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Abstract. We consider the large-time behavior of sign-changing solutions of the inhomogeneous
equation ut −Δu = |x|α |u|p + ζ (t)w(x) in (0,∞)×R

N , where N � 3 , p > 1 , α > −2 , ζ ,w
are continuous functions such that ζ (t) = tσ or ζ (t) ∼ tσ as t → 0 , ζ (t) ∼ tm as t → ∞ . We
obtain local existence for σ > −1 . We also show the following:

• If m � 0 , p < N−2m+α
N−2m−2 and

∫
RN w(x)dx > 0 , then all solutions blow up in finite time;

• If m > 0 , p > 1 and
∫
RN w(x)dx > 0 , then all solutions blow up in finite time;

• If ζ (t) = tσ with −1 < σ < 0 , then for u0 := u(t = 0) and w sufficiently small the solution exists
globally.

We also discuss lower dimensions. The main novelty in this paper is that blow up depends on
the behavior of ζ at infinity.

1. Introduction

We study the global existence and blow up of solutions of the following semilinear
parabolic Cauchy problem{

ut −Δu = |x|α |u|p + ζ (t)w(x) in (0,∞)×R
N ,

u(0,x) = u0(x) in R
N ,

(1.1)

where N � 3, α ∈ R , p > 1 and ζ ,w are given functions. More specific assumptions
on w , ζ and u0 will be made later. Our model (1.1) arises in many physical phenomena
and biological species theories, such as the concentration of diffusion of some fluid, the
density of some biological species, and heat conduction phenomena, see [12, 8, 24, 17,
18] and references therein.

We are interested in finding the critical exponent which separates the existence and
nonexistence of global solutions of (1.1). In the case ζ ≡ 0 or w ≡ 0, problem (1.1)
reduces to {

ut −Δu = |x|α |u|p in (0,∞)×R
N ,

u(0,x) = u0(x) in R
N .

(1.2)

For nonnegative initial data, the solution of (1.2) blows up in finite time if u0 is suffi-
ciently large. For arbitrary initial data u0 � 0, we have the following dichotomy:
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• if α > −2 and 1 < p � 1+ 2+α
N , then every nontrivial solution u(t,x) blows up

in finite time;

• if α > −2, p > 1 + 2+α
N and u0 is sufficiently small, then u(t,x) is a global

solution.

This result was proved by Fujita in [7] for α = 0, p �= 1+ 2
N , and by Hayakawa in

[11] for α = 0, p = 1+ 2
N . Later, Qi in [23] was able to prove similar results for a wide

class of parabolic problems including in particular (1.2). See also [16]. The number
pF := 1+ 2+α

N is called the critical Fujita exponent for problem (1.2).
Note that the case α = 0, ζ ≡ 1 was investigated in [3]. It was shown, among other

results, that (1.1) has no global solutions provided that p < N
N−2 and

∫
RN w(x)dx > 0.

Recently in [13], the authors consider (1.1) with α = 0 and ζ (t) = tσ where σ > −1.
They showed that the critical exponent is given by

p∗(σ) =

{
N−2σ

N−2σ−2 if −1 < σ < 0,

∞ if σ > 0.

We refer the interested reader to the survey papers [4, 15]. See also [1, 6, 9, 20, 26, 27]
for related problems. In particular, the chemical reaction diffusion equation with special
diffusion coefficient D = |x|2 has been extensively studied in [1, 9, 12, 21]. Roughly
speaking, this can be used to motivate the restriction α > −2 which is made in some
cases.

Our main motivation for the current work comes from the paper [13], where the
authors consider only the case where α = 0 and ζ (t) = tσ , σ > −1. We will im-
prove the blow-up results obtained in [13] by considering α > −2 and allowing that
ζ behaves like tσ ,σ > −1 as t → 0 and like tm,m ∈ R as t → ∞ . For simplicity of
presentation, we shall restrict our attention to ζ satisfying either

