ory 1~ g5) ),

@) — g _["p d :
ot ==, (10, [ Fx0)d ) () = [ Dus 00t + a0
Denote that if o >0 and a < b < 1, then (¢ —a)(“) > (t— b)(“) [7].

DEFINITION 2.1. [18] Let o > 0 and f be function defined on [0, 1]. The frac-
tional g-integral of the Riemann-Liouville type is IS f(x) = f(x) and

(I2f) (x) = %/Ox(x—qt)(o‘_l)f(t)dqn a>0, xel0,1].

DEFINITION 2.2. [6] The fractional g-derivative of the Riemann-Liouville type
of order & > 0 is defined by D)f(x) = f(x) and

(D,‘;‘f)(x) = (D;"I;”_“ )(x), a>0,
where m is the smallest integer greater than or equal to o .

LEMMA 2.1. [6] Let o, > 0 and f be a function defined on [0,1]. Then the
next formulas hold:

(1) (P125)0) =1 ()
(2) (DYI%f)(x) = f(x).
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LEMMA 2.2. [8] Let @ > 0 and p be a positive integer. Then the following equal-
ity holds:

p—1

(PG = (PENE) = 3, s

o—p+k

(Df)(0).

For the sake of simplicity, we always assume that the following assumptions hold.

(H1) g1,82:1]0,1] — [0,°0) are two continuous functions and satisfy
1
Vlz/ so‘z‘lgl (s) dys, vz—/ qs K=1—uuviva >0.
0

(H2) f;:(0,1)%[0,400) X [0,400) — (—oo,+e0) is continuous and satisfies the follow-
ing inequality —gq;(¢) < fi(t,u,v) < pi(t)hi(t,u,v), (t,u,v) € (0,1) x [0,+0)2,
i=1,2, where h; € C([0,1] x [0,420)2,[0,+0)), gi, pi € C((0,1),[0,40)), and

1 1
0< / pi(s)dys < 4eo, 0< / qi(s)dgs < +eo, i=1,2.
0 0

LEMMA 2.3. [39] Assume that (H1) holds. Then for x,y € C[0,1], the boundary
value problem

DJtu(t) +x(t) =0, Dgv(t)+y(t)=0, 1€(0,1),

with the coupled integral boundary value conditions (2) has a unique integral represen-
tation

u(t) :/1K1(t,qs)x(s)dqs+/lH1 (t,g5)y(s)dys,
/Kths qs—l—/Hths)()ds,
where
Ki(t,s) =G1(I,S)+K71H1u2V11a171/Olgz(T)Gl(T,S)qu,
HMLS):x*uhtmfﬁélgmryb(asy@n
Ka(t,5) =Ga(t.5) + K~y apvr ! /Olgl(T)Gz(T,s)qu

1
Ho(t,s) = ! [ ()61 (.94,

1 {z%‘—l(l—s)<°‘i—1>—(z—s)(“f—1>,0<s<t<1,

Gi(t,s) == o ~
(t:5) T (o) 1% (1 —g)(@ D 0<r<s<1,

|
—_
N

)



514 W. YANG

LEMMA 2.4. [39] The functions K;(t,s) and H;(t,s) (i=1,2) defined by Lemma
2.3 satisfy the following conditions:

(a) Ki(t,s) and H;(t,s) are continuous functions on (t,s) € [0,1] x [0, 1] and K;(t,gs)
>0 and H;(t,qs) >0, for (t,s) € [0,1]?, i=1,2;

(b) er% ' pi(gs) < Ki(t,qs) < pilgs), Ki(r,95) <pt®", pt*1 = @y (gs) < Hi(t,gs)
<poa(gs), pr® ' i(gs) <Ha(1,q5) < pi(gs) and Hi(t,qs) < pt®~" for y;(r)
=1%" 11 —1) and @i(s) = (1 —5)%" s, (t,5) €[0,1%, i = 1,2, where p =
min{p, 05,3, P4}, P =max{p1,p2,p3,ps} and

v
pl—% [ e, py=1 0y ()dyT
Vv - 1
Pa—%/ g1(t)ya(1)dy, P4— “2/ 2Ty (1)dyT,
o —1 o —1
Pl_[ 11, <1+K I~L1.U2V1/ g2( dT) p2= ”1 2 /gl
Ty(ou)
[0 l]q ( —1 / ) I-12 O‘l — 1
1+ dyt), ps= /
p3 = T, (02) K “HilU2V2 o g1(1)dgT |, pa= g7

REMARK 2.1. [39] From Lemma 2.4, for #,7,s € [0, 1], we have

Ki(t,qs) >t* ' Hy(1,q5), K (t,95) > ot®  Hi(1,q5),Hi (t,g5) > ot* K> (1,g5),
Hy(1,qs) >0t~ Ki(7,q5),Ki(1,qs) > 0t%'Ki(7,qs), Hi(t,g5) > 1%~ Hi(7,gs),

where i=1,2, ®=p/p, p,p are defined as Lemma 2.4, 0 < w < 1.

