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MULTIPLE SOLUTIONS OF SYSTEMS INVOLVING FRACTIONAL
KIRCHHOFF-TYPE EQUATIONS WITH CRITICAL GROWTH

AUGUSTO C. R. COSTA AND BRAULIO B. V. MAIA*

(Communicated by C.-L. Tang)

Abstract. In this paper we are going to study existence and multiplicity of solutions of a system
involving fractional Kirchhoff-type and critical growth of form

) (=80 = 2100 | [ x|+ i 2uin

MR -8 = et | [ Glratas] 1 2ving
u=v=0inR"\Q,

where s € (0,1), n>2s, Q CR" is a bounded and open set, 2§ = 2n/(n — 2s) denotes the
fractional critical Sobolev exponent, the functions M, M>, f and g are continuous functions,
(—A)* is the fractional laplacian operator, ||.||x is a norm in the fractional Hilbert Sobolev space
X(Q), Flx,v(x) = [i9 f(r)dr, G(x,u(x)) = [1“) g(t)dt, ri and r, are positive constants, A
and 7y are real parameters. For this problem we prove the existence of infinitely many solutions,
via a suitable truncation argument and exploring the genus theory introduced by Krasnoselskii.
Also we show that these solutions are sufficiently regular and solve the problem pointwise.

1. Introduction

In this paper, we are concerned with the existence of multiple solutions for a sys-
tem of a fractional Kirchhoff-type of the following form

My (1l ) (A = A f(x,v(x)) [/Q%vu))dX] L lEuing,

(P12) (bR (- = vt | [ Gtxa)as| -+ b 2ving,
u=v=0inR"\ Q,
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where s € (0,1), n > 2s, Q C R" is a smooth bounded domain, we assume that
M,M>, f and g are continuous functions, which will be defined later. The operator

(-4)": L (R") — L2(R"),

is the fractional laplacian operator given by

: u(x) —u(y)
—A)’u(x) := lim C(n,s / ————dy,x e R",
(=A)u(x) := lim C(n,s) a0 T — 2

where .(R") is the set of all tempered distributions and C(n,s) is the following posi-

tive constant »
Cln,s) == (/ %ﬁf%g) ,

with { = ({,¢'), ¢ e R* 1L,

In recent years, a great attention has been focused on the study of fractional and
nonlocal operators of elliptic type, both for the pure mathematical research and for con-
crete real world applications. Fractional laplacian, for example, appears in Stochastic
process, more specifically, in Wiener process, often called the Brownian motion pro-
cess, (see Applebaum [3] and Bertoin [8]) and jump process (see Cont, [17]), so can be
applied in finance, phase transitions, anomalous diffusion, semi permeable membranes,
ultra-relativistic limits of quantum mechanics among others, see also the textbooks of
Caffarelli [15] and Nezza, G. Palatucci and E. Valdinoci [30] and their references for
more details. The study about multiplicity of solutions of version scalar of this type
of problem without the presence of nonlocal Kirchhoff term has been studied by sev-
eral authors using different techniques, Autuori and Pucci [4] use convexity results and
a variation of a Mountain pass theorem, bifurcation arguments are used by Bisci and
Fiscella (see [24]). Also G. Bisci and Servadei [10], Bisci and Pansera [11] and Bisci
and Repovs [12] use critical results due to Ricceri. In relation to works involving the
presence of the nonlocal term of the Kirchhoff we would emphasize Figueiredo, Bisci
and Servadei [26] and Fiscella [23] which show multiplicity of solutions using Kras-
noselskii’s genus, we also would like quote Fiscella and Valdinoci [24] and Servadei
and Valdinoci [32]. It is important to note that in [24] and [32] we have the following
problem

{M(Ilulli)(—A)Su = f(x,u(x)) inQ,
u=0inR"\ Q,

which models nonlocal aspects of the tension arising from nonlocal measurements of
the fractional length of the string.

For systems involving the fractional operator, without the presence of the Kirch-
hoff’s term, results of existence and multiplicity can be found in Bai [5], Faria et al.
[20, 21], Miyagaki and Pereira [29]. However, little has been done on systems involv-
ing laplacian operator and the presence of Kirchhoff’s nonlocal term, we point out the
work [ 18] where the authors find multiplicity of solutions for the system using Clark’s
theorem, but the same arguments can not be applied in our case, because of presence
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of a critical term. In addition, in view of the real-world applications cited above, the
problem becomes relevant.
In this work M}, M, : [0,+e0) — [0,+oc0) has the standard Kirchhoff form

M, (t) = mo+myt and My (t) = mj, +mt, (1)

where mg, my, mjy, m| are positive constants.
Also, we consider the following hypothesis for the function f: Q xR — R,

f(e,—1) = —f(x,1) for any (x,1) € B x R. fo)

f:Q xR — R is a continuous function and there are constants aj,a; >0 and 1 <
q1 <2/(r;+ 1) such that

ait™ P < fxt) <ap L (f1)

While the function g: Q xR — R,

glx,~1) = —g(x.1) for any (x,1) € A x R, (0)

g: QxR — R is a continuous function and there are constants by,b, > 0 and
1 <g»<2/(r,+1) such that

bot? 1 < g(x,t) < byt (g1)

The following are the main results of this paper.

