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ASYMPTOTICS FOR THE SOBOLEV TYPE EQUATIONS WITH PUMPING

JHON J. PEREZ

(Communicated by P. I. Naumkin)

Abstract. We consider the large time asymptotic behavior of solutions to the initial-boundary
value problem

O (u—ux)+(1+8)"uuy —up =0,x R, 7> 0,
M(O,JC) = MQ(JC), X € R7
u(t,x) — ax, x — too, 1 >0,

where n € N. We find large time asymptotic formulas of solutions for three different cases
1) a+ :il, 2) a4 ::Fl7 3) ar =0.

1. Introduction

We study the large time asymptotic behavior of solutions u(¢,x) to the Cauchy
problem for the following Sobolev type equation

O (u—uy)+ (1 4+1)"uuy —uy =0, xR, 1 >0,
u(0,x) = up(x), x € R, (1.1)
u(t,x) — ay, x — too, t >0,

where n € N. In this paper we construct an asymptotic approximation which is close
in the uniform norm to the solution. We represent the solution in the form u(z,x) =
o(t,x)r(t,x), where ¢(z,x) is rarefaction wave and r(¢,x) is a shock wave.

Sobolev-type equations describe various physical processes and are the subject of
many papers, so the mathematical theory of these equations takes an important place in
modern mathematical physics (see [12], [17], [6]).

In [18] semigroups theory was applied to the general theory of singular equations
of Sobolev type. Degenerate equations of Sobolev type were studied in [5] from an
abstract point of view. Equations of Sobolev type with two non-linearities were consid-
ered in [16]. In several cases equations of Sobolev type are also called pseudoparabolic
equations. Pseudoparabolic equations with monotonic non-linearity were studied in
[15]. The large-time asymptotic behavior of the solution of the Cauchy problem for an
equation of Sobolev type with non-linearity of convective type was studied in [1], [2],

[11], [13].
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The paper [4] is devoted to the proof of the maximum principle for equations of
pseudoparabolic type. Pseudoparabolic equations with a monotonic non-linearity were
considered in [15], where the classical monotonicity method was extensively applied
to various classes of equations of mathematical physics and, in particular, to non-linear
Sobolev-type equations with a monotonic non-linearity.

The monograph [19] contains a comprehensive discussion of the theory of linear
and non-linear equations of Sobolev-type. The authors of [19] deduce model linear
Sobolev-type equations of high order which can be used in plasma theory and for de-
scribing quasi-stationary processes in continuous electromagnetic media. Sufficient and
close to necessary conditions for blowup occurring in finite time and for global solu-
bility are obtained. Methods for the numerical solution of Sobolev-type equations are
discussed.

Sobolev-type equations can rarely be explicitly solved, so various analytic meth-
ods for studying them are important. Some of the most effective approaches to the
qualitative analysis of non-linear partial differential equations are asymptotic methods
for the explicit representation of solutions. Asymptotic formula allow one to describe
such properties of solutions as the rate of decrease (or growth) in various domains, the
monotonic or oscillatory pattern of their behavior, the dependence with time on the ini-
tial perturbations, and so on. It is also interesting to analyze how the non-linear terms
in Sobolev-type equations influence the asymptotic behavior of solutions. For instance,
by contrast with the corresponding linear equations, solutions of non-linear problems
may be rapidly oscillating, they may grow or decay more rapidly than solutions of the
corresponding linear equations, they may approach a self-similar solution, and so on.
We note that this information is difficult to obtain by numerical experiment, so asymp-
totic methods are not only important from the theoretical standpoint, but are also widely
used in practice as a supplement to numerical methods.

Asymptotic methods of investigation of non-linear evolution equations are a fairly
young area of mathematics, and their general theory is far from being complete. De-
scribing large-time asymptotic behavior of solutions of non-linear evolution equations
requires fundamentally new methods. For example, the assumptions that a solution is
infinitely smooth and has compact support, which are routinely admissible in the case
of linear equations, are too restrictive for non-linear theory. Asymptotic methods are
complicated even in the case of linear evolution equations, because they require that so-
lutions global in time not only exist, but also satisfy several additional a priori bounds
(often in weighted norms) in order to make it possible to estimate the difference be-
tween a solution and its asymptotic approximation. Usually, we cannot use generalized
solutions in asymptotic theory, so we consider classical or semi classical solutions in
Lebesgue or Sobolev spaces. Each kind of non-linearity must be discussed separately,
particularly when the initial data under consideration are not small.

We organize the rest of our paper as follows. In Sect. 2 we will show that if the
initial data are monotonically increasing and have small higher order derivatives, then
solutions tend to the rarefaction wave as ¢t — oo. In Sect. 3 we consider the case of the
shock wave a; < a_ and we will show that solutions tend as # — o to the self-similar
solution —tan(x(1+17)"). The most difficult and intriguing case of the zero boundary
conditions u(#,x) — ar =0 as x — +eo is treated in Section 4, where we prove that
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solutions of the Cauchy problem (1.1) can be represented as the product of a rarefaction
and a shock wave.
Denote the usual Lebesgue space L?(R) = {(Z) €S’ ¢, < oo} , where the norm

1011, = (|9 (017 dx)"/? it 1< p< ooy [[9]l.. = ess.sup,cr [§(x)] if p = eo. Sobolev

spaces HX(R) = {(b €y H(z@x)kq)Hz < oo} , k>0, (x) =1+ x2. Different positive
constants we denote by the same letter C.

