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EXISTENCE RESULTS AND CONTINUITY DEPENDENCE
OF SOLUTIONS FOR FRACTIONAL EQUATIONS

JOSE VANTERLER DA COSTA SOUSA

(Communicated by C. Goodrich)

Abstract. Using two fractional-order integral inequalities we investigate the existence and unique-
ness of solutions of the fractional nonlinear Volterra integral equation and the fractional nonlinear
integrodifferential equation in Banach space Cg , using an adequate norm, ||| .. . Besides, we
study the solution estimate and investigate their continuous dependence.

1. Introduction

Fractional differential equations are very interesting and important for engineer-
ing, physics, chemistry, biology, and medicine, among others, for their ability to model
and describe phenomena of nature [23, 27, 36, 37, 38, 39]. In addition, they are also
extremely important for mathematics, in particular, for the fractional analysis, since it
allows to study the existence and uniqueness of a class of local and non-local solutions,
impulsive problems in Banach space, non-local mild solutions, boundary value prob-
lems, and many others, especially where a differential integral and integrodifferential
equations emerge [1, 5, 6, 8,9, 13, 15, 18, 19, 20, 21, 22, 25, 28, 31, 34, 40].

On the other hand, iterative and numerical methods in which solutions of fractional
integral equations can be approximated turn into important and interesting studies for
this area [16, 17, 33]. Also, it has been investigated the existence of solutions of the
integral fractional equation by Schauder fixed point and by singular nonlinear Volterra
integral equation [3, 19]. It is also worth mentioning the importance of discussing
the existence, as well as the attractivity of solutions of integral fractional equations
in Fréchet spaces, besides the asymptotic behavior [2, 20]. The study of existence and
uniqueness of solutions for problems involving fractional integral equations has become
an advantageous field of fractional calculus, since it allowed to unify several areas such
as in mathematics, in particular, the study of solutions of integral equations via fuzzy
set theory [4, 14, 32]. In this sense, some researchers have decided to study solutions
of fuzzy fractional integral equations, which have been important for the advancement
in this area [4, 14, 32].

Although it has many results addressing the discussion of existence, uniqueness,
and stability of fractional integrodifferential equations solutions, it is still an area that is
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Keywords and phrases: Fractional differential equations, fractional integrodifferential, existence and
uniqueness, estimate and continuous dependence.

© depay, Zagreb 377
Paper DEA-12-24


http://dx.doi.org/10.7153/dea-2020-12-24

378 J. VANTERLER DA COSTA SOUSA

growing. Some works related to existence and uniqueness of solutions of boundary and
impulse problems in Banach space are highlighted here, as well as inverse problems in
Sobolev space [5, 7, 10, 11, 12, 13, 22, 24, 26, 30, 44]. Besides, the study of existence
and uniqueness of mild solutions in Sobolev space and impulse equations with bound-
ary value can be seen in [29]. The variety of problems, which are investigated in the
literature, is not enough to cover the vast number of papers related to this subject.

This paper considers nonlinear fractional Volterra integral and integrodifferential
equations

()= f (z,x(z),/at W (1,5,5(5)) ds) 0
and
HDEB V(1) = f (t,x(t), / % (t,s,x(s))ds) o
I;;y’wx(a) = X

receptively, where Dj;ﬁ Y(-) is the y-Hilfer fractional derivative, I;; "Vx(-) is the
Riemann-Liouville fractional integral with respect to another function, with 0 < o <
L,oSB<LL, y=a+B(l—a), for —eo < a <t < +oo, being x, f,k real vectors
with n components such that x € C¢ (I,R"), k € C¢ (P xR",R") for a < s <t < oo,
f€Ce(IxR"xR",R") (I = [a,)), and to simplify the notation

Ny (t,8)k(t,5,x(s))
(o)

Wy (t,s,x(s)) ==

with Ny (¢,5) = v (s) (w (1) — v(s)* " and ¥/ (s) = %y/(s) denoting ordinary deri-
vative.

The main purpose of this paper is to discuss the existence, uniqueness, solution
estimate and continuous dependence of solutions of the nonlinear fractional integral
equation (1) and the nonlinear fractional integrodifferential equation (2) in the sense of
the y-Hilfer fractional derivative in Banach space employing of two suitable lemmas.

The paper is organized as follows: section 2 presents definitions of Riemann-
Liouville fractional integral with respect to another function and y-Hilfer fractional
derivative, as well as results relating both (fractional integral and derivative) and the
calculation of the fractional integral of the Mittag-Leffler function. A norm and the
fundamental metric for the elaboration of this paper are introduced. Two results involv-
ing the metric (complete space) and the norm (Banach space), as well as discussing
particular cases are presented. Besides, two lemmas and a corollary involving inequali-
ties that are important for the development of this paper are given. Section 3 investigates
the existence and uniqueness of solutions of the nonlinear fractional Volterra integral
equation and nonlinear fractional integrodifferential equation, as well as the study of
the solution estimate. Section 4 intends to study the continuous dependence of solu-
tions of the nonlinear fractional Volterra integral equations and the nonlinear fractional
integrodifferential equation. Concluding remarks close the paper.
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2. Preliminaries

In this section, we introduce some preliminary results that be useful in the next
sections. Specifically, we recover some results involving the Riemann-Liouville frac-
tional integral with respect to another function; y-Hilfer fractional derivative and the
classical one-parameter Mittag-Leffler function.