THEOREM 1.1. Let s € (0,1), n > 2s, Q be an open bounded subset of R" and
ri,r2 = 0. Let My and My with the form (1). Let f: QxR — R verifying (fo) and

(f1), and g : Q x R — R verifying (go) and (g1). Then, there exist A, ¥ >0 such that
forany (A,7) € (0,A) x (0,7) the problem (P), ) has infinitely many weak solutions.

THEOREM 1.2. (Regularity) If (u,v) is a weak solution to problem (P, ,), then
(u,v) € C%(Q) for s € (0,1/2) and (u,v) € C2’a(Q) for s € (1/2,1). In particular,

loc ) - loc
(u,v) solves (P),_,) in the classical sense.

A typical example of model that the two Theorems above allow us solve is the
following nonlocal system involving the original Kirchhoff’s term

3/5
(81 + &2 [ul|3) (—A)/*u = A 85v [%/szdx} +u®3 2uin (—1,1),

3/5
(84 + 85| [v]|%) (—A) /4y = ySeu |:%/u2dx:| +183 "2y in (—1,1),
Q
u=v=0inR\ (—1,1),
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where §; = 1,..,6 are positive constants. This system is a physical model of two elastic
strings fixed at the extremes independents of the time. These strings are represented
by the graphs of the functions u: [—1,1] - R and v: [—1,1] — R where u(—1) =
u(1) = v(—1) =v(1) = 0. In space H'/*(R), we can identify this finite strings with
infinite ones, extending the functions # and v to R doing u(x) = v(x) = 0 for all
x€ R\ (—1,1). The terms & + &||u||% and & + &s||v||3 are the elastic tensions for u
and v respectively and the functions

1 3/5 | 3/5
A3V [5 /szdx] +u¥3 2y and Yt [5 /Quzdx] + v8/372v,

represent source forces. Besides that, since the Theorems hold true for A and vy near to
zero, we can see the terms

{ 3/5 ! 3/5
A3V [—/ vzdx] and ydsu {—/ uzdx] ,
2 Jo 2 Jo

as small perturbations.

This paper is organized as follows: In Section 2 we present some notations, basic
notions on the fractional Sobolev spaces and results involving the energy functional
associated to the problem (P, ). In Section 3 we remember the most basic results
of Krasnoselskii’s genus. In Section 4, we show that the functional associated with
problem (P ,) satisfies a local Palais-Smale condition. In Section 5, we show the
truncated functional and study under what assumptions that functional satisfies the local
Palais-Smale condition and when it is equal to the functional associated to the problem
(PM/)- The Section 6 is devoted to show the existence results, to do this, we exploit
some arguments using Krasnoselskii’s genus to proof the Theorem 1.1. In the end, in
Section 7, we show that solution of the problem (P, ,) is Holder continuous.

2. Variational settings
Along this paper, the space X (Q2) is given by
X(Q):={uecH'R");u=0aein R"\Q},

H*(Q) is the well known Sobolev fractional space. X (Q) is a Hilbert space equipped
with the inner product

(1, v)y = /R ) ((x) - b;(y_»y(:gz =70) 4rea,

which induces the norm

lully = (/Rz %W”)i'
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The fractional Sobolev spaces are intimately related with problems involving non-
local operators. A detailed treatment on fractional Sobolev space and fractional lapla-
cian can be founded in Nezza, Palatucci and Valdinci [30] and Bisci, Radulescu and
Servadei [9].

For a clean notation, we are going to designate the norm in L”(Q) by | . |,, that
is,

ul? :/ lu(x)|Pdx, u € L7 (Q).
Q

Also, we define the space Y (Q) = X (Q) x X(Q) with the norm

[1Ge )2 = /el + VI3

In this case, (Y(Q),|| . ||2) is a Hilbert space.
The weak formulation of (P, ,) is as follows. We say that (u,v) € Y(Q) is a weak
solution of (P, ,) if

My (1lul %) {u, @)y +Ma(IVIR) (v, w)x

:l/f(x,v)(p(x)dx [/ F(xm)dx} rl—l—y/ g(x,u)y(x)dx [/QG(xm)dx] :
s [ WP uteact [ Py

forall (¢,y) € Y(Q).
So, we define the functional J; , : ¥ (€2) — R as the functional associated with the
problem (P, ,) given by

