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SOLUTIONS FOR THE FRACTIONAL p-LAPLACIAN SYSTEMS
WITH SEVERAL CRITICAL SOBOLEV-HARDY TERMS

IRAJ DEHSARI AND NEMAT NYAMORADI*

(Communicated by D. Kang)

Abstract. In this paper, we consider a class of fractional p-Laplacian system with three frac-
tional critical Sobolev-Hardy exponents. By the Ekeland variational principle and the Mountain-
Pass theorem, we study the existence and multiplicity of positive solutions to the system.

1. Introduction

Our purpose in this paper is to establish the existence of nontrivial solutions to the
following fractional p-Laplacian system

s JuPe?u 9 2P [}~ 2u
(—A)pu= Taz + ﬂ—_H,Q(X)W Ah(x) RFLa x€Q,

s Pg n-2 q-2,,
Ay = Lt e 0 M () xeq, (D
u=v=0, xeRN\Q

where s € (0, 1) is fixed, N > sp, 1<p<°° 7L>0isaparameter,0<7t<oo, l<g<

p, ¥,n > 1 suchthat 9+n=p), p* = N Sp and p 5— ]1\\]/:2[) for &€ = o, B,y are the
fractional critical Sobolev and Hardy-Sobolev exponents respectively, Q is continuous
and nonnegative function on Q, Q(xo) = ||Q|| for 0# xo € Q, h(x) € C(Q), h(x) =R
for some positive constant R, 0 < o, f,0 <y <sp <N, and (—A)j, is the fractional

p-Laplacian operator which, up to normalization factors, may be defined as

S0 1 Ju(x) — () [P (ulx) —u(y))
(_A)pu(x) = 2811%1+ RV\Be (o) ‘x_y‘N+ps dy

for x € RV, where Be(x) := {y € R¥ : [x—y| < £}. As for some recent results on the
fractional p-Laplacian, we refer to for example [18, 19, 21] and the references therein.
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In this paper, let 0 < s < 1 < p < e be real numbers. The fractional Sobolev space
WP (RV) is defined by

WP(RY) = du e LP(RV) - // @) = w0 ) gy < o
15y RN ‘x y‘N+ps y ;

equipped with the norm |||y @v) = [l o) + ([)5)) P Set A =R \ (Q x
€ Q) with Q =RV \ Q. Define

X={u: RY — R measurable, u|q € LP(Q), [ulf, < oo},

equipped with the norm ||ul|x = (H HLP gy [ 4 >” . The space Xy is defined as
Xo:={u€X: u=0o0n%Q} with the norm

1

lull = llullxg = ([w1%,) 7 (1.2)
We can define the fractional Hardy-SoboleV constant:

e 5e-dy Jul”
Sq = inf = inf (1.3)
ueXo\0} (fg \x\*a|u\ﬁadx> ’) e\ o) HMHL”O! Q,|x|~%dx)

where LPa(Q, |x|~%*dx) is the weighted L« (Q) space with the norm lull, oz, Q- =
Jo Ix| =% ulPedz.
Now, we define the space W = X x Xy with respect to the norm
1
G, )= (Ul 4w [17) 7

Forany ©,1 > 1 and ¥ +1 = pj,, by the Young inequality, the following best constant
are well defined:

S‘L%T].)/ = inf H(—)”L (14)
() €W\ {(0,0)} (fg md)o R
x|V

Using the ideas from the proof of the Theorem 5 in [1], we get

) ﬁ%ﬁ n 0in
soar= ((2)+ ()5,
In this paper, choose the positive constat Ry such that Q C B, (0), where By (0) =
{x € RN : |x| < Ro}. By Holder and (1.3), for all u € X, we obtain

uf Ay
[oa<(f wo)re ([ =F)"
Q [x|° B(O;Ro) Q [x|°

P&—4

Ro N-1 z -4
< (Vo [ o tar) (5o
0
_4
< Zo(So) 7 |ull?, (L.5)
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Noo Pa=d
NF( ) and 9 := (ijgfg 0) o

