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ALMOST PERIODIC HOMOGENIZATION
OF THE KLEIN-GORDON TYPE EQUATION

LAZARUS SIGNING

(Communicated by D. Hilhorst)

Abstract. In this paper, the homogenization problem for the Klein-Gordon type equation is stud-
ied in the almost periodic setting. The propagation speed and the potential are spatial and time
dependent almost periodically varying functions. One convergence theorem is proved and we
derive the macroscopic homogenized model verified by the mean wave function.

1. Introduction

We consider a non empty smooth bounded open subset Q of RY (the N -numerical
space RY of variables x = (x1,...,xy), where N is a given positive integer), and the
real numbers 7 and & with 7 >0 and 0 <& < 1. Let f € Hj (Q)@W"'* (R);R) and
geL” (R’yv ;R), whe (R’yv ;R) being the Sobolev space of functions in L” (R’yv ;R)
with their derivatives of order 1 (H{ (Q)®@W 1= (Rjyv ;R) is the space of functions @ of
QxR into R of the form ® =¥ 1,4, 9;y; with ¢; € Hj (Q) and y; € W' (RY:R)).
Let us put

1t (x)zf(x%) and g° (X)=g<£> forx € Q.

The functions f¢ and g¢ above-mentioned belong to H} (Q) and L~ (Q) respectively.
Next, we consider the Cauchy-Dirichlet boundary value problem

2

at”; — div (c* Vi) + Weue = 0 in Qx]0, T, (1.1)
ug =00n dQx]0,T], (1.2)
e (0) = £f€ in Q, (1.3)

dug .\ ..

where the square of the propagation speed of the light in the vacuum ¢ and the potential
w verify
candw e B' (R;L” (Rjyv)) (1.5)
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and,

c(y,t) =z aforallTteR (1.6)
and for almost all y € RV, and where ¢ (x,) = ¢ (%,£), w* (x,r) =w(%,%) ((x,1) €
Qx]0,T), R; being the numerical space R of variables 7 (' (Ry: L™ (RY)) is the
space of continuously differentiable functions of R into L= (R}) which are bounded
with their derivatives). Now, for ¢ € [0,T] let ag (¢;.,.) be the sesquilinear form on
H' (Q) x H' (Q) defined by

ag (t;u,v) :/ CSVuV_vdx—i-/ weuvdx (u,veH' (Q)).
Q Q
In view of (1.5)-(1.6), we see that forall 0 < e < 1,
¢ wE €% (0,T]:L° ()

and
as (1) + Wl V1) > 015y (ve HY (@),

o being the constant in (1.6). Thus, the hypotheses of [10, Theorem 1.1, p. 294]
are fulfilled. Therefore the initial boundary value problem (1.1)-(1.4) admits a unique
solution ug in % ([0,T];H} () N ([0,T],L? (Q2)) . The aim here is to investigate
the limiting behaviour of u, solution of (1.1)-(1.4) when € goes to zero, under the
hypothesis that the coefficient ¢ and the potential w vary almost periodically in time
and space.

The homogenization problem for the linear Klein-Gordon type equation has been
discussed in the book of Bensoussan, Lions and Papanicolaou [1] for the periodic set-
ting using the asymptotic expansions. Later in 1992, Brahim-Otsmane, Francfort and
Murat in [5] investigated the non-periodic case via the I"-convergence techniques. For
further results on this topic, one can refer to the book of Cioranescu and Donato [6].
This paper deals with the homogenization of an evolution hyperbolic problem with
time-dependent coefficients via the sigma-convergence.

The model (1.1)-(1.4) under investigation in this paper is connected with the rel-
ativistic version of the Schrodinger type equation describing the motion of spinless
particles.

Unless otherwise specified, vector spaces throughout are considered over the com-
plex field, C, and scalar functions are assumed to take complex values. Let us re-
call some basic notations. If X and F denote a locally compact space and a Banach
space respectively, then we write ¢ (X;F) for continuous mappings of X into F, and
P (X;F) for those mappings in € (X;F) that are bounded. We shall assume % (X;F)
to be equipped with the supremum norm ||u||, = sup,.y ||u (x)| (||-|| denotes the norm
in F). For shortness we will write " (X) =% (X;C) and #(X) = # (X;C). Likewise
in the case when F = C, the usual spaces L? (X;F) and L], (X;F) (X provided with a
positive Radon measure) will be denoted by L” (X) and Lj . (X), respectively. Finally,
the numerical space RY and its open sets are each provided with Lebesgue measure
denoted by dx =dx;...dxy.
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The rest of the paper is organized as follows. Section 2 is devoted to some prelimi-
nary results on the sigma-convergence of almost periodic structures, whereas in Section
3 one convergence theorem is established for (1.1)-(1.4).

2. Preliminaries

2.1. Almost periodic functions
2.1.1. Bohr almost periodic functions
DEFINITION 2.1. Let u € # (R™)(m being a positive integer) and let € > 0 be a

real number. The vector s = (s1,...,s,) € R™ is said to be an €-period of u if

sup |u(x+s)—u(x)| <e.
xeRmM

We denote by E (u,€) the set of all €-periods of u.

DEFINITION 2.2. A function u € #(R") is said to be almost periodic in the
sense of Bohr if for all € > 0, there exists some [ =1[(g) = (Iy,...,l,) € R™ with
;>0 (1< j<m)such that forevery a = (ay,...,a,) € R”

([ar,a1 + L[ X [az,a0 + L[ X -+« X [amy am + In]) NE (u,€) # 2.
EXAMPLE 1. Forany k = (ki,...,kn) € R™ we set

%) =€ (yeR™).