Let RT = [0,+0) and R" be the n-dimensional Euclidean space endowed with a
norm [|-||. For a,b € R with a < b, the space C(J,R") (J = [a,b]) is equipped with
the norm

¥l == sup [lx(@)][, vx € C([a,b],R").
t€la,b]

Let o > 0 and y(r) be an increasing and positive monotone function on (a,b],
having a continuous derivative y'(¢) for all 7 € J and x € LP(J,R), 1 < p < . The
Riemann-Liouville fractional integral with respect to another function y of function x
on J,is defined by [41, 42, 43]

0 = Fgs [V O W)=y (6) ™ x(0)ds )

where T'(+) is a gamma function.
On the other hand, let n — 1 < oo < n with n € N, J be an interval such that
—oo L a< b< +oo and let x,y € C"(J,R) be two functions such that y is increasing

and y'(t) #0, forall ¢ € J. The y-Hilfer fractional derivative denoted by # Dj;ﬁ V()
of a function x of order o and type B (0 < 8 < 1), is defined by [41, 42, 43]

b oy _ ooy (L A\ a-pn-a)y
Da+ X(Z) = Ia+ (W E) Ia+ X(Z). (4)
The y-Hilfer fractional derivative of an n-dimensional vector function denoted

by x(¢) = (x1(¢),---,x,(¢))T , with the superscript T indicates transposition, is defined
component wise as

HIDZ‘f””x(t) — <HD2£+=I3;V/X1 (), 7HDZiﬁ;Wxn(t)>T.
THEOREM 1. Let x € C! (J,R); 0<oa<1land 0< B <1, we have
HDOPYIOV (1) = x(1).
Proof. See [41].
THEOREM 2. Ifx € C"(J,R), 0< o<1 and 0 < B < 1, then

v HDﬁ‘;ﬁ;Wx (0) =x(1)— (v () I:(V;)(aw/_llf,ﬂrﬁ)(la)”"x (@).
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Proof. See [41].
Let £ > 0 be a constant and consider the special space Ce (I,R") the set of all
continuous functions x € C(I,R") such that

wp 1]
rel Eo [é (w(t) —w(a))®]

where Ey : R — R is the one-parameter Mittag-Leffler function given by

< oo

oo Zk

Eo(2) = 2, m——,  Vz€R,
* ,EO T(ok+1)
and oo € C with Re(er) > 0.

We consider the linear space Ce(I,IR") with a suitable metric namely

_ o —y0l
A=) = S g e T (@] )

with a norm defined by

) (0]
e = S Bty - yiane)

Note that the metric and norm as seen in (5) and (6) are in fact extensions of a
class of metrics and norms, i.e., taking y (1) =t in (5) and (6), we have [18]:

(6)

Ix(t) =y @l
dg oo (x,y) ==SUp—F——"g- <o 7
R L
with a norm defined by
t
g .. = sup— PO ®

el Bol& (1 —a)”]

On the other hand, taking y () = and taking the limit oz — 1 in (5) and (6), we

have [35]
() =yl _ ©)

de (x,y) =
i = )
whose norm is Ol
x(t
Il oo = terexplE (1—a)]’ {10

The equations (5) and (6) as above are variants of metric and norm. When we
get the particular case, we note that the respective metrics and norms are variations
of norms and metrics of Bielecki [35]. It may be noted that it is possible to get other
variances, since the freedom of the y function and the limits of o« and 3, allows us a
great advantage to consider the best metric and norm, in which we want to work.
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LEMMA 1. Given & >0, n—1 < o0 < n with n € N. Consider the real function

f@&)=FEu[E(w(t) — w(a))®¥| where Eq(-) is an one-parameter Mittag-Leffler function
with Re(a) > 0. Then

1%Y £(1) = é (Ea [E(y(r) — (@)~ 1). (11)

Proof. In fact, employing of the definition of the one-parameter Mittag-Leffler
function, we have

oo k
Y EalE )~ v@)) = & %I;ﬁ‘”wo) Y
oo k
= 3 Fia a0 - V@)
_ I & ék ko
= £ 3 o VO (@)
- éa@a E(w(r) — y(@)?] — 1)

LEMMA 2. If & > 0 is a constant, then
1. d;;oo is a metric;

2. (Ce (ILRY) 7d57,,<,) is a complete metric space.

Proof.

1. Assume that £ >0, & > 0 then, we have E¢ [£ (v (1) — v (a))*] >0, V€ 1.
As ||x(#) — y(¢)] is a norm, easily check the properties of metrics.

2. Let {x;(r)} a Cauchy sequence, i.c., for each € > 0, there exists a positive
integer N such that

[xi () = x; ()]
Eg [ (v (1) —w(a)”]

<&, Vi,j>Ng,Vtel.

It follows that the sequence {x;(7)} is uniformly convergent. The limit of a uni-
formly convergent sequence of continuous functions is a continuous function. Taking
J — oo we have

[[xi () —x (2) |
Ee [E(yv(t)—w(a)®]

and thus the Cauchy sequence {x; ()} convergesin the metric d¢ .. of C¢ (I,R"). Thus,
Ce ((I ,R™) ,d57w) is a complete metric space.

<& Vi>Ng,Vtel
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LEMMA 3. [18]1f & > 0 is a constant, then

L |ll¢ o is @ norm;

2. (Cé (I,R"), H||5°<,> is a Banach space.