1~ 1~ ri+1
Ji) =5 (I1R) + 53V~ 2 | [ Pl

+1
Y / " 1 21
- G(x,u)d s — —|vl5s,
r+1 [ Q (o) x] 2*‘”'2 2% M%

— ! P t
for w= (u,v) and where M (t) = / M (t)dt and M>(t) :/ M, (t)dr.
0 0

One can show that J Ay is Frechét differentiable, with derivative,

s, (,0). (0, ¥))
M ([l ) (u, @) +Ma(|V]P) .y

—l/f(x,v)(p(x)dx [/ F(x,v)dx} rl—y/ g(x,u)y(x)dx [/QG()C,u)dx] : )
— [P Rutpear— [ v vownax

Moreover, the critical points of J; , are a weak solution for (P, ,) and vice versa.
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In order to use variational methods, we first derive some related to the Palais-Smale
compactness condition.

We say that a sequence {w;}jcn € Y (Q) is a Palais-Smale sequence for the func-
tional J:Y(Q) — R if

J(wj) — cand J'(wj) — 0in (Y(Q))" as j — oo, 3)

for some ¢ € R.

If (3) implies the existence of a subsequence (w;;) C (w;) which converges strongly
in Y(Q), we say that J satisfies the Palais-Smale condition. If this subsequence exists
only for some ¢ values, we say that J satisfies a local Palais-Smale condition.

3. Preliminary results

We will start by considering some basic notions on the Krasnoselskii’s genus that
we will use in the proof of our main results. These results were introduced by Kras-
noselskii in [28].

Let E a real Banach space. Let us denote by % the class of all closed subsets
A C E\ {0} that are symmetric with respect to the origin, thatis, u € A implies —u€A.

DEFINITION 3.1. Let A € % . The Krasnoselkii genus 6(A) of A is defined as
being the least positive integer k such that there is an odd mapping ¢ € C(A,R¥) such
that ¢(x) #0 for all x € A. If k does not exist we set 6(A) = oo. Furthermore, by
definition 6(0) =0.

In advance we will recall only the properties of the genus that will be used through-
out this work. More information on this subject may be found in the references by
Ambrosseti and Rabinowitz in [2] and Krasnoselskii [28].

PROPOSITION 3.2. Let E =R" and dQ be the boundary of a open, symmetric
and bounded subset Q C R" with 0 € Q. Then 6(9Q) =n.

COROLLARY 3.3. o(S"!) =n.

PROPOSITION 3.4. If K€ %, 0¢ K and 6(K) > 2, then K has infinitely many
points.

4. The Palais-Smale condition

In this section we will show a compactness property for the functional J; ,, given
by the local Palais-Smale condition. For this, in order to overcome the lack of compact-
ness due to the presence of the critical term we exploit a concentration-compactness
principle, introduced in the fractional framework in Palatucci and Pisante [31]. We ar-
gue in general on a standart way, like in Fiscella [23] and Figueiredo and Santos [27],
but with technical changes.

For further purposes, we consider the following constants:
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i 1 ri+1 2% gy \ 711 1 r %2
k= gl oThe =5 (2 @ T,

1 \a 2\q1

i 1 b r+1 2%—qy r+l 1 /b \" %2
ks = - Q| ¥ k=[5 (2) lu F

2+ 1\q 2\q2

ks = :(C(n,s)Smo)% + (C(n,s)Sm{))Zﬂ .

Besides that, we define the function gy , : [0, +c0) X [0,4e0) — R given by:
8a.4(1,2) = = Ayt — R gr 171z — kg2 )
1 1 * «
— )/k4Zqzilt + (5 — ?) (t2s +Z2S +k5> .

We would like to emphasize that the function g, , defined above is coercive and
continuous, therefore lower bounded, that is, for each A,y € R there exists Zy such
that

Zy =infg; ,(t,2). (5)

Also note that we can choose a pair (4,7) sufficiently small such that g ,(0,0) > Zo >
0.

The next show us that Palais-Smale condition holds for a certainly level ¢, which
depends also on the best fractional critical Sobolev constant defined by

JRLCEIP

m ‘x_y‘n-&-Zs

S= inf . ©6)
veHs (R"),v#£0 . 2%
( v(x)|> dx)
Rn
LEMMA 4.1. Let w; = (u;,v;) be a bounded sequence in Y (Q) verifying

Jkﬁy(wj)ﬁcandji ,wj) = 0as j— oo 7
with

¢ <2y, (8)

where Zy is defined in (5).
Then, there exist Ay > 0 and Y > 0 such for any (A,y) € (0,4) x (0,%) we have
that Zo > 0 and, up to a subsequence, {(u;,v;)} jen is strongly convergent in Y (Q).

