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A VARIATIONAL METHOD FOR SOLVING QUASILINEAR ELLIPTIC
SYSTEMS INVOLVING SYMMETRIC MULTI-POLAR POTENTIALS

ALTI JABAR RASHIDI, MOHSEN SHEKARBAIGI

(Communicated by Dongsheng Kang)

Abstract. In this paper, a system of quasilinear elliptic equations is investigated, which involves
multiple critical Hardy-Sobolev exponents and symmetric multi-polar potentials. By employing
the variational methods and analytic techniques, the relevant best constants are studied and the
existence of (Z; x SO(N — 2))? -invariant solutions to the system is established.

1. Introduction

In this paper, we study the following quasilinear elliptic system:

m
ult my <k ulPi—2u o 04 —1 1
Apu—3p_y v “X‘ar\” %2 zill ‘,‘ />‘v =30y Aot

v

/My ’ r—1 -1
Apv =30 Uy \x ak,‘p 2 Z, 1#[ 1)‘1 =2p_ ﬂkp*k u% vPe =1 4 yp , )
]
u,v € DYP(RN) u,v >0, in Q,
u=v=0, on 0dQ,

where the parameters satisfy the following condition:
(#43) Q C RN(N > 3) is a bounded domain with smooth boundary 9Q, ¢; € Q

are different points, 1 < p <N, 1 <i < kl(l),l <j< k{(z)) 0<si,8; <p, oy By > 1,
N—s,/

o +Bp =pu=p*(sv) == —p(N,;f )

1,...,mym > 2. Note that p*(0) = A],VT’; is the critical Sobolev exponent, 0 < sy < p,

are the critical Hardy-Sobolev exponents, for k' =

ml,mz,kl(l),kz(z) EN, m<min{m;,m}, A <A< .. <Ay <A, < <. <
27[2/1)771 27r\éjl

oy <7, a) b € R2x (0} CRY, ) = 4 o), B = 47 B ol Y

for 1<i <k, 1<j<h? 1<i<my, 1<t <my, &= (52)7, &) and &

(1 <1< my,1 <tr<my) are chosen to be the multiples of some integer k > 3, and the
1

space D''P(RV) := D is the completion of Ci (R") with respect to ( Jrn V- |1’dx>
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Write RN = R? x RN=2 and consider the group (Z; x SO(N —2))? acting on the
space D x D as

(u(3,2),v(3:2)) — (£(%2),8(%2)) = (w(e ™3, 72) v (3, 72) ),

where (y,z) € R> x RV=2 T is any rotation of R¥"2. Let &; and ¥, be the regular
polygons centered at the origin, lying on the plane R? x {0} ¢ RV and having the
Verticesagl)b(;),lgl<m1 1<tr<my, 1< '\k() 1<j< ( ;éb

By (#4), we can set the multiples and the radii of polygons ﬁ’l and 9, as

o 42
A= eN, A= eN, =12, ,my, = 1,2, my,
k k
l l l
=o'l = el ==l 1= 120,
A=) =10 = |a<’()2)\ t=1,2,....m.

The problem (1) is related to the following Hardy-Sobolev inequality [3]:

P(s) -2
(/ i dx)p © <C/ |VulPdx, YacRN ucCyRY), ()
RN |x—a‘5 RN
where 0 < s < p and p*(s) := pz(vN—:;)~ If s = p in (2), then p*(s) = p and there follows

the following well-known Hardy inequality [3, 13]:

P
/ il dx < i/ |VulPdx, VacRN ucCyRY), 3)
R A JRN

N ‘x—a|1’

where A = (M)p is the best Hardy constant. Define the functional corresponding to
(1) on the product space D x D as follows:

2 My bI” )d

V=1 \x a/\l’

1
I(u,v) = ;/RN (\VW’HVV\P O

=1 |X ay ‘p

Sl R o

—1i=1 Pi —al- Si i=1j=1Pj /R

o L th+ww+wwWM%>
k=1

A pair of functions (u,v) € D x D is said to be a solution to (1) if u,v > 0 satisfies
<I/(u7v)7(w7¢)> :O7 V(W7¢) 6D><D7

where I'(u,v) is the Fréchet derivative of I at (u,v).
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Define the Rayleigh quotient related to (1) as

bQ{k = JZ{k(z’lr''aA‘mU“la"'7“'7’12)
O(u,v)

Jeov Sy (ul?” 1017 + ] ] ) )

= inf
u,veDp\{0} (

s @

where

2mv/—1
Dy =D (RY) = {u(y2) € D7 (R x RY2) (™ yy2) = u(nila]) },
Q : Dy x D — R is a quadratic form:

v\”

\x Clk/|p

Ou,v) := /RNOW\FHWV 3 a1

k=1

2 My —————

kK'=1

2)
|u|Pi |v|Pi
Y N = 3 Y e )d

i=li=l x—a|% == e=b Y

\x a/\l’

O(u,v) is said to be positive definite if there exists a positive constant 8 depending on