The function ¥; is almost periodic in the sense of Bohr. Indeed, for all y = (y1,...,vm)
and s = (s1,...,5,) € R” we have

% (v +9) =% )] = %n(s)—1].

Further, for £ >0 we put lj:‘kz—_| ifkj#£0and [; =¢ if k; =0 (1 < j<m). For any
J

a=(ay,...,an) € R™ there exists (ny,...,n,) € Z™ such that
kil aj <nj<[kj|a;+2 (1<j<m).

On the other hand, let s = (s1,...,5,) With s; = ﬁ if kj#0 and s; = a; if k; =0.
J
We have

sup 7% (v +5) =% ()| =In(s)—1|=0<e.
yeRM

Thus, s € ([ar,a1 +1i[ % [az,a0 + L[ X -+ X [am, am+ 1) NE (u,€).
PROPOSITION 2.1. A function u € # (R™) is almost periodic in the sense of Bohr

if and only if the translations T,u (a € R™) form a relative compact set in % (R™)
(tau(y) =u(y+a) forall a and y € R™).
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The proof of the preceding proposition can be found in the book of Besicovitch
[2] and Guichardet [8] for m = 1. The general case m > 1 is just a simple adaptation
of the particular one m = 1.

We denote by AP (R™) the espace of Bohr’s almost periodic functions on R™
which is a C* -algebra with identity, the involution being the complex conjugation.

As usual, we denote by R™ the dual group of the additif group R, that is, the
group of all continuous homomorphisms of R into the unitcircle U={& € C:|£|=1}.
Endowed with the topology of compact convergence on R™, Rmisa locally compact
abelian group. The elements of R” are the so-called continuous characters of R”. Let
us remark that

R" = {y ke R"}

where the functions 7; are defined in Example 1. Moreover, the y; belong to AP (R™),
thus R™ C AP (R™).

Let T (R™) be the algebra of all trigonometric polynomial on R™. T (R™) con-
sists of all functions u of the form

u(y) =Y an(y) (yeR"™),
keR

where R is a finite subset (depending on u) of R and ¢; € C forall k € R. Moreover,
in virtue of the Bohr approximation theorem T (R™) is dense in AP (R™).
Let us state now the notion of the mean value on AP (R").

PROPOSITION 2.2. Forany u € AP (R™), the closed convex hull of {t,u :a € R™}
in #(R™) contains one and only one constant function whose value we denote by
M (u). Further, the mapping u — M (u) of AP (R™) into C verifies the following prop-
erties:

i) M is a positive linear form;

it) M is continuous;

i) M(1) = 1;

iv) M is translation invariant, i.e., M (t,u) = M (u) for all u € AP(R™) and all
acR™.

The proof of this proposition can be found in [8, Proposition 5.5].

REMARK 2.1. Let = (0,...,0) (the neutral element of R"). We have

M (%) =0,

for any k € R\ {w} (7 is defined in Example 1). Indeed, by Proposition 2.2, for any
n > 0 there exists some ¢; >0 (1< j<n) with 2?21 o; =1, and some a; € R™
(I < j < n) such that

M(p) =Y ain(v+aj)| <, (2.1)
j=1
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forall y € R™. Since k = (ki,...,kn) # @, there exists some jo € {1,...,m} such that
kj, # 0. Further, for any + € R we choose in (2.1) a particular y = (y1,...,y,) with
vj, =t and y; = 0 for j # jo. This leads to

'M(Yk) — ™" Y oy ()| <,

=1

for all # € R. The preceding inequality implies that

- n
M (%) — ;/o &>’ dt (Z 0y Vi (W))
=

<n,

for all r > 0. Taking the limit as » — 4o in the preceding inequality, we obtain
IM (%)l <,
forall n > 0. Thus M (%) =0.
Now, let u € AP (R™) and € > 0. We define u® € # (R™) by

ug(x):u(£> (x e R™),

€

and we have the following proposition:

PROPOSITION 2.3. For any u € AP(R™), u® converges to M (u) in L” (RY')-
weak * as € — 0.

Proof. Let ¢ € L' (R™). We have to check that as € — 0

/m uf@dx — M (u) - Qdx. (2.2)

To this end, thanks to the density of 7 (R™) in AP(R™), it is enough to show (2.2) for
u =%, (Example 1), k being arbitrary in R™. But,

—k
— g
/[Rmfk¢dx_y¢< - )

where .# denotes the Fourier transformation on R”™. Hence, the result follows by
Remark 2.1 and the Riemann-Lebesgue lemma.

2.1.2. Stepanoff almost periodic functions

Let p€ R with p>1,andlet ¥ = [—
(LP,I”) (R™) to be the space of all u € L;

loc

,3]™ with m € N*. We define (L?,17) =
) such that

Sl—

p
il = sop | [ OIPas| < e
’ kezm [Jk+Y
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This is a vector subspace of L (R™), and ||.|| pe i8S @amnorm on (LP,”). Further,
(LP,I) equipped with this norm is a Banach space (see [7]). One can easily verify that
a function u € L (R™) lies in (L?,I”) if and only if the translations T,u (a € R™)
form a bounded set in Lfoc (R™). Further, if By denotes the open unit ball of R™, we
put

r

Ny (1) = sup [/BN|u(y—|—a)|pdy} L e (Ir,1)).

acRm

This is a norm on (L”,17), and N, is equivalent to |||, ..

DEFINITION 2.3. A function u€ Ll (R™) is said to be almost periodic in Stepanoff
sense if u belongs to (L?,1) and if the translations 7,u (¢ € R™) form a relatively
compact set in (L?,[*).