Existence and nonexistence of nontrivial non-negative solutions, multiple solu-
tions, ground states and regularity results for fractional Laplacian equations have been
recently considered by several authors, but, essentially, only with a solely critical expo-
nent. We refer to [2, 3, 4, 5, 10, 13, 15, 25, 26, 28, 30, 33] and the references therein.
For example, the authors in [9], by finding the minimizer of the corresponding energy
functional on positive Nehari and sign-changing Nehari manifold studied the existence
and multiplicity of solutions of the following nonlocal problem

where wy =

_ r—2 [u[12u
{( A) u=Alu|"""u+ o it xeQ, (1.6)
u

=0, x€RM\Q,

where s € (0,1), p>1, u>0,0< a < ps<N and p < g < pj,. Also, Meanwhile,
Yang [34] studied the existence, multiplicity, and bifurcation of the problem (1.6) when
r=p, u=1 and g = p},. The existence and multiplicity of positive solutions to a
system of fractional elliptic system has been studied in [35]. In [6], Chen considered
the following doubly critical problem involving the fractional Laplacian

u |u) %5 (@) =2 u

e % (B)-2
W~ e W

u>0, inR", (1.7)

where s € (0,1), 0< o, <2s <n with a # 3, v < . Applying the mountain pass
lemma and a concentration compactness principle, the authors proved the existence of
positive solutions to (1.7).

Equations involving fractional Laplacian have been studied in [7, 8, 12, 15, 16,
29, 32, 34, 35] by Nehari manifold and fibering maps arguments. For example, the
authors in [32] studied the following system driven by a nonlocal integro-differential
operator with zero Dirichlet boundary conditions via the the variational methods and
Nehari manifold decomposition techniques:

(—A)pu = a(o)ul?u+ Zzex)|ul 2 |v/Pu, xeQ,
—A)5v = () V|1 2+ ZBp () |ul|v[P 2y xeQ, (1.8)
u=v=_0, x€RM\Q

where Q is a smooth bounded domain in RY, N > ps with s € (0, 1) fixed, a(x),b(x),
¢(x) >0 and a(x),b(x),c(x) e L7(Q), 1 <g<pand o, > 1 satisfy p< o+ < p*,

pr= NNT’;S . Chen and Deng [7] proved the existence of multiple non-trivial solution of

problem (1.8) when a(x) = A, b(x) = u and C(x) = 1. In [15], the authors obtained

. . 2N
the existence of ground state solution of problem (1.8), when p =2, g =2 = 5=
and o+ =27.

Deng and Huang [ 1] studied the existence of solutions to the following problem:

3 —2a u ulP~2u
{—dw(m 24V ) = sty = Q) Mot + (), xe@ o

u=0, X € 9Q
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where  is an open and bounded domain in RV, 0<ax< ¥ ,o02,0<u<
(%)2, a<b<a+1,p=p(a,b)= % is the critical Hardy-Sobolev ex-
ponen and Q,h are continuous functions. The authors proved the existence and mul-
tiplicity of G-symmetric solutions and positive solutions under certain conditions on

Q,h.

The authors in [20] studied the following quasilinear elliptic problem

‘M‘p*(f)*Zu

—Apu— L |"|‘i‘;,2” =K(x) |"|p‘$72u +0(x) o T Af(x,u), xcQ,
u=0, x €0dQ
(1.10)
where Q CRY, 2 >0 1 < p <N, K,Q defined on Q are nonnegative continuous
functions and obtained the existence and multiplicity of solutions via Nehari manifold
and Ekeland’s variational principle.
In this paper,let 0 < o, B,0 < y<sp <N, ¥,n>1and 3+1 :p;. Set

* p’&
0(a) := Lo L5y )i,

PPy

py—pr 1 it
w(ﬂanJ/) = 773(‘90 )PY Pa

pp’)*/ N—sp 1LY

o=

I := {6(a),0(B),@(V,n,7)}.

Moreover, assume that Q satisfies some of the following assumptions:

(H1) Q € C(Q), Q(x) >0 and meas({x € Q, Q(x) >0}) > 0.

(H2) There exist p > 0 such that Q(xp) = ||Q|l. > 0 and Q(x) = O(xo) + O(|x —
x0lP), as x — xgp.

