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Abstract. This article is devoted to the existence and multiplicity to the following singular ellip-
tic equation with singular nonlinearities, Hardy-Sobolev critical exponent and weights:

‘u‘p 2,

7Au7uﬁ = LA (i \u\ xeQ,
u>0 xeQ,
u=0 x € 0Q.

where Q is a smooth bounded domain in RY (N >3), 0€Q, A >0, 0< u < fiy:=
(N—=2)2/4, p=2%(s) =2(N—s)/(N—2) with 0 < s < 2 is the critical Hardy-Sobolev crit-
ical exponent, 0 < a <N (p—1+4+f)/p, 0<B <1 and 2< p <2*:=2N/(N—-2) is the
critical Sobolev exponent.

By using the Nehari manifold and mountain pass theorem, the existence of at least four
distinct solutions is obtained.

1. Introduction

The main purpose of this article is to investigate the existence of nontrivial nonneg-
ative solutions of the following problem (1.1) with Dirichlet boundary value conditions

ul”

_ -
(1.1) —Au— gy = T FApa T, xeQ,
u=0 x € 0Q.

where Q is a smooth bounded domainin RN (N >3),0€Q, 1 >0,0< u < fIy:=
(N—2)/4, p=2"(s) =2(N—s)/ (N —2) wehave 2 < p <2*:=2N/(N —2) when
0 < s <2, with 2*(s) is the critical Hardy-Sobolev critical exponent and 2* is the
critical Sobolev exponent, 0 < o <N (p—1+8)/p,0< B < 1.

In recent years, many auteurs have paid much attention to the following singular
elliptic problem,

(1.2) —Au— x| P u=hful"Put Af (), inQ
' u=0 0Q,
Mathematics subject classification (2010): 35J66, 35J55, 35B40.

Keywords and phrases: Singular elliptic equation, singular nonlinearities, Hardy-Sobolev critical ex-
ponent, Nehari manifold, variational method.

© M, Zagreb 397
Paper DEA-12-25


http://dx.doi.org/10.7153/dea-2020-12-25

398 M. EL MOKHTAR OULD EL MOKHTAR AND Z. I. ALMUHIAMEED

where Q is a smooth bounded domain in RY (N>23),0eQ, A>0,0<pu<
fiy = (N—2)?/4 and 2* = 2N/ (N —2) is the critical Sobolev exponent for i = 1,
see [1,5,6,7,10,13,15, 18] and references therein, after the work of Brezis and Niren-
berg [4]. When pt =0 and s =0, problem (1.2) becomes the well-known Brezis and
Nirenberg problem, and is studied extensively in [18]. When p # 0, the problem has its
singularity at 0 and attracts much attention. Ding and Tang in [9] studied the existence
of positive solutions with N >3, 0 < s <2 and f (x,u) satisfying (AR) condition in the
case A = 1. Kang in [14] showed the existence of positive solutions replacing f (x,u)
by |u|?"?u with ¢ > 2 for 0 < s < 2. The quasilinear form of (1.2) is discussed in
[12]. Some results are already available for (1.1). Wang and Zhou [19] proved that
there exist at least two solutions for (1.1) with, 0 < u < Iy = (N —2)* /4, Bouchekif
and Matallah [2] showed the existence of two solutions of (1.1) under certain condi-
tions on a weighted function 4, when 0 < u < ty, A € (0,A,) with A, a positive
constant.

The novelty in this article is that the function f (x,u) := # \u|_l3 with0< B <1
presents a singular nonlinearity thing which will allow us to combine the perturbation
with the variational methods. It should be noted that the problem studied in this work
is not the fruit of the fertile imagination of a theorist, on the contrary, the problems
dealt with in applied mathematics have their origins in different fields we will cite as
example: heterogeneous chemical catalysis, kinetic chemical catalysis, heat induction
or electrical induction, non-Newtonian fluid theory, and viscous fluid theory. For further
discussion on this subject we refer the reader to [8] and [11].

Before giving our main result, we state here some definitions, notation and known
results.