Proof.
1. From item 1 of Lemma 2 it follows that ||-[|; , is a norm. We prove that there
exists positive constants m and M such that
mllxllo < llxllg 0 < Mlx]lo- (12)
Since & >0, we have E¢ [£ (y (1) — y(a))”] > 0, for t € I. Hence

EEe [E(w (1) —y(a)?] >0,1€1,

1
) that is strictly decreasing for 7 € I. We also have E¢ [& (y(a) —
Eg [y (1)~ ()] :
y(a))*] = 1. Combining the above ideas, we have
[x[lo

< xllg oo < Tl -

B [E(w()-w(@)?] = ’
1

So that (12), holds with m = and M = 1. Then the norm

E¢ [& (v (1)~ y(a)”]
[/lg o and [|-[|o are equivalent.
2. From item 2 of Lemma 2 and item 1 above, Lemma follows.
We introduce the notation to facilitate the development of this paper:
NE(t,5)k(t,s,x(s))

L7 (t,s,x(s)) == wl (e with NJ (7,5) = v/ (s) (w (1) — v (s)*!

d
and y'(s) = -y (s);:

2. W (t,5,0) 1= —~

3.

4. W (t,q) =

The proof of Lemma 4 below will be omitted here, however, it follows the same
steps as in Gronwall inequality Theorem 3 and Corollary 3.10 [40].
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LEMMA 4. Let u(t),v(t),g(t) eC(I,Ry), r(t,0) € C(D,Ry ), where D={(t,7)
elfa<t< +oo} and ¢ > 0 is a constant and u,v are nonnegative functions and g
nonnegative and nondecreasing function. If

u(t) < v() +g(t)/utN$ (1,7) r(t,7) u(T)dT (13)

then

- k
ult) <ve)+ [ Y %Nﬁ (¢,7)r(t,7)v(7),dT.

COROLLARY 1. Under the hypothesis of Lemma 4, let r,v be two nondecreasing
functions on 1. Then, we have

u(t) < v(1)Eq[g()r(r,0)T () (w(1) — w(a))®] (14)

where Ey(+) is an one-parameter Mittag-Leffler function.

Proof. In fact, as v is nondecreasing function, so, for all 7 € [a,], we have v(T) <
v(t) and we can write

v |1+ utg[g(?&‘;‘”kw% w0 — (0] <m>v<r>dr]
& (T (@) [w (1)~ y (@)™
<v(t) 1+k§ T (k) ol r(t,t)]

It is important to note that, Lemma 4, is a generalization of the Gronwall inequal-
ity, when we take r(z,7) =1 [40].

LEMMA 5. Let u(t),p(t),g(t) e C(I,Ry), r(t,0) € C(D,R+), where D is as
(t

inLemma 4 and g(t) > 0 and u(t),p(t) are nonnegative functions and g (t) nonneg-
ative and nondecreasing function. If

u(t) <§(t)+/atN$ (t,7) p(7) [u(r)+/;1v$ (t,7)r(1,0)u(0)do | dt
fort €1, then

u(t) < g(t)Balp(t)T(0)Eo (r(1,0)T () (w(r) — w(a))) (w(t) — w(a))],

where By (+) is an one-parameter Mittag-Leffler function.
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Proof. Taking v(1)=p (¢t)u(r) (with p(¢) and u () are nonnegative functions) and
g (t) = p(r) nondecreasing function, substituting in (13), we have

u(r) < p(t)u(t)—kp(t)/atNuO‘, (t,7)r(t,7)u(r)dr. (15)

t
Applying the integral / v (1) (w (1) — w(1))* ' dt and summing g () on both
sides of (15), we get ¢

g(z)+/atzv$ (t,7)u(7)dt

<§(t)+/utN$ (,7) p(r)u(r)+p(T)LTN$ (s,0)r(tr,0)u(o)do|dr.

Therefore, we conclude that

u(t)é§(t)+/atN$ (1,7) p(”L’)u(T)—i—p(T)/uTNVO‘, (s,0)r(z,0)u(c)dc ]| d. (16)

Note that, the (16) is exactly the hypotheses of this Lemma.

On the other hand, we perform the same procedure as in Lemma 4, i.e., (13). Then,
taking v(¢) = p(r)u(¢) (with p(¢) and u(z) nonnegative functions) and g () = p(¢)
nondecreasing function in (13), we have

u(t) < pO)u()Eo [p(e)r(e,0)T (a) (y (1) — w(a)®]. (17)

!
Applying the integral / v (1) (v (1) — w(1))* ' dt and summing g () on both
sides of (17), we get ¢

) <70) (14 [ Mg 0,0 () [p (05,700 (W(®) - wl@) () )
Using Lemma 4, we have

u(t) < g(t)Ealp()T () B (r(,0)T () (w(1) — w(a))®) (w(r) — w(a))®].

Thus, we conclude the proof.

3. Existence, uniqueness and estimates of solutions

In this section, we are going to present our main results concerning the existence
and uniqueness of solutions of (1) and (2).

THEOREM 3. Let L>0, £ >0, M >0, 6 > 1 be constants with & = Ls (con-
stant), t € I and u,u,v,v € C¢ (I,R™). Suppose the functions f,k in (1) satisfying the
conditions

1t u,v) = f(6,5,9) [ < M ([lu =3l +[[v—7]) (18)
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and
”k(tvsvu)_k(tvsvﬁ)” gLHu_ﬁH (19)

‘f <ta0a/tW[;( (t,S,O) dS)

and

1
L E (v () w@)]

N& (1,5)K (t,s,0)
. _ ]’/ ) bt
with W} (t,5,0) = B TR

If M(1+1/8) < 1, then the integral (1) has a unique solution x € Cg (I,R").