LEMMA 2.5. Assume that (H1) and (H2) hold, then the coupled integral bound-
ary value problem

—DJ'o (1) = Miqi(t), —DPwr(t) =2aqa(t), t€(0,1), A >0,

with the coupled integral boundary value conditions

D1 (0) = Dw2(0) = 0,1(1) = 1 | 01(5J02(6)dys, B2 (1) = s | (611 5)ys,

where 0 < j; < nj — 2, has an unique integral representation
1 1
0=t [ Kiasar6)dys+a | Hi0,05)a206)ds,
1 1
=l [ Kalt,a5)ax(s)dys+ A | Halr,5)an(5)dys

which satisfies

1 1
(1) < pr®! (M/ ql(s)dqs—i-lz/ qz(s)dqs) , t€[0,1], i=1,2.  (3)
0 0
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Proof. 1t follows from Lemmas 2.3 and 2.4 and the condition (H2) that the proof
of Lemma 2.5 is easily proved. [J

Let X = C[0,1] x C[0,1], then X is a Banach space with the norm ||(u,v)|| =
max{|[ull, [|v[[} llul] = max;e(o 1) [u(r)], [[v]] = maxigo 1) [v(¢)]. Denote P = {(u,v) €
X :ut) = ot (u,v)|,v(t) = @t Y| (u,v)|, t €[0,1]}, where @ is defined as
Remark 2.1. It is easy to see that P is a positive cone in X . It can be easily seen that P
is a cone in X . For any real constants » and R with 0 < r < R, define P. = {(u,v) €
Pofl(uv)l <r}. Prgy=A{(u,v) € Por <[[(u,v)|| <R}.

Next we only consider the following fractional g-difference system with boundary
conditions (2):

DS u(e) + M (fi(t, [u(t) — @1 (1)]", [v(t) = @2(1)]") + q1(1)) =0, 1€ (0,1), A >0,

DP2v(t) + Ma(fa(t, [u(t) — @1 ()], v(1) — @2 (1)]") + q2(1)) =0, 1€ (0,1), A2 >0,

4)

where a modified function [z(¢)]* for any z € C[0,1] by [z(#)]* = z(¢), if z(r) > 0, and
[2(1)]* =0, if z(1) < 0.

LEMMA 2.6. If (u,v) € X with u(t) > ®;(t) and v(t) > @,(t), forany t € (0,1),
is a positive solution of the singular system (4) and (2), then (u—®,v— ) is a
positive solution of the singular system (1) and (2).

Proof. In fact, if (u,v) € X is a positive solution of the singular system (4) such
that u(r) > @, (¢) and v(r) > @2(¢), for any ¢ € (0, 1], then from (4) and the definition
of [-]*, we have the following system with boundary conditions (2):

DY u(t) + A (fi(t,u(t) =@ (2),v(t) —@2(2)) +q1(2)) =0, 1€ (0,1), A1 >0,

Dg‘zv(t) +L(fa(t,u(t) =@ (t),v(t) —@2(t)) +qa2(z)) =0, 1€ (0,1), A, >0.

&)
Let x =u—®; and y =v— @y, then Dg'x(¢) = Dy'u(t) — D§' @ (t) and Dy(t) =
D?v(t) — Dg?@,(t), for t € (0,1), which imply that —Dg"x(t) = —Dg'u(t) — Miqi (1),
—Dg?y(t) = —Dazv( t) —22q2(t), t € (0,1). Thus (5) becomes
Dglx(t) +A’lfl (t7x(t)7y(t)) = 07D(72y(t) + 2'2]02(1‘7)6(1‘)7)](1‘)) =0,7€ (07 1)711712 >0,

with the coupled integral boundary value conditions

) 1
DJx(0) = D(0) =0, x(1)= s [ g1(5)(5hys, ¥(1) =t [ a(s)x(s)dys
where 0 < j; <n;—2,i.e., (u—®;,v—0,) is a positive solution of the singular system

