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ASYMPTOTIC PROPERTIES OF SOLUTIONS
OF A LANCHESTER-TYPE MODEL

TAKAHIRO ITO, TOSHIKO OGIWARA AND HIROYUKI USAMI*

(Communicated by S. Tanaka)

Abstract. An ordinary differential system referred to as Lanchester-type model is studied. Asymp-
totic properties of solutions for such systems are considered. In particular, we examine how the
limit of the solution as time tends to the infinity varies according to the initial data and we find
asymptotic form of solutions that decay to (0,0).

1. Introduction

The differential system we study is

X' = —al(t)xy,
{y’ = —b(1)xy, (8)

where we assume throughout the paper that a(¢) and b(¢) are positive continuous func-
tions on [0, ). Additional conditions will be imposed later.

System (S) is known as one of Lanchester-type model, which describes many phe-
nomena appearing in economics, logistics, biology, and so on. It was F. W. Lanchester
[6] who first proposed system (S) to describe combat situations. It is said in [1, 3, 4]
that system (S) is a model of guerrilla engagements.

It seems that several scientists and technicians engaged in operational research
treat such models via numerical methods; see, for example, [1, 3, 10]. However, as
far as we know, there are few results treating mathematical models like system (S)
rigorously. In [4, 9] differential systems similar to (S) were considered mathematically.
In [2, 5,7, 8] related results are obtained for other Lanchester-type models. Motivated
by these facts, in the paper [11] one of the authors of the present paper has analyzed
system (S) rigorously and proved some asymptotic properties of solutions of (S). In the
present paper we will proceed further in this direction.

Let x(0) > 0 and y(0) > 0. Then we can show that the (local) solution (x(z),y())
of (S) exists globally on [0,0), and x(¢) > 0 and y(¢) > 0 there, because for example,
the formulas

(1) = x(0) exp (- /O ta(s)y(s)ds) and  y(1) = y(0) exp (- /O lb(s)x(s)ds) (1)
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hold as long as (x(¢),y(z)) exists. Therefore, x(¢) and y(r) both decrease and lim;_,.. x(7)
and lim;_,.. y(¢) exist as nonnegative numbers. In this paper, among other things, we
will focus on the values of limy_...x(7) and lim,_.. (7).

Let xo > 0 and yo > 0. Throughout the paper we denote by (x(#;x0,y0),(t;X0,0))
the solution of (S) satisfying the initial condition (x(0),y(0)) = (xo,y0). In the paper
[11] the following result concerning the limits of solutions to (S) is obtained.

THEOREM O ([11]). Suppose that a(t) and b(t) satisfy the growth conditions

t t
0 < timinf ™Y <limsup @Y < oo and
t—oo M th

. L .b(t) . b(r)
0< hznlg}ftT < hl,nj;lptw < oo,

{—so0

Sfor some constants Ay, Ay, i1 > —1 and Uy > —1. Then for arbitrarily fixed xy > 0
there are unique numbers B = Bi(xo) > 0 and Br = Ba(x0) (= B1) such that:

(1) if 0 <yo < PBi, then lim;_x(2;X0,y0) > 0 and limy_... y(t;x0,v0) = 0;
(ii) if B1 < yo < Ba, then limy_e x(2;x0,y0) = limy_e y(;X0,y0) = 0;

(iii) if yo > B2, then lim;_, x(t;x0,v0) = 0 and lim,_.. y(¢;X0,y0) > 0.

EXAMPLE 1. As a typical example of system (S), consider the case where a(r) =
ap and b(t) = by for some positive constants ag and by:

X' = —apxy
’ S
{y’ = —boxy. (S0)

We note that, for a solution (x(¢),y(r)) = (x(t;x0,¥0),y(t;x0,¥0)) of (So),

0

(box(t) — agy(t))' = —aobox(1)y(t) + aobox(t)y(r)

holds and therefore box(t) — aoy(t) = boxo — apyo. Employing this property and intro-
ducing the constant m = m(xo,yo) = boxo — aoyo, we can solve system (Sp) explicitly:
mt

mxgpe myo

x( ) boxo(emt—l)—I—m an y( ) memt+a0y0(ernt_l) 1 m7é
and o Yo
1) = ——— d )= —— if =0.
) boxot + 1 an y( ) agyot + 1 nom

This shows that, for system (Sp), the two critical values f3; and f, obtained by
Theorem O are identical: 8 = B, = boxo/ag. Further, we find that the decay rates
of solutions decaying to (0,0) are O (t’l), whereas decaying components of all of
the other solutions have exponential decay rates as ¢ — o. That is, solutions of (Sp)
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tending to (0,0) decay slower than those of (Sg) tending to non-zero vectors. By (1)
we can find that generally this fact is true.
From this simple example, the following three problems arise naturally.

