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POSITIVE SOLUTIONS FOR A FOURTH ORDER
DIFFERENTIAL INCLUSION BASED ON THE
EULER-BERNOULLI EQUATION FOR A CANTILEVER BEAM

JOHN S. SPRAKER

(Communicated by S. K. Ntouyas)

Abstract. An existence result for positive solutions to a fourth order differential inclusion with
boundary values is given. This is accomplished by using a fixed point theorem on cones for
multivalued maps, L! selections and a generalization of the Ascoli theorem. The inclusion
allows the function and its first three derivatives to be on the right-hand side. The proof involves
a Green'’s function and a positive eigenvalue of a particular operator. An example is provided.

1. Introduction

A multivalued map F : [0,1] x R* — P(R") is an L' —Caratheodory map provided
the following hold:

1) F(-,x):[0,1] — P(R") is a measurable function, for all x € R";

2) for almost all 7 € [0, 1], the mapping F(z,-) : R* — P(R") is upper semicontinu-
ous;

3) F isintegrably bounded on bounded sets, i.e. for each @ > 0 there exists a func-
tion ke (t) € L'([0,1],R) such that sup{|y|:y € F(t,x)} < ke(t), for almost
all 7 € [0,1] with ||x]|p < .

In this paper we will prove the following theorem. The parameter A; will be
specified later.

THEOREM 1. Let F :[0,1] x R* — P (R )be an L' -Caratheodory map with non-
empty, compact and convex values. Also assume that there exist o, B € L [0,1], non-
negative almost everywhere, such that sup{|y |:y € F(t,x)} < o(t) + B(¢) ||x|| g4, for
almost all t € [0,1] and x € R*. If this condition holds it is said that F is integrally
bounded as in [14].

We assume that F satisfies the two assumptions below.
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A1) There exist positive constants by and b; with bg+ b; > Ajand § > 0 such
that for almost all 7 € [0,1] and all (xo,x1,x2,%3) € [0,8]° x [~6,0], inf{y:y €
F(t,x0,x1,X2,%3)} = boxo +byx; .

A2) There exist positive constants ag,aj,az,azand Co with ag+a; +ax+a3 <1
such that for almost all ¢ € [0,1] and all (xq,x,x2,x3) € Ri xR_, sup{y:ye€
F(t,x0,x1,%2,%3) } < aoxo + arx) +axxz +az | x3 | + Co.

Then the boundary value differential inclusion (BVI) below has at least one posi-
tive solution

u® (@) e F(r,u(t),u' (t),u" (1),u" (t)) a.e. on [0,1],
BVI< u(0)=u'(0)=u"(1)=u"(1) =0,

ueAco,1],

where u € AC?)[0, 1] means that u,u’,u” and «"" are absolutely continuous on [0, 1].

Note that by Theorem 6.12, page 219-220 and Theorems 6.43 and 6.45 on page
228 in [14] it can be easily shown that for any u € C3)[0,1], F(t,u(t),u’ (t),u" (t),u’" (t))
will have an integrable selection. Also note that of course any integrally bounded mul-
tivalued function is also integrably bounded on bounded sets. Basic definitions of prop-
erties of multivalued functions may be found in many sources such as [1, 4, 5].

The above theorem generalizes Theorem 3.2 in [10] which states that a positive
solution exists for the problem

(4)(t) f(»u(t) ()7 (1)
///(1

where f:[0,1] x R} x R_ is continuous and satisfies assumptions similar to A1) and
A2) above. Itis also similar to Theorem 2 in [18].

There have been a number of papers concerning positive solutions of fourth order
differential equations and inclusions. For example, see [6, 10, 11, 12, 15, 18]. We will
also make use of a Green’s function, an approach which can also be found in [6, 10, 17].
In addition, our approach will involve the use of a fixed point theorem. Such techniques
are quite common. In [3], the Covitz-Nadler theorem is used for existence results and
in [16] the Ky Fan fixed point theorem is used. In [7], a contraction mapping principle
is employed and in [2] three different theorems are proven using fixed point theorems.
In our current work we will make use of the following fixed point theorem, which is
Corollary 3.3 in [8]. It requires a condensing map, which is a type of operator defined
in terms of the measure of non-compactness. It is always the case that a completely
continuous map is condensing, so that is the approach we will take here. Recall that
a subset K of a Banach space is a cone provided that whenever x,y € K, oo > 0 and
B >0, then ax+ By € K. We will not assume as some do in the definition that if
z,—z € K, then z=0. Again, see [8] for details.