We denote by 9&’2 = 9&’2 (Q\{0}) and 57, = ' (Q\{0}), the closure of
Cy (€2\ {0}) with respect to the norms

= ( [, (1var) dx)m

) 1/2
ull, = Vul> — M dx s
al, (/Q< Pon

respectively, with u < iy = (N —2)/2)* for N #2.
By weighted Hardy inequality, it is easy to see that the norm |[ul|, is equivalent to
||lu|. More explicitly, we obtain
1/2

(1—(\/;17)1*) ||u<||uu<<1—(\/a)2u> Jul

with 4 = max (,0) and pu~ = min(u,0) forall u € 5, .
We list here a few integral inequalities.

and

1/2
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The starting point for studying (1.1), is the Hardy inequality with cylindrical
weights [10]. It states that

/.IN/ |x|_2v2dx</ IVv|?dx, forall v € 7, (1.1)
Q Q

Since our approach is variational, we define the functional J on 7], by

@)= (1/2) [l = () [ bl dx = () @~ B) [ e~ > P dx. e
A point u € 7, is a weak solution of the equation (1.1) if it satisfies
(/' (u),9)
:z/Q(VuV(p—Mxrzu(p) dx—/g\x\fs\u|p72u(pdx—7L/Q|x|7a|u\7ﬁu(pdx:O,

for u € 7, and forall ¢ € J7;.
Here (.,.) denotes the product in the duality 7], .7, (7, dual of ).

Let
I
#._ue}l?;l 0 4 2/p
0 )
X

From [16], S, is achieved.

In our work, we search the critical points as the minimizers of the energy functional
associated to the problem (1.1) on the constraint defined by the Nehari manifold, which
are solutions of our system.

Let A, be positive number such that

s (Su)% ((p—p2_+2B)A> [((p—123+ﬁ)>} ”%7

y T Nt
N Nip— —a
where A = | 222 _ (P=2+B) ] Ry :

>0, with 0 < o < Y=24B)

r(§) Np=2+B)-ap p

Now we can state our main results.

THEOREM 1. Assumethat N >3, 0<s<2, —co<u <y, 0<a<N(p—2+B)/p,
B €(0,1) and A verifying 0 < A < A, then the problem (1.1) has at least one positive
solution.

THEOREM 2. Under the assumptions of Theorem 1, there exists Ay =

B2
(Sﬂ) 2 (%) such that if A satisfying 0 < A < Ay, then (1.1) has at least

two positive solutions.

THEOREM 3. Under the assumptions of Theorem 2 then, there exists a positive
real A* such that, if A satisfy 0 <A < A*, then (1.1) has at least two positive solutions
and at least one pair of sign-changing solutions.
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This paper is organized as follows. In Section 2, we give some preliminaries.
Section 3 and 4 are devoted to the proofs of Theorems 1 and 2. In the last Section, we
prove the Theorem 3.

2. Preliminaries

DEFINITION 1. Let ¢ € R, E aBanach space and I € C! (E,R).
(i) (un), is a Palais-Smale sequence at level ¢ (in short (PS),.) in E for I if

I(uy) =c+o0,(1) and 1 () = 0, (1),

where 0, (1) tends to 0 as n goes at infinity.

(ii) We say that I satisfies the (PS), condition if any (PS), sequence in E for [
has a convergent subsequence.

LEMMA 1. Let X Banach space, and J € C' (X,R) verifying the Palais-Smale
condition. Suppose that J (0) =0 and that:
i) there exist p >0, r > 0 such that if ||ul| = p, then J(u) > r;

ii) there exist (up) € X such that |lug|| > p and J (up) < 0;

let ¢ = inf J(y(t h
et ¢ = inf max (J (y(1))) where

I'={yeC([0,1];X) such that y(0) =0and y(1) =up},

then c is critical value of J such that ¢ > r.

