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EXISTENCE AND UNIQUENESS FOR FRACTIONAL ORDER
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH HILFER DERIVATIVE

FATMA KARAKOC

(Communicated by P. Agarwal)

Abstract. We investigate fractional order delay and neutral differential equations. By using Ba-
nach fixed point theorem we establish existence and uniqueness of the solutions for fractional or-
der functional differential equations involving Hilfer fractional derivative in the weighted spaces.

1. Introduction

This paper is concerned with the existence and uniqueness of the solutions of frac-
tional order both delay and neutral differential equations. Recently, much attention has
been paid to existence of solutions for fractional order ordinary differential equations
[7,9,18, 19, 26, 30] and the references therein. In the books [3, 5, 12, 17, 21, 23, 24, 25]
fractional order differential equations have been investigated systematically. Moreover,
there are some works on the existence of solutions of fractional order delay or neu-
tral differential equations involving classical Riemann-Liouville derivative or Caputo
derivative with 0 < o < 1, [1, &, 10, 11, 20, 22, 31].

Letn—1<o<n,neN={1,2,...}, 0< B < 1. In this paper first we consider
initial value problem

(D) (x) = £, y(x),3(x — 7)), x € [a,D], (1)
tim (DL Py () = by, by €R, (k=12,....0), by=0, ()
y(x) = 0(2), x € [a—T,al, lim §(x) = 9(a) =0, 3)

where D(‘lﬁﬁ is the composite Riemann-Liouville fractional derivative, which is also
called Hilfer fractional derivative operator, introduced by Hilfer in [14, 15], >0 is a
real constant, ¢ is an initial function which will be specified later.

Later we also consider neutral type initial value problem

D™P (y(x) — glx,y(x — 1)) = f(x.y(xX),y(x— B)), x € [a,B], )
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lim (DI DR () — g, y(x—11)) = by, by € R

x—at

(k=1,2,...,n), by =0, (5)

y(x) = (p(x)v X € [Ll— Tva]7 lim q)(x) = q)(a) =0, (6)

Xx—a

where T, T, > 0 are real constants, T = max{7,T2}.

Fractional order differential equations involving composite fractional derivative
operator have been deal with in [2, 6, 13, 16, 27, 28, 29] and the references therein.
In the literature there exist different generalizations of Riemann-Liouville fractional
derivative. Recently, it is established the fractional differential formulas involving the
Saigo-Meada fractional derivative operators [4]. Now, our aim is to prove existence
and uniqueness of the initial value problems (1)-(3) and (4)-(6). In Section 2, we
give some properties of Riemann-Liouville integral in the weighted spaces. In Section
3, first we introduce composite Riemann-Liouville fractional derivative, later we deal
with equation (1)—(3). Last section is devoted to equation (4)—(6).

2. Preliminaries

In this section we present some definitions and properties which will be used
later. Let Q = [a,b] C R. We consider Cy[a,b] weighted space of continuous func-
tions f given on (a,b] such that (x —a)"f(x) € Cla,b], 0 < y< 1, and ||fHCY =
|(x—a)7f(x)| o Cola,b] = Cla,b],
consider the space C,?fn[a,b] ={f €Cy_nla,b]: D, f € Co_pla,bl]}.

Riemann-Liouville fractional integrals and derivatives are defined as follows.

‘ch:?e%i|f(x)|~ For n—1 <1 <n we also

DEFINITION 1. The integral

/(x—t)aflf(t)dt,x>a,n—1<a<n,nEN, (7

@wmzﬁa

is called the left-sided Riemann-Liouville fractional integral of order & of the function
f, provided right-hand side exists.

DEFINITION 2. The expression
(D f)(x) = (DI f) (x), n =[] +1, (8)

is called the left-sided Riemann-Liouville fractional derivative of order o of f, pro-
vided the right-hand side exists, where [-] denotes the greatest integer function.

Riemann-Liouville fractional integrals and derivatives have following properties
[17,25].
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LEMMA 1. [17,p.76]

() Let >0 and 0 <y < 1. If y> a, then (I% f)(x) in (7) is bounded from
Cyla,b] into Cy_gla,b].

