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A CLASS OF NONLINEAR THIRD-ORDER BOUNDARY VALUE
PROBLEM WITH INTEGRAL CONDITION AT RESONANCE

HABIB DIOURDEM

(Communicated by P. Korman)

Abstract. We are interested in the existence result for a class of nonlinear third-order three-point
boundary value problem with integral condition at resonance. By constructing suitable operators,
we establish an existence theorem upon the coincidence degree theory of Mawhin. The result
are illustrated with an example.

1. Introduction

The focus of this paper is to provide sufficient conditions that ensure the existence
of solutions for the following nonlinear third-order boundary value problem

u" (1) =f(tu(r),u' (1), 0<t<T, (1.1)
1(0) = " (0) = 0, u(T) = i—f/onu(z)dz (1.2)

where f:[0,7] x R — R is a continuous function, 0 < 1 < T. We say that the
boundary value problem (1.1)—(1.2) is a resonance problem if the linear equation Lu =
1", with the boundary value conditions (1.2) has non-trivial solution that is dim KerL >
1.

Boundary value problems involving ordinary differential equations with integral
boundary conditions arise in various fields of applied mathematics and physics. For
example, heat conduction, chemical engineering, underground water flow, thermo-
elasticity, and plasma physics can produce boundary-value problems with integral bound-
ary conditions [8, 12, 14]. Many authors have studied third-order boundary value
problems with different boundary conditions using different approaches. In the non-
resonance case, we can mention the works of ([1, 2, 4, 5, 11, 17]). For the resonance
case, we refer the reader to see ([3, 6, 7, 9, 10, 13, 16]).

Inspired and motivated by the works mentioned above, in the present article, we
use the coincidence degree theory of Mawhin [15] to discuss the existence of solution
for third-order nonlocal boundary value problem (1.1)—(1.2) at resonance case, and
establish an existence theorem. The layout of this paper is as follows. In section 2,
we give the background information from coincidence degree theory. We also define
appropriate mappings and projections that will be used in the sequel. We state and
prove our main result in section 3, and we illustrate the obtained results by an example.

Mathematics subject classification (2010): 34B15, 34B18.
Keywords and phrases: Boundary value problem at resonance, coincidence degree theory, Fredholm
operator, integral condition.
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2. Preliminaries

In this section, we introduce some notations and an abstract existence result of the
coincidence degree theory (Mawhin 1979).

DEFINITION 1. Let Y, Z be two real Banach spaces. A linear operator L : domL C
Y — Z is said to be a Fredholm map of index zero provided that kerL, the kernel of L,
is of the same finite dimension as the Y /ImL, where ImL is the image of L.

Let L be a Fredholm map of index zero, and P: Y — Y, O : Z — Z be con-
tinuous projectors, such that ImP = kerL, KerQ = ImL. Then Y = kerL @ kerP,
Z =ImL& ImQ, thus L |gomrnkerp— ImL is invertible, denote its inverse by Kp.

DEFINITION 2. Let L be a Fredholm map of index zero and €2 be an open bounded
subset of ¥, such that domL M €2 #0, the map N : Y — Z is said to be L — compact
on Q, if ON (Q) bounded and Kp (I — Q)N : Q — Y is compact.

We will formulate the boundary value problem (1.1)—(1.2) as Lu = Nu where L
and N are appropriate operators. To obtain our existence results we use the following
fixed point theorem of Mawhin.

THEOREM 1. ([15]) Let L be a Fredholm operator of index zero and let N be
L — compact on Q. Assume that the following conditions are satisfied:

(i) Lu# ANu for every (u,A) € [(domL\ KerL)N 9] x (0,1).

(ii) Nu ¢ ImL for every u € KerLNdQ.

(iii) deg (ON |kerr,KerLNQ,0) # 0,
where Q : Z — Z is a projection as above with ImL = KerQ.

Then the abstract equation Lu = Nu has at least one solution in domLNQ.

