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OSCILLATORY BEHAVIOR OF SECOND ORDER
NONLINEAR DELAY DIFFERENTIAL EQUATIONS
WITH POSITIVE AND NEGATIVE NEUTRAL TERMS

SAID R. GRACE, JOHN R. GRAEF* AND IRENA JADLOVSKA

(Communicated by L. Berezansky)

Abstract. The aim of the paper is to initiate a study of the oscillation of solutions of second order
nonlinear differential equations with positive and negative nonlinear neutral terms. The results
are illustrated by some examples.

1. Introduction

This paper is concerned with oscillatory behavior of all solutions of nonlinear
second order delay differential equations with positive and negative neutral terms. The
second term in the equation contains a delay as well. In particular, the equations under
consideration here have the form

(r(t) (y/(t))ﬁ>/ LN (2() =0, 131> 1, (1.1a)

where
y(@) :=x)+ p1(1)x* (o (1)) — p2(1)x*2 (o (2)). (1.1b)
In the sequel, we will make use of the following conditions:

(Ho) o4, 0, B, and y are the ratios of positive odd integers;

H1) p1, p2, q € €([to,),[0,00)) and g does not vanish identically on any half-line
of the form [z,,e0) for any #, > 1y;

(Hy) the delay functions 7, ¢ € €([tg,),R) are such that 7(¢) <1, 0(t) <1, o’'(t) >
0, and lim; e T(t) = limy 0o () = oo;

(H3) r € € (tg, ), (0,0)) satisfies

|
R(t,to) :/t0 st — o0 a8 [ — oo
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(Hyg) h(t) =0 (z(t)) <t, W (¢) > 0, and lim, .. h(t) = oo.

Let T > 1y be such that t(r) > 1y and o(¢t) > t9 for t > T. By a solution of
equation (1.1), we mean a function x € € ([T,),R) having the property that r(y')" €
€'([T,*),R) and which satisfies (1.1) on [T,e). We only consider those solutions of
(1.1) that exist on some half-line to the right and satisfy the condition

sup{|x(t)|: T1 <t <o} >0 forany T} >T.

Moreover, we tacitly assume that equation (1.1) possesses such solutions. As is cus-
tomary, a solution x of (1.1) is said to be oscillatory if it is neither eventually positive
nor eventually negative, and it is said to be nonoscillatory otherwise. The equation it-
self is termed oscillatory if all its solutions oscillate. We note that the equation is called
half-linear if y = 3, sub-half-linear if ¥ < 8 and super-half-linear if y > 3.

In recent years, there has been considerable research activity concerning the oscil-
lation and nonoscillation of solutions of various differential equations The qualitative
study of neutral differential equations, has besides its theoretical interest, significant
practical importance. This is due to fact that they arise in various phenomena including
problems concerning electric networks containing lossless transmission lines (as in high
speed computers where such lines are used to interconnect switching circuits), in the
study of vibrating masses attached to an elastic bar, and in the solution of variational
problems with time delays. We refer the reader to Hale’s monograph [7] for further
applications in science and technology.

In reviewing the literature, it becomes apparent that results on the oscillatory
behavior of second-order differential equations with a single sublinear neutral term
are relatively scarce. For initial contributions on such equations, we refer the reader
to [6] where some oscillation results for (1.1) were obtained in the linear case 3 =
y = land p,(¢) = 0 using the Riccati transformation technique and some inequali-
ties. On the other hand, Grace [5] established some new results for the case p;(7) =
0 and op = 1. Li and Rogovchenko [13, 14] have obtained oscillation results for
neutral equations with p,(f) = 0 by comparing to first order equations and inequali-
ties respectively. Additional results on equations with neutral terms can be found in
[1,2,3,4, 11,13, 14, 16, 17, 18, 20]; while some of the equations studied in these
papers have advanced and delayed arguments in their neutral terms and some have pos-
itive and some have negative terms, it is important to note that in all cases the neutral
terms are linear functions.

To the best of our knowledge, there are no results for second-order differential
equations with a neutral term of the form (1.1b) as studied in this paper. The aim of
the present paper is to initiate the study of the oscillation problem for the nonlinear
delay differential equation (1.1) under conditions (H¢)—-(H4) and different ranges on
the values of ¢ and o .