(1)),
)=0,

/\
(e
=
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=0
—
(e
=
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=
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THEOREM 2. Let X be a Banach space, K be a cone in X and ry,r; € (0,0)
with r = max{ry,r2} andlet T : B(0,r)NK — 2K be u.s.c. and condensing. Suppose
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there exists some w € K with w # 0 such that x ¢ T (x) +1tw, for any t >0 and x €
dxkB(0,r1), and Ax ¢ T (x), forall A > 1 and x € dgB(0,r2). Then T has a fixed point
xo with min{ry,r} < ||xo|| < max{ry,r}.

We will also need the following result, which is a special case of Proposition 1.7
in [13], which will permit us to show that a certain operator is completely continu-
ous. In other words, the operator is upper semicontinuous and maps bounded sets to
precompact sets.

THEOREM 3. Let F :[0,1] X R* — R be L'-Caratheodory and thus integrably
bounded on bounded sets. Let E\ and E, be Banach spaces. Let ¢ : C ([07 l},R4) —
L'([0,1],R) be the mapping @(x) = {z € L([0,1],R)|z(t) € F(t,x(t)) a.e. on [0,1]}
and let Ty : E; — C([0,1],R*) and T» : L' ([0,1],R) — E; be continuous linear map-
pings. Assume further that for each bounded set A C C ([07 1] ,R4) the set Tyo @(A) is
compact. Then the multivalued mapping T, o @ o Ty : E| — E» is completely continuous.

Finally we will state and prove a generalization of the Ascoli theorem for C) [0,1].
This theorem is very similar to Theorem 3 in [15]. For this we define the Banach

space C5[0,1] by €[0,1] = {u € C[0,1] : u(0) = u'(0) = (1) = " (1) = 0}.
The norm in this space will be given by

il = sup{] () [ € [0.1])

That space is a Banach space because it is clearly closed in C(3)[O, 1] and if u €
C(()g) [0,1], we have the following basic calculus facts. See page 225 of [10].

o u()[< o [w/@) |de <l cpos
o [ () I< Jy [ () [dr < ullcpo.s
o [W@)|< S W) | dr < (L=0)[|u” o) < 1w [lcpo.-
Recall that the norm on C)[0, 1] is
||”||c<3>[o71] = Sup{H”HC[OJ]» H”/HC[OJ]v H”//Hc[o,l]» Hum||c[o,1]}~
Thus HuHC(3)[071]:||u”’||c[0’1] , s0 the norm above will coincide with the norm on C)[0,1].
THEOREM 4. Let A C C(()3)[O, 1] be closed and assume:

1) sup eqll f" Mo, < o

2) Forall € >0 and all t € [0,1], there exists 6 > 0 such that for all y € [0,1]
with |t —y |< &, we have | f"(t) — f"(y) |< €, forall f € A. In other words,
{f" | f € A} is equicontinuous.

Then A is compact in C(()3) [0,1].

Proof. We will split our proof into several parts.



534

a)

b)

c)

in [1
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Let Y > sup;cul|f” llcpo,1)- Note that ¥ > 0. Therefore we have that A, A’ =
{f"|feA}, A"={f"|feA} and A” ={f" | f € A} are all bounded by Y
in C[0,1].

Lete>0,7€(0,1], f €A. Forany y € [0,1] we have

t y 1
”’(s)ds—/ f”/(s)ds‘ = Y / ds
1 1 y

Thus A” is equicontinuous. Identical arguments will show that A’ and A are also
equicontinuous.

t
///(S)ds

f" (1) =Y|t—yl|.