2.1. Nehari manifold

It is well known that J is of class C! in %, and the solutions of (1.1) are the
critical points of J which is not bounded below on 7}, . Consider the following Nehari
manifold o

M ={ueA\{0}: (J'(u),u)=0},

Thus, u € .# if and only if
Jalfy = [ bl dx =2 [ o= P dx=o. @1
Q Q

Note that .# contains every nontrivial solution of the problem (1.1). In order to obtain
the first positive solution, we give the following important lemmas.
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LEMMA 2. J is coercive and bounded from below on A .

Proof. Let Ry > 0 such that Q C B(0,Rg) = {x e RN : r=[x| <Ro € (0,1)} . If
ue M, thenby (2.1), p>2,8€(0,1),s > 0 and the Holder inequality, we obtain

B -p
fo s < (1ul 507

2=p) p—2+B
p

2B p
/ | u P ax < (/ r‘u|”dx> ! (/ r(s Z OC)Pg*ﬁdx)
Q Q Q

(2-B) p—2+p

=p P Ro n_ 2-B p P
< <u||ﬁ(Sﬂ)T) |:GN/O N (5 a)pﬂﬁdr} ,
N
22

where oy = e is the area of the (N — 1)-dimensional unit sphere
7

(2=B)

and

In the integral to avoid a singularity at zero we musttake 0 < a <N (p—2+f8)/p
because p—2+ f3 > 0, so we get that

N P—2+B
- - nz p—2+p P N p-14B)—a oo B2
/Q\x\ * Juf? ﬁdxgl r(¥)'N p( 2+ﬁ)z ] Ry w7 ()2
2

and we deduce that
J(u)=((p—Z)/Zp)Ilulli—l((p—2+ﬂ)/p(2—ﬁ))/glxr°‘Iu\z’ﬁdx (23)
> (p=2)/20) ulls =2 (p—2+B) /p 2= BDA(S,) T w2, @4)

p—2+B

(2.2)

N
: 22 (p—2+B) p B(p=14B)—o
with A = FE[%) (pp2+ﬁ) } Ry >0for0<a<N(p—2+p8)/p.
Thus, J is coercive and bounded from below on .. [
Define

¢ (u) = (J' (u) ,u).
Then, for u € .#

9/ ().0) = 2l = p [ 7"l dx =2 2= B) [ x 7P ax
= Bl —(p—2+B) [ o ul”dx

= A(p=2+B) [ e~ ul P dx— (p=2) Jul}.
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Now, we split .# in three parts:
M ={ued: (¢ (u),u)>0}
M = {ueg///:<¢,(u)7u>:0}
M ={ued: (¢ (u),u)<0}.

We have the following results.

LEMMA 3. Suppose that ug is a local minimizer for J on # . Then, if ug ¢ #°,
uq is a critical point of J.

Proof. If u is a local minimizer for J on .# , then u is a solution of the opti-
mization problem
min  J(u).

{u/ ¢(u)=0}

Hence, there exists a Lagrange multipliers 6 € R such that
J/ (uo) = 9¢/(u0) in %/

Thus,
<J/ (uo) 7u0> =60 <(P/ (u()) ,u0> .

But (¢’ (ug) ,ug) # 0, since ug ¢ .#°. Hence 6 = 0. This completes the proof. [

LEMMA 4. There exists a positive number Ay such that for all A, verifying
0<A <A,

we have #° = 0.

Proof. Let us reason by contradiction.
Suppose .#° # 0 such that 0 < A < A.. Then, by (2.5) and for u € .#°, we have

Bllul? —(p— 2+B)/ x|~ ul? dx = 0
Q
Ap=2+B) [ W~ P dx— (p=2)u} = 0
Moreover, by the Holder inequality and the Sobolev embedding theorem, we obtain

lull, > (Sa)"* "2 1B/ (p—2+ B/ 2 2.5)

_ 1/B
lull, < [z (ﬂ)A] . (2.6)

and

p—2
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i e
n2 _ (p=2+P) YA
with A = (% —2+B)—a R
From (2.5) and (2.6), we obtain A > A., which contradicts the fact that 1 <
Ao O
Thus .# = .#*U.#~ . Define
c:= inf J(u), ¢":= inf J(u) andc™ := inf J(u).
ue M uc M+ ue M~

For the sequel, we need the following Lemma.