2. Main results

As usual, all functional inequalities considered in this paper are assumed to be
satisfied for all sufficiently large 7. Without loss of generality, in our proofs we only
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need to be concerned with positive solutions of (1.1) since the proofs for eventually
negative solutions are similar.
The following three lemmas are needed in the proofs of our main results.

LEMMA 1. Let q: [tg,0) — RT, g:[tg,0) = R, and f: R — R be continuous
functions, f be nondecreasing with xf(x) >0 for x#0, and g(t) — o as t — oo. If
the first-order delay differential inequality (i.e., g(t) <t)

Y () +4a)f(v(g(t))) <0

has an eventually positive solution, then so does the delay equation
Y (1) +4q(t)f(y(g(t)) =0.

Proof. This lemma is an extension of known results in [9, 10, 15] and the proof is
immediate. [

LEMMA 2. (Young’s Inequality) Let X, Y be nonnegative, n > 1, and 1/n+
1/m=1. Then
1 1
XY < =X"4+—-Y" (2.1)
n m
and equality holds if and only if ¥ = X" 1.
LEMMA 3. ([8]) Let X, Y be nonnegative. Then

X+ A=Y= AxY* 1 >0 ford>1

Xt~ (1= —AXY* ' <0 foro<A <1, 22
where equality holds if and only if X =Y.
Our first oscillation result is contained in the following theorem.
THEOREM 1. Let 0 < oy < op < 1, conditions (Ho)—(H 4) hold,
lim py (1) = 0, 2.3)
0<p(t)y<p<l1 forop =1, 2.4)
0< pa(t) < p<oo for0<op < 1.

If there exist a constant 6 € (0,1) and a nondecreasing function &(t) : [ty,o0) — RT
such that h(t) < &(t) <t for t > ty and both equations

W' (1) + 0g(t)RY(2(1),t )WY B (z(r)) =0, (2.5)
where t is large enough that t(t) > t,, and
VAL +ARW°‘2 E@W),h(0)Z 2P (1)) =0 (2.6)
(t) 7% () (&(2),h()) (5@)

are oscillatory, then equation (1.1) is oscillatory.
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Proof. Suppose, to the contrary, that x is an eventually positive solution of (1.1).
Then there exists 7] € [tg,o) such that x(7(z)) > 0 and x(c(r)) > 0 on [f1,0). From
(1.1), we have

(-(")?) ) = (0 (z()) <0

on [f1,o0), which implies that r(z) (y/ (t))l3 is nonincreasing and eventually does not
change its sign on [f2,0) for some 7, > t;. We claim that y'(r) > 0 on [f2,). Indeed,
for the sake of a contradiction, assume that y'(z) < O on [f,o0). Then there exists
th > tp such that

(1) (Y (0) <r(h) (15)P :=co< 0 on [th,e).

Integrating the above inequality from 7} to ¢ and taking (H3) into account, we have

1
y(t) < y(th) —i—c(l)/ﬁ rVB(s)ds — —co as 1 — oo, 2.7)
g
Since y(1) > —pa()x*2(o(¢)), x(¢) must be unbounded, and so there exists an increas-
ing sequence {s¢} such that s; > ¢}, limy_..s; = oo, and limj_..x(sg) = e, where
x(sg) = max{x(u) : fo <u < s} Since limy_o 0 (2) = o0, 0(s%) > 19 for all sufficiently
large k. Also, since o(r) <1, we see that

x(o(se)) < max{x(u) : to < u < s} = x(s%)-

Therefore,

3000 > 1(50) = a5 (0(5)) > (1= 200 ) ) >0

for all sufficiently large &, which contradicts the fact that lim, ... y(f) = —co. Hence,
we have proven the claim, i.e., y'(f) > 0 on [, ).

Next, we have two cases to consider: either y(r) > 0 or y(r) <0 for r > 13, for
some 73 > fp. First, suppose that y(r) > 0 for r > 13. Applying (2.1) from Lemma 2
with

) o

n=—>1, X=x%(o(t)), Y= (p—(t)>, and m=

o (2%) p2(t)

and simplifying, we obtain

Oa/(0z=e1) oy /(on—00) /\ _
2 (t)="P(1).