Proof. Since {w; = (uj,v;)}jen is bounded in ¥ (Q), by evoking (Fiscella [22],

Lemma 2.1) and (Brezis [13], Theorem 4.9) there exists (u,v) € Y (Q) such that up to
a subsequence, it follows that

Uy — uin X (Q) and in L (Q), [|uj|[x — o,
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vy — vin X (Q) and in L> (Q), ||v;|[x — B, 9)
uj — uin L9(Q) and in L*(Q), u; — u a.e in Q, [u;| < hy aein Q,
v; — vin L?(Q) and in L}(Q), vi—vaeinQ, |vj| <hyaeinQ,
for some hy € L9 (Q) NL*(Q), hy € L2(Q)NL*(Q)and for 1 < ¢ < i and
Al
I<g< 2
TN
Now, we claim that
o5 = el % and [[v; ][5 — []v]|* as j — e, (10)

which clearly implies that u; — u and v; — v in X(Q) as j goes to infinity. By
(Fiscella [22], Lemma 2.1) the sequence {u;}jcn is also bounded in Hj(Q). So, by
Phrokorov’s theorem (see Bogachev [14], Theorem 8.6.2) we may suppose that there
are positive measures (, v, ' and v/ such that

[(=A)Zu;(x)Pdx = p, uj(x) P dx = v (11)
and
[(=A)2v;(x)Pdx = p’ and |v;(x)[>dx = V. (12)

Moreover, by (Palatucci and Pisante[3 1], Theorem 5) we obtain an at most count-
able set of distinct points {x;};c, non negative numbers {L;}ica, {/ W tieas {Vitiea,
{V!}iea and positive measures fi and fi" with support contained in Q such that

v =[u(x)[Fdx+ Y Vidy, tt = [(=A) u(x)Pdx+ i+ Y, by, (13)
ieA ieA
V= ()P dx+ Y VIS, 1 = [(—A) v(x)Pdx+ @'+ Y pls,,  (14)
ieA ieA
and
op A o 22
Vi<ST ;7 and Vv, <ST 2 (15)

where S is the best Sobolev constant defined in (6).
Now, in order to prove (10) we proceed by three steps.
Step 1: We are going to show that

Vi + Vi, = M1 ()C(n,5) iy +Ma(B)C(n,5) . (16)
Let v € C5(R";[0,1]) be such that

1 forx € B(0;1),
y(x) = " B
0 forx € R"\ B(0;2).
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Forany & > 0 we set s, (x) =y ((x—x;,)/8) . Itis easy to see that {5 ; u;} jen
and {y;s;,v;}jen are bounded in X (Q), and so by (7) it follows that

<Ji,y(uj7vj)a (Wa,iouﬁ Wﬁ,iovj)> —0as j— oo,

From this, by applying also (2) we get
r
oy | [ Flevitax| [ 7tsi) v tolax
r
| [ G| [ et s

[ ) o (x| vy v (0
=M (|[aj11)2 (e W iy 1) x + Ma(11511) v W 10v)x

as j — oo,
By (Nezza, Palatucci and Valdinoci [30], Proposition 3.6) we know that for any
we Cy ()
w(x) —w(y)?
/]RZ" dedy =C(n,s) /R" (—A)2w(x)| dx, (17)

where C(n,s) > 0 is the normalizing constant. And by taking derivative of the above
equality, for any v,w € C7'(€2) we obtain

/ () =vONO) =WV 4 — ) / (—A)3v(x) (—A) 2 w(x)dx.  (18)
R R"

x— y[r+2s
Furthermore, for any v,w € C7(Q) we have
(=A)3 (vw) = v(=A) 3w w(=A)3v =215 (v,w), (19)
where [ is defined in the principal value sense, as follows

O =y W) —wk))

Is (v, =PV.
2(V W)(x) Rr |x_y|n+s

So, by (18) and (19), we can write

(uj, Ws jgUj)x
_/ (uj (%) = u;(0) (Wi ()1 (x) — Wi, (V)1 (v))
- R2n ‘x_y‘n-&-Zs

=Co,s) [ (0)(=8) 2y (0 (=) iy ()ex +-C.) [ 1(=8)F0,(0) Py ()
) [ (bt [ 0O Yl Vi)

Z e =yt

dxdy

=l

dxdy.
(20)
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By (Barrios [6], Lemma 2.8 and Lemma 2.9) we have

tim fim | [ 0,(6)(=8) 31 () () i ()| =0 e
and
lim lim / (—A)%u,(x)/ (10 (x) = u;()) (W iy (X)) — W5 iy (V) (v)) dxdy| 0.
8—0 j—oo n ! n |x — y|n+s
(22)
By (11), (20), (21) and (22) we can conclude that
%m})jhm <uj7 Vs, louj>X C(}’l S)”lo (23)
In the same way we did before, we are able to show that
lim lim (v;, W5 ;,v;)x = C(n,s)uy,- (24)