(1) and (2). The proof is completed. [
Employing Lemma 2.3, the singular system (4) can be expressed as

) = [ Ka(ra9) s O IT) + 09
2o [ H0.09) ol ) 6T + a2(6)dys



516 W. YANG

v(t) :)Lz/ole(t’qs)(fz(s’[x(s)]*’b’(S)}*)+KI2(S))dqs
+7Ll/01H2(taq5)(f1(S,[x(s)]*,[y(s)]*)+q1(s))dqs, ©)

for # € [0,1], we always assume that x = u —®; and y = v —@,. By a solution of
the singular system (4), we mean a solution of the corresponding system of integral
equation (6). Defined an operator .7 : P — P by .7 (u,v) = (7 (u,v), Z2(u,v)), where
operators .7; : P — C[0,1] (i =1,2) are defined by

Ti(u,v)(1) =h /01 Ki(,q5) (fi (s, [x()], [ ()]) + g1 (5))dgs
+7L2/()1H1(l7qs)(f2(s,[x(s)]ﬁ[y(s)}*)+q2(s))dqs7
T (u,v)(t) :)Lz/olKZ(I’qs)(fz(s’[x(s)]*’[Y(S)}*)+q2(s))dqs

+M /(;1 Hy(t,g5)(fi (s, [x ()], [(s)]") + q1(s))dys, (7)

for 7 € [0,1]. Clearly, if (u,v) € P is a fixed point of .7, then (u,v) is a solution of the
singular system (1) and (2).

LEMMA 2.7. Assume that (H1) and (H2) hold, then 7 : P — P is a completely
continuous operator.

Proof. For any fixed (u,v) € P, there exists a constant L > 0 such that [|(u,v)| <
L. Then we have

where s € [0, 1]. For any 7 € [0, 1], it follows from (7) and Lemma 2.5 that
Fil)) = [ Kile,g9) i W) D) a1 5))dgs
422 [ B (g9 s, O )T) + 29
<21p [ 01(a5) (s WO DO + a1(5))s
4220 [ 02005) (255, )1, ) + 209
<hap [ 01a5) M1 () 4015y + 7ap [ 92(05) (Mpa(5)+ a2(5)ds

1 1
<AaMp /O (1(5) +q1(5))dys + AMp /0 (a(s) + a2(5))dys < +o0,



Differ. Equ. Appl. 11, No. 4 (2019), 509-529. 517

where M = max { max,e(o,1],uve(0,) 71 (t, 4, V), MAX;c(0,1] uve0,1] ho(t,u,v)} +1. Simi-
larly, we have

D (u,v)(1) < ?LlMp/Ol(pl(s) +q1(s))dgs + 2Mp /Ol(pz(s) +qa(s))dys < Hoe.

Thus .7 : P — C[0,1] x C[0, 1] is well defined.
Next, we show that 7 : P — P. For any fixed (u,v) € P and 7,7 € [0,1], by
Remark 2.1, we obtain

i) = [ K95 )T ) a1 5))gs
42 [ B (g9 s, WO IT) + (9
> [ 0K (5,05) A 5 WO D)) + 1 6))s
[ 0r Hy (5,09) s, ) )] )+ 02(6) s
—or ™ (20 [ Kile.09) 15O D) + 19
2 [ Hi(5.05) (0. T DO ) + 261 ) =011 3 0) 1),
and
i) = [ K95, )T ) a1 5))gs
42 [ B (g9 s, WO IT) + 29
S [ 0 Ha,g9) i WO D)) a1 6))dgs
[ or Ko, g9) Ul ) Y 6))) + 29
—or™ (20 [ Kalr.a9) (0. T DO ) a9
2 [ Ha(.09) 15O D)+ 161 ) = 01~ ) (2),
Then, we have
Filw)©) > 0 A, Fin)©) > o T,

thatis, .71 (u,v)(t) = @t®~Y|(7 (u,v), Z5(u,v))|. In the same way, we can prove that

Zo(u)(t) 2 0t | D), Fa(u,v)(e) = 01| T ()],
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that is, 75 (u,v)(t) = 0t~ (Z(u,v), 7 (u,v))||. This implies that .7 (P) C P. Ac-
cording to the Ascoli-Arzela theorem, we can easily get that .7 : P — P is completely
continuous. The proof is completed. [

In order to obtain the main results in this paper, we will use the following fixed
point theorem.