2. Rarefaction wave

First we investigate the case of the rarefaction wave. Consider the initial value
problem for the equation

o+ (1+0)"00,=0,xeR, 1 >0, 1)
0(0,x) = @o(x), x € R, ’

where n € N and initial data ¢y(x) € C*(R) are monotonically increasing 0 < @) (x) <
C forall x e R, @p(x) — %1 as x — %oo and ¢y(0) =0 The solution to problem (2.1)

is given by (¢, x(¢,€)) = @o(&), where the characteristics x (t,&) = & 4+ @(1) o (&),
for £ €R, 1> 0, where ®(r) = —5 ((141)""! —1). Note that

n+l
001(0.8) = T >0
and
(P(/)(g) _ 1 @(t)(pé(é) < 1 <C(n+1)(l+t)_("+1)

(1+@(n)ey(8))? @) (1+@(1)ph(&))* ~ @(1)
forall 7 > 1. As 0 < @y(§) < C forall & € R, then

¢X(Z)§:/ﬂg(1+(§ét()€(zz(c§ 2 é\ /(PO C(l+41)" (1)

forall ¢+ > 1. Thus

1

o)l < €+, [T g (e)dT—0 .2)
t
as t — oo. We assume that the initial data @o(£) € C?(R) has the asymptotics
w(&) = (&) +0(1E1 7). ei&)=0(1gI "),

9(&) = o(Ie ") &)= o(lg ) 23)

as & — +oo, where § >0 and ¥(§) =1 for £ >0, ¥(§) =0 for & <0, we have
similar estimates for @y (), @y (), Qe (7).

First we give a sufficiently general result about convergence as ¢ — oo of solutions
u(t,x) of problem ( 1.1) to the rarefaction wave @(z,x).
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THEOREM 1. Let ug— @y € L*(R). We assume that ¢y(x) € C*(R) is such that
condition (2.3) is true. Then

u(t,x) = 9(t,x) +o(1)
Proof. For the difference w = u — ¢ we get the Cauchy problem

(W —wex — @ue) + (1) (W Q)W+ @) — 0@r) — War — P = 0,
{ w(0,x) = wop(x), 24

where wy = up— @ € L*>(R). By the method of book [12] we can easily prove the
existence of a unique solution w(z,x) € C* ((0,%0); H*(R)) NC([0,);L*(R)) to the
Cauchy problem (2.4). Multiplying equation (2.4) by w and integrating with respect to
x over R, we get energy type a priori estimate

d

5 (I3 hoal3) + (407 [ w2 gudxt 2 sl +2 [ wilgut @u)dx =0,

Note that (1+¢)" [ w?@.dx > 0 for all £ > 0, whence by Cauchy inequality and esti-
mates (2.2) (2.3) we have

d
= (1B wal3) + 2 w13 < 2wl (el + lipall)

< Cllwally (140)7200,
Let v =[w|j3 + [|wl3, then [[wy|l, < v/v, with it we have < E v <2y/v(1 +t)‘%("+1),
integration with respect to time 7 > 0, yields v = HWH2 + wa||2 < C, with that |w||, <

C and |lwy|, <C, therefore

d

1
(I3 + Iwsl2) + 2 hwrl < €1 1) 30,

Integration with respect to time ¢ > 0, yields
2 2 ! 2
i3+ lhoslB+2 [ (o) 3z < €

then [ [lwx(z )||2dr C and via inequalities [|w]|Z, < 4||w[[3 [|wx|]3 < Cllw|l3, we
obtain [y ||w(z )[4 dr < C. Therefore ||w(t)|.. — 0 and |lwe(t)|, — O for some se-
quence #;—oo. In order to prove that ||w(¢)||.,—0 as t—eo, letus estimate sup,pw(f,x)
and inf.cg w(t,x). Since w € C((0.e0); H'(R)) we see that limyy .. w(t,x) =0, hence
we have sup,.g w(z,x) > 0 and inf,er w(z,x) <O forall 7 € (0,°0). By the method of
paper [3] we have the following result.

LEMMA 1. Let w € C'((T;.T5);L”(R)) and W(t) = sup,cgw(t,x) > 0 for all
t € (T1.T2). Then there exists a point {(t) € R such that w(t) = w(t,{(t)), moreover
V(1) =w(t,8(t)) almost everywhere on (T T>).
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We now prove that w(z) — 0 as r — oo. Since ||w(#;)||., — O for some sequence #; — oo
we consider the time interval 7> > Ty > f such that w(r) > 0 for all # € (7} T2). By
virtue of Lemma | we get form equation (2.4)

VT/ - at(""xx"‘ q)xx) + (1 -l—l)an)x —WXX(Z,C(Z)) - QDM(Z,C(Z)) = 07

almost for all 7 € (T, T»), where we have used the fact that w(z, { (1)) =0 via wy(r, (1))
< 0 and applying again Lemma 1 to Wy, (¢) = infyer Wiy (7,x) <0 we have to Wy, () =
Wye(?, 8 (7)) and Wy (1) = wyy (1,8 (7)) almost for all # € (77, 7>). Then we have

wt_wxxt_(Pxxt+(1+t)nw¢x_wxx_(l)xx:0~

Let y(t) = w(t) — Wi (t) > 0, via (14¢)"We, >0 forall x € R, 7 >0, we have y, —
Wir < Qux + Oy, Integration with respect to time ¢ € (T17T2), yields

0< [ ye@r— [ wa(@dr< [ (0a(@.80)+ gu(n.(@)ar

T T

as [12e(7)dT <0 and [ (97,4 (7)) + @ua (7,4(7))) dT < oo, then | [ e (7)d 7|
< oo, we have Wy (fy) — 0 as f; — oo, and

1

0< [yt < [ (gulr. L)+ oua (.£(2) d.

7% 17

By (2.3), we have [} y¢(7)dT — 0 as f — oo, then y(r) < y(ix) +o(1) as 1 — oo,
this is, () < w(t) — Wxe(tx) +0(1) as f; — eo. Since w(f;) — 0 and Wy (1) — 0 as
t; — oo, then we have y(r) — 0 as 1 — oo. Therefore Ww(r) — 0 as t — co. Similarly we
prove that inf,cg w(z,x) — 0 as ¢ — o. Hence ||w(¢)||., — 0 as t — . Theorem [ is
proved. [

We now suppose some more conditions to be fulfilled for the initial data ug(x)
and compute more precisely the large time asymptotic behavior of solution u(z,x) to
the problem (1.1). We assume that initial data u(x) monotonically increase and are
slowly varying, so that the higher order derivatives are less comparing with the firs
one. More precisely we suppose that the initial data uo(x) € C3(R) have the following
estimates.