6—0j—

By condition (f), forany j €N

az
S Fvi) < 2l

and since {v;}jen is bounded in X (€2), {v;} jen is bounded in L91(Q). Besides that,
r1
{ [ / Flx,v ,-(x))dx] } is bounded in R. (25)
Q jeN

Hence, using (9) it’s clear that f(x,v;(x))u;(x)Ws i, (x) — f(x,v(x))u(x)ys ;, (x)
as j — oo. Still by (9), by condition (f;), Holder inequality and without loss of gener-
ality supposing that g > g, we get

F 06 () ()W iy ()dx < [ | D gl < B [y,
Q Q q1-1

Therefore, using the Dominated convergence theorem,

[ s 0w, (e = [ 50000V (s = .

Taking 6 — 0 we see that

tim [ () ) () = lim oy T VD) V(5 =0 26)

Combining (25) and (26), it’s easy to see that

lim lim [/ F(x,vj dx} /fx Vi (X)) Ws.i, (X)uj(x)dx = 0. 27

8—0 j—e
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Using similar arguments we obtain

lim lim {/Q G(x,uj(x))dx] ; /Qg(x7 uj(x))Ws i, (x)v;(x)dx = 0. (28)

5—0 j—nx)

Therefore, along (11) and (12) follows

tim tim [ Ju; (00 i ydx = v,

6—0j—JQ
and
lmlm/ () s dx =V,
51—>0j1 ‘vj(x)| Wé,o X I
hence combining the last formulas with (20), (21), (22), (23) and (24), we obtain

Vig + Viy = M1 (0)C(n, )iy +Ma(B)C(n, 5) (29)

Step 2: Prove that (16) can not occur, hence A is an empty set.
By contradiction we assume that (16) holds. By (7) we have

/—»

1
¢ = lim <‘]7L Y(uJ’VJ) 2<J§L’Y(uj,\)j),(uj,\1j)>> :
Moreover, by form of M, M, we have
1 !
54y (uj,v5), (j,vi))

2
1 1 1

My (gl 5) = 5M1 (gl )l 1 + 58221 1vl1z) = 5Ma2(11vi115) vl
2 2 2

I’1+l
rl—l—l[/vaj dx] [/vaj dx} /\v\‘hl

y ri+1 y r .
p— QG(x uj(x ))dx} —|—§ [/QG(x,uj(x))dx] /Q‘uj‘qz— vjdx

11 . .
3~ ;) (/Q|uj2sdx+/g|vj|2”dx>, (30)

< 1, moreover taking j — oo and using (f) and (f>) we get

Iy (uj,vi) —

NI'—‘

since 0 < Vs

A a\"" q1 r1+1 « rl/ B
> — = q1
s A (9) i 2)° [ bl utoas
r+ rn
- rzr—l <ﬂ> Jul 2 <@> / |u(x) |2y (x)dx
1

Now, we define the following subsets of Q:

= {x € Qlu(x) =0}, Q = {x € Qlu(x) < 0}, Q3 = {x € QJv(x) >0} and
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Q ={xeQv(x) <0}.

By this way we can write

A (@) ai(n+) )L a)" a1 a1
ES (Z) [Vla: 2 (E) [ QI|V(X)‘ “(x)dx_/gzh’(x)\ u(x)dx]
Y (h @2 (rrt1) by\" 1 B ol
rz-l—l( ) Julg) 2<q2> Q}\u(x)\ v(x)dx /94\14()6)\ [v(x)|dx
1
#(33) (Lwsotv+ [wsaa?).

Then, we can estimate that

A (a0 ay\" _
r1+1< 1) A" - (f) 0l ) s
Y (BTt Y b_z ’2/ et

m+l ( ) (%)l > | GOl v(x) ey dx

1
+<§—2—*) </ l[/glodv-l-/ l[/g,odv)

using Holder inequality and taking & — o we finally get

A [a ! % "t . %
Q2541 |y|1L _ 2 Z= q1— Q|21
r1+1< ) g -5 (5 2l 22

b\ e L b _ -
S (B [ - (2) g bl 6

l 1 * * 1 l ; .,
+{z—= (Iu\gi + |v|§i> +(=z—= [(C(n,s)SmO)Z + (C(n,s)Smé))z] .
272 T ) 7 =2

By (4) and (31), we have ¢ > g; ,(t,z) for any (z,z) € [0,+e] x [0, +2o], conse-
quently ¢ > Zy which contradicts (8). Here we are tacitly assuming the existence of
(A0, %) such that Zy > 0 forall (4,y) € (0,40) x (0,%).