For u € C?[0,T], we use the norm ||u||., = nfax]|u(t)| and |Jul| = max {||u|.., ||«'].}
t€l0,T

)

and denote the norm in L' [0,7] by ||-||, . We will use the Sobolev space
w3 (0,T) = {u:[0,T] — R: u,u’,u" are absolutely continuous on [0,7]
with u” € L'0,T] }
Let Y = C?[0,T], Z = L' [0, T], define the linear operator L : domL CY — Z by
Lu=u", ué&domL

where
n
domL={ u e W (0,T): u(0) = u" (0) =0, u(T) = Oc/u(t)dt
0

and define N : Y — Z by

Nu(r) = f (t,u(t),u' (1)), 1€ (0,T)
Then the boundary value problem (1.1)—(1.2) can be written as Lu = Nu.
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3. Existence results

We will assume that the following conditions hold.
(Hy) There exist functions o, 8,y € L' [0,T], such that for (u,v) € R ¢ €[0,T],
satisfying
I (@) < oc(e) [ul + B (1) ]+ v(1) 3.1)
(H,) There exists a constant M > 0, such that for u € domL, if |u/ ()| > M for
all 7 € [0,T], it holds

T n
/(T —s)zf(s,u(s) ' (s))ds— —/(1‘] —s)3f(s,u(s) ' (s)ds#0  (3.2)

0

0
(H3) There exists a constant M* > 0, such that for any u(r) = br € KerL with
|b| > M*, either

T n

b /(T—s)zf(sm(s) ' (s))ds — 32—7;/(17 —s)3f(s,u(s) ' (s))ds| <0 (3.3)
LO " 0 i

or else

- . -

b /(T—s)zf(sm(s) ' (s))ds — 3—2/(1‘1 —s)3f(s,u(s) ' (s))ds| >0 (3.4)
LO " 0 i
THEOREM 2. Assume that conditions (Hy) — (Hz) hold and that

1
ey +1IB 1y < 777 (3.5)

then boundary value problem (1.1)—(1.2) has at least one solution in C? [0,T].

For the Proof of Theorem 2 we shall apply Theorem 1 and the following Lemmas.

LEMMA 1. The operator L:domL C X — Z is a Fredholm operator of index zero.
Furthermore, define the linear continuous projector operator Q : Z — Z by

T n
1 2T
05 = | [(T—9y@ds— 5o [ =9y (s)ds| 1
0 0
where é = ﬁ and the linear operator Kp : ImL — domLN KerP by
1 t
Kpy (1) = E/(t —s5)?y(s)ds, VyeImL
0
Furthermore

1Keyl| < lIylly, vy € ImL
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Proof. Ttis clear that

KerL ={u € domL: Lu=0}
= {uedomL: u”/:O}
={uecdomL: u(t)=>bt,bcR} ~R.

Now, we show that

T n
2T
ImL=<{yeZ: /(T—s)zy(s)ds— 3—2/(1‘] —5)’y(s)ds=0p. (3.6)
o
Since the problem
W =y (3.7
has a solution u (¢) that satisfies the conditions u (0) = u” (0) =0, u(T) = 31—2 olu(t)dt
if and only if
T n
2 2T 3
/(T—s) y(s)ds—W/(n—s) v(s)ds=0. (3.8)
0 0

From (3.7), we have

I\JI'—‘

w(t) = u(0)+ 1 (0)r+u" (0 ’5

Ja-srse
0

Thus from the conditions u (0) = u” (0) = 0, we have

t
oL fmopats
0

According to u(T) = %—Z Jolu(z)dt, we obtain

NIH

u(t)

n
2T ;
ds—3—nz/(n—s) y(s)ds=0.
0

O\’*}

T n
ImL={yeZ: /(T—s)zy(s)ds—%/(n—s)3y(s)ds=0
0

On the other hand, if (3.8) hold, setting

t
1
:bt+§/(t—s)2y(s)ds7
0
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where b is arbitrary constants, then u(¢) is solution of (3.7). Hence (3.6) holds.