‘ < oo (20)

Proof. First, we can rewrite the nonlinear fractional Volterra integral equation (see
(1)) of the following form

X(t) = f (t,x(t),/at WE(t,5,%(5)) ds) iy (:,o,/at WE(1,5,0) ds>

t
+f (t,O,/ ny (t,s,O)ds)
21
fortel.
For x € C¢ (I,R"), we define the operator 7' by
1 1
00 = £ (1x0) [ 7 sxto) as) < (10, [ 7 @.5.0)as)
!
+f (z,O,/ WE(,5,0) ds).
(22)
Using (22) and hypotheses, we get
Tx)(t

el B [ (w (1) =y ()]

Hence (23) can be written as

1
||TXH§.;>° = i‘é?Ea [5 (w(r)— W(a))a]

—f (t,O,/IV/u?‘ (¢,5,0) ds) —|—f<t,0,/17/l;‘ (t,s,O)ds)

‘f (t,x(t),/athf‘ (t,s,x(s))ds)

’f (t,x(t),/atWVf‘ (t,s,x(s))ds)

N

sup

1
el Eq [E (w (1) — v (a))®]
—f (’707/;%7 (t,5,0) ds)

+sup

1
el Eq [é (w(t)— ‘V(a))a]

1 t
‘f<l7071_‘(—(x/u Wﬁ(hsﬁ)ds)
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f(t,x(t),/at % (t,s,x(s))ds)

=d|+su !
T Ee [E (v (1) — v (@)7]

—f (t,O,/ Wy (t,5,0) ds)

M "o 5,x(8)) ds
<+ ] (RO [ o

1)

L ["ne s)L|jx(s)| ds
< dhtsuper s {0+ gy [ NG9 L9 s
(24)

— /a W, (t,5,0) ds

Manipulating (24) we can write

i s 0]
)0 S Mo Ewo-var] e Ew o - v@)
1

X sup

DR WD v
«{ e [ ¥ 098 (v - v as)

=di+M+ML|x||¢ . su
| Il - sup s

«{ ¢ (Ea 2w ) - v@)] - 1)}

L 1
L (1 TR w0y @] )1 @

=di+M|lx[|¢ .

Since E4(+) is a monotone increasing function on the real line, we have
T <di+M 1 Ly_ d M1 ! 26
ITdlg e <A Mxle o (147 | =dit ¥l M {145 ) <o (20)

Therefore, the operator T maps Cg (I,R") into itself, i.e.,

T ((Ce RO ..) ) € (Ce LRI, - @)
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Now, we need to prove the operator T is a contraction. Let u,v € Cg (I,R"), then,
by (22) and hypotheses, we get

d};m (TM,TV)
T - ()]
T E [E(v () - y(@)]

. |7 (st [ 7 st as) = s (10, [ g v as) | |
p Ea [ (v ()~ w(@)"

(28)

As above, manipulating (28), we can write

L 1
I gsup (1 T E O @) )1 @

Since E4(+) is a monotone increasing function on the real line, we have

d&.’oo (Tu, TV) = Mdé,x,

dg o (Tu,Tv) < Mdg ., (u,v) (l + %) =M (l + %) dg oo(u,v). (30)

By hypotheses, M(1+1/0) < 1, then by Banach fixed point theorem, the operator,
T, has a unique fixed point in C¢ (I,R"™). Thus, we conclude that, the fixed point of T
is a solution of (1).

THEOREM 4. Let L, &, M, & be as in Theorem 3. Suppose the functions f and
k in (2) satisfying the conditions given in (18) and (19) and the relation

dr =su !
TR E (v -y ()]

1 S
oy
“PY(La)xO—Iﬁ f(s,o,m/a WJ/X (S,G70) dG)‘ .

M
e

unique solution x € Cg (I,R").

(1 + 3) < 1, then the nonlinear fractional integrodifferential equation (2) has a

Proof. We only present the idea of the proof, following the same steps as in the
above theorem. First, we prove that (2) is equivalent to the following nonlinear integral
equation

x(t) =Y (tr,a)xo+ 1Y f (s,x(s), / W& (5,0,x(0)) dG) . 31)
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In fact, applying the fractional derivative D:lﬁﬁ ¥(-) on both sides of (31) and
using Theorem 1, we get

"D Vx(1)

= TPV W (1,0)x0] + DI Y [Ifi’"’f (s,x(sx / W& (s,0,x(0)) do)]

5 (z,x(z),/at WE(t,5,x(5)) ds) (32)

where
HDPY WY (1,a) x0) = 0.

Applying the fractional integral I°:" (-) on both sides of (32) and using Theorem
2, we get

x(t) =W (t,a)xo+ 15V f (s,x(s)7 / W (s,0,x(0)) da) .

Let x € C¢ (I,R"™) and consider the following operator S, given by

(590) =¥ (apo + 127 (s.306), [ Hf (,0.3(0)) do
—Ifiwf (s,o,/s vy (s,o,O)dcr) +Ij‘;‘!’f (s,o,/s v, (5,0,0) dG)

fortel.

The proof of s((c,; (I,R")7||(-)H57w> c (Cé((LRn),H(-ﬂk’N) and that S is a
contraction, are realized with small and appropriated modifications from the proof of
the Theorem 3.