PROBLEM I. Do the critical numbers ; and 3, (referred in Theorem 0) coincide?
That is, for arbitrarily fixed xyp > 0, is the solution (x,y) satisfying x(0) = xo as well
as limy e (x(#),y(¢)) = (0,0) unique?

PROBLEM II. How do the limit values lim,_...(x(¢),y(¢)) for solutions (x,y) of
(S) vary according to the initial values (x(0),y(0))?

PROBLEM III. How do solutions that decay to (0,0) behave at +oo?

The aim of the paper is to solve these problems. Under several additional assump-
tions we can answer them concretely. In Section 2 we consider Problems I and II. In
Section 3 we consider Problem III.

2. The properties of limit points of positive solutions

In this section we consider system (S) under the following additional assumptions:
(A1) 0<infi>9 % < sup;»g % <o and
(A2) [y a(t)dt =eo.

REMARK 2. Under assumption (A1), (A2) implies that [;°b(z)dt = oo.

Let us define the set S C R? by
§={(C,0)[C>0} U {(0,0)} U{(0,C)[C >0}

By assumption (A2) the limit point of every solution of (S) belongs to S; see [11,
Remark 2].
For arbitrarily fixed xo > 0, we introduce the set Sy, by

Sxy = {(x,y) € S|x <xo}.

To consider Problems I and II we introduce the mapping @y, = @ : (0,00) — [0,00) X
[0,0) defined by

o(yo) = (}igIOX(t;xo,yo),tlirgoy(t;xo,yo)) :
For example, the values of @,, associated to the simple system (Sp) in Example 1 is

given explicitly by

(x0 — aoyo/bo,0), for yo € (0,boxo/ao),
®x, (vo) = ¢ (0,0), for yo = boxo/ao,
(0,y0 — boxo/ap), for yo € (boxo/ag, ).

The following is an answer to Problem II.
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THEOREM 3. Let (Al) and (A2) hold, and xy > 0 be fixed arbitrarily. Then, the
mapping Wy, = @ is a continuous bijection from (0,e) to Sy,. Therefore, for any
(Xeo, o) € Sx, there is one and only one solution (x,y) of (S) satisfying x(0) = xo and
limy—eo (x(2),9(1)) = (Xeo ys)-

By Theorem 3 we can conclude that the critical values f; and 3, obtained by
Theorem O coincide, which is an answer to Problem I.

COROLLARY 4. Let (Al) and (A2) hold and xy > 0 be fixed arbitrarily. Then
there is a unique number By = Bo(xo) > 0 such that:

(1) if 0 <yo < Po, then lim;_.. x(2;X0,y0) > 0 and limy_... y(t;x0,v0) = 0;
(ii) if yo = Po, then limy_ . x(¢;x0,y0) = limy_e. y(7;x0,y0) = 0;
(iii) if yo > Po, then limy_.x(t;x0,y0) = 0 and lim,_... y(¢;x0,y0) > 0.

The following corollary is a simple consequence of Theorem 3 and Lemma 6 be-
low.

COROLLARY 5. Let (Al) and (A2) hold and xy > 0 be fixed arbitrarily. Then for
the number By = Po(xo) obtained by Corollary 4, it holds that:

(i) if 0<yo1 <yo2 < Po, then limy_ex(£;x0,y01) > limy_eo x(2; X0, y02);
(ii) if Bo < yor < yoz2, then lim; e, y(t:x0,y01) < lim; e y(¢;X0,Y02)-

To establish the results mentioned above we need the following lemma which was
proved in [11].

LEMMA 6. ([11], Lemma 4; Strong comparison principle) Let (x(t),y1(t)) and
(x2(1),y2(1)) be solutions of system (S). If x1(0) = x2(0),y1(0) < y2(0) and
(x1(0),¥1(0)) # (x2(0),¥2(0)), then x1(t) > x2(¢) and yi(t) < ya(t), for t > 0.