LEMMA 5. (i) Forall A suchthat 0 <A < A, one has ¢ < c™ < 0.
(ii) There exists A > 0 such that for all A such that 0 < A < A, one has

¢ >Co=Co(A,Su.B)

Proof. (i) Letu € .. By (2.5), we have

ﬁ 2 —s
(5= ) > [l
and so

J () = [(=B) /22~ B)] lulli+[(p—2+B)/p (2—13)]/Q I ful” dx

<(a7p) (557w

since B € (0,1) and p > 2.
We conclude that ¢ < ¢ < 0.
(ii) Let u € .~ . By (2.5), we get

(555 ) Wl < [ .

Moreover, by Sobolev embedding theorem, we have
- -p/2
Ll e < ()77

This implies
1

ull > (Su)? W7 [%ﬂ} v Jforallue .. (2.7)
p—

y (2.3), we get

s>y (5,7) A () Al 50

(p—2) B 177, 2, (p—2+B)
> (157) [=hrg) T G0 )_/l<pﬁ(2—ﬁ)5u>A
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Thus, for all A such that

2
_ 2 2=l-D
0 <A< A = p=2) ( P )' S,
2p(p—2+B)A p—2+B

we have J (1) > Cy. O

PROPOSITION 1. (see [3]) (i) For all A such that 0 < A < A, there exists a
(PS),+ sequence in M.

(i) Forall A such that 0 < A < A, there exists a a (PS),.- sequence in A~ .
and for each u € €, we write

1/(p-2)
B lully '

— >0.
(P=2+4B) Jo ¥ [ul"dx

M 2= tmax () =

LEMMA 6. [3] Let A be a real parameter such that 0 < A < A,.. For each u € A,
there exist unique t™ and t~ such that 0 <t <ty <t~
(tTuye ™, (tu)ed~

J (t+u) =infJ (tu) for 0 <t <y,

and
J (17 u) = supJ (tu) fort > 0.

Proof. With minor modifications, we refer to [3]. O

3. Proof of Theorems 1

Now, taking as a starting point the work of Tarantello [17], we establish the exis-
tence of a local minimum for J on ..

PROPOSITION 2. For all A such that 0 < A < A4, the functional J has a mini-
mizer uj € A" and it satisfies:

(i) J(ug) =c=c",

(ii) (ug) is a nontrivial solution of (1.1).

Proof. If 0 < A < A, then by Proposition 1 (i) there exists a (uy), — (PS)+
sequence in Br C 47, thus it bounded by Lemma 2. Then, there exists uar € J and
we can extract a subsequence which will denoted by (u,),, such that

up — ug weakly in 52 (3.1)
up — ug weakly in L” (Q, [x| )

Uy — ug a.ein Q
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By 2.2 and 3.1, we have
lim / |x|7a|un\27ﬁdx:/ |x|7a|u§}2_ﬁdx—|—0(l)

Thus, by (3 1), u§ is a weak nontrivial solution of (1.1). Now, we show that u,
converges to ”0 strongly in .7#. Suppose otherwise. By the lower semi-continuity of
the norm, then either Hua’ H y < liminf [|n]l,, and we obtain

n—-o0

e <)
= (p=2)/2) |42~ ALp—2+ B) /=B [ e g PP

< liminfJ (u,) = c.
N——00
We get a contradiction. Therefore, u,, converge to uar strongly in .7Z. Moreover, we
have uar € .4 . If not, then by Lemma 6, there are two numbers tJ and 7, , uniquely

defined so that (to ug) €4~ and (t ug) € .#" . Inparticular, we have 1, <t =1.
Since

d
E‘] (n’t(J)r)Jr:tgr =0

and
d2

dr?
there exists 7, < 1~ < f such that J (tgug) <J (r*ug). By Lemma 6, we get
T(tgug ) <J(t7ug) <J(tgug) =J (ug).
which contradicts the fact that J (uf) = c*. Since J (ug) =J (|ug|) and |ug | € 47,

then by Lemma 3, we may assume that uar is a nontrivial nonnegative solution of
(1.1). By the Harnack inequality, we conclude that ug > 0, see for example [19]. [

(’”0); t+>0

4. Proof of Theorem 2

Next, we establish the existence of a local minimum for J on .# ~— . For this, we
require the following Lemma.