Pr(Ox® (0(0)) - pa(e)a(0(1) < 22 (Z—ipm

X(1) > (1 2000

y(t) Zy(t3) =:c1 (2.8)

Thus, we see that

Since y(t) is increasing,
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for t > t3. Hence,

w0250 (1-22).

c

Since in view of (2.3), lim;—.. P(t) = 0, for any fixed € € (0,1) there exists e > 13
such that
x(t) = ey(t) (2.9)

for t > t. Thus, we have
(rt) (/)? ) +e7q(t)y"(1(1)) <0. (2.10)

Due to the fact that #!/By’ is nonincreasing, we see that

(o) > /[ "B () B () (s)ds > R(t,e)r B ()Y (0). 2.1

€

Letting W (1) =r(t)(/(t))P, we have y/(t)= (W (¢)/r(t))"/® , and so y(t) > R(t,1e)W /B(¢) .
Using the above inequality in (2.10) gives

W (1) +€7q()RY (t(1), 1 )WYB (2(¢)) < 0.

It follows from Lemma 1 that the corresponding differential equation (2.5) also has a
positive solution, which is a contradiction.

Next, we consider the case where y(¢) < 0 for # > #3. It follows from the definition
of y that

2(t) = =y(1) = =x(1) = pix (0 (1)) + p2(1)x* (0 (1)) < pa2(1)x** (0 (1)),

or
z(t) 1/en
x<c<z>>>(p2—m) ,
or
2o () \/*®
0> (n)
and so

N
A
Q
|
-
=~
5]
~~
<
=
=
=
=
\_/
X
:
)

_ Q(t) /o2 (h(1)).
ey )
(2.12)

Clearly, we see that /() = —y'(¢) <0 for t > t3. Now, for 13 < u < v, we may write

pa(o~

Z(u)—z(v) =— /v r VB () B (5)7 (5)ds = R(v,u) (—rl/ﬁ(v)z’(v)> ) (2.13)

u

We let u = h(r) and v = £(¢) in the above inequality to obtain

2(h(1)) > RE W) h(0) (~rPEO)ZE W) 2.14)
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Using (2.14) in (2.12) gives

L(NBY ) ye
(r)") 02 iy )
> q(t)
Py (n(e))

Setting Z(¢) = —r(t) (z’(t))ﬁ, we obtain

v/

RV (1), h(r)) (—r' P €))7 (€(0)))

/ q(t) v/ Y/ 0B
Z(t)+ 7}73/0{2(}10))1e (&(1),h(2))Z7 2P (& (1)) <O.

The remainder of the proof is similar to the case where y > 0 and hence is omitted. [

THEOREM 2. Let 0 < o1 < op < 1 and conditions (Hy)—(Hgy), (2.3), and (2.4)
hold. If there exists a constant 0 € (0,1) such that (2.5) is oscillatory for any t; >ty
large enough with t > ©(t) > t; and

g > by
I __9Y) pr/egy, h d , 2.15
P I D () (RS {= = i wpry OV

then (1.1) is oscillatory.

Proof. Suppose to the contrary that x is an eventually positive solution of (1.1).
Then there exists #; € [fg,o) such that x(7(¢)) > 0 and x(o(z)) > 0 on [t;,). Pro-
ceeding as in the proof of Theorem 1, we obtain (2.12) and (2.13). Letting u = h(s)
and v = h(z) in (2.13), we arrive at

2(h(s)) = R(1(0),h(s)) (=P (1) (h(0)) )

Integrating (2.12) from A(#) to 7, we have

2(t) == —r(h(t)) (2 (h(2)))” = /h ;) [ﬂ%&)())zw(h(s))ds
2 N
)

5 N

_ 7y/onp ! q(s) /o ds
=z | oy X0 s

R (h(1),h(s))ds

that is,

t
ZI—Y/azﬁ(t) > / ARY/O‘Z(h(t),h(s))ds.
o) Yl (h(s))
Taking the limsup on both sides of the above inequality, we arrive at a contradiction to
(2.15). The proof is now complete. [
Next, we have the following corollaries. The first two are based on a well known
oscillation result in [9, Theorem 1].
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COROLLARY 1. Let oy < op = =y=1, and conditions (Hy)—(H4), (2.3), and
(2.4) hold. If

1
liminf/ q(s $),t;)ds >3

f—o0

forany 1| >ty large enough, and there exists a nondecreasing function & (1) : [fy,°) —
R™ such that h(t) < E(t) <t for t > ty such that

1

liminf q(s)R(E(s),h(s))ds > é,

e JE()

then (1.1) is oscillatory.