We denote by L%, = L, (R™) the set of all almost periodic functions in the sense
of Stepanoff which is a closed vector subspace of (L”,I*). We assume L%, to be
equipped with the norm ||.||, ., which makes it a Banach space. Further, LY, is the
closure in (L?,[*) of the set of trigonometric polynomials 7 (R™) (see [7]). Therefore,
AP(R™) is dense in L}, and we have the following proposition.

PROPOSITION 2.4. The mean value M : AP(R™) — C is extended to a unique
continuous linear mapping, still denoted by M, ()fLﬁP into C. Moreover, M is positive
and translation invariant on Lg P

PROPOSITION 2.5. Let Q be a bounded open set in R™. Let u € LZP (I1<p<
+oo). We put uf (x) =u () forall x € Q and we have u® — M (u) in LP (Q)-weak as
e—0.

Before stating the next proposition we require a notation.
For u € LP (Q;AP (R™)) with 1 < p < +eo, we put

u(x) =M (u(x)) (xeQ). (2.3)

This defines a function # € LP (Q), and in particular if u € ¢ (Q;AP(R™)) then u €
2 (). Moreover, the mapping u — u sends continuously and linearly L? (Q;AP (R™))
into L? (Q) and ¢ (Q;AP(R™)) into 2 (Q), since M is a continuous linear form on
AP (R™) (see Proposition 2.2).

PROPOSITION 2.6. Let u € ¢ (Q;AP(R™)). For € >0, we put u (x) = u (x,%)
for all x € Q. This defines a function u® € #(Q), and as € — 0, we have ué — i in
L (Q)-weak *.

PROPOSITION 2.7. Let 1 < p < 4o and u € LP (Q;AP(R™)). Then, as € — 0,
we have u® — u in LP (Q)-weak.

The preceding three propositions have their proofs in [14] (see also [ 19, Subsection
3.1]).
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2.2. Almost periodic homogenization algebras

Let u € AP (R™). We define Sp (u) = {k € R" : M (y,u) # 0}, where 7 is given
by Example 1. Sp(u) is a countable subset of R™ (see [8, p. 92]), Sp (#) = 0 (empty
set) if and only if u is the null function on R™. The set Sp(u) will be called the
spectrum of u.

Now, let Z be a countable subgroup of R™. We set

APy (R™) = {u € AP (R™) : Sp(u) C Z},

and we verify easily that: AP (R™) is a closed subalgebra of 4 (R™) which is sep-
arable with the supremum norm and contains the constants. Further, if u € AP, (R™)
then 7 € AP (R™). Thus, AP (R™) (with the supremum norm) is a commutative B * -
algebra with identity (the constant function 1 on R™), the involution being the usual
one of complex conjugation.

Throughout the rest of this study we shall always assume that APz (R") is equipped
with the supremum norm.

Now, let S be a subgroup of R”. We define

S*={keR":k-yeZforally € S},

where the dot denotes the Euclidian inner product in R”. The set S* is a closed sub-
group of R™. Further, if S is a réseau in R™ (i.e. a discrete subgroup of rank m),
so also is S* ([4, VII, p.7, prop.5]). Similarly, we may define (S*)* and we have
(8*)" =S (see [4, VIL, p.7, prop.6]). Thus, if S is closed then (S*)* = S. Let us denote
by Ps(R™) the set of functions u € Z (R™) which are S-periodic, i.e., u(y+ k) = u(y)
forall y € R™ and all k € S, where S is a réseau in R™. The space Ps(R™) is a com-
mutative B*-algebra with identity and we have Ps(R") = APs (R™) (see, e.g., [14]
and [19] for more details).

DEFINITION 2.4. An almost periodic homogenization algebra on R™ is an alge-
bra A = APy (R™), where Z is a countable nontrivial subgroup of R”.

Now, let A be an almost periodic homogenization algebra on R™. We denote by
A(A) the spectrum of A, i.e., the set of all non-zero linear forms s : A — C such that
s(uv)=s(u)s(v) forall u, v€A. We shall always assume that A(A) is endowed with
the Gelfand topology. We recall that the Gelfand transformation on A is the mapping
4G :A— € (A(A)) defined by ¥4 (u)(s) =s(u) forall u € A and all s € A(A). For
any u € A, ¢ (u) is called the Gelfand transformation of u and is denoted z. We recall
also the commutative Gelfand-Naimark Theorem (see [9, p.277]) which states that the
Gelfand transformation on A is an isometric *-isomorphism of A onto % (A(A)). On
the other hand the Gelfand transformation on A satisfies the following basic properties
(see, e.g., [14], [17] and [19] for details):

(i) If u € A is real valued then ¥ (u) is real valued, and further if u > 0 then
4 (u) >0.

(ii)Let p>0and u € A. Then |u|’ €A and ¥ (|ul”) = |9 (u)|”.
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(i) If f € € (A(A)) is real valued then 4! (f) is real valued, and further if
f=0then 91 (f) =0 (4 ' :4(A(A)) — A is the inverse isomorphism of ¢ ).
We have the following proposition.

PROPOSITION 2.8. There exists a unique Radon measure 3 on A(A) such that
MW= [ GwE)dB ) (wea).
AA)

Moreover; B is positive and of total mass 1.

Proof. Let B be the mapping f— M (4! (f)) of €(A(A)) into C. By the
preceding properties (i) and (iii), and Proposition 2.2, we see that  is a positive Radon
measure on A (A) and ||| =1 (since ¢ (1) = 1). Moreover, for any u € A we have

M (u) =B (4 () = (B,¥ () = /A(A)g(u) (s)dB (s).