LEMMA 7. Forall A such that 0 < A < A, the functional J has a minimizer u,
in A~ and it satisfies:

(i) J(ug) =c >0,

(if) uy is a nontrivial solution of (1.1) in A .

Proof. If 0 < A < A4, then by Proposition 1 (ii) there exists a (uy),, (PS).-
sequence in ., thus it bounded by Lemma 2. Then, there exists ug € JC and we
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can extract a subsequence which will denoted by (u,),, such that
u, — ug weakly in 7
un — uy weakly in L” (Q, [x| )
U, — Uy a.ein Q
This implies
/ x|~ fun | dx — / x| }ua|pdx,as n goes to co.
Q Q

Moreover, by (2.5) we obtain

(#ﬁ) HunHi</Q\x\‘s\un\de, 4.1)
By (2.5) and (4.1) there exists a positive number
“= (p—§+[3>’) 2 S“)"%’
such that
/Q | ™ |un|” dx > Cy. (4.2)
This implies that

/ x|~ |ug | dx > C.

Q

Now, we prove that (u,), converges to i, strongly in . Suppose otherwise. Then,

either ||uq || y <liminf||u,[|,. By Lemma 6 there is a unique 7, such that (tyug ) €
n—->c0

M~ . Since
up € M, J(up) = J(tuy), forallz >0,
we have
J(t(;ua) < lim J(t(;un) < lim J(u,)=c,
and this is a contradiction. Hence,
(Un), — ug strongly in 7.

Thus,

J (un) converges to J (uy ) = ¢~ as n tends to + oo,

Since J (uy ) =J (|uy |) and uy € .2~ , then by (4.2) and Lemma 3, we may assume
that u, is a nontrivial nonnegative solution of (1.1). By the maximum principle, we
conclude that uy >0. O

Now, we complete the proof of Theorem 2. By Propositions 2 and Lemma 7, we
obtain that (1.1) has two positive solutions u; € . and u, € .4~ . Since .4 " N
A~ = 0, this implies that ug and u, are distinct.
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5. Proof of Theorem 3
In this section, we consider the following Nehari submanifold of .#
My = {u € A\{0}: (J'(w).u) =0and |lull, >p > o}.
Thus, u € .#), if and only if
Jul - /Q M |u\pdx—/l/9 x| uP P dx=0and ul, > p > 0.
Firstly, we need the following Lemmas

LEMMA 8. Under the hypothesis of theorem 3, there exist, Ay >0 such that ./,
is nonempty for any A € (0,A1).

Proof. Fix uyp € 7\ {0} and let

g(t) = <J’ (tuo),tu0>
:12HuoHi—t”/QIXI_S|uo\”dx—12‘/37L/Q\x\—a‘u0|2—ﬁdx.

Clearly g(0) =0 and g () — —oo as t — +oo. Moreover, we have
g(1) = luolly = [ e~ ol dx—2 [ 1xI7 luo* P ax
2— —p/2 -2 -2)/2
> uolly [uoll — (Si) ™" o |7 — 24 (5,) P27

P2 4p=24B then we obtain max @ (1) = ¢ (¢;) > 0 since

=

fort >0 put ¢ (t) =P — (S,)

5
[

P
(Su) 22 . Thus, we obtain

p>2 with z1:< f;w)”’

S

(1) > lluoll3# [o () — 24 (5) "] >0,

(2-B)/2
. s
if A < (%) o) :=A;.
Then, there exists 7o > 0 such that g(t) = 0. Thus, (toup) € .#p and %, is
nonempty. [J