Aoty a0 1< <my, 1< <my, 1<k, 1€ < % b1, such
that

O(u,v) > e/N(|Vu|p CIVVP)dx,  V(u,v) € Dy x Dy.
R

By the Young and Sobolev inequalities, <7 is well defined if Q(u,v) is positive definite.
(%) By (3), a sufficient condition for Q(u,v) to be positive definite is that

m mj _
Y g+ K< 7, Zuk,+2k u <2,

k=1 =1 k=1 t=1

where ¢ := max{c,0} forall c € R. _
To continue, the following best constants need to be defined forall A, i € (—eo, 1),
N—s,/
NE(0,0), 1<p<N, 0<s<p, o,fv>1, aw+Py=pr=p(sw):= p(N—*pk)
for ¥ =1,...,m(m>2), ac RV,

S(A,s):= inf Z Sy(A,s):= inf Z# 5
( 7S) uelDr{{O} (u)v k( 7S) ueg:\{o} (u)7 (%)

Ja 1Vl — 2 ) e
) <f]RN ICclpaP )ﬁ

SO = inf Twy), SYAu)= inf F(uv) 7
(A, ) wwanlo) (u,v) (A, ) el o) (u,v) (7

; (6)
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AlulP+ulvP
oo (1Vul? -+ Wy} — 2R g

T (u,v) = - - 7 @)
(S Sy (ful?” 4 [VIP" + o] % |v[ P ) ) 7

Where D'P(RV) := D is the completion of C(R") with respect to the norm
1

(fRN V- \de> ” _1t’s standard to show that Si(A,s) is independent of any Q C RV
with @ € RY in the sense that if

. Ja <W”‘p A\x‘ ‘:|p> X
Sk(A,s5,Q) = 11n’f 5
ueWwy " (Q)\{0} [UILESSR VO]
' (Vo B ax) ™

where the space WO1 P(€) is the completion of Ci(Q) with respect to the norm
1

( JolV- \de) " then Sp(A,s5,Q) = Si(A,5,RY) := S¢(A,s). Furthermore, S(A,s) <
Sk(h.5), 8'(A.p) <5 ().

In recent years, much attention has been paid to the semilinear elliptic problems

involving Hardy inequality or Hardy-Sobolev inequality, see [4, 5, 6, 7, 8, 9, 10, 16,

24] and references therein. The quasilinear form singular problems were studied,

see [1, 12, 14, 17] and references in these publications. As an example, for all ay €

RV, 0 <Ay <A, 0<sp < p, from [18] we are informed that the following limiting
problem:

p-2 P .
— i A \L?la,\v Dy 1\|,':|a \kbf, in R\ {ay}, )
ueDlvl’(RN), u>0, in RN\ {ay},

has radially symmetric ground states

Ak’ L X—ay . I’*)N \x — ak/\

Vot (x—ay) = o7 U;Lk,5< p )—Gl U;Lk,’s< p , Vo>0,0<s<p,
(10)

that satisfy

" s Ve |7
/ Ve Yo 1T dx:/ Vo T gx=(S(,5)7*, YO<s<p.
x —ay|P RV |x—ap|*

(1)

The function Uy, ;(x — ay) = Uz, s(|x — ay|) is the unique solution of (9) satisfying

o
Ulk,,su):(W) .

Throughout this paper we assume that
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2
(74) there exists an e, 1 < e < m, such that 0 <s, < pﬁ and

N=s.1
P — Se i P — Sk o ka, r_
pi(N—se) (S (le,se))r mm{pi(N—sk/) (S(Apr,sp)) P, K 1727...,m} .

It should be mentioned that the constant S'(A,4) was studied and its minimizers
were found in [15]. However, due to the complexity of singular elliptic systems, many
important topics remain open and it is necessary to investigate the singular systems like
(1) deeply. Inspired by [18], in this paper, we investigate the best constant <7, and
prove the existence of solutions to (1).

Now, for any 0 < Ny < +oo, o, B > 1 and oy + By = p* (K =1,2,...,m), we

can define:

(1) = e . 1>0, (12)

(1 + 20 N T —|—’L’1’*> r

S

S (Tin) := min f(7) > 0, (13)
>0
where Tpi, > 0 is the unique minimal point of f(7) in (0,e0).

The main results of this paper are summarized in the following theorems. To the
best of our knowledge, the results are new.

THEOREM 1. Suppose that (7)), (74) and (43) hold and

p < 5 () < 2
Si(Aeyse) <k7S8(0,0), > Ak’ <0, Y wk” <0,
=1 =1

" es ) < min {E ™ (41,00, k5 5™ (0,0)

Assume that one of the following conditions is satisfied.:
(i) For —eo < Ap <A —1,

Z ‘l—‘l|p mm Z |A[|p s

(i) For A—1< A < A,

m (1) (2)
l L Tmln P 2 - >0.

i I w 7

™

Then the infimum in (4) is achieved and the problem (1) has a (Zy x SO(N —2))?-
invariant solution.
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THEOREM 2. Suppose that (), (6) and one of the following conditions is
satisfied:

(i) —eo < Ae <A, M <0, 1<I<my, 1<t <

(1) Ay s Ay ity > 0, 1<k/<m 1<l<m1,1<t my and

Zlk’-i-zllk Zlik’+2ﬂr

k=1 k=1

Then the infimum in (4) is not achieved.