As an immediate consequence of the lemma, we obtain the following.

COROLLARY 7. (Comparison principle) Let (x1(t),y1(t)) and (x2(t),y2(t)) be
solutions of system (S). If x1(0) = x2(0) and y1(0) < y2(0), then x1(t) = x2(¢) and
yi(t) < y2(t), fort>0.

The next lemma is so simple, however, which plays an important role in proving
Theorem 3.

LEMMA 8. Let (x1(2),y1(t)) and (x2(¢),y2(t)) be solutions of system (S) satisfy-
ing x1(0) = x2(0) and y1(0) < y2(0).

(i) The function x,(t)/x1(t) is nonincreasing, whereas the function y,(t)/y1(t) is
nondecreasing in t > 0.

(ii) Furthermore, let either x1(0) > x2(0) or y1(0) < y2(0) hold. Then the function
x2(2)/x1(t) is strictly decreasing, whereas y,(t)/y1(t) is strictly increasing in
t>0.
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Proof.

(i) The straightforward computations give

A\ a0}
(m) a0 ™
( <z>> by (0l) —x ()

(1) yi(r) '

Therefore by Corollary 7 we find that (x;(¢)/x1(¢))’ <0 and (y2(¢)/y1(¢)) =0

(ii) By Lemma 6 and the above computation we find that (x(¢)/x1(¢))’ < 0 and
(v2(t)/y1(1))’ >0 for 1 > 0.

This completes the proof. [

Proof of Theorem 3.
Part 1: Proof of the continuity of the function ® = @,,. By assumption (A1), there
are two positive constants m and M satisfying

m<b(t)/a(t) <M, t>0.
Then, for any solution (x(¢),y(¢)) of (S) we have
m<yt)/x(t)=dy/dx<M, t>0. (2)

(Note that y can be regarded as a function of x because the correspodences ¢ — x(r)
and ¢ +— y(¢) are both strictly monotone.) We prove that @ is continuous at given
B > 0. The proof is devided into three cases, according to the image w(f3).

Case 1: The case where o(fB) = (C,0), for some C > 0. For arbitrary € >0
satisfying € < C, let [; be the line with slope m passing through the point (C—¢,0) and
I, be the line with slope M passing through the point (C + €,0). Further, let U be the
open triangular set in R? surrounded by the lines /;,l, and the x-axis. For sufficiently
large T > 0, we have (x(T;x0,f),y(T;x0,B)) € U. Therefore, for sufficiently small
0 > 0 the property |yo — B| < & implies that (x(T;x0,y0),y(T;x0,¥0)) € U.

Then, from (2), we can show that (x(#;x0,y0),y(t;X0,y0)) € U, for t > T'. In fact,
if this is not true, then there is a 71 > T satisfying

(x(2;%0,¥0),y(#:x0,y0)) €U, fort e [T,T;) and
(x(T15x0,50),y(T15x0,y0)) exists either on/j or on I;.

Suppose that (x(73;x0,v0),y(T1;X0,Y0)) exists on Iy. Then, dy/dx <m at t =T.
However, this contradicts the property (2). Similarly we can get a contradiction for the
case where (x(7T7;x0,v0),y(T1;x0,v0)) exists on [.

Therefore, (x(¢;x0,¥0),y(t3%0,¥0)) €U, fort > T and so w(y) € [C—¢,C+g] x
{0} for yg satisfying |yo — B| < 8. This shows the continuity of @ at y = f3.

Case 2: The case where o(f) = (0,0). For arbitrary € > 0, let [; be the line
with slope m passing through the point (0,€) and I, be the line with slope M passing
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through the point (£,0). Further, let U be the open set in R? surrounded by the lines
l1,l, and the set S. Then, as in the Case 1, we can show that for sufficiently small
6 >0, o(y) € ([0,e] x {0})U ({0} x [0,¢]), for yy satisfying |yo — B| < &. This
shows the continuity of @ at y = 3.

Case 3: The case where o(B) = (0,C), for some C > 0. For arbitrary € > 0
satisfying € < C, let [; be the line with slope m passing through the point (0,C + €)
and I, be the line with slope M passing through the point (0,C — €). Further, let U
be the open triangular set in R? surrounded by the lines I;,l,, and the y-axis. Then,
as in Case 1, for sufficiently small 6 > 0, we find that w(yo) € {0} x [C—¢,C+¢] if
[vo — B| < 0. This shows the continuity of @ at y=f3.