We now know that A, A’, A” and A” have compact closure in C[0,1], by the
Ascoli theorem. Let {f,} be a sequence in A. By taking subsequences of sub-
sequences and relabeling we can assume that there exist 7.2,k and k such that
fo—=f, fr—g f' —-hand f' —k 1n Clo, 1} Note that f( )=g(0) =
h(1) = k(1) = 0. We need to show that f =g, f =h and f =k. This is
accomplished using the bounded convergence theorem three times since for all
n € N, we know that sup, o {| fu(t) |, £,(0) || £/(t) .| £2(t) |} <¥. Thus
1u(t) =[5 fa(s)ds — [38(s)ds and since we know that f, — £, it follows that
7 =g, as desired. f1(1)— f1(t) = [} £/ (s)ds — [' (s )ds and since f! — g,
we know that /(1) — g(1). This implies g(1 ) ( )= ft h(s)ds. Differentiat-
ing each side yields —g'(t) = —h(¢) and so 7' =% =h. Toshow that f =k
the proof is similar. Also the closure of A implies that f € A. Thus we have
shown that every sequence in A has a convergent subsequence in C(()B)[O, 1] and

therefore A is compact in C(()3)[0, 1. O

2. Basic lemmas

The proofs of the lemmas in this section are virtually the same as those found
0], except for the fact that u()(r) is only almost everywhere equal to A(z) in

Lemma 1, u € AC®)[0,1] and h € L'[0,1]. For this reason we will not repeat all of

the d

etails here. All integrals are understood to be Lebesque integrals where, of course,

expressions like | : k(r)dr will be assumed to mean the Lebesque integral / k.

[a.b]
Consider the following linear boundary value problem (LBVP) where & € L'[0, 1].

u® () = h(r) ae. on [0,1],
LBVP{ u(0)=u'(0)=u"(1)=u"(1) =0,
ueACH0,1].

LEMMA 1. The above LBVP has a unique solution u(t) = Sh(t) € AC®[0,1] and

S:L'0,1] — C®)[0,1] is a completely continuous linear operator:



Differ. Equ. Appl. 11, No. 4 (2019), 531-541. 535
Proof. As in [10] we will let

1

—?(3s—1),0<r<s< 1,
G(t,s) =

6s2(3t—s),0< s<tr< 1.

It is easy to show by integration that the solution is

u(t) = Sih(t) = /Ot (/OT Ul {/1 h(v)dv} ds] dr) dr.
See [15].

However, we will need to obtain some estimates as in [10], so we will use G to
obtain this unique solution. In order to do this let us define S : L'[0,1] — C[0,1] by

Shit) = /O Gt 5)h(s)ds = u(t)

and see whether or not this will generate the unique solution S;%(r) above. Note that
Sh(0) = u(0) =0, as desired.
The following facts are apparent:

IG(t,s) S1(2s—1), 0<1<s<1,
1
« _Szv O<S<t<1,
2
82G(t,s) s—t, 0<r<s<l1,
1 0, 0<s<r<1,
83G(t,s) -1, 0<r<s <1,
a1 0, 0<s<t<1

We will need to apply the well known theorems for differentiation under the integral
sign for the Lebesgue integral. From the above partial derivatives and our definition of
S we obtain

s 1
W (1) = /0 %h(s)ds, W (1) = [ (s—1)h(s)ds and

1
W (1) = — / h(s)ds, forall £ € [0, 1].
t

Clearly this indicates that u*)(¢) exists a.e., u® (1) = h(t) a.e., " is absolutely con-
tinous, since it is represented by the integral — ftl h(s)ds and u satisfies the boundary
conditions since % =0. Thus, u(t) = Sh(r) is a solution to LBVP. The uniqueness
of the result can be obtained by appealing to the above mentioned integral representa-
tion in [15] or by observing that the only solution to the LBVP, where i(r) =0 a.e., is
the zero solution.
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To show that S is a bounded linear operator simply notice that, since G(z,s), acgm ,