Now, we state our main results:

THEOREM 1. Assume that 1 < p <eo, s € (0,1) is fixed, N > sp and (HI). Then
there exists 3* > 0 such that problem (1.1) has at lest one positive solution in W for
0<A <3,

THEOREM 2. Assume that Q(0) =0, 1 < p <o, s € (0,1) is fixed, N > sp,
- oy _ o) (p—
I, = ”IZP;”W(SWW) P (HI) and (H2), p > 322 4y and W22 < g <
loll=""
p. Then there exists 3 > 0 such that problem (1.1) has at least two positive solutions
inW forall 0 < A < 3.

This paper is organized as follows. Section 2 contains preliminary concepts of
fractional Sobolev space and some important lemmas, which are needed in the proof of
main results. We prove our main results in Section 3.
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2. Preliminaries

The corresponding energy functional of (1.1) is

q q P
umwzéwww—gémw(ﬂﬂii)w—é-'“ s

X[ |x|@ Py Ja |x|*
M”ﬁ 1 / Ju|?|v|"
L d
/ \x\ﬁ d+n QQ(X)|X—X()|7 x

LEMMA 1. Suppose that (u,v) is a weak solution of (1.1), s € (0,1) is fixed,
N >sp, 1 < p < and(HI). Then there exists d =d(N,s, Y,So,q) > 0 such
that

L

J(u,v) = —dAr=a.

Proof. Since (u,v) is a weak solution of problem (1.1), then

'), (w,v)) = ([ w)]|P = /l/h <||”|6+:—z) dx—[)'ﬁcrj!dx

P
M, /Q ‘”' M=o, 2.1

“la W e —xal?

Now, in view of h(x) # 0, the Holder inequality, (1.5) and (2.1), one can get
1 1 1 1 _q
J(u,v) > 2inf (— - —*)zp ) (— - —*) Do(S6)” ¥ |h]oat?
20 [\p p3 q by
—dAT.
Here d = d(N,s,|Q|,|h|«,Y,Ss,q) is a positive constant. [J

We say that (up,vy)nen is a (PS)e sequence in W for J if J(u,,v,) — ¢ and
J' (un,vn) — 0 as n — oo. We say that J satisfies the (PS). condition if any (PS).
sequence (up,vy)nen in W ohas a convergent subsequence.

LEMMA 2. Suppose that Q(0) =0, s € (0,1) is fixed, N > sp, 1 < p < oo and
(HI1). Then J satisfies the (PS). condition for all ¢ < c,, where

¢, :=minTl, — dA7 3. 2.2)

Proof. We easily deduce that the (PS). sequence (u,,vn)uen Of J is bounded
in W. So (up,vy) — (u,v) weakly in W and so u, — u and v, — v weakly in Xp
as n — oo. Now from [14, 22], we may assume that there exist five positive measure
@,,7,7 and v on RV, and an at most countable set {x;};c; € Q\ {0} such that

[t (x) 1 (9)]P [V () = v ()7
g e ol (S 2 90 deéa
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"
P
[vu B

dx —7, deéy,

|up|Por o
T

O(x) 7'”"‘%'[7‘" dx —v.

=

Thus, there exist real numbers a;,dy;,dy;, i €1, 50,30,50,50 and dj, such that

o> /RN de—i—Zaxﬁxl ~+ap by,

‘x y‘N+ps iel
~ [va(x) = va(y)[”
> —d dy, Ox , 2.3
%2 fo e gt o =
I Y
Y= |x|a —|—b050, Y= ‘ ‘ﬁ dx+b050 2.4)
[u|®[v["
v =0(x) Sdx+ Y, 0(xi)dy, &, + Q(0)do . (2.5)
[ — Xo icl