Part 2: Proof of the bijectivity of the function ® = @y,. Since @ : (0,00) — § is
continuous as seen above and the set (0,0) is connected, the image ®((0,0)) is also
connected in S. Let yp > 0 and consider the set V C R? given by

V ={(x,y)[x>0,y>0,M(x—x0) +yo <y < m(x—x0)+ Yo}

Then, as in the proof of Part 1, we find that (x(¢;x0,y0),y(¢,X0,y0) €V, for > 0. So it
is easy to see that

lim <limx(t;x0,y0)> —xp, lim (limy(t;xo,y0)> — oo,

yo—+0 \f—e0 yo—oo \t—o0

Therefore  is surjective.
To see the injectivity of @, suppose to the contrary that for some yp; and yg,

with yo; < yo2 we have @(yo1) = @(yoz); that is, limy_.e.(x(2;x0,v01),y(#;X0,Y01)) =
Limy oo (x(25x0, ¥02), ¥(£3X0,¥02)) . By (ii) of Lemma 8 we know that

x(t;x0,y02) _ x(tfo3x0,02) _ %(03x0.02) _ %0 _
x(tsx0,y01)  x(to;%0,y01)  x(03x0,¥01) X0

, for t>1>0,

from which, we have
t;
lim x(t:x0,y02)
1= x(¢3X0,Y01)

Since limy—.co x(7;x0,¥01) = limy e x(; X0, 02 ) , it follows that

<1

Ilim x(t;x0,¥01) = tlimx(t;xo,yog) =0.

Similarly,
tlililcy(t;xo,ym) = }ngy(t;xmyoz) =0.

Since (2) implies that —mx’(¢;x0,y0;) < —Y'(£;X0,0i) < —Mx'(t;x0,y0:), for t > 0,i =
1,2, integrations of these inequalities on [f,c0) show that

<y(t;xo,y01) y(t:x0,Y02)

, <M, t>0. 3
x(t;x0,y01) " x(t3%0,Y02) )
Put

1;x0,
and K, = lim yi( %0,)02)

1= y(t;X0,Y01)

1; X0,
K, = lim 20%0:202)
1= x(t3X0,Y01)
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As seen above, we observe that 0 < Ky < 1 and similarly 1 < K, < e. We will show
that K, = 0. In fact, if 0 < K, < 1, then L’Hospital’s rule implies that

'(#:x0, - x(t3x0,y00) (30,
Kx _ hmx( X0 y02) — lim )C( X0 yOZ)y( X0 y02)

1—es X' (3 X0,¥01) e x(:x0,y01)y(t:%0,y01)

So, K, = KK, if K, < 4eo and K, = oo if K, = 4oo. Both of these cases give a
contradiction. So, K, = 0. Similarly we can obtain K = c. Therefore

x(t;x0,02)  Y(#3X0,Y01)

1= x(t;X0,y01)  Y(t:X0,Y02)
On the other hand, by (3) we have

x(t:x0,y02)  y(t:x0,y01) _ m
. > —_
x(t:x0,y01) y(t:x0,y02) = M

This contradiction proves the bijectivity of ®.
Therefore the proof of Theorem 3 is complete. []

3. Asymptotic forms of solutions that decay to (0,0)

In this section we give answers to Problem III in the introduction. That is, we give
asymptotic forms of solutions of system (S) decaying to (0,0). Thoughout this section
we suppose that

(A3) J3a(t)di = Ji7 b{e)d =<

and let us introduce the auxiliary functions A(¢) and B(t) by

A(r) E/(:a(s)ds and B(r) E/()tb(s)ds.

In what follows, “f(z) ~ g(), as t — o” means, as usual, that lim, ... f(¢)/g(r) =1,
for positive functions f and g defined near +eo. Similarly, “(f1(¢), f>(¢)) ~
(g1(2),g2(1)), as t — 7, for vector-valued functions means that f;(z) ~ g;(¢), as t —
o i=1,2.