LEMMA 2.8. [12] Let X be a Banach space, czld let P C X be a cone in X.
Assume Q1,Q; are open subsets of X with 0 € Q) C Q) CQy, andlet S: P — P be a
completely continuous operator such that, either

@ [ISw]| <|[w]l, we PNy,

Swl| = ||w||, w € PNIYy, or

() |ISw[| = ||w]|, we PNaQy, |Sw| < |[w|, we PNJIy,.

Then S has at least one fixed point in PN (Q\Q).

3. Main results

THEOREM 3.1. Assume that (H1), (H2) hold and for any fixed A,A; € (0,00),
the following conditions hold:

(H3) There exists a constant r; > max {Ll,Lz, % <7Ll fol q1(s)dys + Ap fol q2 (s)dqs> } ,
such that hi(t,u,v) < (r1/Li) — 1 for (t,u,v) € [0,1] x [0,r1]?, i=1,2.

f1uy)

(H4) 0< 1y <liminfinf,.(.gcq,) 255

L) oo, or 0 < 1y < liminfinf,, g o) 2842 <
vE[0,00)

YTEE L ug[0,00)

oo
>

where ® is defined as Remark 2.1, p is defined as Lemma 2.5, y = min{c"‘l’1 ,co‘z’l 1

—1 —1

Li:3</1ip/01(pi(s)+qi(s))dqs> L i=1,2, [ :%OIP“’VZ/C[I(/)N"S)M)

Then the singular coupled boundary value problem (1) and (2) has at least one positive
solution (i, V). Moreover, (it,v) satisfies iu(t) > [t* ! and v(t) > 1t*!, 1 €10,1],
for some positive constant [ .

Proof. Forany (u,v) € dP,, and s € [0,1], by the definition of || - ||, we know that
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where s € [0, 1]. For any (u,v) € dP,,, by condition (H3) and Lemma 2.5, we get

21 (u, v)|| = max M/OlKl(t,qS)(fl (5, ()], D ()]) + qu(s))dys

r€[0,1]

+7L2/01H1(f’q5)(f2(57[x(s)]*,[y(s)}*)+q2(s))dqs

< max (21 [ 9 (a5 5 [ )T + 1 5))gs
s [ o1 pafs s, WO D) +a2(6))dys
<ph /01 (m(S) (I’:—ll - 1) +ql(8))dqs
woia [ (02 -1) a9 )

<£—11P7L1/01(P1(s)+612(5))dq5+ 2—121312/01(172(5) +42(s))dys

Similarly, for any (u,v) € dP,, , by condition (H3) and Lemma 2.5, we have || %5 (u,v)||
<r1 = ||(u,v)||. Consequently,

17 (u,v)[| = max{|[[Z1(u,v)[|, [ Z2(u,v)I|} <ri=[[(u,v)ll, V(u,v)€IP. (8)
On the other hand, by the inequalities in (H4), there exists & > 0 such that /; +
& > 0, and also there exists ry > 0 such that
0,v=ro, te]0,1]. 9)

Choose r, = max{3r;,3ry/(2wy)}. For any (u,v) € dP,, and ¢ € [0, 1], by the defini-
tion of || -|| and (3), we obtain

1 1
x(t) =ty — proi! (?Ll / q1(s)dgs + lz/ qz(s)dqs)
0 0

=1 (w"Z_P(Al/01QI(S)qu‘F)Q/OI‘IZ(S)qu))
2?’(0"2—13(M/Ol611(S)dq5+12/01%(5)dq5)>

20y,

>oy(rp—r)) > >, t € |c,d] (10)
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and

1 1
y(t) >wt% ) — pr®! (M/ ql(s)dqs—i—?tz/ q2(s)dqs)
0 0

! (on—p (b [ 0Ot 2 [ (9,5 )
>Y<(Dr2—P (ll/OlfI1(S)qu+7Lz/OlfI2(5)dqs>>

2wyr)

Z(D)/(rg—rl)Z 27‘0, l‘E[C,d]. (11)
Thus, for any (u,v) € dP,, and ¢ € [0,1], by (9)-(11), we have
Jils x() D($)]7) = (L +€0) [v(s)]" or fa(s, [x(s)]", [v(s)]") = (I + &) [y(s)]"(12)

where 7 € [c,d]. Hence, for any (u,v) € dP,,, by (12) and Lemma 2.4, we conclude
that

173 ) = ma i [ s 1.05) 5 (5 ) D)+ 15

422 [ B (g9l O 6)) + 209y

> man i [ K9 3561 L) 1 6)) s

teOl

> min 4, / o1 1 (q5) f1 (5, [¥(s)]", [V(s)] )l

zecd]

ey [ on(as) 1+ e)e(s)] s

21197’ (I + &) wry
3

[ or(astays > o= ]
or
d
|72 > min 21 [ o111 (as) i s, ()", [y0)] s

27L19Y (I +&) (Drz/
3 ¢1(q

dys > ry = [|(u,v)].