So we claim that 7 = @. To this end, by contradiction, suppose that I # 0, then there
exists i € /. For € >0 small enough, let n€ (x) =6 (*;%), x e RN, where 6 € C§(R")
is a smooth cut off function, such that 8 = 1 in B(0,1) and 6 =0 in RV \ B(0,2). Since
(N5 un, M5, vn) is bounded in W, then we have (J' (un,vn), (N tn, N5 vn)) — 0 as n— oo,
So

o(l) = <Jl(un7"n)7(n)gumn)g"n)>
:// 10 () 1t (%) = 10 () P2 (1t (x) — w0 (v)) (M, () = 15 ()
R2N

jox — y[N=ps

dxdy

Va(0) |V () = v ()22 (v () = va(0)) (0§ (x) = & ()
+//Rzzv e[V dxdy
nE )l (x) — ()P nE () )P
i /RZN jox — y[N=ps dudy+ R2V jx — y|N=ps by

|”n| [va|" / n|? ¢ |val?
Edx—2A | h .
/Q Te—xgpr ¥4 J RO T 5+ x[o uN
(1)
_ / | P +/ | n‘p ntd
x|B ’

(111

In view of (2.3)—(2.5), we have

hr% lim (111) —hm (/ uM d)/—i—/ nfdy) =0, lim lim (II) =0,
£— naoc £—0n—oo
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and

|“n| [va|"
Jx —xo[¥

lim lim / O(x

e—0n—oo

————nfdx= lim/ nedv = Q(x;)dx;.
1 8_>O Q 1

Hence,

0=t [, )~ 00 ane) o)1) )

dxd
o — yN=ps o

£—0n—oo

dxdy

V()90 () = vu ()72 (v (¥) — un () (0, () = ME ()
e

o — yN=ps

dxdy

e ()|t (x) = () |7
+/R2N jx — y[N=ps

e () [va(x) = va ()P
/.

—O(xi)da]. 2,
Xy dxdy — Q(x;)dx (2.6)

Furthermore, using the Holder inequality, the fact that {u,},{v,} are bounded in Xj
and Lemma 2.3 in [31], we have

lim lim dxdy

£—0n—oo

// () [t (x) = 4 (9)[P~2 (14 () — un (v)) (n () — M5 ()
R2N

x — y|N=ps

1
u P € 4 P
<ot ( [] I O N
£—0 R2N ‘x y‘N ps

2.7)
Similarly,
_ p—2 _ € M€
ot 220 00 DG D |
e—0n—eo R2N ‘x_y‘N—ps
2.8)

Combining (2.6)—(2.8), there holds

0 = lim lim dxdy

£—0n—oo

[/ Ne () [ (x) — un(y)|P

R2N |x_y|N7p.\'

/ Ny () [va (x) = va (V)P
RZN

bx — y[N=ps

dxdy — O(xi)dxi]

= hm nx do+nydo — Q(x;)dx;. (2.9)



22 I. DEHSARI AND N. NYAMORADI

On the other hand, (1.4) implies that

1
I’u Py, |N L
Sﬁ oy / Q nx, n| ‘(nx,) n| dx) Py

|x — xo|?

IIQIIoo

//Rw (ng) 7 (x)un(x )—(né)ﬁ(y)un(y)\”dxdy

\x—y\’”’”

//sz (N5) 7 (X)vn(x )—(nﬁ)ﬁ(y)vn(y)lpdxdy.

Ix—leﬂ""
Note that
1
o |un ()17 ( nx,) (x) = (ng)r )P
gg}):}%//RZN |x — y\N+PS dxdy =0,
1
v (0)[7( » p
i [, 200 (mf)r ) - e e, o
e—0n—eo | JR2N |x y|N+1"
together with (2.7) and (2.8), we get
s nf,-(x””n(x)_”n(y)‘p
éll%r}ﬂ R2N ‘x — y‘N""PS dXdy
1 1
)7 (x — (MEY? (V) un(y)|P
i i // [(ng) 7 (x)un(x) (m,) ()un(y)] dxdy,
e—0n—eo | JR2N |x — y|N+P-\
(x)|vn(x) — vy
i lim N5, () |va(x) V(y)\ dxdy
£—0n—oo | JR2N |x — y|N+P-\
1 1
o ()7 (xX)va(x) = (N5)? ()va(W)[?
- él—%f}g‘l’ //RZN \x — y|Ntps dxdy.