COROLLARY 2. Let O< oy <o <1, y< 0B, and conditions (Hy)—(Hy), (2.3)
and (2.4) hold. If

* 1
q(s)R7(t(s),t0)ds > —
1o €
and there exists a nondecreasing function & (t) : [tg,>) — R' such that h(t) < &(1) <t
for t >ty such that

| alRM(E(5),h(s))ds =
fo
then (1.1) is oscillatory.

COROLLARY 3. Let 0 < oy < 0p < 1 and conditions (Hy)—(Hy), (2.3) and (2.4)

hold. If
1/B ; _
limsupR(7(¢),#1) (/ q(s ) > 1 lf B=v (2.16)
[—>o0 — l.f ﬁ > ’)/7

SJorany t; =19 with t > t(t) > t; and (2.15) holds, then (1.1) is oscillatory.

Proof. Suppose to the contrary that x is an eventually positive solution of (1.1).
Then there exists #; € [fg,o0) such that x(7(z)) > 0 and x(c(¢)) > 0 on [f],*). Pro-
ceeding as in the proof of Theorem 1, we obtain (2.10) and (2.11). Integrating (2.10)
from 7 to u and passing to the limit as u approaches o in the resulting inequality, we
obtain

r(x(0) (O (1)) P = (1) >37/ g(s)y" (2(s))ds > eTy" / (s
Using the above inequality in (2.11), we get
1/B
(2(0) > RO P (20 (5() > e85 e)R(xt)0) ([ atohas)
that is,

8o = e PR(c0.n) [ a0 )I/ﬁ,
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which clearly contradicts (2.16). The rest of the proof is similar to that of Theorem 2
and is omitted. [

The following results serve as analogs to Theorem 1 in cases of different ranges
on o and 0.

THEOREM 3. Let o} <1, op > 1, and conditions (Hy)—(H 4) hold. Assume there
exist a continuous function p(t) : [tg,>) — R™ such that

[29)
tim 220 _ i 240 _ 2.17)

= po(t) 1o p®ift)

a constant 0 € (0,1), and a nondecreasing function &(t) : [to,0) — R* with h(t) <
E(r) <t for t > 1o such that both equations (2.5) and (2.6) are oscillatory and

/w RV/“Z(h(I),to)Q(’)dt . (2.18)
1

o pY(h(r)
Then a solution x(t) of (1.1) is either oscillatory or satisfies 1im;_,. |x(t)| = .
Proof. Suppose to the contrary that x is an eventually positive solution of (1.1)

such that say x(7(¢)) >0 and x(o(¢)) > 0 on [t],e) for some 71 > 9. From (1.1), we
have

(-()?) ) = (0 (z()) <0

on [f1,o0), which implies that r(z) (y/ (t))l3 is nonincreasing and eventually does not
change its sign on [f;,e0) for some 7, > 7. We shall distinguish the following four
cases fort >ty

M y()>0andy(t) <0; (I)y(t) >0andy(¢) > 0;
(I y(t) < 0and y'(t) > 0; (IV)y(t) <0andy'(t) <O0.
First, we consider case (I). As in the proof Theorem | we arrive at (2.7), which

yields a contradiction.
For case (II), from the definition of y,

() =x(t) + (p()x(0 (1)) — p2(1)x* (0 (1)) + (1 (1)x* (0 (1)) — p(1)x(0 (1)),

or

x(t) = y(t) = (p(1)x(0 (1)) = p2(1)x*2 (0 (1)) = (P1(1)x* (0()) = p(1)x(0 (1)) -

Applying (2.2) from Lemma 3 with

1o 1 1o 1/(n—1)
A=o>1, X=pV2(n(r), and Y= (—p(t>p2 2(:)) ,
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we have

p(O)x(6(1)) = pa(t)x% (0 (1)) < (00 — 1o 1) pl/11=02) (1) poa/(@2=1) (1) = g 7).