Setting
r o7 |
Ry= [ (T =9y (0)ds— 505 [ (0= y(s)ds
0 0
Let C = fOT (T —1)*1dt — 3272 JoH(n — 1Y tdt #0, 1 € (0,1]. By simple calculation, we
get C = 7”4_6(2)”73 .

Define Qy(f) = & (Ry) -t, itis clair that dim/mQ = 1. We have

(Q%) (1) = (Q(Qy)) (1)

r o7 |
/ —1)*%ds — —/(n—t)3t2ds '
0 )

- é(Ryw

=(Qy) (1),

which implies that the operator Q is projector. Furthermore, ImL = KerQ. For y € Z,
let y= (y— Qy)+Qy, since Q(y— Qy) = Qy—Q?y =0, we know (y — Qy) € kerQ =
ImL, and Qy € ImQ. Thus Z = ImL+ ImQ.

Let y € ImLNImQ. Since y € ImQ, then there exists p € R such that y(¢) =
pt,t €[0,T]. Since y € ImL = KerQ, then

T

n
0=p () () =p | [ (T=0Prds— 55 [(n=0ras | = pe.
0 0

since C #0 , then p =0, so we have y(r) =0, ¢ € [0,T], which implies ImLNImQ =
{o}.
Consequently, Z = ImL & ImQ, and
dimKerL = codimImL = dimImQ = 1.

Thus L is Fredholm operator of index zero (IndL = dimKerL — codimImL=1—1=0).
Define the other projector P: X — X by

(Pu) (t) =u' (0)t, 1 €[0,T]. (3.9)

Note that KerP={uc X : u'(0)t =0} ={uec X : u'(0) =0} and ImP = KerL.
Since (Pu)' (t) =u’(0), then (P?u) (t)=P(t), t € [0,T] for all u € X, we have

u=(u—Pu)+Pu

u(t) = (u(t)—u'(0)t) +u' (0)t.
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For u € X, let u = (u— Pu)+ Pu. Since P(u— Pu) = Pu— P*u= Pu—Pu=0, we
know, (u— Pu) € KerP and Pu € ImP = KerL, thus X = KerP + KerL.

Let u € KerLNKerP, since u € KerL = ImP, there exists i € R such that u (1) =
ut? and since u € KerP, then p = u'(0) =0 and so u(t) =0, ¢ € [0,T]. Consequently,
KerLNKerP = {0}. Then X = KerP ® KerL.

Define the generalized inverse operator Kp : ImL — domL N KerP of L by

t
Y
0

NIH

Kpy (1
It follows that
T
1
Koyl < 5 [ (T =92 y(s)lds < /\y s = Iyl
0

from (Kpy)' (1) = [§ (t — )y (s)ds, we obtain

T

T
|KewY || < [ (@ =9)ys)lds < [ 1(s)lds = -
0

0

As such we have
|Kpyl| = max{|[Keyl,||(Key)'|| } < [I¥]ly (3.10)

then, we have
1Ko < I -

Also, if y € ImL, then

(LKp)y (1) = [(Kpy) (1)]" =y (1)

and for u € domLNKerP , we know
2
t

(KpLyu(t) = (Kp)u'" (1) = 5 / 2" (5)ds = u(e) —u(0) ' (0)1 —u (0) 5
in view of u € domLNKerP, u(0) =u"(0) =0 and Pu =0, thus
(KeL)u(t) = u(r)
This shows that Kp = (L \dommKe,p)_l. O

LEMMA 2. Let Q| = {u € domL\ KerL: Lu = ANu, forsome A € [0,1]}. Then
Qy is buonded.
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Proof. Suppose that u € Q;, and Lu = ANu. Thus A # 0 and ONu = 0, so it
yields

n

[ 0= (su(s) 0 (5)) ds =,

0

2T

T
J =52 o) ) s 3
0

Thus, by condition (H,), there exists 7, € [0, 7], such that |« ()| < M. In view of