So, (2.5) and (2.10)—(2.12) imply that

r

%Sﬂ,n,)/(Q( i)y, ,,; < (/ nfda+/ n‘%ia)

ol
Combining (2.9) and (2.13),

[=

;,_;Sﬂ,n,y(Q(xi)de g < Q(xt)dx,

p
o]l

=>H

which implies that

1 N—y
either Q(x;)dy, =0, or Q(xi)dy, > 7,%”,(8197”#) SP=Y

lofl=""

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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To the concentration at 0, for £ > 0 small enough, let nf(x) = 6 (%) , x € RN where
6 € C3(RY) is a smooth cut off function, such that 6 = 1 in B(0,1) and 6 =0 in
RN\B(O,z). Then
o(l) = ”n7vn)7(n0”n» ))
— // 2 (00) |14 () = 1 () P2 (un (%) — 1 (v)) (0§ (%) = M ()
RZN

jox — y[N=ps

15 () [un (%) —un()|” _ ‘”n‘pz‘ 3
o Rt [ e

Y |”n| ‘Vn‘ £ / "/‘n|
. Edx—A | hix
5o 2 o

Using (2.4), (2.5) and Q(0) =0, one can get

dxdy

tim tim [ Pl nédx = bo
e—0n—e Jo |x|% 0 ’
and
lim lim/ O(x ‘”"‘ 710l e i tim [ Jaal® e o,
g—0n—e ‘7 £—0 n—soo | |6
Thus,
p—2 _ £ €
o= tim i [ ], "2 O 200 D) 0D
e—0n—woo R2N |x — y|N—ps
(2.16)
16 (9)[un () — un ()| -
+ / o dxdy] ~ . (2.17)
Note that
e—0n—ee | JR2N |x_y|N ps
combining with (2.16), there holds
lim / nEda = bo. 2.18)
e—0.JQ

On the other hand, (1.3) implies that

(1) P | 1(18)7 () = (1) 7 ()ua ()]
</ O\x\a ) <o b

Thus

: V5 ()it (x) — (1E) 7
<t [ 1007000~ IOy, 1

g~>0n—>oo ‘x—y‘NJFI’S
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Note that
_ p
lim tim () — 0N -
e—0n—o | JR2N ‘x y‘NJFI”
> p
 bim L // ()7 (W)uen () = (1) 7 ()ua )| dxdy,
e—0n—oo J JR2N |x y|N+P5
together with (2.19), there holds
k&
Sab(’)’“ <}:1£(1) Qngda. (2.20)
Therefore, from (2.18) and (2.20)
Sabl® < by, 2.21)
which implies that
N—o
either by =0, or by>=Sr“, (2.22)
similarly,
_ N-p
either by =0, or by> Syt =P (2.23)

Since u,, — u and v, — v weakly in Xy, then

cto(1) = J(un,vn)

1
= —[[(un —u,vu = )|
p

/|”n_”|p“ /‘Vn_v|pﬁ
|| [P

_i Q(.X)|un_u| |V"_V|

- dx+J(u,v). (2.24)
pyJa Jx —xo[¥

On the other hand, from o(1) = J'(uy,vy,), we obtain that

J'(u,v) = 0. (2.25)

So, 0= (J'(u,v), (u,v)). Hence by the fact o(1) = (J' (un,vn), (un,vn)), One can get

_ Pﬁ
0(]) — H( — Uy —V ”p / |un / ‘Vn V|
B
 — ul” \vn—V\"
/Q L Sy (2.26)
|x — xo|?
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From (2.24)—(2.26) and Lemma 1,

c+o(l) > <___)/ [t — u|Pe r 1 /\vn—v\l’ﬁ
popy) e e P P x|

n (l _ i) / Q(x)wdx—dxﬁ7 2.27)
Q

P py Jox = xo|

which implies that

c><l—i*>50+ l—i* bo+ 1—1* EQ(x,-)dx,.—dA#. (2.28)
P Pa P g P Py)ie

By the assumption ¢ < c,, (2.15), (2.22) and (2.23), we can get by = Zo =0, O(xi)dy, =
0(iel). Hence I =0 and so (up,vy) — (#,v) asn —oeoin W. O

We get the following version of Lemma 2 without the condition Q(0) =0.