0<up(x) <e, [ug(x)| <Ce (up())*, | (x)] <CE2 (uh(x))>  (2.5)

for all x € R, where € > 0 is sufficienty small. For example, we can take the initial
data of the form uo(x) = L [* &2 (1 +£4§2)71d§. Note that ug(+o0) = 1, also we
have u))(x) = 2€% (1 + &%)~ " U (x) = —28x (1 +£4x2)_2, ug (x) =

26 (4e%22 - 1) (1+e%2)

By Theorem 1 we know that solutions of (1.1) are similar to those of the Hopf equation

(2.1). Therefore the non linearity in equation (1.1) grows with time more rapidly that
the term with second derivative, hence the large time behavior of solutions should be
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determined by the first two terms in equation (1.1). That is why we try to solve equation
(1.1) by the method of characteristics. Changing y = u —u,, in (1.1), we get

{ Oy + (1+1)"yye+ (141)" (teeyx + Utteer) — e =0, x €R, 1> 0,
y(0,x) =yo (x), x €R,

where yo (x) = uo(x) — u((x). Hence we can write
Oy +yx ((1 +1)"y+ ((1 1) e+ W)) =0,xeR,1>0,
y(0,x) =yo (x), x € R.

We define characteristics x(z,&) as the solutions to the Cauchy problem

x=(1+1)" y(t,x)+ <(l+t)"uxx+ “*”“#) 1>0,E eR,
(0,6)=¢, ceR.

Then we get %y(l,x(l, £))=0. Hence integrating y (¢, x (t,£)) =y0 (§) , & € R. There-
fore we obtain

x:(,8)
yo(é)

We now change the independent variable 1 =y (&), then the real axis £ € R is trans-
formed biuniquelly to a segment (—1,1) (in view of our assumptions (2.5) we have

Y0(8) = up(§) —ug'(§) > 0).

2= (L) y0(E) + ((1 et 208 +t>nuum_uxx>) |

Denote m(n) =

M5

=yp(§).and Z(t,n) = xrg((?!,z) = yy(t,x). Then we have

x:(t,8)
)’o(g)

=) (0740 (1t (00 =) ) )

dixe = (1+1)"m(n)+ ¢ ((I‘H) Upy + =5 ((l—l-t)"uuwc—uxx))

Whence for Z(¢,1) we get
1
WZ =2 ——0xe(1.§) = =Z*((1+1)" +A),

m(1n)

where
1
A(t,n) = dy ((1+t)"uxx+2 ((1+t)"uum—uxx))

[(1 +1)" (Zttoor — ZUthxx + Uty + Ulheey) + Zn Uy — U]

l}]\)|._l\]|._

u 1
1 +t Zuxxx - Zyxxuxxx + UxUxxx + uuxxxx) + Zyxxuxx - uxxx:| .
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Thus for Z(¢,m) we get the following initial-boundary value problem

Zi=—7*((1+1)"+A),t>0,n€(—1,1),
Z(Oan):m(n)7n E(_lal)a (26)
852“Zi1:0,t>0,k2172

From the existence of a unique solution u(¢,x) to problem (1.1) it follows that there
exists a unique global solution Z(z,1) € C([0,%);C*>(—1,1)NC"((0,);C(—1,1)) to
the initial-boundary value problem (2.6). Integrating equation (2.6) with respect to time
t > 0 we get the following representation

-1

zt.m) = () (1mim) (@) + [ Atz ac) )

where ® (1) = ¢ ((1 oyt 1) .
We prove the following result.

THEOREM 2. Let conditions (2.5) for the initial data uy(x) be fulfilled with suffi-
ciently small € > 0. Then the estimate

sup JA(z,n)| < Ce
TIE(—LI)

is true for all t > 0.

Proof. By contradiction and by virtue of continuity with respect to time we can
find the time 7 > 1 such that

sup |A(r,n)| < Ce
TIE(—LI)

for 1 € [0,7]. Then we have the estimate

Z(6,1) = m(n) (1 +m(n) (@(r) +/(:A(r,n) dT))‘l

< Cln+1) (140" r€[1,T]
Cm(n), 0<tr < 1.

Since the estimates for 0 < ¢ < 1 are more easy, so below we consider the estimates for
large ¢ > 1. Deriving the equation twice 0, (u — uy,) = — (1 +1)" uuy + uy, we have

8t(uxx_uxxxx) - _3(1 +t)nuxuxx_ (1 +t)nuuxxx+uxxxx
= =31 +1)" thy (o — thone) — (L4 1)" ity + (1 =3 (1 +1)" thy) ey

We denote wy = uy, — Uy then we get

owy = =3 (1+t)" uewi — (1 +1)" tttyee + (1 =3 (1+1)" ty) trr-
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Let X, the point such that uy, (f,X]) = max,ep Uy (7,X) .
We denote Wy = uyy (£,X1) — U (£,X1), then we get
d _ 3(n+1) -

- - - 1 " x~ 11— 1 " x) Wxxxx X g_
pld 3(L+1)" uewy + (L =3 (L+1)" uy) ey (£,X1) g

~ 14+ —3(n+1)

for 1 > 1. Integrating we obtain wy (1) < wy (1) (452) . Hence

MaX ey (1,) < e (1,X1) — tanae (1,X1) = W1 SC(141)” 3t < 73,
xXe

Similarly deriving the equation three times 0y (u — ty,) = — (1 +1)" sty + ., we have

O (they — theeer) = —4 (1 +1)" ety — 3 (1+2)" 162, — (1 41)" tthorr + Urenr
= —4(1+41)" tty(Ury — Unrrer) —3(1—|—t)"u,2oc
— (1 41)" tttyex + (1 — 4 (1+1)" ty) thr-

We denote wo = tyry — Urrone
Ows = —4(1+1)" uws —3(1+1)" 1 — (1 +1)" e + (1 — 4 (1 4+1)" 14) Urrrnr.-

Let X, the point such that uyyy (f,X2) = maX,cp iy (7,x) . We denote wy = ity (1,X2) —
Uyerx (1,X2) , then we get

d 4(n+1)

EWQ —4(1+1)" upwy + (1 =4 (1+1)" ty) thrrenr (£, X2) < — T Wa.