REMARK 1. It can be verified that the conditions in Theorem 1 are all allowable.
For example, we can choose A, and k reasonably large, and T, and A,,, small, such
that all of the conditions in Theorem 1 are satisfied.

In the following, we sketch a example such that it premit’s us to obtain some results
of the behavior of the sequence of the eigenvalue:

EXAMPLE. Let (4(2))ren be the sequence of the eigenvalues of the Laplace-
Dirichlet operator in a bounded open set Q in RV (with the multiplicity convention).
Then, there exist two positive constants .27 and g, which depend only on Q, such
that for all k> 1,

k¥ < N (Q) < Bk

Solution. The solution is quite technical but the idea is very simple. The idea
consists in the comparison of Q with two regular polygons centered at the origin &) :=
(—%7 %)N and & := (—5,5)N, with 1 <1 <my,1 <t <my we can suppose that [ <1,
O; C Q C %. We note that (A(Q))en is a decreasing function of Q, therefore,

M(01) C M(Q) C (%)

Then the problem has been reduced to the evaluation of A;(&;) and A(¥;). Clearly

M(0)) = l"( and 14 (9,) = l"(j) , when & and & are two N-cubes (0 =94 = (0,1)V).
M(0) _ M(F)
22 T T a?

By Proposulon 8.5.3 in [2] the numbers are precisely the positive in-
tegers of the form Y  p? with p; € N\ {0}. Thus, one has to arrange the numbers

{>N | p?: pi € N*} as an increasing sequence to obtain the sequence {% tke N*}.
Now, it is convenient to introduce for any k > 0 the quantity vy (k) which is the cardi-
nal of all the elements p € (N*)V such that p = (py,...,py) with ¥V, p? < k. Then,
the key of the proof consists in showing the following estimate: vy (k) ~ %NkN for
some constant Cy > 0. O

Most of the results of the previous sections have a natural extension when replacing
the Dirichlet integral [, [Vv|*dx by [ |Vv[Pdx with 1 < p < +eo and the space H{} (Q)

by the space WO1 P(Q). So doing, the Laplace operator A is replaced by the nonlinear
Laplacian A,, which is defined by:

N9 0
Apy = 2 o (|Vv\”*2a—;i>

i=1
= div(|Vv|P2V).
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Note that when p =2 one obtains Ay = A.

The last estimate in above example, extended by Garcia Azorero and Peral Alonso
in [11] such that got the similar result in the special case Q = [0, 1]V for p # 2.

This paper is organized as follows: A local Palais-Smale condition is verified in
Section 2, some preliminary results are established in Section 3, and Theorems | and
2 are proved in Sections 4 and 5 respectively. In the following argument, ||u||, =

1
(fRN |Vu|1’dx> denotes the norm of the space D and ||(u,v)||, = (Hqu +1v \|p> !

is the norm of the space D x D, O(g")) denotes the quantity satisfying ‘0( )‘ <C,

(1)
o(€®) means k’(gg(—,))l — 0 as € — 0 and o(1) stands for a generic mﬁmtemmal value.

The quantity O, (8(’)) means that there exist the constants C;,C, > 0 such that Cje) <
|0(e®)| < C,e® as & small. We always denote positive constants as C and omit dx
in integrals for convenience.

2. Palais-Smale condition

Define the functional Ji(u,v) on the space D X D :

2 My M? )d

=1 \x ay ‘p

1
— Vul? +VylP — PR bl
Ji(u,v) /N (\ ul? +|Vy| E Ak

] \x a/\l’

S fur ‘sd—zz o M

I=1i=1Pi i i—1j=1Pij
m

=23 e e
k=1

By (JA), (%) and (%) we deduce that J; is (Z; x SO(N —2))?- invariant. Since

(Zy x SO(N —2))? acts by isometry on D x D, the principle of symmetric criticality

[22] ensures that a critical point (u,,v.) of J; restricted to Dy x Dy, is also a critical
1

point of J; in Dy X Dy, and therefore (i&,7) = dk”*(‘v)*” (tte,ve) With 0 < s < p isa
solution to (1) if u,v, >0 in RV . J; is said to satisfy the Palais-Smale condition at the
level ¢ (in short (PS), condition), if every sequence {(u,,v,)} satisfying Ji(un,v,) —
¢ and J,’c(un, vu) — 0 as n — oo has a convergent subsequence.

LEMMA 1. Assume that (41),(56) and (76) hold. Then the functional Ji re-
stricted to Dy X Dy, satisfies the (PS). condition for all ¢ < c*, where

p—N

l / /i A 4 /
¢ = o, (min{S(k)(ke7le)7S(k)(/17[1),kllVS*7 khse, ks 0,001) ", (14

z/lk/‘f'zk ", Zﬂk"FZk M,

K=1 K=1
St = min{S (AI,O), 1<i<m}, S* ::min{S (07ut), 1<r<m}.