2 3
J th(zt’S) d % are bounded above by some M > 0 on [0, 1] x [0,1], we have

HSh||C(3HO i <My | h(s) | ds = M|[h][ ., for h € L']0,1]. Thus S is continu-

LEMMA 2. Let h € L'[0,1] such that h > 0 a.e. Then u = Sh has the following
properties:

a) u(t) =20, () =20, u"(t) >0 and " (t) <0 on [0,1];
b) u(t) > 3t [ulcjo,1, ' (2) = ||| cjo,1), for all ¢ € [0, 1]
c) HMHC[O,l] [/ HC[O I HM”Hcm H"‘WHC[O 1] and ||u Hc )[0,1] = [|u" HC[O 1]7

d) ullcio,=u(1), [[t']|cpoy=u'(1), [[u"]|co,1) =" (0) and [[u""||cio,1j=—u""(0);
e) u'(t) > u(t) and —u"'(t) > u"(t), for every t € [0,1].

The proof of this lemma is the same in most parts as the proof of Lemma 2.2 in
[10], since differentiation under the integral sign is valid in our case and we are using
exactly the same Green’s function. Thus we will not include all of the details here.
In [10], u has four continuous derivatives. Since in our case u € AC (3)[0, 1], the only
differences might occur with the relationship between «(*) and /. This is because we
only know that u® is positive almost everywhere. For example, when proving the last
statement in part d), that [|u"[|cjo,1) = —u"(0), the argument is as follows. u" (1) =

— Y h(s)ds, for all # € [0,1], because «”’ is absolutely continuous and its derivative is
h a.e. Since h >0 a.e., we know that | «”(¢) |= [ h(s)ds, for all ¢ € [0,1]. Thus, if
11 > 1y, it is clearly the case that | " (1y) |= [, h(s)ds < [, h(s)ds =| u" (1) |, which
implies that | u"(¢) | is a decreasing function on [0,1]. Thus |[u"[|cjo,1) = ["(0)] =
—u(0), since by parta) u”(1) <0 on [0,1].

The following is a restatement of Lemma 2.3 of [10], which considers the restric-
tion of our operator to C[0, 1] with codomain CJ0, 1]. This restriction turns out to be a
completely continuous bounded linear operator. Since [10] is concerned with solving
LBVP for a continuous % and for all # € [0, 1], the range of this restriction is contained
in C#[0,1]. Since C[0,1] € L'[0,1] and C¥[0,1] € C®)[0,1], eigenvalues and eigen-
vectors of the operator in [10] will be eigenvalues and eigenvectors for our operator
S L'0,1] — C¢3)[0,1]. We can think of the lemma below as stating that our opera-
tor S has a positive eigenvalue with a positive eigenfunction, which happens to be in
c¥ [0,1]. The proof involves showing that the spectral radius of the aforementioned
restriction of our operator is strictly positive. Then the Krein-Rutman theorem is used
to show that this spectral radius is in fact an eigenvalue with a positive eigenvector. For
details see [9, 10].

LEMMA 3. There exist ¢ € C4[0,1] and Ay > 0 such that ¢1( ) =0, forall t €

[0,1], 1 =1,91(0) = 0{(0) = ¢/'(1) = {"(1) =0 and 9" (1) = 411 (1), for
all t € [0,1]. Note that in this case the linearity of S will imply that since S(A1¢1) = ¢1,
then S¢; = %1‘1’1-
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3. Proofs of main results

In what follows we will consider the following cone in C)[0,1]. K = {u €
0, 1]{u(r) = 36*|lullcio.pu(t) = 0,u/(t) = 0,u"(t) > 0and u” () < 0 on [0, 1}}.

Note that K is closed in C?)[0,1] and by Lemma 2a) for i € L'[0, 1] such that /& >0
a.e. we have Sh € K.

Now recall that we assume F : [0,1] x R* — P(R..) is an integrally bounded L. -
Caratheodory map with nonempty, compact and convex values. We will define the

multivalued operator A : C3)[0,1] — P (C(()g) [0, 1]) by
A=So@oTi,
where 7; : C3)[0,1] — € ([0,1],R*) is given by
(Tun) (1) = ()0 (0) 0 (0) " (1)
and
@(x) = {h e L'0,1] with h(t) € F(t,x(t)) a.e.}, for xe C([0,1],R*).