Now integrating we obtain
[t | < ther (8,X2) — thoer (£, X2) = wp < C(1 —|—l‘)_4(n+l) < cz*.
Similarly deriving the equation four times 0 (u — uyy) = — (1 +1)" utty + uyy,, we have

O (txvex — Unrvonr) = —5 (1 +1)" sty — 6 (1+1)" tpthooer — (1 41)" ey + Unrroer
=-5 (1 +t)n ux(uxxxx - uxxxxxx) - 6(1 +Z)n UnexUnxx
— (L + 1) ey + (1 = 5 (141)" ttx) threrrar-

We denote w3 = Uyyr — Usrcrer

ows = =5(14+1)" uyws —6 (1 +1)" ety — (1 +1)" ththyony
+ (1 =5(141)" ty) Urrrex-

Let X3 the point such that uyyy (£,X3) = max, Uy (7,X) .
We denote W3 = tyyxy (£,X3) — Uproenx (7,X3) , then we get

5(n+1)w
1+ 2

ow3 =—=5(1+1)"uws+ (1 =5 (1+1)" ) thrxxrer (£,X3) < —
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As above integrating we obtain
Usror < Unprxx (Z,Xg) — U <t7§3> w3 < C(l+1)" S(nt1) <Cz.
Then we have the estimates
] SC (1L 4+2) ) i) SC+0) 0D 1 | < C(142) 0D,

Now we estimate A,

1 " u 1
‘A| = ‘? |:(1 + t) (Zuxxx - nyxuxxx + Uyllyyx + uuxxxx) + Zyxxuxx - uxxx:|

1 u
22 [(1 + t) <Zuxxx - E (uxx - uxxxx) Uyyx + Uxlyyy + uuxxxx)

1
+ Z (uxx - uxxxx) Uyx — uxxx:l

<cz? ((1 1) 2 +Z4> <CZ% < Ce.

Theorem 2 is proved. [

3. Shock wave

Here we consider another type of the boundary conditions a+ = F1, correspond-
ing to the shock wave solutions. We study the Cauchy problem.

{ O (u—uy) + (14 8)"uuy —uyy =0, x e R, 1 > 0,

u(0,x) =up(x), x € R, (3.1)

where n € N and with initial data satisfying shock-wave type boundary conditions
uop(x) — F1 as x — doo. Changing u(z,x) = w(t,y), y=x(1+1)", we get

1+t
Yy
FWryy +n1—+twyyy =0,yeR,t>0,
w(0,y) = up(y), y € R.
We introduce the approximate solution (better approximation it is for bigger 1) W(z,y) =

ﬁ (1+¢)"*W,(y), where m > 2n, the functions W;(y) for 0 < k < m we define recur-
k=0

1
Wy +n—o Y wy — (1+1)%" [—wwy—f—<2n1 +1>wyy
(3.2)

re_tntly below. We substitute W into (3.2) to get

m+1 «
Z (= DA+ Wimr () —ny(L+0) "W, ()
= (1402 | 3 (140 Owmw! - (204 +1) §(1+t)’ka”
[=05=0

m

+ 3 k(1 —|—t)_k_1Wk”(y) —ny g (1 —H)_k_ka’”]
k=1 k=0
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We now collect the terms with the same power of (1 +7)?""%. Then for W, we obtain
WoWj — W} = 0 with boundary conditions Wy(y) — 1 cuando y — —eo, Wy(y) — 0
cuando y — +eo whence Wy(y) = —tanh (1y),

k
N W W) = 2nW =W+ (k— )W —myW" | =0, k=1,....2n (3.3)
=0

and

(J= DWW —myWi_,

k 3.4
= S W W~ 2aW W (k= DWW k= v 2m, 1, O
=0

with boundary conditions Wy(y) — 0, for y — 4o, k > 1, whence integrating the
identity with respect to y over (—oo,y) we obtain

1 k=1 y
W, = WiWo + = ZWk W+ (k—zn—l)W,g_l—n/ wW” (t)dt, k=1,...,2n,

—oo

1 k=1 v
W = WWo+ = ZWk Wi+ (k—zn—l)W,g_l—n/ W, (t)dt

—oo

'y
—(j—-1 Wj_l(r)dr—i—n/ TWJLI(T)dT, k=j+2n, j>1.

Multiplying both sides of the above by cosh? 7 and integrating the resulting equation
with respect to y over (—eo,y) again we have

y
Wely) = 19) lkIWW k—2n—1)W,
K(v) = m Zkll(_n_)k—l
2

—n/er’”l( Vit | dz, k=1,...,2n,
k—1 z
EEWk,[VVl-’-(k—Zn—I)WIQ_l— n/TWklzl(T)dT
=1

—oo

y
T cosh? (lz)
w.(yv) = | — 2%/
«0) [ccosh2 (1)

Z Z
—(j- 1)/ W,;l(’b')dr—i—n/ TWJ{_I(T)dT) dz, k=j+2n, j> 1.

We find that Wi (y) is an odd function for any k > 0. Indeed Wy(y) = —tanh (y) is
an odd function and if we assume that W; is an odd function for all i < k—1 also
W/ in an odd function, then [ tW/(t)dt = — [T Wi(1)dT =0, [ W] (1)dT =
—J7, W (1)dt = 0 and W;(m)W;(n) = Wi(—=n)W;(—n) which imply Wk( ) is an
odd function. The function W (z,y) is close to the shock wave Wy(y) = —tanh ()
for large time ¢ — oo. This is the reason why we introduce the higher-order corrections
Wi (y)(1+1)7%, k> 1 considering convergence with derivatives of the solution u(z,x)
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as 1 — oo, Itis easy to verify that W7 (y) < Cy*e~l, k> 1. By virtue of (3.2), (3.3)
y (3.4) we find for the difference v(z,x) = u(z,x) — W(t,y)

Vi — Ve + (L+0)"vwe+ (141)"0, (W) — vy + R=0 (3.5)
where
R(t,Y) = Wy — Wi+ (10 WW, — We
2 k(1 +16) "W+ ny 2 (L+1) " twy

k=m—2n k=m—2n
(1402 —m)(1+1) "W — (1 41)*"ny(1 41) """ W

+(141)*" 22m (i Wk_lW/> (141)7k,

k=m+1 \I=0

whence integrating with respect to x on (—oo,x) we get
1
V, — Vigx — Et”(Vx)z—H"WVx—Vxx—le =0 (3.6)
where V(t,x) = [*_v(t,xX) dx' and

m

Ri(t,y)= (1+1)" —ny 2 (1+1) Wi (y) — Y (n+k)(1+1)” /Wk
k=m—2n k=m—2n

=0 —m)Wy (v) = (L+)"" Iy W, (v)

+L 140y % (Z,sz )(1+f) o

k=m+1 \[

by virtue the estimates for Wy, k > 0 and its derivatives we have R;(z,y) =

O ((141)=m=ly¥mel 1) as y — +oo. We suppose that the initial data uo(x) for the
problem (1.1) are near the approximate solution W (z,y) so that V(zp,x)cosh ax € L~
for some o > 0 sufficiently small and ¢ = #y, where the initial time 7y > 0 we choose to
be sufficiently large. In other words, from the beginning the nonlinear effects dominate
the linear ones (we could replace this requirement by considering a large coefficient at
the nonlinear term in equation (1.1)).