Step 3: Claim (10) is true.

By considering iy arbitrary, we deduce that v; =0 and vi’ =0 forany i€ A. Asa
consequence, from also (11), (12), (13) and (14) it follows that u; — u in L* (Q) and
vj—vin L* (Q) as j — . Since {(uj,v;)} jen is bounded in ¥ (), by (7) it follows
that <J§L’y(uj,vj), (uj—u,vj—v)) — 0 as j— oo, that is,

My ([[ul [5) (e — ) +Ma(||V]3)(vj, v —v)

| [ Flsas] [ s 0) 000 - e
| tansna] [ )50 - v
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as j — oo,
By (f1). (g1), (9) and by the Dominated convergence theorem we get

—0as j—oo

£ 0) a0 )

and

— 0 as j— oo,

| 8 y) — v

while by considering Holder inequality

—0as j—oo

1015 a1 3) )

and

— 0 as j— oo,

L P00 = ()

So, by the above estimates, (2) and remembering the weak convergence (u;,v;) —
(u,v) we have

My(0?)(|lujl[§ — (ujsu)x) — 0 and Ma(B?)(||vjl[% — (vj,v)x) — 0 as j— .

Where it immediately follows the convergence in (10). [

5. Truncation argument

Since we wish show the multiplicity of solutions for (P, ,) using Krasnoselskii’s
genus, we would like that the functional J. A,y tO be bounded from below, but this does
not occur. In fact, by the continuity of M| and M,, using the Mean value theorem for
integrals and the conditions ( f;) and ( f>), there are C;,C; > 0 in such a way that

Cot? A ri+
Jy ),(tu tv) < H HX+ 2 H HX () 2 a | |111 (ri+1)
r+1\q
(32)

rmn+l ’f
oy Y (b B(r+1) o 2
_y42(n2 )m <_> |u| 22 > o7 (lul3s ++[v[53).

In view of the fact that 2 > 2 we conclude that the right side of (32) goes to —eo
when t — oo, by this reason

Ty (tu,tv) — —ooast — +oo.
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To overcome this difficulty we going to work with truncation arguments to deal
with this problem in a alternative way, like in Azorero and Alonso [1]. First, see that
take into account (1), (f), (g1 ) and the Sobolev embeddings (see Nezza, Palatucci and
Valdinoci [30], Theorem 6.5) we have

m/ A,Srl+l a q1(r1+1) 0
J 200 y13 — 2L “2 q1(r1+1)
poti) 222l + MR - oL (2)7 g .
YSQ_H b2 qr(r+1) (1) Sz*
m+1(—) Il = -l + )

where S1,5> and S3 are embedding constants.
Now, we define some constants to improve the notation used in (33)

m = min{mo,m},

q1(r1+1) q2(ra+1)
K :max{(a—2> S?“,(@) S£2+1}7
q1 q2

and

For our purposes we can take w € (Y (Q),]].]|2) and using above constants, we can
change estimate in (33) by

J)L,y(w)

m 2 +1) +1) 2F
> 2wl - Ki (——4|%” Ll )—Mﬂm;=%¢ww»
where we denote

m 7L 'y *
@ 1) =21k (L) Y et g
(1) 2 1<r1+1 +r2+l 2

Now, we can take R > 0 sufficiently small such that
%R% —2KRY >0

and we define

2% o
w1 ntl fm, KRS s L n+l [m , KR
r= Ky g+l (ZRI_ 7 ) Y = Rt (2R ) G

then ¢« ,«(R1) > 0. Given the fact,

m 1
gl*ﬁf“ (Ry) ZER% _KlRllh(r1+ )

ri+1 mpa KQR%;f
(71+1)(Rllh(rl+l))K1. g ! 2
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2%

rn+1 mR2 K2R1°

. - 1 -
(}”2—1— 1)(R1112(V2+1))K1 8 2
25
TR0 (TR% _ KR,
2 8

From this, we consider

1 2y
— KR —2KRY

) _2KoRY = %R% — KR > 0.

Ry =max{z € (0,R1); )+ < O0}.

Since by g(r; +1) <2 we have 9. (1) <0 for ¢ sufficiently near to 0 since also
9. y(R1) > 0, it easily follows that % ,(Ro).

Now, we choose ¢ : [0,00) — [0,1] such that ¢(¢) =1 if # € [0,Rp] and ¢(r) =
if t € [Ry,0). So, we consider the truncated functional

ri+1
1) =5+ 32113~ -7 (Pt

r+1 i
— L (f Gtwtean) = ol (-l + o).

LEMMA 5.1. There exists A,7 > 0 such that for any (A,7) € (0,1) x (0,1):
(W) If I, y(w) <O then ||w||2 < Ry and Jy (W) = I) y(w) for any w sufficiently small
of w.