Consequently, we have
1.7 (u,v) || = max{[|. 71 (w, V), | Z2(u, )|} Z ra = [[(u,)[], V(u,v) € IP,,. (13)

It follows from the above discussion, (8), (13), Lemmas 2.5 and 2.8 that for any fixed
A1, 22 € (0,00), 7 has a fixed point (u,v) € Py, ,,) and r1 < ||(u,v)[| < r2. Since

[ (u,v)|| = r1, we get u(t) —@(t) > 1t%~" and v(r) —@a(t) > 1127, 1 € (0,1],
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where [ = or, —p (Al o qi(s)dys+ A fy qg(s)dqs> . Let () = u(t) — @, (1) and

7(t) = v(t) — @1 (t), then we have it(r) > [t~ and ¥(¢) > 1%, 1 € (0,1].
By Lemma 2.6, we know that for any fixed 41,4, € (0,), the singular coupled
boundary value problem (1) and (2) has at least one positive solution (i, V). More-

over, (i, v) satisfies #(r) > [t“~! and v(r) > [t®~!, t €[0,1]. The proof is com-
pleted. [

REMARK 3.1. From the proof of Theorem 3.1, we know that the conclusion of
Theorem 3.1 is valid if condition (H4) is replaced by

(H4) 0 < b <liminfinficgco) fz( Y Cooor0<lh < liminfinf,c g b (IMV) <
ve[Ooo) ue[Ooo)

oo, where Il = 3 (pwy? [¢ (1’2(513)41113)71

THEOREM 3.2. Assume that (H1) and (H2) and for any fixed Ay, 2, € (0,00), the
following conditions hold:
(H5) there exists a constant Ry > %(M fo q1(s)dgs + Ay fol q2 (s)dqs), such that

fl(t7u7v)>R1/l1’f0r (t7u7v) [ ] [0 Rl}z;
(H6) 0 <limsupsup ,. h"(t,;“’v) < L;i or 0 <limsupsup ,.o h"(t’v"’v) <Lj,i=1,2,
U—roo ve[0,e0) vt u€[0,00)

where [c,d) C (0,1), L; (i=1,2) and l| are defined as Theorem 3.1. Then the singular
coupled boundary value problem (1) and (2) has at least one positive solution (it*,v").
Moreover, (a*,v") satisfies " (t) > 1191 and Vi) > f*t“2_l, t € [0,1], for some
positive constant I *.

Proof. The proof of Theorem 3.2 is similar to that of Theorem 3.1 and so we omit
it. O
REMARK 3.2. The conclusion of Theorem 3.2 is valid if the condition (H5) is
replaced by
(H5’) fa(t,u,v) =Ry /L, for (t,u,v) € [c,d] x [0,R]?, where Ry is defined in Theorem
3.2 and [, is defined in Remark 3.1.

THEOREM 3.3. Assume that (H1) and (H2) and the following condition (HT)
hold:

. . t,u,v . . t,u,v
lim  inf M = 4o or lim inf M = oo,
u—+eorefe,d]c(0,1) u V=0 tc(c,d)c(0,1) v

vE[0,00) u€[0,00)

Then there exist A; > 0 and Ay > O such that the singular coupled boundary value
problem (1) and (2) has at least one positive solution (u*,v*), provided that A €

(O A1) and 23 € (0,A,). Moreover, (ii*,7v") satzsﬁes w(t) > 14 and vi(t) >
1271t e [0,1], for some positive constant 1.
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Proof. Let Sig = sup{h;(t,u,v):t €[0,1],u,v € [0,R]}, i = 1,2, where we choose

p ( /1 1 - R
R>—|A [ qi(s)d s—l—?Lg/ q2(s)dys ), Ai=minq I, ,
o\ Jy T 0 a 20 [X(pi(s)Sik + qi(s))dys

where i = 1,2, ® and p are defined as Remark 2.1 and Lemma 2.5, respectively.
For any (u,v) € dPg and s € [0,1], by the definition of || - ||, we know that

(V)| <R,
(u,v)|| <R, s€]0,1].