It is clear that 8 is unique.
We recall that 2 (R)), 2 (R) and 2 (R} x R;) denote respectively the spaces

of bounded continuous complex functions on ]R;V , R and R;V X Rz. It is well known
that the above spaces with the supremum norm and the usual algebra operations are
commutative % -algebras with identity (the involution is here the usual complex con-
jugation).

Throughout the rest of paper, A, and A; denote respectively the almost peri-
odic homogenization algebras on R} and R;. Therefore A, = APz (R}) and A; =
APz, (R;) where %, and Z; are respectively nontrivial countable subgroups of szv
and R;. Let us put Z =%y x %z, and A = AP» (RY x R;). The almost periodic
homogenization algebra A on R} x R¢, coincides with the closure of APy, (R)) ®
APz, (R;) in (R} xR¢) (see [17, Proposition 3.2]). Moreover, for all u € Ay and
all v € Ar, we have u® — M (u) in L= (RY) -weak * and v¢ — M (v) in L™ (R;)-weak
x as € — 0 (€ >0), where:

u® (x) :u<;—c> (xeR"Y),

t
Ve (1) = V(E) (reR),
the mapping u — M (u) of A, (resp. A¢) into C being given by Proposition 2.2. Thus,
Mu®v)=M(u)M(v) for all u € A, and all v € A¢, since for any w € A, we have

wé — M (w) in L~ (Rﬁt;) -weak * as € — 0 (€ > 0) where

t
we (x, 1) =w <f7 —) ((x,t) eRN xR).
e'e
We denote by A(Ay), A(A;) and A(A) the spectra of Ay, A; and A respectively,

and by ¢ the Gelfand transformation on A,, A; and A.
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The appropriate measures on A(Ay), A(A;) and A(A) are the positive Radon
measures f,, B; and B (of total mass 1) on A(A,), A(A;) and A(A) respectively
(given by Proposition 2.8), such that M (u) = fA(Ay)%(u)dﬁy foruecA,, M(v) =
Jaan ¥ (v)dB; for v € Ar and M (w) = [y4)¥ (w)dp for w € A. Points in A(Ay)
(resp. A(A;)) are denoted by s (resp. sp). Furthermore, we have A(A) = A(4,) x
A(Az) (Cartesian product) and 8 = B, ® B; (see [17, Theorem 3.2 and Corollary 3.2]
for more details).

The partial derivative of index i (1 <i<N) on A(4,) is defined to be the map-
ping d; =% oDy, 0%~ (usual composition) of

7' (A(Ay) = {9 C(AA): 9 () €A}

into ¢ (A(Ay)), where A) = {y € €' (R)) : v, D,y €A, (1<i<N)}, Dy, = 8y,
Generally, we define the pamal derivative of index i (0 <i<N) on A(A) as the map-
ping 80:540%0%’1,0r d=90Dy, 09 ! (1<i<N) of

7' (AA) ={pe€(AA): 9 (p) €A}

into € (A(A)) with A' = {q/e%”l (RY x R;) : w, 2L and D,y € A (1 1<N)}
Higher order derivatives can be defined analogously (see [17]). Now, let A~ be the
space of functions y € € (R) x R¢) such that

« o Iy

DoV = gya 5307 <4

for every multi-index o = (0, oty,...,0n) € NV (|| = o9+ 0 + - - -+ oy ), and let

7(A4) = {pe?(A4): 9 (p) €A™}

Endowed with a suitable locally convex topology (see [17]), A” (resp. Z(A(A)))isa
Fréchet space and further, ¢ viewed as defined on A” is a topological isomorphism of
A~ onto Z (A(A)). We have the following fundamental result proved in [14] (see also
[19, Proposition 2.24]).

PROPOSITION 2.9. Forany ¢ € ' (A(A)) we have
/ %0 (s,50)dp (s,50) =0 (0<i<N).
AA)

By a distribution on A (A) is understood any continuous linear form on % (A (A)).
The space of all distributions on A(A) is then the topological dual, 2’ (A(A)), of
2 (A(A)). We endow 2’ (A(A)) with the strong dual topology.

Let us note that A is dense in A. Indeed, we have A = AP (RV™!), where Z is
a countable subgroup of R¥*! and moreover, T = {y, : k € Z} C A~ and we know
that Ty is total in A. Thus, 2 (A(A)) is dense in € (A(A)). Consequently, we have
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L7 (A(A)) € 2'(A(A)) (1 < p <o) with continuous embedding. Further, we may
define
H' (A(A)={ue*(A(A): duecL*(A(A) (0<i<N)},

where the derivative diu is taken in the distribution sense on A(A) (exactly as the
Schwartz derivative is defined in the classical case). This is a Hilbert space with norm

1

N 2
Hu”Hl(A(A)) = <“||i2(A(A)) + z(,)&iuiz(A(A))> (“ cH'(A (A))) :

However, in practice the appropriate space is not H' (A(A)) but its closed sub-
space

H'(A(A))/C = {u cH'(A(A)): /A(A)u(s)dﬁ (s) = 0}

equipped with the seminorm

1
N 2
H””H'(A(A))/cc = (2 ai”||i2(A(A))> (” eH'(A(A)) /C) :
i=0

Unfortunately, the pre-Hilbert space H' (A(A)) /C is in general nonseparated and non-
complete. We introduce the separated completion, Hj (A(A)), of H! (A(A))/C, and
the canonical mapping J of H! (A(A)) /C into its separated completion. We have the
following proposition:

PROPOSITION 2.10. (i) J is linear.

(i) J (H' (A(A)) /C) is dense in H} (A(A)).