(ii) Iy satisfies a local Palais-Smale condition for ¢ < 0.

Proof. Consider A9 and 9y the same constants of the Lemma 1. Consider also
A* and y* defined in (34), we choose A and ¥ sufficiently small such that A <
min{Ap,A*} and ¥ < min{y,y"} .

For proving (i) we assume that A <A, y< 7 and I;_ <0 (by hypothesis). When
[[w|]2 = Ry, using the same arguments like in (33) and that ¢, (r; + 1), g2(r2+1) <2,
we have

m
) > G- (2

qu r1+1 H qu (ra+1) ) < 0.

Moreover, ¥ ,(R;1) > 0 then we get a contradiction 0 < I , < 0. When [|w|[. <Ry,
we have ¢(||w|]) < 1, so remembering that A < A* and y < y*, we conclude

0= 1 ,(w) =G o ([Wl2) = Doy ([[Wl]2)

and this yields ||w||> < Ry, by definition of Ry. Furthermore, for any w € B(0,Ry/2)
we have I ,(w) = J3 ,(w).

To prove a local Palais-Smale condition for /) , for ¢ <0, we first observe that
any Palais-Smale sequences for I3 , must be bounded, since /, , is coercive. So, since
A < Ao and Y < 9 and
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by Lemma 4.1 we have a local Palais-Smale condition for I , = J; , at any level
c<0. O

To proceed our work, we need remember briefly the spectral theory for the follow-
ing eigenvalue problem

(=AYu=2Auin Q,u=0in R"\ Q. (35)

If (35) admits a weak solution u € X (Q)\ {0}, then A is called an eigenvalue and
u a A-eigenfunction. The set of all eigenvalue of the problem (35) is called spectrum
of (—A)* in X(Q). Since K = [(—A)*]~! is a compact operator, the problem (35) can
be written as u = AKu with u € L?>(Q), hence the following result are true (see Bisci,
Radulescu and Servadei [9], Proposition 3.1):
(i) problem (35) admits an eigenvalue A4, ¢ can be characterized as follows

/ [(— x)|2dx
A .

s = mimn = 5 (36)
LS ex\{o) / () 2dx
Rn

(ii) there exists a non-negative function ¢, ; € X (), which is an eigenfunction corre-
sponding to A s, attaining the minimum in (36);
(iii) the set of eigenvalues of problem (35) consists of a sequence {kk7_y} satisfying

zfls A25\" zfjxngj+l,s<-~-a sz,.\'—>°°7 as k — oo;
(iv) for each k € N, let @ be a eigenfunction associated to the eigenvalue 7Lk7s, then

the sequence { @y} is an orthonormal basis either of L?(Q2) and of X (Q).

LEMMA 5.2. Forany A, y>0 and k, k €N, there exist € = &(A,7,k) >0, such
that
G(I;j/) >k,

where I/{‘; ={we¥(Q); I ,(w) < —¢}.

Proof. Let m > 1 be a positive integer and denote by

Vi :=spanf{(0,@1,), (91,5,0), .., (0, Pm,s), (Pms,0) }

a finite linear subspace of Y (€2), where k =2m and ¢ , is the eigenfunction associated
to the eigenvalue Ay, of the problem (35). Since (Vi,||.||2) is a finite dimensional
space, there are positives constants ¢ (k) and ¢,(k) such that

c1(k)|[ul¢ < [ulg; and c2(R)[ VI < [V[g;

for any (u,v) € Vi.. So, by using also (f1), (g1) and taking ||w||> = ||(&,v)||» < Ry we
get

A ay e (ri+1)
Dt <+ MR - A ()
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Y bi\"? @ (r+1) < 2F 2’?)
- - uly: + v
| (qz) |ulg, T luly: + vl

A (alcz(k)>rl+l| qu (ri+1)

m? n;
<1 2020012 - 2
< Mullx + =7Vl n i\

7 blcl(k) r2+lH qu r2+1
mn+1 q2

forall (u,v) € Vi, with m} = max;c(o g, M1(7T), m; =maxco g, M2(7) by continuity
of My and M, . Finally, let M* = max{mj,m3}, p and R be positive constants with

p<R<

. 2 alcg(k) ri+ Z—ql(lrlﬂ) % blCl(k) o+l Z—qz(lrzﬂ)
0 4M*(r1+l) q1 ’ 4M*(r2+1) a4 )

and let

Sk={weVi;|wlla=p}.