LEMMA 9. There exist 8, A positive real numbers such that (¢’ (u),u) < —06 <
0, for u € M and any A verifying

0 <A <min(Ap,Az).
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Proof. Let u € .4, thenby (2.1), (2.5) and the Holder inequality, allows us to
write

(0 (), u) = A (p—1+P)A(S) P22 ul2 P~ (p—2)lul}
<l [A (p—2+B)A (5) P72 = (p—2) ]
< Jully P [A (p—2+B)a (50) PP = (p—2)pP)],

Thus, if

(p—2)pP
(p—2+pB)A

and choosing A" := min (A}, A;) with A; defined in Lemma 8, then we obtain that

0<A<Ar= (5,) P27,

(¢' (u),u)y <0, foranyue #, O (3.1

LEMMA 10. Suppose 0<s<2, p>2, B€(0,1) and 0 <A <min(Aj,A2,A3)
when

B
_p(@=2)2-B) (2-P\ TP (2-p)/2
A= 2p(p—2+ﬁ)A< 2 ) ()77

Then, there exist € and M positive constants such that
i) we have
J(u)=n>0 for |ul|, =&.

ii) there exists v € Mp when ||v||, > €, with € = ||ul|,, such that J (v) < 0.

Proof. We can suppose that the minima of J are realized by (ug ) and u, . The
geometric conditions of the mountain pass theorem are satisfied. Indeed, we have

i) By (2.5), (5.1) we get
J(u) = ((P—Z)/ZP)Hulli—l((p—2+l3)/17(2—l3))/glxraIu\H}dx
> (p—2)/2p) lulls =2 ((p—2+ B) [p = B)A(S,) T Iul2P, 5.2

By exploiting the function ¢ (1) = ar> — bt>~B which achiev its maximum at the

2 1
point ¢; = <¥> ?(4)77 such that I?>a8<¢ (t)=¢ () >0if

B
_|lp(p—=2)2-B) [2-B\TF 2-p)/2
A<ds= w@—u%M( 2) (87"
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and the factthat 0 < s <2, p > 2, € (0,1) then, we obtain that

J(u) = n >0 when & = ||ul[, small.

it) Let t > 0, then we have for all ¢ € .,

T N N U W
J(to) == llolly > IXI lp|"dx— 7B QIXI lp|” " dx.

Letting v = t¢ for ¢ large enough, we obtain J(v) < 0.For ¢ large enough we can
ensure |v[|, >¢e. O

Let I" and c¢ defined by
L= {y:[0,1] — 4, y(0) =uy and y(1) = uf}

and
f J(y(t
c: YIQHES‘T]( (v(@)))-

Proof of Theorem 3. If
0<A<A":=min(A1,A2,A3),

then, by the Lemmas 2 and Proposition 1 (i), J verifying the Palais -Smale condition
in ///p. Moreover, from the Lemmas 3, 9 and 10, there exists u. such that

J(ue) =candu. € M.

Thus u is the third solution of our system such that u. # ug and u. # ug . Since (1.1)
is odd with respect u, we obtain that —u, is also a solution of (1.1). O

CONCLUSION 1. Inour work, we have searched the critical points as the minimiz-
ers of the energy functional associated to the problem on the constraint defined by the
Nehari manifold .# , which are solutions of our problem. Under some sufficient con-
ditions on coefficients of equation of (1.1) suchthat N >3, 0 < s <2, —co < U < [y,
0<oa<N(p—1+B)/p,p>2 B€(0,1), wesplit .# intwo disjoint subsets .# "
and .#~ thus we consider the minimization problems on .# ™ and .# ~ respectively.
In the Sections 3 and 4 we have proved the existence of at least two nontrivial solutions
on .#p forall 0 <A <A*:=min(A;,A,A3) if N>3, 0<s<2and 8 €(0,1).

Acknowledgement. The authors gratefully acknowledge Qassim University, repre-
sented by the Deanship of Scientific Research, on the material support for this research
under the number(1053) during the academic year 1441 AH/2020AD.
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