LEMMA 3. Suppose that (HI) hold and, 1 < p < e, s € (0,1) is fixed and N >
sp. Then J satisfies the (PS). condition for all ¢ < c¢q, where

* I’*
] N2 phi—p =L
¢o = min{ 2 *p<—Sa>""‘ PE P ( S,;)”ﬁ’,
PPy \p PPy
-r 1 (1 s
Py piN T —Somy) " "} dATd.  (2.29)
pr '
rel[®y

Proof. The proof is similar to Lemma 2 and is omitted. [J

Here, we recall a recent result on the extremal functions of S, [23].

For 0 < o < sp < N, there exists a minimizer for Sy ; see [23, Theorem 1.1] for
more details. Now, by similar method in [8], we fix a radially symmetric decreasing
minimizer Uy = Uy(r) for Sy, multiplying U, by a positive constant if necessary, we
assume that

.
-1
Uy”

]

inRV. (2.30)

LEMMA 4. ([23]) There exist constants c1,c3 > 0 and x > 1 such that for all
r>1,

€1 1) Ua(xr) 1
— < Uy(r) < — and < = (2.31)
N Ua(r) 2
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If x is the above constant, then for § > € > 0, set

o Une(5)
0" Une(8) — Uge(k8)’

and
0, if0 <t < Uge(K8),
ge5(t) = ml (1 — Ug e(x9)), if Uye(k8) <1t < Uge(8),
1+ U e (8) (ml 5 = 1), i1 > Uge(8),

and define uy  5(r) = G¢ 5(Uq.e(r)), where

e (r) 1
GealUuer) = [ (g0 .

Also, uy ¢ 5 satisfies

Uge(r), ifr <6,
e (1) =4 i r> K6

To obtain our results we need the the following lemmas.

LEMMA 5. (See [9, 8]) There exists C >0 such that for any 0 < 2 < 8 < k'8¢
the following estimates hold:

|ua£5 uaeé()’” vp & Nﬂlp
//Rw ey < ST 4.C (3) : (2.32)
uasé ﬁv; (é IX:IIZ
/RN e dx > S _C<5> . (2.33)

LEMMA 6. (See [17, Lemma 2.3]) For any 1 < q < p§, there exists a constant
Cy=Cy(N,p,s) > 0 such that

~ N—sp
ud CqSN_ ”Iq_67 lf¢]>' N)EI[?;I_)»
£,0 ~ N_Nosp,_
/RN ‘Zfo (x)dx > { C eV 54 %|lne|, ifqg = Lﬁzl) (2.34)
qu(N—Sp)(,,—z[—%)7 ifq < %{1)

LEMMA 7. Assume that Q(0) =0, 1 < p <o, s€ (0,1) is fixed, N >sp, p >
Now gy, W20l < g < p, (HI) and (H2). Then there exists (u,v) € W\ {(0,0)}
and 31 >0, such that for 0 < A < 3,

supJ(tu,tv) < @(V,1,y) — dAP 7. (2.35)

>0
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Proof. For simplicity, we take § =1 and we set ug :=ug ¢ 1. So we consider the
functional

]

1 1
1) = Sl = [ 0w

|x — xo|?

Let u = 19%u£, Yy = n%ug and consider the function £(r) := J(ru,tv), t > 0. We
know that lim;_, 1...Z () = —eo and .Z(r) > 0 as  is close to 0. Hernce ) Z(t)
is attained at some finite 7z > 0 with .#”(1¢) = 0. Furthermore, C1 <t < Cz, where
61 and 62 are the positive constants independent of €. So we get

)

(1t 19+ // lus(x) — )P, o 17 o8 %/Q el
) MV JJoon ™ = yIN+’” Y j2s \x— o
and
Y w |u8\1’7’
Ieu,tv) = Z(tu,0v) — — (97 n7) / (0(x) — 0(x0)) dx.  (2.36)
Py Q |x_x0‘y
Note that
R
Pt 11 A\
sup <—A——*B> —(-—= (5 . A,B>0. (2.37)
>0 \ P py )4 py BP_T’

From (H2), (2.32), (2.33) and (2.37) it follows that straightforward

1 1 1 i,
sup 2 (tu,1v) < | — — — —Nﬂ,,(sﬂny)”’W( ) (2.38)
= P gl

By (H2), there exists R; >, such that for x € By, (x0), |O(x) — O(x0)] < Clx—xo|P.
Thus