(iii) ||‘](V)HH#}(A(A)) = ||VHH1(A(A))/(C fOVClll Ve H! (A(A)) /(C

(iv) Let 9; (0 < i < N) be considered as a mapping of H' (A(A)) /C into L? (A(A)).
There exists a unique continuous linear operator; still denoted by 9;, of Hj (A(A)) into
L% (A(A)) such that

dJ(v)=0dv  forallve H (A(A))/C.

Further,

1

N 2
IVl (aay) = (Z ||8iv||i2(A(A))> forallve Hy (A(A)).
i=0

See [17] (and in particular Remark 2.4 and Proposition 2.6 there) for more details.
As a consequence of Proposition 2.10 we have:

PROPOSITION 2.11. (i) J(Z(A(A)) /C) is dense in Hj (A(A)), where

/(Cz{vé@ :/A(A)vdﬁzo}.
(ii) Ja(aydivdP =0 (0<i<N) forall ve H} (A(A)).
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2.3. The X-convergence

Let us first introduce some basic notations. The letter E throughout will denote a
family of real numbers 0 < € < 1 admitting 0 as an accumulation point. For example,
E may be the whole interval (0,1); E may also be an ordinary sequence (&),
with 0 < &, <1 and &, — 0 as n — oo. In the latter case £ will be referred to as a
Sfundamental sequence. On the other hand, let Q = Q x]0,7[. Forany real 0 <& <1,
we define u as

()= (3 2) ((kn)€Q)

for u € L}, (RY x R;), as is customary in homogenization theory. More generally, for

ue L), (QxRYxR;),itis customary to put

(e =u(xn 2, 2) (v €Q)

whenever the right-hand side makes sense (see, e.g., [14] and [16]). Now, let 1 < p <
+oo,

DEFINITION 2.5. A sequence (ug)..p C LP (Q) is said to:
(i) weakly Z-converge in L? (Q) to some ug € L? (O X A(A)) =
LP(Q;LP (A(A))) ifas E > € — 0,

[ et v ndude = [ [ o (t.s,50) §t,s.s0) dudedB (s.50) - (2:4)
9} OxA(A)

forall y € LV (Q:A) (1% =1- 11_?> . where y® (x,1) =y (x,1,%£,L) and ¥ (x,z,...) =

G (y(x,t,...)) ae. in (x,7) € Q;
(ii) strongly X-converge in L? (Q)to some ug € L (Q x A(A)) if the following
property is verified:

Givenn > 0andv € LP (Q;A) with
|| uo —ﬂ|Lp(QXA(A)) < %, there is some o0 > 0 (2.5)
such that |lug —ve|| ;o) < 1N provided E > € < a,
where V¢ (x,1) = v (x,2,%,%) and V(x,,.,.) =94 (v(x,z,.,.)) ae. in (x,1) € 0.

P e e

We will briefly express weak and strong X-convergence by writing ue; — ug in
L? (Q)-weak X and ug — ug in L? (Q)-strong X, respectively.

REMARK 2.2. The existence of such v’s as in (ii) results from the density of
LP(Q:% (A(A))) in LP (Q:LF (A(A))).

Let us now introduce some basic spaces. We denote by E” (RN ) the space of
functions u € Lj, . (RY) such that

loc
el = swp (.
0<e<l \/By

1

(2) ) <
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where By denotes the open unit ball in RY. Z? is a complex vector space, and the
mapping u — |[u|z,, denoted by ||.||z,, is a norm on =7 which makes it a Banach
space.

We define X7, and X7, to be the closure of A, and A in 27 (RY) and 27 (R¥*1)
respectively. We provide .’{ffy (resp. X7,) with the Z7 (R") -norm (resp. Z7 (RV*1)-
norm), which makes it a Banach space.

REMARK 2.3. Any function u € }i’(’%y can be considered as a function in X7,
which is independent of the variable 7. Indeed, let u € %f;—,v and n > 0. There ex-
ists a function v € A, such that ‘

1
n. |
L T AL ) B
N

O<e<l1

butv=v®1e€A,®A; CA and
/ |uf —ve|P dydt < 2/ |uf —ve|Pdy < 2|ju— v||5,,(RN).
By i1 By

It follows from the preceding inequalities that u € 27 (RV*!) and ||u— Vzp(rr) <
n.

Let us also note that, if 2 = %y x %, with %, = 7N and %, = 7 then A =
Cper (Y x Z), the space of all ¥ x Z-periodic continuous complex functions on ]Rjyv xRz

(with ¥ = (—%, %)N and Z = (—%, %) ), and we have X7, = L7, (Y X Z) (see, e.g., [19,
Remark 2.21]).

REMARK 2.4. Tt is of interest to know that if ug — up in L? (Q)-weak Z, then
(2.4) holds for y € ¢ (@, %gﬁ,’) , where X2/ = Z{Z; NL= (RY x R;). See [19, Proposi-
tion 3.7] for the proof.

Now, let us introduce the space L}, (RY) (1 < p < +eo) for any countable

subgroup # of RV. To begin, we note that the notion of a spectrum introduced in
Subsection 2.2 extends naturally to L, (RN ) by virtue of Proposition 2.4. Further-
more, since AP (R") is dense in L}, (R"), and since each function in AP (R") has a
countable spectrum, we see that Sp (i) is countable for all u € LY, (RY). We define

LﬁR%(RN) ={ueLl,(R"):Sp(u)c %#}.