(i) Let o0 >0 and 0 <y < 1. If y < @, then (1% f)(x) in (7) is bounded from
Cyla,b] into Cla,b).

Following result gives the conditions for the existence of fractional derivative DY,
in the space C}la, b|.

LEMMA 2. [17,p. 77] If @ >0, n =[] + 1, and y(x) € C}la,b], 0 <y <1,
then the fractional derivative D%y in (8) exists on (a,b] and

D o y(k)(a) k—o 1 f n—o—1, (n) d

(Dgey)(x) = %m@f—a) +m/(X—I) y M (t)dt.

a

If0<a<1, and y(x) € Cyla,b], then

0290 = 5 (o +/ Vo)),

The semigroup property of the fractional integral operators are given by the fol-
lowing result.

LEMMA 3. [17, p. 77] Let oo >0, B >0, 0 <y < 1. If f(x) € Cyla,b], then
(Ig+lf+f)(x) =(I a+ﬁf)( ) for x € (a,b]. When f(x) € Cla,b], the equality holds at
any point x € |a, b]

In the following two results we see that fractional derivative operator is the left

inverse of the fractional integral operator. But fractional derivative operator is not the
right inverse of the integral operator.

LEMMA 4. [17,p.77] Let 00 >0, 0 <y < L. If f(x) € Cyla,b], then (D% 1% f)(x)
= f(x) for x € (a,b]. When f(x) € Cla,b], the equality holds at any point x € [a,b).

LEMMA 5. [17, p. 77] Let oo > >0, 0 <y < 1. If f(x) € Cyla,b], then
(Dfﬂc‘lﬂf) (x) = (I:fﬂf) (x) for x € (a,b]. When f(x) € Cla,b], the equality holds
at any point x € [a,b].

Following result gives the composition of fractional integral operator with the frac-
tional derivative operator.

LEMMA 6. [17, p. 77] Let a >0, 0<y <1, n=[a|+1 and fu_o(x) =
("% F)(x). 1 £(3) € Cylarb] and foo(x) € Chlab), then

i FUCLO N

1% D%
(12 Dg f) x o)

a)* . xe (a,b],
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where fn(ri;j)(a—k) = 1im+( n(ri;j))(x). If f(x) € Cla,b] and fy—q(x) € C"[a,b], then
X—a
the equality holds at any point x € [a,b].

Riemann-Liouville fractional integral and derivative of power functions have fol-
lowing properties.

PROPERTY 1. [17,p.71] For x > a following properties hold.

(1% (t —a)P N (x) = %(x—a)a+ﬁ_l7 >0, B>0.

(D2 (1—afp 1)) = =Pl gp-o-t o >0, > 0.

T(B—0)
(D% (t—a)* )(x) =0, >0, j=1,2,...,[c] + 1.
We also need following lemma.
LEMMA 7. Let 0< y< 1 and f € Cyla,b]. Then

I? f(a) = lim+I§‘+f(x) =0,0<y<o.

X—a

Proof. From the definition of Riemann-Liouville fractional integral we have

(1500 = = [a=0fwar

@)
= Fg [ =0 =) e ays)ar
<= a7 )| e —a) T

) wy D=7
=lle=a s Ollete o) =y

Since 0 <y<1,and 0 <y < a, we get xlirzl+lg‘+f(x) =0. O

For the proof of our main results we use following well known Banach fixed point
theorem.

THEOREM 1. [12,229] Assume (U,d) to be a nonempty complete metric space,
let 0 < ¢ <1, and let the mapping A : U — U satisfy the inequality (Au,Av) < cd(u,v)
for every u,v € U. Then, A has a uniquely determined fixed point u*. Furthermore,
Sforany uy € U, the sequence (A’ uo);f’:i converges to this fixed point u*.
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3. Generalized Cauchy type problem with delay

In this section we investigate Cauchy type problem (1)—(3). First we present gener-

alized fractional derivative operator D‘aﬁﬁ which is called Hilfer (composite) fractional
derivative operator.