<=
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Proof. Suppose that the sequence {(un,vy)} C Dy x Dy satisfies Jy(un,vy) —
¢ < c* and J}(uy,vy) — 0 in (D x Dy)~'. Since Q(u,v) positive definite, we de-
duce that {(u,,v,)} is bounded in D x D. Up to a subsequence if necessary, for some
(u,v) € Dx D, (uy,vy) — (u,v) weakly in D x D and (u,,v,) — (u,v) a.e. in RV,
By a variant of the concentration compactness principle [19], which is an application
of Lions results [20, 21], and up to a subsequence, there exists an at most countable
set &, x, ERN\{O a" b 1< <m1<i< k(1)7l<t<m2 1< '<k}2)}7 real

numbers Px”Vx”Z S C and Pak/»Vak/»YaknP l)a ( 7Y »P b Yb(/), 1 < k/ < m,
l J

1<li<m, 1<i< k§1)7 1<t <my, 1< j < kt(z)7 such that the following conver-
gences hold in the sense of measures:

(1)

Vitn|? +[Vva|” = dp = [Vul? + V| + Z Pay, Oayy +ZZP
=1 I=1li=1 K

+ Z ﬁb(/) 5b(/) + Z sz 6)(2» (15)

m

2 (|“n|p* + |Vn‘p* + M || *¥ ‘Vn|ﬁk,) —dv

k=1
oy 11
= 3 (" + 7+ el )+ S, vak,suk,+22v
=1 =1 [=1i=1
my 19(2)
+22 +va . (16)
=1 j=1 7€l
u p+ v p N up+ vp N
MAWZMJ%H&W L<i<m -
x — ay|? x — ay|?
Aglu|Pi A . 1
%Ad’y l|'4(|) +7 06 o, 1<l<m17l<l<kl()70<si<p7
[x—a;’|% |x—a;”’ |5 a;’ a;
g |va |77 o _tulv|" 5 i (2) .
|x_b5,’)|°'j N d)/bg_t) = Ix—bﬁ»’)l”f —|—’)/by) 6175”)7 1<t <mp, 1 <j<k7,0< sj<p,

(18)
where 8y is the Dirac mass at x. To study the concentration at infinity, we set

P = hm n limsup (IVun|? + |Vva|P),
>R

n—oo \x\

. . ﬁ, p {1 P
Yo = lim limsup M7
R—eo oo JIx|>R |x|17

= hm hmsup 2 |t P+ |valP” e 14| % v P).

[x|>R =1
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Since {(upn,vn)} C Dy x Dy is a.e. pointwise convergent to (u,v) and (u,v) is
invariant by (Z; x SO(N —2))? action and (u,v) € Dy x Dy. Furthermore, for any
@ € Co(RV) and any h € Z; x SO(N —2) we have

m
/RN 2(|un‘p + [val? +nk"un|a"/‘vn|ﬁk’)¢
k=1

m
:/RN S (letn]?” + [val?” + 1 10| % [P ) (@011,
=1

As n — 4o, from (16) it follows that

K

m mi my k/
> Vo 0lar) + 2 Y v o e@) + 3 Y 00 ob!) + X veo(x)
=1 I=1i=1 ! t=1j=1 "1 z€¢
m mip k;l)
=Y Va0 @)+ X Y v et (@)
k=1 I=1i=1 !
my kt(z)
+3 Y 0ot G+ Y veehiT (x2)
r=1j=1 ’ €L

Choosing ¢ = (p(agl)) such that 0 < (p(alm) <1, (p(agl)) =1in Bg(afl)), (p(al(l)) =
0 in RN\Bg(agl)), we get that v ) = Vieighy 3 €~ 0. Since kl(l) and kt(z) are

multiples of k, and i € Zy x SO(N —2), forany [ = 1,2,...,my, t = 1,2,...,mp, we

Vo=V, gi:=mod(, rl(l)), if mod(i,rl(l)) #0, 2< rl(l) <i< kl(l)7
Lli qui
V=00, g=mod(jnY), ifmod(jr)£0, 2<nY <<k,
i qj
Vo=Vy , if mod(i, rl(l)) =0, 2< rl(l) <i< kl(l),
“ 4
R
vio=v , ifmod(jri?)=0, 2<n” <j<k?,
J 'r(z) 1
Vao=Vw, 1 <i<k, if rl()ZI,
Lli Lll
A N . . 2
H0 = V0 1<j<k it Y=l
(19)
(1) @)
where i) =8 AP ko 112wy, =12, m,.

Fix z€ { andlet ¢ = @, suchthat 0< @, <1, @ =1in B¢ (x;), ¢(x;) =0in
RN\ Be(x,), As € — 0, we get that either (i) vy, =0, or (ii) for any h € Z x SO(N —2),
there exists 7 € { such that h(x;) = x;.