The first result treats the case where a(r) and b(r) have the same asymptotic be-
havior in some sense, while the second one treats the case where b(¢) grows faster than

a(r).
THEOREM 9. Let (A3) hold and

lim @ = const > 0.
2 50)

Then every solution (x(t),y(t)) of system (S) decaying to (0,0) has the asymptotic form

(x(t)7y(t))'\’ <$7$>, as t— oo
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THEOREM 10. Let (A3) hold and a(t), b(t) be of class C'. Suppose that

/

a(t)B(1)

tg?oA(t)b(t) =k =const >0 4)
and
(aB()\' BG)
tm (550 5 =° G)

Then every solution (x(t),y(t)) of system (S) decaying to (0,0) has the asymptotic form

k 1
(1), (1)) ~ (W m) as oo

COROLLARY 11. Let a(t) and b(t) be of class C'. Suppose that

a(t) ~aot™  and b(t) ~bot*, as t— oo

! !/
lim ¢ (ﬂi)) = lim¢ <M> =0,
] t ] [IJ

where ag > 0 and by > 0 are constants and A and | are constants satisfying —1 <
A < u. Then every solution (x(t),y(t)) of system (S) decaying to (0,0) has the asymp-
totic form

and

A+1 pu+1
w00~ (e L), s i

Proof of Theorem 9. Put L = lim,_..a(t)/b(t). Then, by L’'Hospital’ s rule we
have

/
im 2 _ i 20 g 60
PR TR T b
Therefore, again by L'Hospital’ s rule, we obtain
. . A1) . a(t) . a(t)y(r) 1
limA(t)y(r) =1 =1 =1 =L —-=1.
HRAU) = ey = M =~ MR i ~ L

Similarly, lim,_... B(t)x(¢) = 1. This completes the proof. [

To see Theorem 10, we need the following lemma.
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LEMMA 12. Under the assumptions of Theorem 10, every solution (x(t),y(t))
of system (S) decaying to (0,0) satisfies x(t) = O(1/B(t)) and y(t) = O(1/A(1)), as

[ —> oo,

Proof. From system (S) we have —x'(t) = (a(¢)/b(¢))[—y'(¢)]. So an integration
gives

x(t) = /Ioo [—x’(s)] ds = /[oc % [—y’(s)] ds = %y(t) + /[oc <%>/y(s)ds

that is y(¢) > (b(t)/a(t))x(t). Substituting this inequality to (S), we find that —x'(r) >
b(t)x(t)?. Solving this differential inequality, we have x(r) < 1/B(t); therefore x(t) =
O(1/B(t)).

Next we estimate y(7). Since (b(z)/a(t))x(t) < y(t) — 0, as t — oo, by the same
manner as above, we have

y(1) = /t°° [/ (s)] ds —/ % [—X(s)] ds = %x(t) +/t°° (%>/x(s)ds. (6)
)

Assumption (4) implies that b(¢)/(a(t)B(t)) < C/A(t), for some constant C > 0. So
from the fact that x(¢) < 1/B(z), we get

Therefore

w0 =00/a0)+ [ (22 xas

By noting that (b(¢)/a(t)) > 0 and x(1) < 1/B(t), the second term of the right-hand
side is estimated as follows:

°</,N(%)/“s"“f(%)/3“)_1‘“: l:>(1ts)< 5] 8 582‘“

o [y P ) a(s)
S a(z)B(z)+C/, )2 == y e / A(s)?

b(1) C? _ C?
“a(B() T A) A

/\

ds

Here we have employed assumption (4). Hence y(¢) = O(1/A(z)). This completes the
proof. [

Proof of Theorem 10. Let us perform the change of variables (¢, x,y) — (s, X, Y)
defined by
B(t)x=X, A(t)y=Y and s=IlogB(r).
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Then system (S) is transformed into the new system

ox{1-5080)

s)b(s /
(M@B@> ) )
Y=Y = X,

A(s5)b(s)
where (-); =d/ds, and a(s) =a (B~ '(e*)) ,A(s) = A (B~ '(e*)) and so on. (Here, B~!
denotes of course the inverse functlon 0f .) By assumption (A3), s — oo if  — oo.