Further, we investigate the estimate of the solution of the nonlinear fractional
Volterra integral equation and the nonlinear fractional integrodifferential equation. Then,
we first investigated the nonlinear fractional Volterra integral equation.

THEOREM 5. Suppose the functions f,k in (1) satisfying the conditions
[ (t,u,v) = f(8,5,9)| < N (ju =1 + |[v—V]) (33)
and
|k(t,0,u) —k(t,0,v)| < r(t,0)|u—v| (34)

where 0 < N < 1 is a constant, r(t,6) € C(D,R;), in which D = {(t,7) € I* 1 a <
0 <t <o} and u,u,v,v € Ce(I,R").
Let

Cy; =sup
rel

f (t,O,/tW,ﬁ‘ (t,0,0) dG) ' < oo,
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If x(t), t €1, is any solution of (1), then

o) < (155 ) Ba | 0 v - vl

fort €I and Ey(-) is an one-parameter Mittag-Leffler function.

Proof. Using the fact that the solution x(r) of (1) is equivalent to (21) and the
hypotheses, we have

x(1)] < ‘f (z,o,/at%;‘ (1,6,0) dcf)'—i—'f <t,x(t)7/a17/vf‘ (t7a,x(a))d0>'
—‘f (t,O,/at”‘//Vf‘(na,O) dG)l
< sup

ur f<t70,/at7/l;‘ (t,0,0) dG)’
+N{|x(t)+ﬁ/atN$(t,0)k(t76,x(6)—k(t,070)}

< CL+N |x(t)]+ %LtN$(t7G)r(t7G)|x(G)‘dG. (35)

From (35) and the fact that 0 <N < 1, we get

()] <

Using Corollary 1, we conclude that

0 < (15 ) B 2y o) - wla)®

T / v —y(0)* ' r(t,0) [x(0)|do.  (36)

where Eq () is an one-parameter Mittag-Leffler function.
Now, we present an estimate of the solution of fractional integrodifferential equa-
tion (2).

THEOREM 6. Suppose the function f in (2) satisfying the condition
| (@ u,v) = f (6,0,9)] < p(t) (Ju—u]+ [v—¥]) &7

where p € C(I,R+), u,u,v,v € C¢(I,R") and the function k in (2) satisfying the con-
dition (34).
Let

Cy =sup WY (t,a)xo+ 1V f <s,0,/‘ Wy (s,0,0) da)‘ <

tel

If x(t), t €1, is any solution of (2), then
()] < CEa {p (1) T () Ea [ (1.) T (00) (w (1) — w ()] (w (1) — w(a)”}
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Proof. Since x(t) is a solution of (2) and using the hypotheses and Lemma 5, we
have

x(1)| = |¥Y (t,a)xo+ 15V f (s,x(s),/us v, (s,0,x(0)) dG)

—Ifiwf (s,O,/ v, (s,0,0) dG) +I[f‘+""f <S707/ vy, (5,0,0) da)‘

s
< ‘Py(t,a)xo—I—I:;Wf <s70,/ v, (s,0,0) dﬁ)‘

vy (s,x(s), / W (s5,0.x(0)) dG)

+ s
1%y <s707 / WE(t,,0) dG)

<G+I2Y {p(s) <|x(s)| + ﬁ/:Ng(s,G)r(&Gﬂx(G)dG) }
< GEo {p(0)T (@) Eq [r(t,))T (o) (y (1) =y ()] (w (1) — w(a))“}.

4. Continuous dependence

In this section, we present results regarding the continuous dependence of solu-
tions of (1) and (2).
Consider (1) and (2) and the corresponding equations

¥ =7 (t,ya), [Tiwox0) da) (38)
and

{ Hp®PVy() = 7 (t,y(t), / t 7, (tﬁ,y(G))dG) 39)

1-y
Ia+YWy(a) = Yo
for 1 €1, where k € C¢ (I x R",R") for a < s <t < oo, f € Cz(I x R" x R,R").

THEOREM 7. Let u,u,v,v € Cg (I,R"™) and suppose the functions f,k in (1) satis-
fying the conditions

(2w, v) = f2,7,9)| < N(lu—u+[v =) (40)

and

|k(t,0,u) —k(t,0,v)| < r(t,0)|u—v|, 41)

and

(000 [ 7 Gonton ao) <7 (rat0). [ 7 (t,a,yw))da)' <& @)
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where f,k and f,k are the functions involved in (1) and (38), € > 0 is an arbitrary
small constant and y(t) is a solution of (38). Then, the solution x(t), t € I, of (1)
depends continuously on the functions involved on the right hand side of (1).

Proof. Let x(t) and y(z) the solutions of (1) and (38), respectively. Using hy-
potheses, we have

u(r)
(1) =y (1)]

f<t7x(t)7/at % (tﬁ,x(G))dG) —f<t7y(t)7/at % (z,my(o))da)
i (w(z), IRz <z,c,y<o>>da) —f(z,yo), [7 (t,a,yw))dc)

<e +‘f (t,x(t),/uthf‘ (t,0.x(c)) dc) _y (t,y(t),/ut W (1,6,x(0)) dc) ‘
< et N {501+ s [ M0l 0.x(0)) k.00 dor |

<e +N{|x<t>—y(r>|+ﬁ [ Mg(0.0)r1.0)x(0) —y(a)dc}

l 1
=g +N{u(t)+ W/a N$(t,c)r(t,c)u(a)da}. (43)
Note that, by (43) and using the assumption 0 <N < 1, we get
€1 N 1 t o
< Ny (2, , do p. 44
u(r) 1—N+1—N{F(a)/a “(t,0)r(t,0)u(o) a} (44)

Now, employing of the Corollary 1, we rewrite (44) in the following form

50 -0 < (125 ) Ba [ ot v - wio)?] . @

where Eq(+) is an one-parameter Mittag-Leffler function.
From (45) it follows that the solution of (1) depends continuously on the functions
involved on the right hand side of (1).