When N >4, SO(N —2) is a continuous group, hence for any x ¢ R? x {0} C
RV the set {h(x)|h € Z; x SO(N —2)} is more than countable. Since { is at most
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countable, as (ii) holds we deduce that x € R2 x {0} C R . Furthermore, we can prove
that v,, = vy, if h(x;) = x; for some & € Z; x SO(N —2). Then there exists v(?) such
that vy(,,) —v(P) r=1,2,....k, and (16) can be rewritten as

m

X (" [val?” + 1| % v | ) — v

k=1
g KV
= 2 [P 4 V[P - e || [P )+ 2 vak,suk,+22v
k=1 k=1 [=1i=1
my 19(2) k

+Y 20080+ X 2 vV S ) (20)

t=1j=1 J J pePr=1

where &2 is an at most countable set,

[Wi<r<kpez}cinlzed), W= 1<r<k

And there exists real numbers p 11Dy ,) and p () such that (15) can be rewritten as

(l)
Vita|? + Vv, |P = dp > [Vul|P +|Vv|P + Zpak, ak,+22p 08,0
k=1
(

+Z Zp 080+ > Zp 08 ) 1)

t=1j= f peEPr=1

/(k)
CLAIM 1. 2 is finite and for any p € 2, either vP =0 or v(P) > (%)

In fact, for all € > 0 small enough, let l//r(p ) be a smooth function in Dy such that

0< u/,(”)gl, l[/,( =1in Bg(y (r )) l//,( P =0 in RN\Bg(yEP)) and|Vl[/r(p)|< . Then

(T (tn, vn), (”n‘Vr( ) VnWr( ))

x, P4 y|val?
= [ (19l 1900w / el oo, Jwl?dx
RNkfl |x—ak"17
B !
u Vv J
- [ E Iy [ zzM i dx
/RN1:11'=1 \x—a L R b s '

—l—/N un|Vun|p*2Vun+vn|an|p*2an>Vl//r dx

i [ 3 (hl” Il o ) i
k=1
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Note that x. € RN\{O,aS”,bF,,’) 1<l <m 1 <i <KD 1< <1 < <K }
by (17)—(21) we have

lir% lim (|Vun|p+|Vv,,|p) = hm/ 1//, dp >p () (22)
g—0n—woo
S B (») (»)
lim li (ltta]?” + [vul? + Mo |10 2 || P Y yitP) = 1 / =l
it [ 3l 4 vl el 0w =l [ i =7
(23)
. . |14n|p‘|’|"n|l7 . . 2 Py P
ti i [ el = Iyl 01 ([ (uaP i)y ) 0, @)
pi
lim lim L14/,( '=0, 1<i<m,1<i<kY, (25)
e—0n—oo JRN |.X (1 |;I
P
imim [ 0o i ciema<i<k® e
g—0n—eo JRN |x—b(;)|5f
and by the Holder inequality with a constant C > 0, we conclude that
lim lim ‘/ (un|Vun|p72Vun+vn|an|p’2an>Vl[/,(p)‘
e—0n—woo| JRN
1 p—1
< Ti . P (P)p P / P 2
< tim tim [( [ Jl19u?p)" ([ 1Vul7)
r—1
p p AN
([ vt ) ([ )
1 1
< 1 p (p) V4 / P p\P
<ctim [( [ )"+ ([ wrvee) ']
1 1
N *\ F
< Cli p)?
\C}:IE(I)[(/B(» |VWr | ) (/Bg(ygp))|u| )
1
(p)|N N p* P
+</B£(y£’))) |VWr | > </Bg(y£’))) |V| ) :|
1 1
< Cli Py / P =
CSI—I’%[(/Bs(yr i ) +< B )|V| ) } o
which implies that
lim lim (un|Vu,,|p_2Vun +v,,|an|p_2an>Vl//r(p) =0. (27)
e—0n—oo JRN
From (22)—(27) it follows that
0 = lim 1im (J; (1, v, (Y v i) > p () = v P, (28)
By (7) and (8) it follows that
SO0V <py,  WpEP, r=12 .k (29)

Then (28) and (29) imply that Claim 1 holds.
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Nfsk/

S/(k) (A’k’vsz/) P=Sp
—

CLAIM 2. For k' =1,2,....m, either vq, =0 or Vg, > ( holds.

In fact, for all € > 0, take (bé‘,(x) € Dy such that 0 < (bé‘, (x) <1, é‘/ (x) =1 in
x € B (0), 0¥ (x) = 0 in RN\ (B£(0)), and |V¢F | < L.
Similarly, for K =1,2,...,m, we have

0 = lim lim (J; (ttn, vn), (un(bé‘,,vn(bf)) > Pay — Mo Yay — PiVay (30)

£—0n—oo

/() L
N (A’k’akk/)(vak/)p <Pak/_)tk’7akn fork/: 1,2,...,]’)’1. (31)

Then (30) and (31) imply that Claim 2 holds.

) sYP 0\ "
CLAIM 3. Foreach 1 <I<my,1 <i<k; ", either V= 0or v > (22—

ER
holds.
In fact, for € > 0 small enough, let (Pa(,) (x) be a smooth cut-off function in Dy,

i

such that 0 < ¢ ) (x) <1, ¢ (x)=11in B%(al@), ¢ (x) =0 in RN\ B (al(l)), and
4 i i ) . i .
|V¢a§’) | < 3 By (17)—(21) and arguing as in the proof of Claim 1, we have

0 = Lim Tim (Jg (tn, vn), (U905 va9,0)) 2 (P00 = ¥,0) = TV - (32)

From (7) and (8) it follows that

A
*

(k) .
S0V ) <p o —re,  1<i<k. (33)

i i i

Then (32) and (33) imply that Claim 3 holds.

|=

) o s o)\ ¥
CLAIM 4. Foreach 1 <t <mp,1 < j<k™, either Vo = 0or X0 > T’
j J
holds.
The proof of Claim 4 is similar to that of Claim 3 and is omitted.