Of course, Sy is homeomorphic to S¥~!. Moreover for any w = (u,v) €Sy

I)L,y(w)

* ri+1 rp+1
<%HWH%— A (M) 1 TR o —— (M) ’ ||ug| 9272+
2 ri+1 q1 rn+1 92

<2p— A (alcz(k>)rl+lp‘11(r1+1)_ 4 (blcl(k))r2+lpqz(r2+1)
4(ri+1) q1 4(ry+1) a0

ri+1
:p‘h(rﬁrl) (M*p2—ql(r1+1)_ A (alcz(k)> " )

4(r1+1) q1

rp+1
+ p@lr2th) (M*pz_qz(rzﬂ) 7 (blcl(k)> i ) <0.

4(r+1) a2

So, we can find a constant € > 0 such that I;H,(w) < —¢ forany w € S;. Hence,
Sk C I, %, and by Corollary 3.3 we have 6(I; %) > 0(Sy) =k. O

6. Proof of Theorem 1.1

In this section we will proof the main result of our paper. It is important to say that
we can not use the well know Clark’s theorem (see Clark [16]) like Costa and Ferreira
did in [19] because the functional I , only satisfies the condition Palais-Smale locally.
To overcome this difficulty we use similar arguments founded in Azorero and Alonso
[1].

For any k € N consider the sets

I'={CCZ;Cisclosed, C = —Cand o(C) >k},
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Ke={weY(Q); I (w) =0and ) ,(w) = c},

and the number ¢; = infcer, sup,,cc 1) ,(w). Note that set I;‘; defined in Lemma 5.2
belongs to Iy, then the definition of ¢; makes sense.

The following two lemmas about the family of ¢; numbers will help us to prove
our main result, the first one ensures that the minimax sequence of ¢; are negatives,
and the second one show us that K, is not empty and o (K.) > 2.

LEMMA 6.1. Forany A,y >0 and k € N, the number ¢y, is negative.

Proof. Let A,y >0 and k € N. By Lemma 5.2, there exist € > 0 such that
G(I;‘;) > k . Since also I; , is continuous and even, I;‘; € I't. From I ,(0) =0

we have 0 ¢ IZ‘; Furthermore, SqueIﬁ, I ,(w) < —¢. Hence,

—oo < ¢ = inf suply ,(w) < sup [ (w) < —e<0. O
Celkwec wel, €
Ay

LEMMA 6.2. If ¢ = k41 = Cpy2 = ... = Ck4r for some r € N, then

o(K:) =>r+1,

for (A,y) € (0,2) x (0,7), where A and ¥ are defined in Lemma 5.1.

Proof. Let (A,y) € (0,A) x (0,7) and k € N. Since ¢; = g = ... = Cpyr <0
from the Lemma 5.1 we have that the functional /; , satisfies the Palais-Smale condi-
tion, hence the set K. is compact. Moreover K, = —K,. If 6(K,) < r, there exist a

symmetric set U with K. C U such that o(U) = 6(K.) < r. By the fact that ¢ < 0 we
can choose U C Igy.

By the Deformation lemma (Benci [7], Theorem 3.4) we have an odd homeomor-
phism 7 : Y (Q) — Y(Q) such that 11(11_*),‘s -U)C Ii_*y‘s for some & € (0,—c). So, it

follows that Ii_*y‘s - Igy, and by definition of ¢ = ¢, there exist A € Iy, such that
suplj ,(w) < c+ &, in other words, A C If? and
weA ’
nA-U)Cnyic—v)crte. (37)
But, by the genus properties (see [28]) we get
G(A=U)zo(Il}\)—o(U) >k

Then, using the monotonicity of the genus we have that (A —U) € I'y, which
implies
sup I}L.,)/(W) > Cp=2¢,
wen(A-U)

and this fact contradicts (37). [
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Proof of Theorem 1.1. If —eco < ¢ < cpy1 < ... < Cpgr < ..., by Lemma 6.1
{ck}ren are negative, then I; , admits infinity solutions with negative energy, by Lemma
5.1 we have infinitely many critical points for J, ,, hence the problem (P, ,) has in-
finitely many solutions.

On the other hand if ¢ = ¢x = ¢y = ... = ¢4r» then 0(K;) = 1471 > 2 by the
Lemma 6.2. So by Proposition 3.4 the set K. has infinitely many points, as we did
before we can conclude that all these points are critical for J; ,, hence (P ,) has
infinitely many solutions. [

7. Proof of Theorem 1.2

Although we did not mention regularity in our existence results, it is possible to
show that the solutions we have found are Holder continuous and solve their equation
pointwise. The proof of this fact is rather standard, to do this, we just write the problem
(PM/) in the form

(~8)'u= b (x Fev(x) { /Q F(x,v(x))dx] ! +u2§2u) inQ,

(~8)v = b ()/g(x,u(x)) [ /Q G(x,u(x))dx} ; +v2if2v> inQ,
u=v=0inR"\ Q.

Therefore by the growth conditions of f and g, we can apply the Lemmas 2.3 and 3.1
in [20] to obtain the result. [
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