We see that L} 5 (RY) = Myerm oM 1({0}), where M; is the continuous linear form
on L}, (RV) defined by My (u) = M (.u) for any u € L, (RV). Thus, L%, , (RY)
is a closed vector subspace of L, (RY) . Moreover, we have the following proposition
proved in [14] (see also [20, Subsection 4.1, Problem IIJ).
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PROPOSITION 2.12. L}, (RN) is the closure of APz (RN) in (LP,1=)(R™)
and LY, ,, (RN) is continuously embedded in X7, (L%, ,, (RN) equipped by the (L",1%)-
norm), Z{ff being the closure of APy (RN) in P (RN).

Instead of repeating here the main results underlying X-convergence theory for
almost periodic structures, we find it more convenient to draw the reader’s attention to
a few references, see, e.g., [14], [15], [16], [17], [18], [19] and [20].

However, we recall below two fundamental results. First of all, let

@ (0,T)={vel?(0,T:Hy (%R)) :v € L*(0,T;H ' (XR)) }.
% (0,T) is provided with the norm

1
2

Wl 0.r) = (”VHEZ(O,T;Hg(Q)) + Hv/|‘iz(0,T;H*1(Q))> (veZ(0,7))

which makes it a Hilbert space.

THEOREM 2.1. Assume that 1 < p < e and further E is a fundamental sequence.
Let a sequence (ug)..p be bounded in LP(Q). Then, a subsequence E' can be ex-
tracted from E such that (ug), g weakly Z-convergesin LP (Q).

THEOREM 2.2. Let E be a fundamental sequence. Suppose a sequence (ug)qcp
is bounded in H' (Q). Then, a subsequence E " can be extracted from E such that, as
E'3e—0,

ue — ug in L2 (Q)-weak X,

al/lg al/l() . 2 .
AL - . <j<
%, o, +djuy in L* (Q)-weak L (1 < j<N)

and

where ug € H' (Q;L* (A(A))) and uy € L* (Q; Hj (A(A))).

THEOREM 2.3. Let E be a fundamental sequence. Suppose a sequence (ug)qcp
is boundedin % (0,T). Then, a subsequence E' can be extracted from E such that, as
E'3e—0,

ue — ug in % (0,T) -weak,

ue — ug in L* (Q)-strong,
d d
ai); N aix? +djuy in L*(Q)-weak = (1 < j<N)
where ug € % (0,T) and uy € L* (Q;L* (A(A:): Hj (A(A))))).
The proof of Theorem 2.1 and Theorem 2.2 can be found in, e.g., [14], [18] and
[19] whereas Theorem 2.3 has its proof in, e.g., [20] in a general deterministic setting.
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3. A convergence result for (1.1)-(1.4)

In the sequel, we suppose that the square of the propagation speed of the light in
the vacuum ¢, and the potential w verify

candw e Lip (RY xRy). (3.1)
Moreover, we make the assumption that the initial values in (1.1)-(1.4) verify
fe€ (L™ (RY)):  f(x.)€Lip(R)) (3.2)
for all x € Q and
g€ Lip (RY). (3.3)

Having made the assumptions (3.1)-(3.3), its follows that there exists a countable sub-
group %° of ]R;V x R; containing Sp (¢) and Sp (w). Further, in virtue of [14, Propo-

sition 5.1] (see also [20, Proposition 4.1]) there exists a countable subgroup A of Rlyv
such that

g€ L2 (RY) and £ (x,.) € L2y (RY)

forany x € Q. Let %' be the subgroup of RY x Ry spanned by °U (%' x {0}). Wi
have #' C %y x % where %, and % are respectlvely the projections of %! on RN
and R;. Thus in view of Proposition 2.12 we have

¢, we Xy (3.4)

with # = %y x Hr;
geXy, and f(x,.) € X (3.5)

forall x € Q.
Before to state with some estimates of the solution to (1.1)-(1.4), let us recall the
following regularity results due to Lions-Magenes [1 I, Chapitre 5, Théoreme 2.1].

PROPOSITION 3.1. Suppose that the initial data of (1.1)-(1.4) verify
f € (Hy (QnH?*(Q) @W> (R);R) and g € W*= (R);R),

where W™ (Rjyv ;R) is the Sobolev space of functions in L™ (RQ’ ;R) with their deriva-
tives of order < 2. Then, for any € > 0, the solution of (1.1)-(1.4) verifies

up € L*(0,T;Hy (Q)) and uf € L* (0,T;L* (Q)).

Let us state some estimates. We denote by ¢(Q2) the constant in the Poincaré
inequality and we have the following proposition.

PROPOSITION 3.2. Suppose that the hypotheses of Proposition 3.1 are satisfied
and

o> c(Q)? (3.6)
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o being the constant in (1.6). Then, for any 0 < € < 1, the solution ug of (1.1)-(1.4)
verifies

HMEHLZ(OJ;H(}(Q)) <Cand H”/eHLZ(o,T;U(Q)) <G (3.7

where C > 0 is a constant independent of €.
Proof. Forall u,v € H} (Q), we put
, d
a, (tu,v) = e (t;u,v) (re0,7T))

for any € > 0. Multiplying (1.1) by u (z) and taking two times the real part of the
obtained equation lead to

%H”e ||L2 +ag (tsue () u (1) +ae (51 (1) ,ue (1)) =0 (t€[0,T]),

i.e.,
d

= ([l ()12 g +ae (10 (1) e (1)) = i (e (1) e (1)) (¢ € [0.71).

Integrating the preceding equality and using (1.6) lead to

e ()] +(a—c( P 1) e 0l

(3.8)
< llg®Z2(0) + o8 141 o +61fo||ue(S)||H1 ds

forall 7 € [0,T], where ¢o >0 and ¢; > 0 are constants independent of €. Let us note
that ||g¢||? 2@ +coe IVadlF Hi@  is uniformly bounded with respect to 0 < & < 1. Thus,
there exists a constant cr > O such that

I8%1172 ) + cog? Hf8||H1 <o (0<e<l).