N
. sYam\”
CLAIM 5. Either Voo =0 0r Vo, > Tk’ holds.

In fact, for all R > 0 large enough, let y(x) be a smooth function in Dy such that
0< y(x) <1, y(x)=0in Bg(0), y(x)=1in R¥\ (Bz(0)) and |Vy| < %. By (7)
and (8) we have

/RN <|V<unw>|ﬂ+|v<vnl,,>|p_lunwl + vyl ) "

[x[?

P
¥

> sOA,0) (/RN )y (unwlp*+|vnw|p*+nk/unu/"‘k’lvnwlﬁk’)dX> . (34)
=1

~
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Forall 1 <l <mp,1 <i< kl(l),l <t<my,l <j< k{(z)) arguing as in [18] we can
write

hm limsup [ |u,Vy|’ = lim limsup | |u,|P|Vy|?
RN R—oo oo RN

R—e j oo

= lim limsup [ [v,Vy|?
R—00 N—s00 RN

— lim limsup/ vl ?[Vy]? =0, (35)
R—o0 Nn—o0 RN
I%im lim sup/ u, yVu,Vy = hm lim sup LVn yVv,Vy =0, (36)

Al 1P P
lim lim sup d |u"| Helvn L)W
R—oo oo RN |x a |P |x—b,. |P

. . Ar|un|? valP
= lim limsup ! (l‘) + il (l) v
= e = o e

(Aalun| + pieva| ") yr

From (34)—(37) we infer that
P
po— 1 = 8" (A1) (v) (38)
Note that 1imy, e (J} (ttn,vn), (un ¥, v ) = 0. By (34)~(37) we have
Poo = Yoo < FfVeo. (39)

Then (38) and (39) imply that Claim 5 holds.

Now we are ready to conclude. Note that
L
¢ = Ji(un,vn) — I_)<Jk(”n7vn)7 (tn,vn)) +o(1)

= 2 [ ual?”  l?” -+ el )+ 0(1)
k=1

% m m
/ > ([utal” 4 [val?” + e 10 % [P+ Y Ve, + Voo
k=1 k=1
(1)

+ZZV w+ZZV DI

K t=1j= J peP
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dk m " " m
= (L Tl 1" il ) + 3 v+ v
R =1

k=1
my ’1(1) my rt(z)
WANETD I AT D W]
I=1i=1 1 =1j=1 "7 pEP

where (19) is used in the last step. From (14), (19), Claims 1-5 and the assumption
¢ < c¢*, it follows that

Voy = V=0, fork=12,....m, v =0, Vpe,

i<kV, 1< <my, 1< <K,

<
I
S
I
=
N
N
3
N

Then up to a subsequence, (uy,,v,) — (u,v) strongly in Dy x Dy.

3. Minimizer of the best constant

LEMMA 2. (See [24]). Suppose that k €N, N >4, —oo < A < A and Sx(A,s) <
k78(0,0). Then Si(A,s) is achieved.

LEMMA 3. (See [15]). Suppose that (1) holds, 0 < A < A, S (Tmin) is defined
as in (12) and (13), and Vé is defined as in (10). Then S'(A,A) = f(Tmin)S(A, 1)
and has the minimizers (VéL (x—a), TminVZ (x—a)) . Furthermore, f(Tmin) < 1 and

therefore S'(A, 1) < S(A,A).

Now, Define the following constant:

(1) .
|ua)? my ki |ulPi
Jey (W”‘p—EZLl)Lk’W B EPIEYY e

[x—a;

~

o= inf 5
D0} (o [}

(40)

By Lemma 2 and arguing as in the proof of Lemma 3, we have the following results.

COROLLARY 1. Suppose that (J4) holds, —eo < A < A and Si(A,s) < kiS(0,0)

and u*(x) are the minimizers of Sy(A,s) obtained as in Lemma 2. Then s (A,A) =
£ (Tmin)Sk(A, 5) and has the minimizers (u* (x), Tminu® (x)).

COROLLARY 2. Suppose that (J41) holds, <7 is defined as in (4), m; = my,
KD =1 D =p0 1 <1 <my, 1<i <K, Then
(i) (A1 Ay, M Ay ) = f (Tanin) %

(ii) M()L],...,)Lml,kh...,kml) <Jgk
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4. Proof of Theorem 1

LEMMA 4. (See [18]). Suppose 0 < Ay < A for K =1,2,....m and for all
ay €RN, 0 < sy < p and w € DVP(RN) is a solution to the equation

P2, W
Zk’ lz’k’ ‘l)?l apl? — Zk/ 1 ‘l;ll a ‘r:/{ ) RN \ {ak’} (41)
MEDLP(RN), u>07 in RN\{ak/}.

P
Set wh(x—a)=0"7 w’l()%) (6 > 0,a € RN). Then for any o — 0% there
exists some positive constant C such that

| M( )|p Co?, Ae<l—1,
Wo =% ix>{ Co?|ng|, A=4-1,

RN |x—ae|P 5
CoP% Ae <A —1,

where 8, = (A —A)r—r 5. Moreover, as 6 — O there follows that

Ae( o P
de—)(), k/=1,2,~~~7m7 k/#e'
RV |x—apl|?