DEFINITION 3. Hilfer fractional derivative D(‘lﬁﬁ of order o and type B with
respect to x is defined by

(e ) = (BP0 ) ) (), -1 < <n 0< BT, O

whenever the right-hand side exists.
If 0 < <1, and 0 < B < 1, then we have following fractional derivative

« —a d o (1-B)(1—o
(Og 1)) = (B =P ) . (10)

Hilfer fractional derivative operator Dj;ﬁ f allows one to interpolate between the
Riemann-Liouville and the Caputo derivatives.

REMARK 1. (i) If B =0, then (9) gives the classical Riemann-Liouville fractional
derivative operator which is defined in (8).

(i) If B = 1, then Caputo derivative operator, (D%' f)(x) = (I[Eﬁ_a)(D” (), is
obtained from (9).

REMARK 2. The operator Dj;ﬁ f which is defined in (9) can be written as

(D2 ) = (D1 1) (),
where Y=o+ fBn—aff. Itisclearthat n — 1 < y < n.

REMARK 3. If @ =n € N, then Hilfer derivative in (9) reduces to n. order usual
ordinary derivative operator. In this case the initial value problem (1)—(3) reduces to
following usual initial value problem of order n € N.

(Dny)(x) :f(xay(x)vy(x_ T))a X € [a7b]a
lim+y("_k)(x) =by, by €R, (k=1,2,....n), by =0,

y(x) = ¢(x), x € [a—1,a], lim ¢(x) = ¢(a) =0.

Xx—a—
REMARK 4. If 0 < o < 1, 0 < B < 1, then we investigate the following problem
{Hﬁfﬁ@%=ﬂ%ﬂwww—ﬂ%x€MﬁL
(11D

tim (117" () =0,

x—at

with the condition (3), where (Dg‘;l3 y)(x) is defined in (10).
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Let G be an open set in R? and let f: (a,b] x G — R be a function such that f €
Cp—yla,b], y=a+PBn—af, n=[a]+1, and the initial function ¢ € Cny[a —1,a].
The following theorem yields the equivalence between the Cauchy type problem (1)—(3)
and the integral equation

o(x), x€la—1,4d],

y(x) = { n (x_a))/—j 1 Flt,y(@),y(t—1)) 12)
1 jF(Y—j+1)+F(a) (x—1)l-@ dt, x > a.

]

THEOREM 2. Letn—1<a<n, 0<B <1 ye CZ_Y[a —1,b] is a solution of
initial value problem (1)—(3) if and only if y is a solution of the integral equation (12).

Proof.  Let y(x) € CZ_Y[a — 1,b] be a solution of (1)-(3). We will show that
y satisfies (12) for x > a. Since f € C,_y[a,b], from Eq.(1) (Dgfy) (x) € Cu—yla,b].
Since 0 <n—y<1and n—y< o, from Lemma 1(ii), /% is bounded from C,_y[a,b]
into Cla,b]. Moreover, since y(x) € CZ,y[a —1,b], it follows that DZ+ y € Cpyla—
7,b]. So, applying the operator % on both sides of Eq.(1), it follows from Remark 2
that

1% (D) () = 12 (1 D1y) () = I8 (Fey(0) v — ) ). (13)

Since o+ Bn— Bo =y, applying Lemma 3 and Definition 1 to the equation (13), we
get

1. D7, y(x) /ft,(yx(t_,t t_T))d. (14)

To apply Lemma 6, we should show that (I "y (x)eCr yla,b]. Since DZ+ y € Cuyla,b],
from (8) we have D"(I."y) € C,—y[a,b]. So, from the definition of the space C,_yla,bl,
we obtain that (I, "V)(x) e C,_yla,b]. Now, using Lemma 6, from (14), we get

. D)
=3 2 (gt /ft’(yx(t S ay

Since y,g y )(a+) _xligl (D= )IZI "y)(x), from (2) and (15) we have integral equation
(12) for x > a.
Now, let y(x) € Cny[a — 7,b] satisfies integral equation (12). Applying the oper-

ator DZ+ on both sides of (12) for x > a, it follows from Property 1, that

(D) y)(x) = (D 1 f(1.9(0), y(t = 7)) (x). (16)
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Moreover from Definition 2, Lemma 3 and Lemma 4, we have
(DY IS f(t,y(1),y(t — 7)) (D"I" 1% f(t,y(1),y(t — 1) )
(D"I" T y(),y( — T )
= (DD" ' 111 PO f(e,3(0), 9t — 7)) (%)
= (D1 fla ()5 = ) () (17)
So, by (16), (17) and Definition 2, we get
(DL3) (@) = (DI, f(e,3(0), 300 = 1) ()
= DB £(1,y(1). (1 — 1)) (x) € Cayla,b]. (18)
Since PP~ = pr! P
(n—a)