We now prove following result.

THEOREM 3. Let the initial time ty > 0 be sufficiently large and the initial data
u(ty,x) € L be close to the shock wave W (tg,x(1 +1)"), that is

X

cosh(ax)/ (ulto, ) — W to,x' (1+10)")) d’ € L.

—oo
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where o > 0 is sufficiently small. Then there exists a unique u(t,x) to the Cauchy
problem (1.1) such that

X
cosh(ocx)/ (u(t.2') = W (1t (1 +16)")) d' € C([tg.00): L)
and the estimate

cosh(ax)/ (e ') = W(t,2 (1 +10)")) d

—oo

<C(141) D

=

is true forall t >ty

Thus we see that the solution u(¢,x) of the Cauchy problem (1.1) tends to the shock
wave W (z,y) as t — oo uniformly with respect to x € R.

Proof. By virtue of equation (3.6) we have for the function g(¢,x) =V (¢,x) cosh cux,
where o > 0 is sufficiently small
o (14 o —20? tanh? 0x)g — gy + 20 tanh 0x g
(1+1)" 3.7)

~ 2coshax (8x — orgtanhowx)” — yg — Wgx+ g — Ry cosh orx

where
% = o> — 20 tanh?® ox — ot(1+1)"W (z,y) tanh o, y = 2actanhox + (14-1)"W(z, ).

Since 14 o — 202 tanh? ax > 0, we apply the maximum principle to equation (3.7)
by virtue of Lemma 1, let {(r) such that g(r) = g(¢,{(r)) = sup,cg g(¢,x), then

(l + o2 — 202 tanh? le)gt — 8xxt

_ (L412)"

o (aegtanh ox)? — x 8+ g(t, £ (1)) — Ry cosh oix

As g (2,8(r)) <0, we apply Lemma 1 to g,,(7) = infycr g1 (f,X) <0, we have g,.(1) =
gu(t,8(r)) and gm( ) =g (1,8 (2)) in almost all 7, therefore

(1+ o — 20 tanh? ax) g — Gou < %az(l +1)"g% — &+ Zx — Ry cosh aux.
Applying the estimate,
x = o —20* tanh? ax + o(1 +¢)" tanh ocxtanh(y/2)
—o(1+1)"tanh o i(l +1) Wi (y)
k=1
= o —20* tanh? ox + (1 +1)"tanh axtanh (y/2) + O(1) > ¢

for all # > 1y, if #y > 0 is sufficiently large and o > O sufficiently small, we have

1
(14 o> — 20 tanh? x)g; — Zour < 5oa2(1 +1)"g* — g+ §rx — Ry cosh oux.
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Therefore we have for 1(¢) = (1 + o — 20 tanh? ox)g(¢) — g (t) > 0,

d, L@ 2(1+t)"12 I+ (1--5) g —Ricosha
Ly _< _c _ n
dt 2 \my M, M, Exx !

where M| = max (1 + o — 20 tanh? ax) > 0 and

my = min (1 + & —2¢a?tanh? ax) > 0. We can suppose that ¢ > 0 sufficiently small

such that (1 — A%) > 0, then
1

d 1/ o 2 c
1< =) (1+)" >~ —I—R;coshax.
7 2<m1) (I+1) M, jcosh ox

We have |R;(t,y)coshowx| < C(1+1)*"~"™, then

d
—1<c + 1) — I+ C(141)> .

Let I(r) = z(r)e™", then
7 <C(141)"e ™ +C(141)> e (3.8)
Let us prove that
2(t) < Ce (1+1)> ™ (3.9)

for all ¢ > #y. By contradiction we suppose that there exists T > f is such that z(7) <
Ce" (1+1)*"™™ forall ¢ € [to,T]. Thus from (3.8) we get z; < C(1+1)** "¢ hence
integration with respect to time yields

!
2(t) SC+ | (1+1)" ™ dr < Ce™ (141)"
fo
forall 7 € [tp, T]. The contradiction obtained proves estimate( 3.9) for all ¢ > ry. Hence
1(t) < C (141" and mg(t) < I(t) then §(t) < C(1+1)*""™ for all ¢ > 1,. For the
value g(r) = inf,ep g(7,x) similarly we obtain g(z) > —C (141)*"" for all 1 > 1,
hence the result of the theorem is true. Theorem 3 is proved. [

4. Zero boundary conditions

We now consider the most difficult and intriguing case when the initial dado decay
at infinity. To facilitate the calculations we will analyze (1.1) when n = 1. So we
consider the Cauchy problem

O (u—thye) + (1 +1)uy—uyy =0, x e R, 1 >0,
M(O,X) = uo(.X), x€R,

with the initial data up(x) — 0 as x — +oeo. We know (see book [12]) that there exists
a unique solution u(¢,x) € C([0,%0); L*) N C=((0,0); L™) if the up € L*. If the datum
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up(x) is an odd function, then the solution u(7,x) remains to be an odd function for all
¢t >0 and it can be obtain as an odd prolongation of the following Dirichlet boundary-
value problem

O (U —tyy) + (1 +1)utty — uyy =0, x € (—o0,0),7 >0,
u(t,—oo) =0,u(r,0) =0, t >0, 4.1)
1(0,x) = up(x), x € (—o0,0).