THEOREM 8. Suppose the functions f and k in (2) satisfying the conditions (33)
and (34). Furthermore, suppose that

(590 [ 7 6050 o)

“Py(ha)xo—‘l”’(t,a)yo\+Ig+"” B o
-f (S,y(S%/a WW(S,GJ(G))CZG)

<&

where f,k and 7,E are functions involved in (2) and (39), & > 0 is an arbitrary small
constant and y(t) is a solution of (39). Then, the solution x(t), t € I of (2) depends
continuously on the functions in right hand side of (2).
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Proof. Let x(t) and y(z) the solutions of (2) and (39) and using the hypotheses
we have

u(t) = |x(1) =y ()]
= W (t,a)x0 + 15V f (s,x(s)7/: Wy (&G,x(G))dG)
(o~ 17 (5309, [ W (0 (@) do ).
As above, we add and subtract an adequate term, using & and Lemma 5, we have
1
[x(s) =y (s)[ + o) <

u(t) < e+172" 4 pls) ‘
« / NE(s,0) (k(s,0,x(0)) — k(s,5,())) do

< et 12 ) () + s [ Mg 60100l ) |

=& +I:+’W {p(s)u(s) + l'l‘?((;)) /:Ng(s,(f)r(t,a)u(G)dG}

= &2a {p ()T (o) Eq [r(1,0)T (o) (w (1) = y ()] (w (1) = w(a))"}.

Now, we consider the following system involving a nonlinear fractional Volterra
integral equation and a nonlinear fractional Volterra integrodifferential equation

i) = (1.20) g [ NE0.0)s(r.05(0)do ) (46)
i) = (1:20) g [ M6 0.0)s(r.0.5(0)) a0 ) @7
DY) = (120 s [ Ve okt o@D )
1:Ve(a) =z
" R O e RGN B

fort €I, where g € C(I> xR"R"), a< 0 <t <o and h € C(I x R" x R" x R,R").

THEOREM 9. Let u,u,v,v € C¢ (I,R"™) and suppose the functions h, g in (46) and
(47) satisfying the conditions

|h(t,u,v,/,L) _h(t7ﬁavuu)‘ < N(|u_ﬁ| + |V—VD; (50)

(v, 1) = h(t,u,v, o) | < q(1)[ 1 — ol G
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and
|g(t,07u)—g(t76,v)\<7(t76)|u—v\ (52)

where 0 < N < 1 is a constant, g € C(I,R,) such that q(t) < Q < e, Q is a constant
and 7(t,0) € C(D,Ry) in which D is defined as in Lemma 4. Let z;(t) and z3(t) be
the solutions of (46) and (47), respectively.

Then,

a0 =0l <eB e, [ T rwnwn -v)©| 6

where By (+) is an one-parameter Mittag-Leffler function.

Proof. Let x(t) and y(z) the solutions of (46) and (47), for 7 € I, and the hypothe-
ses, we have

)~
| (r (0 /N“m) (0.a(0))do
h(t 20). e || M (0)elr.0,020) do
(120, g [ Vo000, do 0
+h<t 20), /N"‘ (t,0)g(t,0,22(c ))dmu())'.

Proceeding as in Theorem 8§, we can write

) < N{zm )+ ﬁ / tN$|g(t,G7Z1(G))—8(t76,zz(0))dG}
a0~ ol
—N{ /NO‘ t,0)z }+Q|u—uo. (54)

As 0 < N < 1, (54) can be rewritten as follows

Olu—io| N e
) < SEL I_Nr(a)/aNw(t,a)r(t,c)z(ﬁ)dc. (55)

Using Corollary 1 in (55), we conclude that

Olu — .uo| [_
1—

21 (1) — 200l < = —

=60 () - yia)®

where Eq () is an one-parameter Mittag-Leffler function.
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THEOREM 10. Suppose the functions h,g in (48) and (49), satisfying the condi-
tions (50)-(52) with p(t) in the place of N in (50), where p € C(I,R ) and the function
q(t) in (51) be such that

1 t _
—— | Nt ds < oo
Ry |, Vot a(s)das <0 <
where Q is a constant. Let z1(t) and 75(t) be the solutions of (48) and (49). Then,

21(1) = 22(0)] < Ol — polBa {7 (1) T (@) Eat (7(1,1) T (@) (w (1) — w(@))°)
x(y(0) = ()" }.

Proof. As before in Theorem 9.

5. Concluding remarks

We concluded this paper with the aims achieved, i.e., we carried out a brief study
on existence, uniqueness, estimate, and continuous dependence of solutions of nonlin-
ear fractional Volterra integral equation, (1), and the nonlinear fractional integrodiffer-
ential equation, (2). Furthermore, we introduced the metric, (5) and the norm, (6), as
well as Lemma 4, Lemma 5 and Corollary 1, which are fundamental to get our main
results. In this sense, we contributed to the growth of the fractional calculus, partic-
ularly in the case of fractional differential equations and fractional integral equations,
especially involving a recent and general formulation of the fractional derivative, the
so-called y-Hilfer fractional derivative. However, as seen in the text, there are many
types of differential equations, integral equations and so problems that should be in-
vestigated. We emphasize that one of the problems that deserve special mention comes
from the impulsive equations, which will be an object of studies whose results will be
published in future work.