B |ug Jue| 7
| Q(xO))|x_ < [ 106~ 0w) s
x =0l e
=C LA e
/Bz,<xo> ol
= 0(eP7) (2.39)

From (2.36), (2.38) and (2.39), we conclude that

supl(tu,1v) = I(teu,1ev) < @(0,1, y)+0<£ = ) (2.40)

>0

Obviously that there exists a positive constant 37, such that for 0 < 4 < 37,

6(19777’?/)_('11# >O7
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Then for 0 < A < 37, there exists #; € (0,1), such that

1
sup J(tu,tv) < sup —tP||(u,v)||”
0<t<ty 0<r<y

< @(9,n,y)—drra. (2.41)

Also, one has

A q tPa Pa
supJ(tu,tv) < sup {I(tu,tv) - ;tq/ h(x)ﬂdx— syl dx}
Q

> > ‘x‘o Py JQ ||

A q (P vl
< SupI(tu,tv)——tif/ o 112 g 1 &
" Jo

== |x[® Py Ja |x[*
N—sp
a(v.n.7)+0(er")
Py q
o[ el dx—?LC/ o) el g (2.42)
Q |x|“ Q |x[®
From (2.33),
Pfx N—s
|”|’;||a dr>0(e™ ). (2.43)
Also, from (2.34), it follows that
Juee | Jute |7
h(x dx >R dx
Jyhe) e o [
~ N—s,
Cq8N7 ’)pq70'7 lfq> (N N)EI;*I)7
~ N—sp
> GV 7 % g, it g = (2=l (244
gqg(N—.vp)(%*%)7 ifg < %.

Since g > Y22 by (2.42)-(2.44) we have

supJ(tu,tv) < @(9%,n, y)+0<g p7v1)> +0<37%11>

1>t

~ N—s
Iy CCqu_qu_"7 if g > W=9)e=l) N)(f:l%
B ~ N_N-sp, .
CCe" 7 1%|Ing|, 1fq_%(sil).
Note that N — < =%, 50 one can get

pl’

supJ(tu,tv) < @(9,n, y)+0<glz 1)

1>t

N—sp
CC ng »od— O', ifg> (N—O')(p—l)7
) v RET N (245
CC,e"™ 7 1% Ingl, if g = (=odle=l),
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Since g > %ﬂ’;l) , then

N— -q N- N-—
g g By R,
=

Choose A = €7, where [N—]%q—a} 1< ]%— [N—%q—c} . Hence

pT

N—s 4
20(eV " F190) — (TN TFR99)  and dA 7 = O(e7).
N— sp N SP

g—o< L T+N-— NSpq o< , then there exists

Since T+ N — =g

8 >0 such that
—o N—s 2 o~
AT > 0(szT1> —JLo(eN*T”‘F"), VA 0<APd <8, (246)
Set 31 = min{37, ’15} Thus forall A € (0,3;) one can get

supJ(tu,1v) < @(V,1,7) —dA 7.

>t

Combening with (2.41), we get the conclusion of Lemma 7. [

3. Proof of the main results

This section is devoted to the proofs of the main results of this paper

Proof of Theorem 1. Set

1 -1 1 ry
F(r):=—rP = —S " rPe——S, ”rpﬁ——* MYIIQIIN,
p P Pﬁ Py
_ 4
H(r): = Do(Spaa) P79,
ro= ()]

(1.4) and (1.5) imply that J(u,v) > .Z (r) — 5 (r). Since p < p}, P> Py- then F(r)
has a maximum at py and .% (pg) > 0. Hence, there exists a positive constant 3;; > 0,
such that

" lr)le I(u,v) > F(po) — 7 (po) >0 VO< A <3Bq;. 3.1
u,v){[=po

Choose d > 0 small enough, such that
I(du,dv) <0, (3.2)
where (u,v) # (0,0) and (du,dv) € B, . Consequently,

—wo< inf  I(u,) <O. (3.3)
(u,v)€Bp,
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Thus, in view of the Ekeland variational principle in [24], one can get {(u,vn)} C By,
such that