From Lemma 12, we know that
X(s),Y(s)=0(1), as s—oo. (7)
For simplicity below we rewrite system (S’) as

X;=X(1—- f(s)Y), "
{m=YU®—X% S

where f(s) = (@(s)B(s)) / (A(s)b(s)) . Assumptions (4) and (5) imply that limy_.. f(s)
=k and limy_.e f5(s) =0

First we will show that x(¢) ~ k/B(t), as t — o, thatis X (s) ~ k, as s — oo. From
system (S”) we can obtain the single equation of X (s):

x.— Ly by L X 2’

rr X
We claim that limsup,_,., X (s) > k. To see this by contradiction, suppose to the contrary
that limsup,_,., X (s) < k. Then, by virtue of the fact that lim,_... f(s) = k, the second
equation of (S”) implies that Y; > cY, for sufficiently large s > 0, with some constant
¢>0. So lim_... Y (s) = e, which contradicts to (7). So limsup,_,., X (s) > k.

We claim next that liminfs_... X (s) < k. Suppose to the contrary that
liminfy ... X (s) > k. Then, the second equation of (S”) implies that ¥; < —cY, for
sufficiently large s > 0, with some constant ¢ > 0. So lim,_,.. ¥ (s) = 0. Accordingly by
the first equation of (S” ) we find that X, > éX, for sufficiently large s > 0, with some
constant ¢ > 0. So lim,—_... X (s) = oo, which contradicts to (7). So liminf,_... X (s) <k.

Since we have established

— X+ X2+ fX,— XX, (8)

0 <liminfX(s) <k < limsupX(s) < o, 9)

to prove X (s) ~ k, it suffices to show the existence of limy_... X (s) € [0,00).
Suppose the contrary that 0 < liminf,_... X (s) < limsup,_,,,X(s) < e=. Then, by
virtue of (9) there are three possibilities:

Case (a) : liminfy_.. X (s) < k < limsup,_,_, X (s);
Case (b) : liminf,_.. X (s) = k < limsup,_,, X (s);

Case (¢) : liminfy_.. X (s) < k = limsup,_,., X (s).
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Let Case (a) occur. Then, we can find a sequence {s,} satisfying

lim s, =oo, X(s,) =0, Xu(s,)<0 and limX(s,)=limsupX(s)(> k).

n—oo n—so0

Letting s = s, in (8), we have X(s,) = X (s,) { (sn) — (f(sn) + fs((s”))ﬂ Since
lim;_,o f5(s) = 0, this means that X(s,) > 0, for sufficiently large n. However, this is
a contradiction to the property X (s,) < 0.

When Cases (b) and (c) occur, we can easily get contradictions similarly. So we
find that X (s) ~ k.

Next, we will show that y(z) ~ 1/(kA(¢)). Once we got x(¢) ~ k/B(t), as t — oo,
this fact can be shown merely by computing lim;_... A(#)y(z).

By (6) we have

A _b), A (s) _ b(NA() ﬁ“(%)/fc(s)ds
(910 = ZeyAse+A0) [ (T) x(s)ds= 2p PO+ 0
Using assumption (4) and the result x(r) ~ k/B(t), we obtain
b)Y x(s)ds
lim A(1)y(r) = 1+limft <‘“)> ) . (10)

t—o0 —so0 A [)

On the other hand, a direct computation shows that

an)B@)\' BU) _ (a)\' B@)? | a@)B@) (an)B@)\*
(iowo) w0 = (i) o)

A0b()) Bl Ob0) " A@DB()

and so, by assumptions (4) and (5), it follows that

. a(t) ! B(t)?
e (W) A ¢k

Then, employing L’Hospital’s rule, we get from (10)

b(t)

1= 1= A(r)2a(t) 1—ea(t)B(r)
B i A@? (b)\' o (40 B> (A@b()\’
= 00 a<t>)‘1 klm( ( <>)
=1—k(k>—k)k>=1/k.

b(t)\
— x(t) /
lim A (1) y(t ()—1+1mM= 1+ 1lim Ar)? (b—t)> -B(t)x(t)
(¢

Hence y(1) ~ 1/(kA(t)), as t — eo. This completes the proof of Theorem 10. [

Proof of Corollary 11. To prove this corollary it suffices to notice that the fol-
lowing expressions are valid: a(t) = aot* (14 £(1)), b(t) = bot* (14 8(1)), A(r) =
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12 t* 1 (14-2(1)) and B(t):%t‘“rl (H—S(t)) ,where €,68,& and & are C! -functions

satisfying €(¢),1€/(t),8(t),18'(t) — 0, as t — oo and &(¢),18'(t),6(t),18'(t) — 0, as
t—oo, [
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