Define ¢(z,x) as a rarefaction wave constructed in Section 2

4.2)

(@~ Q) +(14+1)0py — @ =0, x €R, 1 >0,
0(0,x) = @o(x), x € R,

where the initial data @y(x) are monontonically increasing @) (x) > 0 for all x € R and
@o(x) — 0 as x — —oo. Now we define r(¢,x) as a solutién to the Dirichlet boundary
value problem

O (r—ru) +tQrrc+t@r(r—1)

1
_6 [t +20,(Qer) + Grigy +20ury] — 1 =0, x € (—00,0), 1 >0,

r(t,—o) =1,r(¢,0) =0, t >0,
r(0,x) = ro(x), x € (—e0,0).

4.3)

Then the function u = @r satisfy problem (4.1).

For example we suppose that the initial data ¢@y(x) decay infinity as

Po(x) = -1+ O(e 1) as x — —oo. We use the method of characteristics of solve
equation (4.2). We define characteristics y (r,&) as the solutions to the Cauchy problem

2(0,6)=&,EcR.

Then from equation (4.2) we get a simple equation

{ 1= (14090 0) - %% - %2, 1>0,E € R,

Pxx _m>
Py Px
= 0@+ Qyy) +(L+1)00y — @y =0

wi(t,8) = @+ Qi = o+ @y ((1 +1)p—

for the new dependent variable w(t,&) = @(z, x(¢,&)). Hence w(t,&) = @y (&) for all
t >0, &£ € R. By a straightforward calculation we have

GE) g, E)  WErE) 1 a(@é(é))
208 T8 08 2.5 \re@d)

3 ) 300Eree:E)  op(E)xeee(1,E) | 306(E)xd(1:€)
3?‘(”(”%(”5))_%2(:,5) PRl 0. + PA)
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whence

B Cwd) [ e\ 1 (&)
2= (1H090(8) ==y o {xw,é)&é (mt,é)ﬂ Pk (mt,é))'

Integration with respect to time ¢ > 0, yields

x(0,8) = é+1<1+t>2¢o<é>—%§ag [ onlt x @ &par

/ x: aﬂ{ 5(1 5)35‘1’%( 7%(1’,5))} dr'.

Define the curve éo(t) such that y(¢,&p(z)) = 0. We easﬂy see that &(r) — —oo as
t — oo. In the firs approximation we write x(¢,&) = & — 3E L1412+ 0(E"1(141)3),

hence & = 1(1+1)?+ O((1+41)3). Therefore the asymptotic expansions

&(t) = ——=(1+1)+O((1+1)%), @, (t,0) = (1+1) >+ 0((1+1)7),

._
S._
\)

Oy (t,0) = ﬁ(l F0) T HO0((1+1)™4), @y (1,0) = =3(1+1) 4+ 0((1+1)75).

are valid for # — co. Then by virtue of the Taylor formula
@(1,%) = @(1,0) +x¢x(1,0) + 332 @uc(1,0) + £ P (1,%), we have

o(t,x) = V2(14+1) ' x(1+0) 2+ —=2(1+1) 3+ 0P (1+1)™

1
2v2
for + — oo. and similarly for @y(7,x), @ (7,x), Qx(z,x), @(z,x). Continuing this pro-
cedure we obtain the asymptotic expansions

(1+1)¢ Zak Y(141)*+ 0" (1 +1)~ )

for ¢ — oo, and similarly for (1+1)%¢.(¢,x), (1+1¢) 2("?(’ ))C) (1+1)? (P""(Etx);),

(I+41) ‘P’((t X)) (1+1)? q’”‘((t ’;) where a;(x) is polynomial with respect to x of order less
that .
Now as in Section 3 we construct an approximate solution @(z,x) to problem

(4.3) in the form ®(z,x) Z O (x)(L+1) ~*. where the functions ¢ (x), 0<k<m,

are deﬁned recurrently via equatlons (which are obtain by comparing terms containing
(1+1)75)
/
90 —aodo9o =0, & —ao(dedo) =z, k> 1, (4.4)

where

1 k=1
2 2 (ar—j @) 190 +br—1-j0j191) + Y, aod;_, &
j=01=0 =1
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f—1
(bk 1- Jq)j +ep—1- /¢/ + Cr—1- ,q)])

j=0

=2 k-3
(feoa—j®} — jex—- ﬂP,)‘FZ]dk 3-j0;

—0 j=0

J
—(k=1) o1+ (k—1) ¢y,

for k > 1, where by(x), cx(x), di(x), ex(x) and fi(x) are polynomials with respect
to x of order less that k. By the boundary conditions we have ¢o(x) — 1, ¢(y) — O,
k> 1 for y — —oco and ¢(0) =0, k > 0. Integrating equation (4.4) with ap =0, we
get ¢o(x) = —tanh (%) and

n

1 X
O (x) = m/cosﬁ( ) /zk "dn'dn, fork > 1.
2X

—oo

We have the estimates ¢ (x) < C|x|* e~Hl, k > 1. For the difference w(z,x) = r(t,x) —
®(z,x) we obtain

Wy — Wi — W + (1 417) (9 DPw),, %(l—l—t)((pwz)x—l—%(l—|—t)(p,(w2
X Xx 2 X 2 e 4.5
+(1+1) (P _I)W_i x_(P_t P wx—iwtx—ﬂwm—kR:O (4.5)
¢ ¢ ¢ ¢ ¢

where the remainder term
R=® — Oy — Dy + (1 +1) 0P, + (1 +1) @ (O — 1)

2 2 2
B 7 TP L

o ¢ o o ¢

Denoting W (z,x) = [*_w(t,x')dx’ and integrating equation (4.5) from —oo to x, we
then find
XX 2 X 2 X
(1—(p—+ <i> )W,— O Wi — Wi — <1+ﬂ>wxx
¢ ® /) % %

20, 205
+<(1+t)<pd>—i—ﬂ+<ﬂ> )Wx
o ¢ \o/,

+ ((1 +1)@e(D— 1) + (2:5")x+ <ZZ’X)X— (%))) w we

+3(L+0)ew? + 3 (1409 (@ow?) — (1+0)9 ((pe(@ 1)), W)
() (2)-(3)))
(ol (]

with the Neumann boundary condition W (z,0) =w(z,0) =0, where Ry = [*_R(t,x')dx .
Via (4.4), the estimates @o(x), ¢x(x), k> 1 and its derivaties we have
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Ry (t,x) = O((141)~ D xPme=I) ag x — —oo,

We suppose that the initial data r(fo,x) are sufficiently close to ®(#,x) so that the func-
tion W (zp,x)coshox € L*((—e,0)) for some a > 0 sufficiently small and the initial
time ¢ = f¢ is sufficiently large. The last requirement can be replaced by a sufficiently
large coefficient at the nonlinear term in equation (1.1) so that nonlinear effects domi-
nate the linear ones form the beginning.