1
I(uy,vy) < inf  I(u, v)—|—— (3.4)
(u,v)EBp,
I(un,vn) gI(“a")"'ﬁ”(un—ua"n_")”a (3.5)

for all (u,v) € Bp,. Define

I (u,v) :=J(u7v)—l—%H(un—mvn—V)H. (3.6)

In view of (3.5), one has (u,,v,) is the minimizer of _# (u,v) on By, . In view of (3.1),
(3.3) and (3.4), there exist € >0 and Ny € N, such that for n > Ny, || (ttn,v)|| < po—€
So, for (¢, ) € W and n > Ny, let #p > 0 small enough, such that (u, +1@,v,+1y) €
Bp, and

f(un +10Q, vy +1oy) — /(unavn) >0

1o -
Consequently,
J(uy +t0Q, vy +toy) —J(up, v 1
( V) =)y Ly g2 0 6.
0 n
which implies that
1
(' (wnyvn), (9, 9)) = = ll(@, W),
and then .
IV (i) < - )
Combining (3.4) and (3.8), there holds
lim J' (uy,v,) =0, (3.9
Nn—o0
lim J(uy,v,) = inf  J(u,v) <O. (3.10)
n—eo (u,v)E€Bp,

So there exists 0 < 3" <3y, such that co > inf(, \)ep, I(u,v) forall 0 <A <3*. Soin
view of Lemma 3, (3.9) and (3.10), (u,,v,) — (u,v) strongly in W forall 0 <A < 3*.
Hence, (u,v) is a nontrivial solution of (1.1) and by replacing

/W /Ivlq \ul”a / \”ﬁ /Q Iu\ ",
o xe " Jo xe © Ja \x\ﬁ x— onY

by

q
o [ | e [ o [
\x\“guc M Jo W Jo 2 \xxw
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in problem (1.1), where u; = max{u,0},v; = max{v,0}. So, using (u~,v") as a test
functionin (1.1) by the above replacing and integrating by parts, one has (J'(u,v), (u™,v™))
=0. Also by [x—y|P72(x —y)(x~ —y~) > [x~ —y~|, we can get

2 X)—Uu

i, < [, |x D=~ ))anay =,
2 X)—V

g, < [, PRI 0 ) )asdy 0.

Then ||u~||x, = ||v"|lx, =0 and so u >0, v > 0. Therefore, by the maximum principle
we know that, u > 0,v > 0 on Q. Therefore, (u,v) is a positive solution for (1.1). O

Proof of Theorem 2. By the proof of Theorem 1, there exists p; > 0, such that
inf) (1) | =p, [ (u,v) = Mp >0 forall 0 <A <3y and constant M. Furthermore, (3.10)
and (3.9) hold. We Know that there exists 35 € (0,311), such that ¢, > inf(, ,)ep, J(u,v)
forall 0 <A < 3,. Soin view of Lemma 2 (3.10) and (3.9), we have (u,,v,) — (u,v)
strongly in W. Thus (1.1) has at least one positive solution satisfying J(u,v) < 0 for
all 0 < A <3y,

Next we claim that problem (1.1) has a second positive solution. To this end,
obviously J(0,0) =0. Let 3 = min{3;,3,}. So Lemma 7 implies that there exists
(uo,vo) € W\ {0} such that sup,~oJ(tuo,tvo) < c, forall 0 <4 < 3.

Also, we get limy_,..J (lug,lvy) = —eo. So there exists Iy > 0 such that || (lpuo, lovo)||
> p; and J(louo,loVo) < 0. Let

= inf sup J(y(r)),
Y€l e0,1)

where y(1) = (lpuo,lovo) and

= {ye ([0 1],W) [ 7(0) = (0,0), J(¥(1)) <O, |¥(1)]| > p1 }-

So the Mountain pass theorem in [27] implies that there exists a sequence (up,v,) € W
such that

lim J (u,,v,) = ¢ and lim J'(u,,v,) = 0.

n—o0 n—oo
Furthermore, ¢ € (0,c,). In view of Lemma 2 we have (up,v,) — (%,7) strongly in
W. So J(#,v) =c and J'(#,v) = 0. Then (%,V) is a second nontrivial solution of (1.1).
So, by the argument of the proof of Theorem 1, one get that u™ > 0, v* > 0. Therefore,
we have the desired conclusion. []
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