In other words, for w € C)[0,1], Aw = So @ o Tj(w) = {v | v solves the LBVP for h €
L'[0,1] with h(¢) € F(t,w(t),w (t),w"(t),w" (t)) a.e.}. Also observe that A : K —
P (lmc((f)[o, 1]) .

We will need to show that A is completely continuous which means that it is
upper semicontinuous and takes bounded sets to precompact sets. Then we will be able
to apply Theorem 2 in order to find a fixed point for A, which will be a solution for our

boundary value inclusion, BVI. For the complete continuity of A, we will use Theorem
4.

THEOREM 5. A :CP)[0,1] — €30, 1] is completely continuous.

Proof. First we will show that So ¢ maps bounded sets to bounded sets. Let

A= {y € C([0,1],R*) : [[yllcjo. = sup; (o, 1] 1V (1) || g+ < r}~

Now let x € A. Then we have So @ (x) = {Sh | h(s) € F(s,x(s)) a.e. on [0,1]}. Since F
is integrally bounded, then for all & such that h(s) € F(s,x(s)) a.e. on [0,1], we have
h(s) < o(s) + B(s)r ae.. 50 [|hl| 10,1 < Jy [ee(s) + B(s)r]ds = K, < oo. Now, since by
Lemma 2c) and differentiation under the integral sign, if u = Sh for h(s) € F(s,x(s))
a.e. on [0,1], then ||u||C(()3)[071] = [[u"lcjo,1) = SUPefo,1] [ h(s)ds < K, so it follows

that ||ShHC(()3)[O71] < K,. Thus

(3) .
Sop(A)C<yeC,’[0,1]: <K},
o ( )_{y o [0,1] H)’||C(()3)[071] }
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so So ¢ maps bounded sets to bounded sets. Note that this also shows that assumption
1) of Theorem 4 applies to the set So @(A).

Now we will show that {f” | f € So@(A)} is equicontinuous. Let u = Sh €
So@(A) and suppose 7,y € [0,1] with y <7. Then | u”(t) — " (y) |= | — [,' h(s)ds +

s)ds| = s)ds| < o(s)+ p(s)rids. Let € > 0. Since the function 7 +——
! h(s)d T h(s)ds| < ds. L 0. Since the functi

Jo [e(s) + B(s)rlds is absolutely continuous, there exists § > 0 such that whenever the
measure of E is less than 9§, it is the case that [;[ct(s) + B(s)r]ds < €. Note that §
depends on o(-) and B(-), but not on the choice of u € So @(A). Thus we can make
| " (t) —u" (y) |< €, whenever |t —y |< &, for all u € So@(A). This means that we
have the equicontinuity that we need.

Therefore by Theorem 4 we know that So @(A) is a compact subset of KN
C(g3)[0, 1] and thus is also compact in C)[0,1], because K and C(g3) [0,1] are closed
in C)[0,1].

Now we will use Theorem 3 to show that A is completely continuous. In Theorem
3, let CO)[0,1] =E| =E, S=1 and let T; : C®[0,1] — C([0,1],R*) and ¢ be
defined as above. Clearly, 7; is a continous linear operator and Lemma 1 shows that

S is a bounded linear operator also. Then by Theorem 3 we have that T,0 @ o T} =
So@oT; =A is a completely continuous mapping from C[0,1] to ¢®[0,1]. O

In order to complete our proof of Theorem 1, we will find a fixed point for A. This
will be accomplished by the use of Theorem 2.

Proof of Theorem 1. The argument below is very similar to that in [10], though it
involves multivalued functions.