If we apply (2.2) with

Ve 1 s 1/(oq—1)
A=a <1, X=p, "()x(t), and Y = (a—p(t)pl 1(t)) ,

we have

pr(E)x" (0 (1)) — p(t)x(a (1)) < (1 — o) o™/ pl /=) () pon /(@ =D) 1) = g (7).

Thus, we see that » »
81lt) + gl
) > (1- 20180 )

In view of (2.17), for any € € (0, 1) there exists #¢ > 1, such that (2.9) holds for ¢t > 7. .
The rest of the proof for this case is similar to that of Theorem 1 and hence is omitted.

The nonexistence of the case (III) is shown as in the proof of Theorem 1. For case
(IV), we use (2.12) with z(¢) = —y(¢). Clearly, r(t) (Z (1)) > r(13) (Z(13))P =: ¢ > 0.
Thus, z(¢) > ¢'/BR(z,13), which in view of (2.12) gives

r()) ()= =21 1/% (B (1)) >CV/ﬁazRWaz(h(f)»la)CI(l).
@) o P (h(e)) PV (1))

Now, we claim that lim,_. r(t) (7 (t))ﬁ = c. If not, then by integrating the above
inequality from 73 to ¢ and passing to the limit as # approaches oo, we obtain a contra-
diction to the positivity of 7. From (H3) and the fact that z(z) < p2(1)x®2(z), we also
have lim;_... z(f) = lim;—... x(¢) = eo. The proof of the theorem is now complete. [J

3. Examples
We conclude this paper with some examples to illustrate our results.

EXAMPLE 1. Consider the delay differential equation with mixed neutral terms

/

((x(t) +p1(t)x* (ot) — %x(GI)) ) + f—gx(/lt) =0, 1>1>1, 3.1

where o < 1 and y are quotients of odd positive integers, go > 0, A, ¢ € (0,1),
p1(t) >0, and p(t) — 0 as 1 — oo. Here we have r(t) =1, po(t) =1/2, oo = =
y=1, R(t,tp) =t — 19, and h(t) = At/o. Itis clear that (Ho)—(Hy), (2.3), and (2.4)
hold. With &(¢) =2Ar/0 and 24 /0 < 1, it is easy to see that if

. 1 gA, © 1
Aln—, —In— - 3.2
mln{qo N o n21}>e’ (3.2)

then the integral conditions in Corollary 1 hold, and so equation (3.1) is oscillatory.
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EXAMPLE 2. Consider the equation

(z (x(t) n ;x3/7 (%) - %xsﬁ (%>>/>/+q(t)x7(£> —0, t>6>1. (33)

Here we have r(t) =1, pi(t) = 1/t, pa(t) = 1/2, oy =3/7, 0o =5/7, B =1,
R(t,19) =1In(t /1), and h(r) =¢/2. Conditions (H¢g)-(Hy), (2.3), and (2.4) hold. We
take y < o =5/7 and £ (r) = 3¢ /4. Then if

oo

q(s)In =l

1 ° 3
ds> = and In2)7"5ds = oo
A T s>~ an q(s)(nz) s ,

fo

equation (3.3) is oscillatory by Corollary 2.

EXAMPLE 3. Consider the equation
1 t N\
HCERRORE
(e (x(t) + 7 (5) =5
3 t/6 —7t/6 2 5 5 <t>
- _ —_ P —]1=0 IZIZI. 3.4
+<4e ¢ 7ter 6 ) ) \3 ’ 0 S

Here r(t) =e', p1(t) =1/t, p2(t) =1, oy =1/3, p =3, B=y=1, R(t,19) =
¢ — €, and h(t) = 2t/3. Conditions (Ho)—(Hy), (2.3), and (2.4) are seen to hold.
With p(r) = 1/t, condition (2.17) holds. Take &(z) = 5¢/6. Then by [9, Theorem 1],
equations (2.5) and (2.6) are oscillatory. It is also clear that condition (2.18) holds, so
by Theorem 3, a solution x(¢) of (3.4) is either oscillatory or lim;_,. |x(z)] = c. One
such solution is x(¢) = ¢'.

Acknowledgement. The authors would like to thank the reviewer for careful read-
ing the manuscript and for making several suggestions for improving the paper.
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