Therefore, in view of (3.6), it follows from (3.8) that there exists a constant K > 0 such
that

t
[0 1)y e 1) gy < Koot Ker [ ([ () + e () ) s

forall # € [0,T]. Thus, by the Gronwall Lemma the preceding inequality leads to
2 2
Ik ()13 g + e (1) 23 ) < Kezexp (Ker)

forall # €[0,77], and (3.7) follows.
Now, let us introduce some functions spaces.
We consider the space

#(0,T) = {v € L*(0,T:Hy (Q)) : % € L2(Q)}
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which is a Hilbert space with the norm

HV”“//(O,T): <||V||Lz 0.T:H, (@ H ) (ve# (0,T)).

Further, we set
Fy=# (0,T) x L* (Q: H} (A(A,) x A(Ax)))

provided with the norm

Nl—

”“H]F(l) = (”"‘Oniﬂ(oj) + [Juy HiZ(Q;H#} (A(Ay)xA(AT)))> (l.l = (up,uy) € IF(I)) s

which makes it Hilbert space. We consider also the space
Fo =2(0)x[7(Q)®J(Z(A(A))/C)]

which is a dense subspace of F}. For u = (u,u;) and v =(vo,v;) €
Hy (Q) x L? (Q:Hj (A(Ay) x A(Az))), we set

8“0 8—\)0 3 —
(u,v) ;{///gm < +8u1> <(9_xi+8’vl> dxdﬁydﬂr—l-M(w)/Quovodx,

with of course M (w) = [ || A(Ay) xA(A7) wdPydp: . This defines a sesquilinear hermitian

form on [H} (Q) x L? (Q;H} (A(Ay) x A(AT)))]2 which is continuous. Further, we
have the following result.

THEOREM 3.1. Forany 0 < € < 1, let ug be the unique solution to (1.1)-(1.4).
Suppose that the hypotheses of Propositions 3.1 and 3.2 are satisfied. Then, given a
fundamental sequence E, there exists a subsequence E' extracted from E and functions
ug €% (0,T) and uy € L* (Q;Hj (A(Ay) X A(Ar))) such that as E' > € — 0,

ue — ug in % (0,T) -weak, (3.9)
e _, OU0 | 5y in12(Q)-weak T (1< j<N) (3.10)
ox;j oy X;
and 5 5
Jue _ Quy o2
5 o + douy in L* (Q) -weak X. (3.11)

Further u = (ug,uy) verifies the variational equation

{ u=(up,u;) € F, up(0) =0 and uj, (0) = g;

— [ (uly (1) , v () dt— [ [pxa(a)dour (x,1) dovi (x,t)dxdtds +Ja(u(r),v(r)dt=0
3.12)

forall v=(vo,v1) EF}, where g (x,1) = Jamy&(x,0)dB - ((x.1) € Q) ((,) denotes the

scalar product in L* (Q) as well as the dualzty pairing between H} (Q) and H' (Q)).
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Proof. According to (3.7), the sequence (ig) . is boundedin H'(Q) and #(0,T).
Hence, in virtue of Theorem 2.2 there exists a subsequence E’ extracted from E and
some vector function u= (ug,u) with up€ H'(Q;L*(A(A))) and u; €L*(Q; H} (A(A)))
such that

e — ug in L (Q) -weak T (3.13)

and (3.10)-(3.11) hold when E’ > € — 0. Moreover, by Theorem 2.3 we see that the
subsequence E’ can be extracted such that

ue — wo in % (0,T) -weak, (3.14)
ug — wo in L? (Q)-strong (3.15)
and
aug dw ’ )
—|—8 wy in L7 (Q)-weak X (1< j<N) (3.16)
8x, ox; xj

as E' > & — 0, where wy € L? (0;L* (A(A¢);:H} (A(Ay)))) . By (3.13)-(3.16) we have
up =wo and djw; = dju; (1 < j<N), thus (3.9) holds when E’ > € — 0. On the

other hand (3.11) implies % ‘9“0 €L?(Q), thus u = (ug,u; ) € F}. The theorem is certainly
proved if we can show that u verifies (3.12). We begin by verifying that uo (0) =0 (it is
worth recalling that 1y may be viewed as a continuous mapping of [0, 7] into L? (Q)).

Let v € H} (Q), and let ¢ € €' ([0,T]) with ¢ (T) =0. By an integration by
parts, we have,

T
[ 6@ 0wt [ e )6 (1)1 =— e 0)1) 0 (0) = ¢ (1) 9 0).

In view of (3.9), (3.5), Remarks 2.3 and 2.4, we pass to the limit in the preceding
equality as E' 3 € — 0. We obtain

T T
/0 (ug(t),v)q)(z)dur/o (uo (1),v) @ (1) di = 0.

Since ¢ and v are arbitrary, we see that ug (0) = 0. Further, we have

T T
| @) o i+ [ (1 0).6) 0 @)t = = (1(0).) 9.(0) = = (6°.1) 0 (0).
Let us mention that by using (3.7), it is easy to see that the sequence (u} ). is bounded

in L? (0,T;H ' (Q)) . Thus, using (3.5), Remark 2.4 and the same argument as above
we pass to the limit in preceding equality as E’' > € — 0 (E’ being well chosen). We

obtain
T T
| @) o' 0+ [ (5 0).v) (1)t = ~p(0) [ ga.