Now let us attempt to verify the first condition of Theorem 2. A; and ¢; will be
as specified above. Let r; = r € (0,0). First note that ¢; € K\ {0} and ¢, satisfies
the initial conditions for our problem. This is because it is the solution for LBVP with
h = A1¢; and, as noted previously, it is also the case that ¢; € C*)[0,1] and of course
¢ € L'[0,1]. Now we will attempt to show that x ¢ Ax+t¢;, for any ¢ > 0 and
x € dxB(0,r), as required by Theorem 2. By Ax+1¢; we mean {y+17¢; | y € Axa.e.}.
Suppose this does not hold. Then there exist 7; > 0 and y; € K with ||y;|| @) 1] =7

such that y; € Ay, +£1¢1. Recall that Ay; = So @oTi(y;) = {u e ACO)[0,1] ’u(t) -
Jo G(t,5)h1(s)ds,hy € L'0,1] and hy (r) € F(2,y1(2), ¥, (£), Y1 (£), (1)) a.e.}. Thus
Ay + 116y = {ul e AC[0,1] ‘ul(t) = [ G(t,5)2(s)ds + 1191 (1), 2 € L'[0,1],2(r) €
F(t,y1(2),y) @),y (0),y]" (1)) a.e.}. Now the facts that %1 is an eigenvalue of S with

eigenvector ¢; and S is linear together imply that S(r;A1¢1) =1, A18(¢) =11 A4 %lqbl =
t1¢1. Thus Ay; +11¢9 = So (@oTi(y1)+11A1¢1) and y; € Ay; +11¢;. This implies
that there exists h;(r) € F(z,y1(r),y)(t),y{(t),y{"(t)) a.e. such that y; is the unique
solution of our LBVP found in Lemma 1 for & = h; +#A1¢;. In other words, y; €
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AC®)[0,1] N dgB(0,r) and satisfies

{ W) = (o) + 101 (r) ac. on 0,1,
1(0) =y1(0) =y7(1) =»'(1) =0.

By Lemma 2a) for every ¢ € [0,1], yi(¢), y{(¢) and y](¢) are all nonnegative and
less than or equal to ||y || Do) =" < 0 and y{'(t) <O, for all 7 € [0,1]. Thus we
have —§ < HyIHC 30,1 = ||y1 HC[OJ] = —SUP;cpo 1] ‘yl (t) ‘<y///( ) <0, forall €
[0,1]. By assumption A1) we know that inf[F (s,y1(s),¥; (s), 5] (s),¥]"(5))] = boy1 (s) +
biy)(s) a.e. = (bo+b1)yi(s) a.e. The last inequalty comes from Lemma 2e). Since we
know that y(14) (8) =h1(s)+11A101(s) a.e. on [0,1] and hy(s) €

F(t,y1(5),¥,(5),57 (), (s)) a.e., it follows that y\*)(s) > hy (s) > (bo + b1 )y (s) a.e
Now let us multiply by the positive function ¢ (¢) to obtain

0199\ () = (bo + 1)1 (s)y1 (s) ace.

We will integrate by parts on the left hand side several times. We can do so since
¢1 € CM[0,1] and y; € ACP)[0,1]. Recall that both ¢; and y; satisfy the initial con-
ditions for our BVL [y ¢, (s)y(l4) (s)ds = — [y 0] (s)Y)" (s)ds = [y ¢} (s)y/(s)ds = ... =
fol ¢1(4) (s)y1(s)ds. Lemma 3 implies that ¢1(4) (1) = A1¢1(¢). Thus we can write

M/Olq)l(S)yl(s)ds > (bo—l-bl)/olqbl(s)yl(s)ds. (D)

Note that Lemma 2b) shows that fol O1(s)y1(s )ds>f01 (Z 2Hyl||c[o,1]) (%S2H¢h||c[0’1])ds
= %(H}’l||C[0,1])(H¢1Hc[o,l])fol stds = 35 ([[yillcpo,1) (191 lcpp.1) = 75 (vt llcpo.1) > 0.
since [|1]|co,;) = 1 and y; € dkB(0,r). Now we divide both sides of inequaltiy (1)

by fo ¢1(s)y1(s)ds, which implies that Ay > bo + by . This contradicts assumption A1).
We have verified the first condition of Theorem 2.