We prove the following result.

THEOREM 4. Let the initial time ty > 0 be sufficiently large, and the initial data
uo(x) € L* be an odd function and close to the shock wave ®(1y,x), that is

x (;(())g’)) _(D(lo,x’)> dr € L”

where o > 0 is sufficiently small and @(x) is such that @y(x) > 0 for all x € (—e,0)
and @o(x) = -1+ O(e M) as x — —oo. The a unique solution to the Cauchy problem
(1.1) has the asymtotic representation

cosh (owx) /

—oo

u(t,x) = @o(t, — [x[)@(z, — |x])sign(x) +- O(1)
for t — o uniformly with respect to x € R.

Since the solution u(z,x) is represented as u(z,x) = r(¢,x)@(z,x), then the result of
Theorem 4 follows from the next Lemma.

LEMMA 2. Let the initial time ty > 0 be sufficiently large and the initial data
r(tg,x) € L be close to the shock wave ®(ty,x), that is
X

cosh (acx) / (rlto.') — ®(t0,x')) dx’ € L.

—oo

where o > 0 is sufficiently small. Then there exists a unique r(t,x) to the Cauchy
problem (4.3) such that cosh (%x) [*. (r(t,x') —®(t,x'))dx’ € C([to,°); L) and the
estimate

< C(141)~ D

oo

cosh (%x) /x (r(t,x’) _ q)(t,x’)) dx’

—oo

is true for all t > 1y.

Thus we see that the solution r(z,x) to the Cauchy problem (4.3) tends to the shock
wave @(¢,x) as t — oo uniformly with respect to x € (—e0,0).

Proof. Denote g(t,x) =W (t,x)coshowx, h(t,x) =w(t,x)cosh o,
s(t,x) = w(t,x)cosh Fx y v(t,x) = W(t,x) cosh Sx, where a > 0 is sufficiently small.
We prove the following estimates

(X))l < Ce™, |lg(t,x)]l., < Ce, 4.7)

Hoo
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Is(t,%)||.. < C(142)""*D y |u(t,x)||., < C(141)~ "D,

for all ¢ > 1y, where #( is sufficiently large. By contradiction we suppose that there
exists T > ty such that

", llg(t,x)|l.. < Ce', (4.8)
(14+0) "y v(t,2) ||, < C(1+1) D,

12,0l
[Is(2,%) o

for all ¢ € [tp,T]. We follow the method of the proof of Theorem 3. By (4.5) we find
for h(t,x) = w(t,x)cosh ox

NN

C
C

P) [(1 + o — 202 tanh? ox — ‘P(;" n %atanhax) h— hy

n <2atanh ox— 2(‘5") h] 49)
— i
= —th—llllhx—f' 1+$ Ny — coshax(1+t)(phh — Rcoshox
with boundary condition A(#,0) = 0, where
_ O 2 2.0 12 2¢y
x1=|1+— )| o —20 tanh” ox+ Tatanhax +(1+1) (@),

¢
F(1+1)@(®—1) — (1 +1)pPotanh ox + (1 +1) @y

coshx

(Pxx
—(1 +t)<p—h(xtanh(xx+< p )t

= (3) e 22) e

ou 200

Since 1+ o2 — 2% tanh? ox —

principle to equation (4.9) by virtue of Lemma 1. Let {(z) such that
h(t) = h(t,§(r)) = sup,cp h(t,x), then

XX 2 X 7
o ((1 + o — 20> tanh? orx — % + %atanhax) h—hxx(t,C(t)))
= —yih+ ( ((IZ) hy(2,8 (1)) — Rcosh ax.

s huw(t,8(1)) <0, we apply Lemma 1 to hy(t) = infyer han(t,x) < 0. We have
wo(f) = Iy (8,8(2)) and iy (1) = hyy (2,8(7)) in almost all 7 > 0. Therefore

L

o ((l + a? — 202 tanh® ax — % + %atanhax) 71—71,“)

—%1/34- (1 + %) hee — Rcosh ax.
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applying the estimates 0 < 1 —|—% <1 and x; = ¢, we have

2 - .
(1 + o — 20 tanh? ox — % + %atanhax) hy — hyy = —ci1h+ hyy — Rcoshox

and |Rcoshox| < C(1+1)~"+1 then

2 o
P) ((1 +o?—202tanh? orx — % n %atanhax) h—hm)
< —cth+ g 4+ C(1 1)~ 04D,

(Pxx 2¢x

For J(t) = (1 + o2 — 20> tanh? ox — —— o tanh ax) h(t) — hy(t) > 0, we have

h< -y (1 - C—l) Bee +C(141)~(mD)

XX 2 X
where M, = max (1 + a2 — 202 tanh? ax — % + %atanhax) >0.

We can suppose ¢; > 0 sufficiently small such that ( - AC,[—12> > 0, then J; < —AC,[—IZJ +
C(141)~m ) < 4+ C(1+1)~ "+, Let J () = z(t)e ™", then

2 <C(1+1)~mHDer, (4.10)
Let us prove that

2(t) < Ce' (1+1)~m+D (4.11)

for all 7 > 1p. By contradiction we suppose that there exists T > f is such that z(r) <
Ce' (1+1)” ") for all 1 € [to,T]. Thus from (4.10) we get 7z <C(1+1)" (1) grt

hence integration with respect to time yields z(¢) < Ce' (1+1)~""* forall 1 € [t0,T].
The contradiction obtained proves estimate (4.11) for all # > #7. Hence