So, for any (u,v) € 9Pz, A1 € (0,41) and A, € (0,15), by Lemma 2.4, we get

13 = ma i [ 1.05) 5 (5 )+ 19

422 [ H (g9 als, O 6)) + 209y

< max
te [0,1]

[ e a5, (), 0L 415y
T+ /O p1 = (pa(s) (s, (e (5)]*, [Y(5)]°) + 2 (s) s

1 1
<phi /0 (P1(5)S1k +q1(5)) dys + pa /0 (p2(5)S2r + 42 (5)) dgs
<R = ()]

Similarly, for any (u,v) € dPg, by Lemma 2.5, we also get || % (u,v)|| < R = ||(u,v)]| -
Consequently, we have

17 (u,v) || = max{{[| 71 (u,v) ||, | Z2(u, ) [} < R= [ (w, V)], V(u,v) € IPg.  (14)

On the other hand, by the condition (H7), choose M; such that

d d
llpszlw/ ¢1(gs)dys > 2 or llpszlw/ ©2(gs)dys > 2,

where y = min{c*~1,c®"!}, @ and p are defined as Remark 2.1 and Lemma 2.5,
respectively. Then there exists N* > 0 such that

fi(t,u,v) >Myu, u>N*, v=0, te[ ,d] or
filt,u,v) =Myv, u>=0, v=N* t€cd]. (15)

Let R > max{2R,2N*/(yw)}. For any (u,v) € dPg and ¢ € [0,1], by the definition
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of || -] and (3), we obtain

1 1
x(t) >t 1R — pr®~! ()LI/O ql(s)dqs—i-?tz/o qz(s)dqs>

=1 (a)R’—p (?Ll /Olql(s)dqs—i—lz /016]2(s)dqs)>
27’(6013/—[3 (Al/()IQ1(5)dq5+7L2/()142(5)dq5))

20YR’

>0y(R —R) > >N*, te€]cd] (16)

and

1 1
(1) s 'R — pto‘z_l(?tl /0 1(5)dys + 2 /0 qz(s)dqs)

=% (CUR/—P (ll/01611(5)%54—12/01fIz(S)qu))
21 (0 —p (30 [ a6)dos 32 [ o))

/
SorR -R) > 2 IE >N rcled) (17)

Thus, for any (u,v) € dPg and t € [0,1], by (15)-(17), we have

Sils, ()] ($)]") 2 Mi[x()]" or fils, [x(s)]", [()]") = Mi[y(s)]", 1 € [C,d](~18)

Hence, for any (u,v) € dPg, by (18) and Lemma 2.4, we conclude that
d
1) > min A [ o1~ g1 5) o5 )] 0] s
24 M,oR' (4
S PHRTMOR [ o () > R = ()]
or
1) > min A [ o1~ g1 5) o5 )] 0] s

2MpY"MiwR (4
2‘”% | orlas)dys >R = ).
Consequently, we have
17 (u, )|l = max{[| 7 (u,v) .|| Z2(u,v)[I} = R = [[(w,v)ll, V(u,v) € IPp. (19)

It fo_llows from the abgve discussion, (14), (19), Lemmas 2.5 and 2.8 that for any A, €
(0,A1) and A, € (0,A2), -7 has a fixed point (u,v) € Pg g and R < |[(u,v)|| <R’
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Since ||(u,v)|| > R, we get u(t) — @ (1) > [ 19~ and v(r) — @2(t) > I 1%, for
€ (0,1], where I” = @R —p (JLI Jo qi(s)dys + 22 f, qz(s)dqs> . Let (1) = u(t) —
@5(1) and v*(t) = v(t) — D> (1), then we have i* (1) > [ 1%~ and v*(r) > [ 1971,
€ (0,1]. B B
By Lemma 2.6, we know that for any A; € (0,41) and A, € (0,A,), the singular
coupled boundary value problem (1) and (2) has at least one positive solution (™, V"),
provided that A; € (0,A;) and A € (0,1;). Moreover, (ii*,v") satisfies " (t) >
171411 and V() > f*taz_l, t € [0,1]. The proof is completed. [

REMARK 3.3. From the proof of Theorem 3.3, we know that the conclusion of
Theorem 3.3 is valid if the condition (H7) is replaced by

(H7) hr}rl infic o qc0.) fZ(t,;u’v) ~+oo Or hm L inficeqc o) fZ(t;M’V) = Hoo.