As ¢ and v are arbitrary, one has u;,(0) = g. Now, let us establish the variational
equation in (3.12). Fix any arbitrary two functions

Vo€ Z(Q) and y; € 7(Q)® (A”/C),
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and let
t
Ve = Wo+ eyt ie., We (x,1) = vy (x,1) + €y <x7t, g, E) for all (x,7) € Q,

where € > 0 is arbitrary. By (1.1), one as

dug OV,
at ot

d dt+/ ae (t3ug (1) , e (1)) di = 0. (3.17)
The aim is to pass to the limitin (3.17) as E’ > € — 0. First, we have

dug IV, dug (Y, IV, \* I, \*

o ar or Pd= /7 o e\ o ) T\ar ) )
Thus, in view of (3.9) and (3.11) (and using Definition 2.5), we have,

88“; 38"; € dxdt — / 8”08"’051 di + / / 8ou180—1171dxdtdl5

as E' 3 e — 0, since

/(/ 80u/1dﬁ> U0 vt —

in virtue of Proposition 2.9.
Next, we have

T T
| e 0)ye @)de — [ atuio).g ) ar
0 0

as E' > & — 0, where ¢ = (yp,J o yy). Indeed, ye — yp in L? (Q)-strong and %‘)‘f —

%—f;’ +0;y1 in L*(Q)-strong T as € — 0. Further the sequences (), and <%‘)’C’f ) o

are bounded in L* (Q). Thus using (3.4), Remark 2.4 and [19, Corollary 3.19] one
achieves the result in virtue of (3.10) and (3.15). Hence, passing to the limit in (3.17)
as E' 5 & — 0 leads to

- T
9uo Iy ;. dt—// aoulaov?ldxdrdm/ a(u(r),9(1))dr =0 (3.18)
o Ot Ot OxA(A) 0

for all ¢ =(wy,Joyy) € .. Moreover, since .7 is a dense subspace of F{, by
(3.18) we see that w = (up,u; ) verifies (3.12). The theorem is proved.

For further needs, we wish to give a simple representation of the function u; in
Theorem 3.1. For this purpose, let us introduce the form @ on Hj (A(A)) x Hj (A(A))
defined by

N
G (w,v) = / Cowavdp
; awy
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for all w, v € H} (A(A)). The sesquilinear form @ is continuous and hermitian. Next,
for any index [ with 1 <1 < N, we consider the variational problem

2 e (A W)), o
— Jaw) dox'dovdP +a(x',v) = Ja) €ovdB  forallv e Hy (A(A)). (3.19)

In the sequel we suppose that (3.19) admits a solution and we set
N 8140
Z ((x,1) € Q).
The function z belongs to L* (Q;Hj (A(A))) . Further, z verifies

/ 90z (x,t) dovdB+a(z (x,r) i 8_0 X t)/( covdB  forallve Hy (A(A))

(3.20)
((x,7) € Q). Indeed, multiplying the equality in (3.19) by 5 9”0 (x 1) and taking the sum
over 1 <1 < N of the obtained equation lead to (3.20).

3.1. The macroscopic homogenized equation

Our aim here is to derive the initial boundary value problem for . To begin, for
1 <i,j<N,let

,"Z(S,"/ cd —/ E&, jd s
qij J ) B A4 x'dp
0;; being the Kronecker symbol, and let w = |, AA) wdf. To the coefficients g;; we

attach the differential operator 2 on Q mapping 2’ (Q) into Z'(Q) (2’ (Q) being
the usual space of complex distributions on Q) as

2
Qu Eq,jaga forallu € 7' (Q).

i,j=1

We consider the following initial boundary value problem:

2
83 5+ Qug+ Wug = 0in Q = Qx]0,T], (3.21)
up =0 on dQx]0,T], (3.22)
up(0) =0in Q, (3.23)
8u0 o~
=, (0 =ginQ. (3.24)

The initial boundary value problem (3.21)-(3.24) is the so-called macroscopic homog-
enized equation.
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THEOREM 3.2. Suppose the hypotheses of Propositions 3.1 and 3.2 are satisfied.
Suppose further that (3.20) admits at most one solution. Then, for any fundamental
sequence E, there exists a subsequence E' extracted from E such that as E' > € — 0,
we have ug — ug in % (0,T)-weak (ug € % (0,T) being defined by (1.1)-(1.4)), where
ug is a weak solution to (3.21)-(3.24) in % (0,T).

Proof. As in the proof of Theorem 3.1, from any fundamental sequence E one can
extract a subsequence E’ such that as E’ 3 € — 0, we have (3.9)-(3.11), and further
(3.12) holds. In (3.12), choosing a test function v = (v, v;) € ]F(l) such that vy = 0 and
vi (x,1) = @ (x,1)v in (x,7) € Q, where ¢ € Z(Q) and v € Hj (A(A)), we see that u,
verifies (3.20) since ¢ is arbitrary. Thus, in virtue of the unicity of solution to (3.20),
one has

Y, 0
g aZf ((v1) € Q). (3.25)

Now, substituting (3.25) in (3.18) and then choosing therein the ¢ ’s such that y; =0,
a simple computation yields (3.21) with (3.22)-(3.24), of course. Hence the theorem
follows.

A concluding remark. In our study, we come up against the lack of unicity of the
solutions of both the global homogenized equation (3.12) and the local or microscopic
problem (3.19) as well as the equation (3.20) verified by the corrector term. Those
results would have been fundamental in the proof of the macroscopic homogenized
problem (3.21)-(3.23). Without those unicity results, it would be a difficult task, even
to derive the macroscopic homogenized equation (3.21) since the corrector term u
verifying (3.20) is not certainly of the form (3.25).
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