2(t) < C(1+1)~ D

and since 5
mah(t) < z(t)

where my = min (1 + a? — 202 tanh? ax — (P;x :;) ) > 0, then

h(t) <C(1+1)~ 0D

forall t>1;. R
For the value h(r) =inf,cg h(f,x) similarly we obtain

h(t)>—C (141)~ ™D
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for all ¢ > 1y, hence we have
Al < C (140"
Let us consider now the estimates for the function s(z,x) = w(z,x) cosh §x. From equa-

tion (4.5) we have |s]|. < C(1+1)""*Y . Now for g(r,x) = W(t,x)cosh ax we have
from equation (4.6)

o Kl + o2 — 20 tanh® ax — (% — (2&> ) —i—z—gatanhax)g

+coshoxd,” ( [% — (i) } ) <2atanhax— %> gx—gm}
0] cosh ox 0]
+1)

;(1 +t) cosh axow? — —( t)coshaxd; ! (pow?) — x28 — W8«

+< ?Z)gm—i—F R coshax
(4.12)
where

X = (1 +%) (o —20* tanh? ax) + (1 +1)@e(@ — 1) — (1 +1) pPoxtanh ox

<%+%— (ﬂ> )atanhocx+8 [ (Px+2(sz_ <ﬂ> ]
¢ ¢ P/« o o Q)
+0; [(p—m — <2(Px> } — <%) otanh ox
(p (p X. (lo t
vr = (1+1)pd— ( (px+2%“ - (ﬂ> )+ <1+ﬂ> 20tanh ox + (2%)
¢ ¢ P/« ¢ ¢ /.

F = (1+1)coshoxd, ! (((px(cl)— D) cosflax>

+coshoxd; ! <<%+%_ (ﬂ) ) g )
? % ¢ )], coshox

+cosh oxd, ! (8& [% - <%) ] & ) .
0] ¢ /.| coshox

‘We notice that
cosh oxd, ! <8x {%— <%> ] g )
0] ¢ /.| coshax
¢ (e

_ ex 20
g e t, 8x 1 ( 8x |:(P_ - <_) :|
plg(t,x)| o 0 ).

xeR
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Since

A(t,x) = 1+ a® — 20 tanh? ox — <¢—” — (2%) )
¢ ¢/

o5 -(%)])o

we can apply the maximum principle to equation (4.12) by virtue of Lemma 1, let {(r)
such that &(r) = g(1,{(1)) = sup,cg [g(7,%)],

9 ([A(1,8(1))8 — 8x(t,6(1))))

2¢x
+ :f atanh(xx—i-&xl(

—X28 + <1+%> gu(t,8(1) +sup’ (1+1)coshaxow? |
XGR

—l—sup} (1+1)coshaxd; ! (pew }—l—supxeR |F(z,x)| — Ry cosh oux.
x€R

As g4 (7,8(1)) <0, we apply lemma 1 to gy (¢) = infycr gyv(7,X) <0 we have gy () =
gu(t,8(1)) and g4y () = gy (¢, &(r)) in almost all 7 > 0. We also have the estimates

O<1+%<1and%2>cz, then
9 ([A(#,8(1))g — 8ul)
< —c28+ G +sup | 5 (1 +1) cosh axew?|
xeR

+sup |5 (1+1)coshoxd, ! (@ew?) |+ sup,c |F (,x)| — Ry cosh ctx.
xeR

Now calculate an estimate for F(z,x), by virtue of Young inequality we have the esti-
mates

‘(1 +1)cosh oxd; ! ((%(q)_ 1), — ) )

* cosh ox
< C(1+1) [|Quell. [|@ — 1|, g+ Ct [ @l [| D[, &

cosh oxd, ! <<2ﬂ+% - (ﬁ) ) 8 )‘
0] 0] © )./, coshox

<|(F%-(3))
¢ ¢ ¢ x/ xxI]

cosh oxd ! (8& [% - <%) } g ) <C
0] ¢ /.| coshox

therefore

g

and

()
¢ ¢ /)y

[F(t,2)] < C(L+1) [[@ullo [ @ = 1l g+ C(1+1) [ x| [| ]l &

<GS G)) L eeln [5G

1

g+cC

1 1
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By the estimates [|¢|.. <C, [| @[l SC(1+1) 2, [[@ull. <C(1+0)72, @ - 1]} <C,

2 X 2 X xx 2 x
o, <c, (i+ﬂ—(ﬂ)) <c a2 [‘P__(i)] <C. we
(P (P (P x/ xx 11 (P QD X 1
have
|F(t,x)] <Cg.
Now

1
‘ 5(1 +1)coshaxd; ! (gow?)

2
(1+41)coshoxd, ! ((px57>

2 cosh? §x

S C+0) @l [Isll N5l

cosh §x cosh §x

since s(t,x) = h(t,x), we have ||s||, =

We have |5 (1 +1)coshoxow?| = '

cosh ox

172l < CllA]l.. , then
cosh ox 1

(1+1)coshod; ! ()| < C(1+0)7" [l s]. < C(1+1)~2)

N =

(1+1)psh
2cosh §x
IRy coshox| < C(141)~"*+1) With all these estimates we get

< (1+1)|osh| < C(141)~m+1) and

8f([z’(tag(t))g~_gxx})
< —08+8u+C(1 —l—t)*(zmﬂ)—kC(l —|—z)*(2m+3)_|_cg_|_c(1 _|_t)7(m+l)
< —eag+ But C(1+ 1)),

For K =Ag — g« > 0, we have

&) (&) c —(m+1)
K<——K+(1l—— |gut+—K+C(1+1
'S +< M3)g +m3 +C(1+41)
where M3 = maxA(7,{(t)) >0 and m3 = minA(z,{(¢)) > 0. We can suppose ¢z > 0
sufficiently small such that <l - A%) > 0, then

C
K: < _AC4_2K+ —K+C(1+1) ") < —rK+CK+C(141)"0m+D,
3 m3

Let K(1) =z(t)e™", then z, < Cz+Ce™ (141)~ "1 we have z(r) < Ce" (1 4-1)~ "1
forall # > 7 and since mg(t) < z(), then g(r) < C(1 +t)_(m+1) for all # > to. For the
value g(r) = infycg g(7,x) similarly we obtain hg(r) > —C(1 +t)7(m+l) for all # > 1o,
hence the result of the lemma is true. Lemma 2 is proved. [
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