LEMMA 5. Suppose that S(Ae,se) < ki S(0,0), (54, () hold and one of the
following condition is satisfied:
(i) For —oo < Ao < A —1,

m 3 k(l) ™oy (2)

I
;’ TP i) Z |At|” v

(i) For A—1< A < A,

A,kl“ 2 )
TP Fain) \A,\P%

mj

=1
Then <7 < S (Ae, o).

Proof. From Lemmas 2, 3 and Corollary 1, it follows that Sk(l ) is achieved by

some u* € D; and s (Ae,Ae) is thus attained by (u ¢ Tointt” ) € Dy x Dy. By the
homogeneity of the Rayleigh quotient, we can assume that

/ (‘M)L |p + |Tm1nu |p + 2 nk"’/L |ak/|7:mmu ‘ﬁk/) =1.
k=1
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Set u% (x—a.) = 67w (X5%) (¢ > 0). Since 7% = (Sx(Ae,5e))7 7 %] is a non-

negative solution to (42), the estimates of Lemma 4 can be applied as ¢ — 0. Then
Q(uclfea Tminuclfe)

(e (s "+ Vi ()1 4-z¢,lrn4uo< )1 [int () P )x) "

<

L
IS5

uo min u%)'e x)|?
Wi~ [ ZZA' (35 b

=1j=1  |x=b;’|
Ak poms ik _
S G+ (i) 52 e ) (T40(1), A <21,
/(k) 7Lk 1) " kl(z) _
cs (z’ff’le) zl 1 |{" B (Tmin)pztzzl “lj\tlp (1—|—0(1)), Ae=A—1,
Akt @ _
Py ‘FZIPI% + (Tmin)? 2,2 \/‘\1:\’5% (I+o0(1)), Ae<A—1.

If either (i) or (ii) holds, we have <7 < s (e, Ae) by taking ¢ small enough.

Proof of Theorem 1. Note that Q(u,v) is positive definite and provides an equiva-
lent norm on Dy x Dy. Let {(un,v,)} C Dy X Dy be a minimizing sequence of 7. By
the homogeneity of the quotient we may assume that

/ (eal "+ [val” +2m/\unla"\v Py =
k=1

and by the Ekeland’s variational principle, we can assume that the sequence has the
Palais-Smale property for all (¢, y) € Dy x Dy :

(et vn), (9, w)) = o([[(6. W), V(9,¥) € Di x Dy,
which implies that J} (un,v,) — 0 and Ji(un,v,) — (% — #)dk = % %. Note that

s (A,u) is decreasing with respect to A and u and the assumptions of Theorem
1 imply that A, i < A,. Then

5 = 5" (An,,0),
57 = 80, ).
" AesAe) < min{kFs* kb5 5" (4, 1)) 42)

Since Si(Ae,se) < ki S(0,0), from Lemma 3 and Corollary 1 it follows that
(k) Py 2 J(k)
(ResAe) < kK 8(0,0) < k75" (0,0). 43)

By Lemma 5 we have
<8 (hes o). (44)
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From (42)—(44) it follows that
i < 8" Ay re) = min{S" (Ao, 20), S (A, 0), kNS, kNS, k8™ (0,0)).

Consequently,
<= L7 (89 e))?
N k<C—N k ( (67 6))
By Lemma | we conclude that {(u,,v,)} has a subsequence converging strongly to
some (U,,Ve) € Dy x Dy such that Ji (u,,ve) = %dk Thus (u.,ve) achieves the infi-
mum in (4). From the fact Ji(ue,ve) = Ji(|te], |ve|) it follows that (|u.|,|v.|) is also a
1

minimizer in (4) and therefore (i, V) = %ﬁ (|tel, |ve|) is a nonnegative solution to
(1). By the maximum principle [25], there are three possibilities: (i) # > 0,V > 0, (ii)
7>0,7=0, and (iii) 7= 0,7 > 0, ¥x € Q:=RY\ {0,a”,6} : 1 <l <my,1<i <

KV 1< <ma, 1 <<k
Assume that (,0) with @ > 0 in Q is a solution to (1) and (u.,0) achieves the
infimum in (4). Then 7 is 1ndependent of u,, ( 1<t
<

)

can choose m; = m27kt(2) = ,[,Lt Aes b (),1

(40) we have

t<m,1 <j< k,(z), and we
<

t <mp,1 < j<k?. Thenby

Ay Dy Mooy Amy) = (Mo Ay 50, ,0) = . (45)
If Ny >0 for k¥ =1,...,m and N > 7, by Corollary 2, we have
Jyk(xflv'''71'711171'17”‘7%7!11) <4&k7

which is a contradiction with (45). Therefore, (%,0) cannot be a solution to (1). Sim-
ilarly, (0,7) cannot be a solution to (1). Hence, there is only one possibility for the
solution (%,7) :%,v>01in Q. O