So, applying the operator If +
we obtain that

1-f(n—0)

[ €Cuyla,b], itisclearthat I ; feCyyla,b].

on both sides of (18), from Remark 2 and Lemma 6

(DX y) () = (1 *'DYy) ()
= (DR (v (1), - 7)) ()
= f(x.y(x),3(x— 1))
Ly =D)ad)
- T(Bn—Bol) (x—a) , X € (a,b].
On the other hand, since f € C,_y[a,b], 0 <n—y <1, and n—y<1-B(n— o),

using Lemma 7, we obtain from the last equahty that

(DY y)(x) = flax,y(x),y(x— 1)), x € (a,].

1- n
To show that the initial conditions (2) are hold, we apply the operator /', (n=a)(1-B) _ =1 ’

on both sides of (12) for x > a. So, we have
)i
I Yyo .
0= (17 S i ) (R o AT RU)) [EAE

Note that from Property 1, it is obtained that
(t—a)’/ 4 (x—a)"/
xX)= Yy bj—F——. 20
( 2 (- m))“ 2T 0

Moreover, from Lemma 3, it is clear that

= (1P )y - ) 0. @D
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So, from (19), (20) and (21) we get

= a)"i

S+ (PO f ey 50 -0) @, @2

Note that I~ Tye C,_yla,b]. So, applying the derivative operator DR k=1,2,... n,
on both sides of the equality (22), it follows from Lemma 2 and Lemma 5 that

k ,
(D* )]a+ Y)( :Z = bj (x—a)*~ j—|—1 e )f(t,y(t),y(t—‘t'))(x). (23)

J+1)

Itisclear that 0 <n—y<1land k—B(n—0a)>n—y, k=1,2,...,n. So by Lemma
7, we have that

tim 25PN £y, 9 - 1)) (x) = 0.

x—at ¢

Then taking the limit on both sides of (23) as x — a™, we obtain

lim (D" 97y (x) = by, k=1,2,...,n. O

x—at
COROLLARY 1. Let 0< < 1,0< B <1, f:(a,b] x G— R be a function such

that f € Ci_yla,b], y=a+B—ap, and ¢ € C{_Y[a— T,a]. Then y(x) € C{_Y[a— 7,b]
is a solution of (11),(3) if and only if y is a solution of the integral equation
f(t,y(l),y(t—f))d

y(x) = { x
Moyl e

Now, we establish the existence and uniqueness of the solution of Cauchy type
problem (1)—(3).

o(x), x€la—1,d],

L, x>a

THEOREM 3. Let n—1<o<n,neN, 0<B <1, y=a+Pn—af. Assume
that f: (a,b] x G — R be a function such that f € Cf_(’;,_a)[a,b] and satisfies the
Lipschitzian type condition

|feyi21) = f(x,y2,22)| < [ly1 }’2|+|21—22” (24)

Sforall x € (a,b], (y1,21), (2,22) € G, where L > 0 is a constant.
Then there exists unique solution y for the Cauchy type problem (1)—(3) in the

1
space CZ [ —1T,h], h= mm{b h} h<a+<2114%> ’

Proof. First we prove the existence of unique solution y(x) € C,—y[a — 7,h]. Ac-
cording to Theorem 2, it is sufficient to prove the existence of unique solution y(x) to
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the integral equation (12). Consider the operator 7' defined by

o(x), x€la—r1,d,

Ty(x) = { 1 X _ (25)
yO(x) + F(OC) L{f(t,(yx(lj;)))gt_a T))dt7 X >a,
where
1 (x—a)r/
S o