Acknowledgements. J. Vanterler acknowledges the financial support of a PNPD-
CAPES (no. 88882.305834/2018-01) scholarship of the Postgraduate Program in Ap-
plied Mathematics of IMECC-Unicamp. We thank anonymous referees for the sugges-
tions that improved the paper and the rich suggestions of Prof. Edmundo Capelas and
Prof. Vinicius Wasques.

REFERENCES

[1] S. ABBAS, M. BENCHOHRA, J. E. LAGREG, A. ALSAEDI, Y. ZHOU, Existence and Ulam stability
for fractional differential equations of Hilfer-Hadamard type, Adv. in Diff. Equa. 2017 (1), (2017),
180.

[2] S. ABBAS, M. BENCHOHRA, Existence and attractivity for fractional order integral equations in
Fréchet spaces, Discussiones Mathematicae, Differential Inclusions, Control Opt. 33 (1), (2013), 47—
63.



[3]

[4]
[5]
[6]

[7]
[8]
[9]

[10]

[11]

[12]

[13]

[14]
[15]
[16]

[17]

[18]
[19]
[20]
[21]

[22]

[23]
[24]
[25]

[26]

Differ. Equ. Appl. 12, No. 4 (2020), 377-396. 395

R. AGARWAL, S. JAIN, R. P. AGARWAL, Solution of fractional Volterra integral equation and non-
homogeneous time fractional heat equation using integral transform of pathway type, Progr. Fract.
Diff. Appl 1, (2015), 145-155.

R. P. AGARWAL, S. ARSHAD, D. O’REGAN, V. LUPULESCU, Fuzzy fractional integral equations
under compactness type condition, Fract. Calc. Appl. Anal. 15 (4), (2012), 572-590.

A. AGHAJANI, Y. JALILIAN, J. J. TRUJILLO, On the existence of solutions of fractional integro-
differential equations, Frac. Cal. Appl. Anal. 15 (1), (2012), 44-69.

B. AHMAD, J. J. NIETO, A. ALSAEDI, Existence and uniqueness of solutions for nonlinear fractional
differential equations with non-separated type integral boundary conditions, Acta Math. Sci. 31 (6),
(2011), 2122-2130.

B. AHMAD, J. J. NIETO, Boundary value problems for a class of sequential integrodifferential equa-
tions of fractional order, J. Function Spaces Appl. 2013.

B. AHMAD, J. J. NIETO, J. PIMENTEL, Some boundary value problems of fractional differential
equations and inclusions, Comput. Math. Appl. 62 (3), (2011), 1238-1250.

R. ALMEIDA, Fractional differential equations with mixed boundary conditions, Bull. Malaysian
Math. Sci. Soc. (2017), 1-11.

A. ANGURAJ, P. KARTHIKEYAN, M. RIVERO, J. J. TRUJILLO, On new existence results for frac-
tional integro-differential equations with impulsive and integral conditions, Comput. Math. Appl.
66 (12), (2014), 2587-2594.

K. BALACHANDRAN, N. ANNAPOORANTI, Existence results for impulsive neutral evolution integrod-
ifferential equations with infinite delay, Nonl. Anal. 3 (4), (2009), 674-684.

K. BALACHANDRAN, S. KIRUTHIKA, J. J. TRUJILLO, Remark on the existence results for fractional
impulsive integrodifferential equations in Banach spaces, Commun. Nonlinear Sci. Numer. Simulat.
17 (6), (2012), 2244-2247.

K. BALACHANDRAN, S. KIRUTHIKA, J. J. TRUJILLO, Existence results for fractional impulsive inte-
grodifferential equations in Banach spaces, Commun. Nonlinear Sci. Numer. Simulat. 16 (4), (2011),
1970-1977.

M. BENCHOHRA, M. A. DARWISH, Existence and uniqueness theorem for fuzzy integral equation of

[fractional order, Commun. Appl. Anal. 12 (1), (2008), 13-22.

M. BENCHOHRA, J. R. GRAEF, S. HAMANI, Existence results for boundary value problems with
non-linear fractional differential equations, Applicable Anal. 87 (7), (2008), 851-863.

T. BLASZCZYK, J. SIEDLECKI, An approximation of the fractional integrals using quadratic interpo-
lation, J. Appl. Math. Comput. Mechanics 13 (4), (2014), 13-18.

T. BLASZCZYK, J. SIEDLECKI, M. CIESIELSKI, Numerical algorithms for approximation of frac-
tional integral operators based on quadratic interpolation, Math. Meth. Appl. Sci. 41 (9), (2018),
3345-3355.

N. D. CONG, H. T. TUAN, Existence, uniqueness, and exponential boundedness of global solutions
to delay fractional differential equations, Mediterr. J. Math. 14 (5), (2017), 193.

M. A. DARWISH, A. A. EL-BARY, Existence of fractional integral equation with hysteresis, Appl.
Math. Comput. 176 (2), (2006), 684-687.

M. A. DARWISH, On existence and asymptotic behavior of solutions of a fractional integral equation,
Applicable Anal. 88 (2), (2009), 169-181.