5. Proof of Theorem 2

Proof of Theorem 2. We argue by contradiction.
(i) For all € >0, since D(RV\ {0})N Dy is dense in Dy, there exist u,v € D(RV \
{0}) N Dy such that fen ([ul?” + [v[P" + X5_, e |u|®% |v|P¥) = 1, and

m / p / p /)
/N <|Vu|1’+ -y M) dx < 5" (Ae,Ae) + €
R

=1 |x_ak’|p

N— —
Let ug(x) = o u(%), vo(x) = - v(5)(o >0). By the dominated-convergence

o
theorem, forall 1 </ <my, 1<i<kl“), 1<tr<my, 1<j<k,<2), we get

P P
iny | o) iy [, L
N
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Taking ¢ — 0, we have

be Q(MG7VO')

p

v (|us|?” + |ve|P" + 20— 1nk"”0‘a"/|vo|ﬁk,)dx>

A lu p-l—[.l /|v|P
:/ (Vup+|va k/zl"u_—clkf;") dx+o(1)
S (JLE,JL)
which implies

. <8 Ay 2e).

Assume that the infimum in (4) is attained by some (u.,u.) € (Dy \ {0})
from (46) it follows that

u€7ve
o O(ue,ve) -
(i iy el + el = el [ P )x)
Consequently,
/ dx+22u,/ Ldx>0
RY | — ==

which contradicts the assumption that A;, yu; <0, [ =1,2,....my, t =1,2,...,

Therefore the infimum in (4) cannot be achieved.

(46)

2 Then

my.

(i) For all w € D such that w > 0 a.e. in RV, let w*(x) be the Schwarz sym-

metrization of w:
w*(x) :=inf{r > 0: [{y € RN w(y) > t}| <wn|x[N}.

Then direct calculation shows that (Flal)* = % Furthermore, we have [26]:

[t = [ i

RN RN

[ L) Y - L5
RN [x—al? = Jrv x—al RV [x]P

/ || % |v|P </ | v, Yu,v e D, u,v>0ae. inRY and Vo, B € (1,
RN RV

From the Pélya-Szego inequality it follows that

/ |vw\ﬂ>/ Vw* P,
RN RN

(47)

(48)

to0).

(49)

(50)
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The assumption (ii) of Theorem 2 implies that A= > 0. Since A, >0, [ =
1,2,...,my, t =1,2,...,my, forall u,v € Dy such that u,v >0 a.e. in RY, by (47)-
(50) and &, where .7 is defined as follows, we have

be;c = Q(M,V)

i
3

(o S (4 "+ v o i)

Jew (|vu*‘p+|w‘p_ M)

[x[?

A

(fRN S0y ([ [P7 A AP+ e x| \V*Iﬁk’W) '
> S'(A,). (51)

Note that the Rayleigh quotient above remains unchanged when replacing # and v with
|u| and |v| respectively. Together with (51), we have

= inf Ou,) _>52,0). (52
u,vEDy,u,v=0 m * " o B P
(e Sy (" 90"+ e P v

Forall 6 > 0,0 <A < A, consider the minimizers (V2 (x), TminVZ (x)) of S'(4,4)
obtained as in Lemma 3. Taking ¢ — oo, we have [9]

[ Vel Wall iy [ MO o), veerY o).

v et el P P
Set W2 (x) = TominV2 (x). Since V2 (x) € Dy and 0 < A =l < A, as G — oo we have
< 0(Vs (x). W5 (x)) p
(e S (VE )P+ [WE (o)1 + iV ()| 9 [ () P ) ) ™
=S5 (A, A)+o(1).
Therefore o7, < S’ (i,i), which together with (52) implies
oy =S4, 1). (53)

Assume that the infimum in (4) is attained by some (ue,u,) € (Dy \ {0})?. Since
(|ue],|ve|) is also a minimizer of (4), arguing as in the proof of Theorem 1, we may
assume ue,v, > 0 in RY. Then

Jyk:

Q(u€7v€)
P
(Jao Syl + "+ Ml )

i (1910 -+ g — AL

x?

P

(oo i sl + vz + o2 vz P ) x) ™
> §'(A,2). (54)
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From (47)—(50), (53) and (54) it follows that

[owur= [ vares [ vl = [ v, (59
]RN ]RN ]RN ]RN

P P *|P
/ L:/ el :/ ] dv, 1<i<my, 1<i<k,  (56)
RN |x—a§l)|l’ RN |x|P RN |x|P

P P *|P
/)_&L_:/ M|:/|”“m I<t<my, 1< <k, (57
RN |x_b(;)|p RN |x|P RN |x|1’

o el sl el = [l ol )
(58)

1
Note that (i, 7) = <" " (ue,v.) is a solution to (1). By the unique solution of standard

elliptic argument shows that [18]

1
(N=5)(A—2)\ "7

T (59)

U)Lg,s(l) =

By (53) and (55)—(58) we have

A A S |Vue|P+|Vve|p_M
SA) = al ) , (60)

(Jao Syl + "+ Ml e e )n)

e

which implies that (i, v,) is also a minimizer of §'(A,A). Similarly,

)

1
[N =)\
L e e

which contradicts (59) by the fact that 1> Ae. Therefore the infimum in (4) cannot be
achieved. [
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