5]

W (0) = un) — / W (s)ds, W' (0)=u" (1) + / W (s)ds.
0

0

Hence
4|

lu(0)| = u(tl)—/u/(s)ds <M—|—Hu/||1
0

and
n

)] = |u" (1) + [ e | < b+ [
0

then, we have

T
T
|/ (0)] <M+/ /}u”’(s)}ds dt=M~+T ||u"||, =M+T|[Lul|, <M+T ||Nul|,.
o \o
(3.11)
Again for u € Qp, then (I — P)u € domLNKerP =ImKp and LPu=0,0<A < 1 and
Nu=LLue ImL, thus from Lemma 1, we know
(I = P)ul| = |[KpL(I — P)ul| < [[L(I—P)ull, = ||Lul[, < ||Nul,. (3.12)
From (3.11),(3.12) and ||Pu|| = |«’ (0)], we have
Jull < [[Pull + (T = P)ul| = | (0) + ||(I = P)u|| <M+ (T +1)||Nul|, .~ (3.13)

From (3.1) and (3.13), we obtain

M
ull < (T +1) |l llullea + 1B ||| + 1711 + 7 | - (3.14)
T+1
Thus, from ||u||., < ||u|| and (3.13), we have
T+1 , M
|, < —————— u||_+ +—. 3.15
e < =g gyrar BN I+ I+ |- 69
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From ||« ||, < [Jul|, (3.14) and (3.15), we have

[ || < Null
T+1)|of M
"o<(r+1) 1 _(T+D]el, ! =
I 1) |1+ | [ o+ 0+ 2
B T+1 , M
~ e B I+ 1+ 7
ie.,
(T+1)|B T+1 M
o |1 - T I < i [
+ 1)l —(T+ 1)l +
Therefore
1—(T+Dllal, = (T+D|B]
u' [ : LI < T+ 1)yl +M
L N S e I TR
i.e.,
T+1 + AL
H /H < ( )[HY”l T+l] Y (3.16)
L—(T+ e, = (T+1)[Bl,
thus, from (3.16), there exists M; > 0 such that
'] <My (3.17)

therefore, from (3.17) and (3.16), there exists M, > 0, such that
]|, < Ms. (3.18)

Concequently

ee]] = max {Jull., [[u'|| .} < max{My,M2}.

Again, from (3.1), (3.17) and (3.18) , we have
(" ||, = ILally < ([Nully < llexlly Mo+ (1B M+ [17]]; -

Which shows that Q; is bounded. [

LEMMA 3. The set Qy = {u € KerL: Nu € ImL} is bounded.

Proof. Let u€Qy,then u€ KerL={u € domL: u=>bt,becR,tc[0,T]}. Also,
since KerQ = ImL, then ONu = 0, therefore

T n
/ S (s,bs b)ds—;—;/(n—s)3f(s7bs7b)ds:
0 0

From condition (H>), = |b|T < MT, so ||u|| < MT, thus €, is bounded. [

[
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LEMMA 4. If the first part of condition (H3) holds, then

T n
60 ) o7 ,
b<5T4—2Tn3) O/(T $)2f (s,bs,b) ds 3n20/(n $) £ (s,bs,b)ds | <0

(3.19)
Sforall |b] > M*. Let Q3 ={ucKerL: —AJu+(1—21)ONu=0, A €[0,1]} where
J :kerL — ImQ is the linear isomorphism given by J (bt) = bt, Vb € R, t € [0,T].
Then Q3 is bounded.