M. FEC, Y. ZHOU, J. WANG, On the concept and existence of solution for impulsive fractional differ-
ential equations, Commun. Nonlinear Sci. Numer. Simulat. 17 (7), (2012), 3050-3060.

H. Gou, B. L1, Local and global existence of mild solution to impulsive fractional semilinear
integro-differential equation with noncompact semigroup, Commun. Nonlinear Sci. Numer. Simulat.
42, (2017), 204-214.

R. HERRMANN, Fractional Calculus: An Introduction for Physicists, World Scientific Publ. Comp,
New Jersey, 2014.

Y. JALILIAN, M. GHASEMI, On the solutions of a nonlinear fractional integro-differential equation
of pantograph type, Mediterr. J. Math. 14 (5), (2017), 194.

H. JAFARI, H. K. JASSIM, M. AL QURASHI, D. BALEANU, On the existence and uniqueness of
solutions for local fractional differential equations, Entropy 18 (11), (2016), 420.

K. KATHIKEYAN, Existence and uniqueness results for boundary value problems of higher order

[fractional integro-differential equations involving Gronwall’s inequality in Banach spaces, Acta Math.

Sci. 33 (3), (2013), 758-772.



396

[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]

[40]
[41]
[42]

[43]

[44]

J. VANTERLER DA COSTA SOUSA

A. A. KILBAS, H. M. SRIVASTAVA, J. J. TRUJILLO, Theory and Applications of Fractional Differ-
ential Equations, Vol. 204, Elsevier, Amsterdam, 2006.

Z.L1u, X. L1, Existence and uniqueness of solutions for the nonlinear impulsive fractional differential
equations, Commun. Nonlinear Sci. Numer. Simulat. 18 (6), (2013), 1362-1373.

F. L1, J. LIANG, H.-K. XU, Existence of mild solutions for fractional integrodifferential equations of
Sobolev type with nonlocal conditions, J. Math. Anal. Appl. 391 (2), (2012), 510-525.

K. L1, J. JIA, Existence and uniqueness of mild solutions for abstract delay fractional differential
equations, Comput. Math. Appl. 62 (3), (2011), 1398-1404.

M. M. MATAR, J. J. TRUJILLO, Existence of local solutions for differential equations with arbitrary

[fractional order, Arabian J. Math. 5 (4), (2016), 215-224.

M. T. MALINOWSKI, Random fuzzy fractional integral equations—theoretical foundations, Fuzzy Sets
Sys. 265, (2015), 39-62.

S. MICULA, An iterative numerical method for fractional integral equations of the second kind, J.
Comput. Appl. Math. 339, (2018), 124-133.

Z. OUYANG, Existence and uniqueness of the solutions for a class of nonlinear fractional order partial
differential equations with delay, Comput. Math. Appl. 61 (4), (2011), 860-870.

B. G. PACHPATTE, On certain Volterra integral and integrodifferential equations, Facta. Univ. (Nis)
Ser. Math. Infor. 23, (2008), 1-12.

1. PODLUBNY, Fractional Differential Equations, Mathematics in Science and Engineering, Academic
Press, San Diego, Vol. 198, 1999.

S. G. SAMKO, A. A. KILBAS, O. I. MARICHRYV, Fractional Integrals and Derivatives, Theory and
Applications, Gordon and Breach, Yverdon 1993 (1993) 44.

J. VANTERLER DA C. SOUSA, E. CAPELAS DE OLIVEIRA, L. A. MAGNA, Fractional calculus and
the ESR test, AIMS Math. 2 (4), (2017), 692-705.

J. VANTERLER DA C. SOUSA, M. N. N. DOS SANTOS, L. A. MAGNA, E. CAPELAS DE OLIVEIRA,
Validation of a fractional model for erythrocyte sedimentation rate, Comput. Appl. Math., 37(5),
(2018), 6903-6919.

J. VANTERLER DA C. SOUSA, E. CAPELAS DE OLIVEIRA, A Gronwall inequality and the Cauchy-
type problem by means of y -Hilfer operator, Dift. Equ. Appl., 11(1), (2019), 87-106.

J. VANTERLER DA C. SOUSA, E. CAPELAS DE OLIVEIRA, On the y-Hilfer fractional derivative,
Commun. Nonlinear Sci. Numer. Simulat. 60, (2018), 72-91.

J. VANTERLER DA C. SOUSA, E. CAPELAS DE OLIVEIRA, Leibniz type rule:  -Hilfer fractional
operator, Commun. Nonlinear Sci. Numer. Simulat. 77, (2019), 305-311.

J. VANTERLER DA C. SOUSA, E. CAPELAS DE OLIVEIRA, On the stability of a hyperbolic fractional
partial differential equation, Diff. Equ. Dyn. Syst. (2019).
https://doi.org/10.1007/s12591-019-00499-3.

B. WU, S. WU, Existence and uniqueness of an inverse source problem for a fractional integrodiffer-
ential equation, Comput. Math. Appl. 68 (10), (2014), 1123-1136.

(Received April 23, 2020) José Vanterler da Costa Sousa

Department of Applied Mathematics
Imecc-State University of Campinas — UNICAMP
R. Sérgio Buarque de Holanda 651, 13083-859, Campinas SP, Brazil

e-mail: vanterler@ime.unicamp.br

Differential Equations & Applications
www.ele-math.com

dea@ele-math.com