Now, set Ry = W and choose r, > max(Rp,8), where 0 is the

value specified in assumption Al). We ensure that Av ¢ A(v), for all A > land
v € dgB(0,r,). Suppose that this does not hold. Then there exist ug € KNdB(0,r,) and

7Lo>1suchthat?LouOEAuo.Thus).ouoe{ueC()[ ]’() JLG(t,5)h(s)ds,h €

LY0,1] and h(t) € F(t,uo(t),up(t), ug (1), uf (t)) a.e.}. Let ho be the L'[0, 1] selection
of F(t,uo(r),uq(t),ug(t),uy (t)) associated with Agug. Then we have Aguo(r) =

o G(t,5)ho(s)ds, for 1 € [0,1]. Also Agug € Aug, 50 it must be a solution for LBVP,
where h=ho. Thus Aguo € AC®)[0, 1] and gl (1) €F (t,u0(0), (1), 4§ (1), 4 (1) e
Since Agup € K and A9 > 0, we know that ug(r) > 0, uy(r) >0, ug(r) >0 and
ug'(1) <0 on [0,1]. Now by assumption A2) we have Zou((f) (1) < aouo(r) +ayuy(r) +
arug(t)+az | ugy (t) | +Co a.e. on [0, 1] and thus, using the fact that t < 1, we have

1
(aouo(t) + ayug(t) + aug (t) +az | ugy (t) | +Co)

”5)4)@) < »
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< aouo (1) + anup(t) +azug(t) +az [ ug (1) | + Co
< (ao+a1 +ax+a3)|uoll -3) 3, + Coae. on [0,1].

Now integrate. fol u(()4 (s)ds < (ap+a1 +az+a3)||uoll ) 0.1 T Co. Since we know that

u (1) = 0 and up € AC®[0,1], we obtain —uf)'(0) < (ap+a1 +aa +a3)lluoll oo, +
G

Co. Since |[uollcwp ) = —uy'(0), we have ol 0,1 < T(aoTa To7ay - Then

o c3) 0,1] < Ro <2, which contradicts the fact that ug € KN dB(0,r2). Thus we

have Av ¢ Av, for all A > 1 and v € dxB(0,r2), as desired. We have verified the
second condition in Theorem 2, which is our fixed point theorem.

Therefore Theorem 2 implies that A has some fixed point vy with vy € B(0,r2)\
B(0,r1). This fixed point is positive, since vy € K \ {0} and is a solution for our BVL
This concludes the proof of Theorem 1. [l

We will conclude with an example for which Theorem 1 applies.
EXAMPLE 1. Let F :[0,1] x R* — P(R.) be given by
F(t7x07x17x27x3) = [a(t7x0,x1 7x27x3)7b(t7x07x17x27x3)}7

where

Vx| -[xi]- x| [x3]
l—l—x%—l—x%—i—x%—i—x%

b(t,x0,x1,%2,x3) =241/ xo | - [x1 | [x2 |- | x3].

a(t,xo,x1,X%2,X3) =241

Clearly F has nonempty, compact, and convex values in P(R.) and, since

a(t,xo,x1,%2,x3) and b(t,xq,x1,X2,x3) are continuous functions on [0,1] x R*, F is
also upper semicontinuous for any fixed ¢ € [0,1]. Clearly F is measurable in ¢.
Now choose 6 < 7%1 and let by = by = Ay, so that by + by = 2A; > A. Also for

(x0,%1,%2,x3) € [0,8]% x [~8,0], it is clear that

boxo+b1x; < 2(11 2< a(t,xo,xl,xz,x3) = inf[F(t,)Co,xl,XQ,)C3)].

1
M W)
Therefore assumption Al) is satisfied.

Let (x0,x1,%2,X3) € Ri X R_. Apply the arithmetic mean-geometric mean in-
equality to the nonnegative values 1,x9,x1,x, and | x3 | to obtain

sup[F (¢,x0,%1,%2,%3)] = b(t,x%0,%1,%2,%3) = 2+1/x0 - x1 -x2 | x3 |
1
<2+m<2+ baotn bt ||

1 1 1 11
5x0+SX1+SXQ+ |X3 | —|——
Thus condition A2) is satisfied for ag = a; = ar» = a3z = g and Cy = 15—1
By Theorem 1, the BVI for the above F' has at least one positive solution.
Note that in Lemma 2.4 of [10] it is shown that A; € [8,21). This means that one
does not have to calculate A; in order to apply Theorem 1. Simply select by and b;
such that by +b; > 21.
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