It is clear that yo(x) € C,—y[a,h]. Moreover, since f € C,l?,(r;fa)[a,b], from Lemma 1,
1% f € Cy—yla,h]. Thatis, if y(x) € C,—yla — 7,h], then Ty(x) € C,—y[a — 7,h]. Note
that C,_y[a, h] is a Banach space with the norm ||y

Coylat] = [[(x—a)""y(x) HC[u,h]'
Now, we will show that the operator T is a contraction. From (25), (26) and (24)
for x > a we have

HTyl Ty, Co—yla,h] Hla+f t yl( ) yl(t_ T)) _Ig+f(t7y2(t)7y2(t_ T)) Cu—yla,h]
_ v r

<xr;1[3§1] % a/(x—t)"‘1|f(t,y1(t),y1(t—T))—f(t,yz( ). ya(t —1))|dt

< ﬁxrg[%](x—a)"_y Ja=0" - —ay

a

<[ =v2(0)] + 1o = 7) =2l = 9)| | ar

X

2L
<— _ _ nfy/ _ o=l yfnd
r((X)||y1 y2’|c,,,y[ﬁ,h]£‘[2§,](x a) (x—=0)* Nt —a)""d1
—n+1)
<2L(h— a()/—n
( a) (OC-i-Y n+1 Hyl y2H a T,h
~ —n+1)
<2L(h— Oﬂ(y—n
(h—a) CETE n+ll|y1 vl .
Since
~ T'(y—n+1)
2L(h—a)* —"——— <1,
e Ty

the operator T is a contraction and by Banach fixed point theorem there exists a unique
solution y* € C,_y[a — 7, h] of the equation (12).

Now, we will show that such a solution is actually in C,’l/,y[a — T,h]. First, recall
that the initial function ¢ € CZ_Y[a — 7,a]. For x > a, from equation (12) we have

Y () = yo(x) + I3 f(t,3(2),y(t = 7))](x), @27)
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where yo(x) defined in (26). Note that from Property 1, (DZ+y0)(x) = 0. On the other
hand, from Lemma 1, Definition 2 and Lemma 3, we get

(D7 1% £, 3(0), (e = T))0) = [P (e, v(0), 5 = )] ().

So, applying DZ+ on both sides of (27) we obtain that
(D y") ) = [DE ) £, 3(0), 966 = )] (o).

Since f € Cﬁ N a)[a b], the right hand side of above equality is in C,_y[a,b], and so
Y e CZ, a, b] Therefore, the unique solution of the Cauchy type problem (1)—(3) is
in CZ,y[a —t,h]. O

COROLLARY 2. Let 0 <o <1, 0<B <1, y=a+B—-af, ¢ €Cl [a—

T,a]. Let f: (a,b] x G — R be a function such that f € Cl3 (1= a)[a b] and satis-
ﬁes the Lipschitzian type condition (24). Then there exists unlque solution y for the
Cauchy type problem (11),(3) in the space C!_ [ — T,h|, where h = min{b,h}, h <

4. Neutral type Cauchy problem

In this section, we investigate initial value problem (4)—(6). Let G|, G, be open
sets in R and R?, respectively, and let g : (a,b] x G| — R, f: (a,b] x G, — R be func-
tions such that g € C}_,[a,b] and f € C, y[a,b], y=a+Pn—af, n=[a]+1, and
the initial function ¢ € CZ,y[a — 7,a]. The following theorem yields the equivalence
between the Cauchy type problem (4)—(6) and the integral equation

o(x), x€la—r1,4,

y(x>:{g<x,y<x—rl>>+ilb,f N By pA b )

dt, x> a.
(28)

Ciy—j+1) T(@a (-~

THEOREM 4. Let n—1<o<n, 0<B <. ye CZ,y[a —1,b] is a solution of
initial value problem (4)—(6) if and only if y is a solution of integral equation (28).

We skip the proof of Theorem 4 since it can be done by using the similar arguments
in Theorem 2.

REMARK 5. Let 0 < o < 1, and 0 < 8 < 1, then we have following Cauchy type

problem
{Djf V(%) — g (e, y(x— 1)) = F6,y(x),y(x — 1)), X € [a,B],
(29)

tim (1P (y(x) — g y(x — 7)) =0,

x—at
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with the condition (6).