Vv—+

VE[O o0) ue[O,oo)
THEOREM 3.4. Assume that (H1) and (H2) hold. And

(H8) A< hmlnflnf,ud o J1(t,u,v) = 4o or A < hmmfmf,efd onJi(t,u,v) =
ve[Ooo) ue[O o)

+o0, where A:4f0 (ql(s)—|—q2(s))dqs/<yw max{fc ¢1(gs)dys, fc (pz(qs)dqs}>
and y=min {c* ! ¢},

hi(tu.v)

(H9) limsupsup ,cj =0 or limsupsup ,c h"(”vu’v) =0,i=1,2.
U—too ve[0,00) Voo ve[0,00)

Then there exist 11 >0 and 12 > 0 such that the singular coupled boundary value
problem ) and (2) has at least one positive solution (u,v), provided that A| € (7L1, oo)
and Ay € (12, o). Moreover, (u,V) satisfies u(t) = 1t and 5(1) > 112!, 1 € [0,1],

for some positive constant 1.
Proof. Tt follows from (H8) that there exists N > 0 such that

filt,uv)=A, u=N,v=0 or fit,u,v)=A, u>0,v=N, (20)

where ¢ € [¢,d]. Put Ai = IV/ <2p7/f01 qi(s)dqs> ,i=1,2and R; =
max{(/ll +A2,241,212) %p o (q1(s) + qz(s))dqs} . Forany (u,v) € dPg, and 1 €[0,1],
by the definition of || - || and (3), we obtain

1 1
(1) 2o Ry — pro! ()Ll / 41(5)dys + 2o / qg(s)dqs)
0 0
1 1
—sou-1 (a)Rl —p <7L1/0 ql(s)dqs+/12/() qQ(S)qu>)
1 1
>y<wR1—p<7Ll /O q1(5)dgs + Ao /O qz(s)dqs))
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1 1 }
>PJ’<M/O 611(S)dq5+12/0 612(5)qu) >N (21)

and
1 1
V(1) Bor Ry — proe! (Al / 1(5)dys + 2 / qz(s)dqs>
0 0

—ro2—1 <a)R1 —p <7L1 /Olql(s)dqs—i—?Lz/()lqz(s)dqs))
>y<wR1 -p (M/01611(S)dq5+12/01612(5)dq5>)

1 1 ~
2p7/<?q/0 ql(s)dqs—f—?tz/o qz(s)dqs> 2N, (22)
for ¢ € [c,d]. Thus, for any (u,v) € dPg, and t € [0,1], by (20)-(22), we have

S1(s,[u(s) —@1(s)]", [v(s) —@2(8)]") = A, t€]c,d]. (23)

Hence, for any (u,v) € dPg,, by (23) and Lemma 2.4, we conclude that

d d
171 ()| = min Ay [ et oy (gs) fi (s, [x(s)]", [V(5)]")dgs = AapyA | @1(gs)dys
[E[C,d] c c
>Ry = [ (u,v)]].

Consequently, we have

17 (u, )| = max{[[ 73 (u, V)|, [| 2 (u,v)[I} = Ry = [[(w, )|, V(u,v) € OPr,. (24)

-1
On the other hand, choose & > 0 such that & = <37L,-p fol pi(s)dqs> ,i=1,2.

Then, for the above ¢;, by the first inequality in (H9), there exists N > 0 such that for
any 7 € [0,1] we have

hi(t,u,v) < gu, u}]/\}, v=0 or hi(t,u,v) <gv, u>0, v}ﬁ,
where 7 € [0,1], i = 1,2. Then we have

hi(t,u,v) <O+ gu, u}ﬁ,v>07t6[071] or
>0 N, te

Lv=N,1e[0,1],i=1,.2, (25)

where @ = {;(r,u,v) : 0 < x <N, 0<x<N, te[0,1],i=1,2}. Choose

Rs — max {le,p<d>+ N (xl i)+ an(o)s + 22 [ 2t +q2(s>>dqs) } .
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For any (u,v) € dFPg,, by (25) and Lemma 2.5, we get

H%WM\m%

[ i r s, O )T ) + 19
o [ ot (oo I )+ 2060

<o [ ()@ elx(s)]) +a1(5)) dys
4 [ (pa(s) @+ )]+ a2(5) dys

<@+ 1) (b [ (016 + @0t [ (26) + x5
ol (er [ 1 (5ys 3z [ pa)dss) < e = )]

or

T (u,v max
|8 < max

[ i (a5, )+ 019
2o [ ot (a0 (01 D))+ 2060

<o [ ()@ e +ar(5)) s
o [ (2@ + el 0)) +a2(5) s

<@+ 1) (b [ (11O + @0+ [ (26) + (5D
wploll (e [ il s [ pa(51s ) < R = )l

Similarly, for any (u,v) € dPg,, by Lemma2.5, we also get ||. 7 (u,v)|| <R =||(u,v)]].