Proof. Suppose that u = byt € Q3, then we obtain

T

60 2T
lb0=(1—1)<m) /(T—S)zf(s’bOS,bo)—W
0

(M —5)* £ (s,b0s,bo)

o\;s

If A =1, then by = 0, in this case Q3 is bounded.
If A # 1, there exists M* > 0 such that |by| > M*, then in view of the first part of
(H3), we have

T n
A =bo(1- 1) (lf—ong) O/(T—S)2f(s7bos,bo)— 3%0/01 —5)* £ (5,bos. o) | <0

which contradicts the fact that Ab3 > 0. Then |u| = |bot| < |bg| T < M*T, we obtain
llul| < M*T, hence Q3 C {u € KerL : ||u|| < M*T} is bounded.
If A =0, it yields

T
/ (s,b0s,bg)ds — / (s,b0s,bp)ds =0,
0 0

taking condition (H,) into account, we obtain |ju|| = |b|T < M*T. O

LEMMA 5. If the second part of (H3) holds, then
T

n
60 , o7 ;
b<5T4—2Tn3) O/(T $)2f (s,bs,b) ds 3n20/(n $) £ (s,bs,b)ds| >0

(3.20)
forall |b|>M* and Q3={u € KerL: —AJu+ (1 —A)ONu=0, A € [0, 1]} is bounded,
here J is defined as in Lemma 4 .

Proof. A similar argument as above shows that Q3 is bounded. [J

Proof of Theorem 2. Let Q to be an open bounded subset of X such that U3 Q; C
Q. By using the fact that «" is bounded and Arzela-Ascoli Theorem, we can prove that
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Kp(I—QN) : Q — X is compact, thus N is L — compact on Q. Then by Lemmas 2
and 3, we have

(i) Lx # ANx forevery (x,A) € [(domL\ KerL)NdQ| x (0,1).

(ii) Nx ¢ ImL for every x € KerLN Q.

(iit) H (u,A) = £AJu+ (1 —A)ONu, A € [0,1].

According to Lemmas 4 and 5, we know that H (u,A) # 0 for every u € kerLN
dQ. Thus, by the homotopy property of degree, we obtain

deg (ON |kerr, @NkerL,0) =deg(H (-,0),QNkerL,0)
=deg(H (-,1),QnNkerL,0)
=deg(+J,QnNkerL,0) # 0.
Then, by Theorem 1, Lu = Nu has at least one solution in domLN Q, so the boundary
value problem (1.1)—(1.2) has at least one solution in C?[0,7T]. The proof is com-
plete. O

We construct an example to illustrate the applicability of the results presented.

EXAMPLE 1. Consider the following boundary value problem

u” (t)=f(t,u(t),u' (1)), 1€ (0,T) (3.21)
n
” - 2T
1(0) = " (0) =0, u(T) = FO/u(z)dz, ne,7) (3.22)
where )
ftu)u (1)) = ( _6t )u(t)—|—%u/(t)—|—t, te(0,T)

_ 3 _ 1
Here,wetakeT—Z, n=gz.

We have
f (,u () (1)) ] < o (e) |l + B (0) [ |+ ¥(2)

where o (1) = %, B(t) =1 and y(t) =1, then a, B and y are nonnegative and
belong to L' [0, T], so, hypothesis (Hj) is satisfied.

Set 1= [g (T —s)f(s,u(s),u (s))ds — 55 J§ (1= s)" f (s.u(s) .u (s5)) .
For M = 1,13317 and u € domL, u(t) = bt if |u' (t)| > M, for all ¢ € [0,T], then,

112116+ 12704

491520 70.

Then, the condition (H,)is satisfied.
Now, for M* =2 >0, and any u(¢) = br € kerL with |b| > M*, we have

1121167+ 12704b -
B 491520 ’
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consequently, condition (H3) is satisfied.

Finally, a simple calculus gives ||al|, +[|B]l; = 155 + 55 = o2 < 757 = 3. We

conclude from Theorem 2 that the problem (3.21)—(3.22) has at least one solution in
c*[0,T]
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