COROLLARY 3. Let 0< o< 1,0< B <, y=0+p—af, g:(a,b] x G| —
R, f:(a,b] x Gy — R be functions such that g € C}’fy[a,b}, feCiyla,b], and ¢ €
C}/_Y[a —1,a]. If y(x) € Cf_y[a —1,b|, then y € C}/_Y[a —1,b)| is a solution of equation
(29) with the conditions (6) if and only if y is a solution of the integral equation

o(x), x € [a—1,4d],

L 30,5 — )
(o), (x—n)l@

Now, we prove the existence and uniqueness of the solution of the initial value
problem (4)—(6).

y(x) =

{g(x7y(x—ﬁ))+

dt, x > a.

THEOREM 5. Let n—1 <o <n, neN 0<B <L, y=a+Bn—0of. Let
g:(a,b] x Gy = R, f:(a,b] x Gy — R be functions such that g € CZ_y[a,b], fe

CYI?E;;—a) [a,b], and satisfy the following conditions
|g(x,u1) — g(x,u2)| < K|uy —uz (30)
forall x € (a,b], uy,uy € Gy, where 0 < K < 1 is a constant,
|f(x,y1,21) = f(x,y2,22)| < L[|y1 — 2| + |21 — 22]] (31)

forall x € (a,b], (y1,21), (y2,22) € Ga, where L > 0 is a constant.
Then there exists unique solution y for the Cauchy type problem (4)—(6) in the
1 T(a+y—n+1)\"*
Cl_la—t,h), h= bk}, h< —
space C,_,[a I, min { } a—|—<2L Ty—nt1)
Proof. First we prove the existence of unique solution y(x) € C,—y[a — 7,h]. Ac-
cording to Theorem 4, it is sufficient to prove the existence of unique solution y(x) to

the integral equation (28). Consider the operator N defined by

o(x), x € [a—r1,a],

Ny(x) = { ] _ (32)
T Letrate— a0 o) + s PO D
where '
n 7 J
0= B o

Proof is similar to proof of Theorem 3. It is easy to see that if y(x) € C,—yla — 7,h],
then Ny(x) € C,—y[a — 7,h]. We will show that the operator N is a contraction. From
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(30)—(33) for x > a we have

HNy1 _Ny2ch,y[a,h]

< [lg(uyi(x—m)) —glx,y2(x— 7))

Co—yla,h]
HEF 31 ()31 (= ) = I f (032 0). 32 = @),
< max [(x—a)"(gleyi (x— 7)) —glxyale—)))|
+Xr;1[2>}<l]}(x—a)”*y(1§‘+ [f(E31(0),1(t =) = F(t,32(2),32(t — )|
I(y—n+1)
< K|y, — U(h—a)* ——
Hyl yzHCn,y[a—r.h]—i_ ( @) INa+y—n+1) Hyl yzH —yla—11]
~ I(y—n+1)
o
gmax{K, 2L(h—a) Taty—ntD) H)’1 }’2|| .
Since I 1)
N Y—n+
K <1land2L(h—a) Tlaty—ntl) <1,

the operator N is a contraction and by Banach fixed point theorem there exists a unique
solution of the equation (28) in C,_y[a — 7,h]. In fact, such a solution is in CZ_Y[a -
T,h]. This property also can be seen by using the same argument of Theorem 3. [J

COROLLARY 4. Let 0< o< 1,0<B <1, y=a+B—0f, pcC| Ja—1.d].
Let g: (a,b] x Gy = R, f: (a,b] x G, — R be functions such that g € C}/_Y[mb],
fe Cl3 (1= a)[a b], and satisfy the conditions (30) and (31), respectively. Then there
exists umque solution y for the Cauchy type problem (29),(6) in the space Cf_y[a —

1 T(o+7)\"*

T,h|, h= bk}, h<a — .

T,h], mm{ } + ( 2L T

CONCLUSION 1. In this paper, we obtained existence and uniqueness of the solu-

tions of functional delay differential equations with Hilfer fractional derivative which
is a generalization of Riemann-Liouville fractional derivative.
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