Consequently, we have

17 )| = max{[| 73 (u,) | Za (e, [} < Ry = | (w,)]l, V(ow,v) € P,

It follows from the above discussion, (24), (26), Lemmas 2.5 and 2.8 that for any A, €
(A1,00) and 1 € (A2,%0), T has a fixed point (u,v) € P, g, and Ry < || (u,v)]| < Ro.
Since ||(u,v)|| = R1, by the same method as Theorem 3.3, we know that for any A; €
(Xl,oo) and A, € (Zz,oo), the singular coupled boundary value problem (1) and (2) has
at least one positive solution (i,7), satisfies () > 11~ and ¥(r) > 1t%~1, 1 € [0,1].

The proof is completed. [J

REMARK 3.4. From the proof of Theorem 3.4, we know that the conclusion of

Theorem 3.4 is valid if the condition (HS8) is replaced by
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(H8) A< hmmfmf,efd o fa(t,u,v) = +eo or A < hmmflnf,efd onft,u,v) =
VE[O o0) uE[O o0)
+o0, where A is defined in Theorem 3.4.

4. Two examples

EXAMPLE 4.1. Consider the following fractional g-difference system with cou-
pled integral boundary conditions

Dosu( )+ A fi (2, u(t),v(t)) =0, D0 5v( )+ Ao fo(t,u(t),v(t)) =0, te€(0,1),
Dglsu(O)zDggv(O) =0, 0<ji<1,
1 /11
/ Vavisdgs, v(1)= 5 [
where A; and A, are two parameters. We have vi =4/7, v, =2/3, k =19/21, which
implies (H1).

Let pir) = palt) = 1/ViT=0). au(t) = aa(t) = —Int, i (tyuyy) = i 12,
hy(t,u,v) =1+¢"+e€”, and

u(s)dy 27)

2 2 1 u v
Filty) = == inr, foltuv) = e ity (1,u,v) € (0, 1)x[0, +e0)?.
t(1—1) t(1—1)
Then —gi() < fi(t,u,v) < pi(t)hi(t,uv). (1) € (0,1) x [0, 400, i =1,2. By
direct calculation, we obtain
1 1 1 1
/ p1(s)dys :/ P2(8)dys = 3.39926, / ql(s)dqs:/ q2(s)dys = 0.69315,
0 0 0 0

which implies (H2). On the other hand, choosing [1/3,2/3] C [0,1], we can see that

. . t,u,v . . r,u,v
lim inf M =+4oco or lim inf M = oo,
u—-+o01e(1/3,2/3)C(0,1) u v—+eo1e(1/3,2/3]C(0.1) v

VE[0,00) u€(0,00)

So condition (H7) of Theorem 3.3 is satisfied. Therefore, by Theorem 3.3, the coupled
system (27) has at least one positive solution, provided A;>0 (i = 1,2) is small enough.

EXAMPLE 4.2. Consider the fractional g-difference system (27), where

filt,u,v) = 2(utv) 2 f(tuv)—L—i

B T S R 12+ 1) VU T a0y i
where (1,u,v) € (0 1) x [0, +e0)?. Letpl(f) \[/ ?(1=1), q(t) =qa(t) =
2/VE, hy(tu,v) = Vutv/(1+2(t+1)) and hg(t u,v) = l/e’Herl then —g;(t) <
filt,u,v) < pi(©hi(t,u,v), (t,u,v) € (0,1) x [0,+00)?, i =1,2. By direct calculation,
we obtain

1 1 1 1
/ pi(s)dys = / p2(s)dys = 6.10606, / qi(s)dys = / q2(s)dys ~ 3.41530,
0 0 0 0
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which implies (H2). On the other hand, choosing [1/3,2/3] C [0,1], we can see that

limsupsup ¢y (hi(t,u,v)/u) =0, i=1,2 and liminfinf,c, 3,/3c0.1) f1(f,u,v) = +oo

umtee  yel0e) e ve[0,0)

or limJirnfinf,E[l ;32/3co) f1(t,u,v) = +oo. So conditions (H8) and (H9) of Theorem 3.4
v u€0,00)

are satisfied. Therefore, by Theorem 3.4, the coupled system in Example 4.2 has at

least one positive solution, provided A; >0 (i = 1,2) is large enough.
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