ζ (t) = tσ , (1.3)

or

ζ (t) =

{
tσ if 0 < t < 1,

tm if t � 1,
(1.4)

where σ > −1 and m ∈ R .
As is a standard practice, we study the local well-posedness of (1.1) via the asso-

ciated integral equation:

u(t) = etΔu0 +
t∫

0

e(t−τ)Δ (| · |α |u(τ)|p) dτ +
t∫

0

e(t−τ)Δ (ζ (τ)w) dτ, (1.5)

where etΔ is the linear heat semi-group. Using fixed point argument in suitable com-
plete metric space together with a recent smoothing estimate proved in [2], we obtain
the following existence results.
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THEOREM 1. Suppose N � 3 , −2 < α � 0 , w ∈ CB(RN) := C(RN)∩L∞(RN)
and ζ is given by (1.4) or (1.3). Then, for any u0 ∈ CB(RN) , the Cauchy problem
(1.1) has a unique maximal CB -mild solution u on [0,T ∗)×R

N such that if T ∗ < ∞ ,
then lim

t→T ∗ ‖u(t)‖L∞(RN) = ∞. Furthermore, if u0 � 0 and w � 0 , then the solution u is

nonnegative.

REMARK 1. For N � 3 and −2 < α � 0, we have 0 � −α < N . Hence, we
can apply the smoothing effect given by Proposition 1. In addition, as we will see in
the estimate (3.2), the assumption α > −2 is crucial to make T 1+α/2 small for T > 0
small.

For α > 0, we introduce as in [28] the function ν(x) = (1+ |x|) α
p−1 and define

Cν (RN) =
{

ϕ ∈C(RN); ‖νϕ‖L∞ < ∞
}
, (1.6)

endowed with the norm
‖ϕ‖ν = ‖νϕ‖L∞ . (1.7)

THEOREM 2. Suppose N � 1 , α > 0 , w ∈ Cν (RN) and ζ is given by (1.4) or
(1.3). Then, for any u0 ∈ Cν(RN) , the Cauchy problem (1.1) has a unique maximal
classical solution u on [0,T ∗)×R

N such that if T ∗ < ∞ , then lim
t→T ∗ ‖u(t)‖ν = ∞.

Concerning blow-up, we suppose that ζ is given by (1.4) and we separate the
cases m � 0 and m > 0 as stated below.

THEOREM 3. Suppose N � 3 , α > −2 , m � 0 and 1 < p < N−2m+α
N−2m−2 . Assume

that ζ is given by (1.4) and w ∈ C0(RN)∩L1(RN) obeys
∫
RN w(x)dx > 0 . Then the

Cauchy problem (1.1) has no global solutions.

REMARK 2. If m � 0 and N � 3 then N − 2m− 2 > 0. The condition 1 < p <
N−2m+α
N−2m−2 implies that N−2m+α

N−2m−2 > 1. Hence α > −2.

In the next theorem, we remove the restriction N � 3 for the dimension but only
in the case m > 0.

THEOREM 4. Suppose N � 1 , m > 0 and p > 1 . Assume that ζ is given by (1.4)
and w ∈C0(RN)∩L1(RN) obeys

∫
RN w(x)dx > 0 . Then the Cauchy problem (1.1) has

no global solutions.

REMARK 3.

(i) Unlike to [13] where the critical exponent is given in term of σ , here the critical
exponent depends only on m which measures the behavior of ζ at infinity. In-
deed, the behavior at 0 and the fact that σ > −1 are needed only for the local
existence.
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(ii) The method apply for more general ζ by assuming that ζ : (0,∞) → (0,∞) is
continuous and

ζ (t) ∼
{

c0 tσ as t → 0,

c∞ tm as t → ∞,
(1.8)

where c0,c∞ > 0, σ > −1 and m ∈ R .

(iii) A similar statement of Theorem3 for lower dimensions N = 1,2 reads as follows:

THEOREM. Suppose N = 1,2 , α > −2 , m < N
2 − 1 and 1 < p < N−2m+α

N−2m−2 .
Assume that ζ is given by (1.4) and w ∈C0(RN)∩L1(RN) obeys

∫
RN w(x)dx >

0 . Then the Cauchy problem (1.1) has no global solutions.

Moving to the analysis of the global existence, our main result reads as follows.

THEOREM 5. Let N � 2 , −2 < α < 0 and ζ be given by (1.8) with −1 < σ <

0 . Assume that p � 1 + 2+α
N−2(σ+1) and set � = Npc

N+2(σ+1)pc
= N(p−1)

2+α+2(σ+1)(p−1) where

pc = N(p−1)
2+α . Then for any u0 ∈ Lpc(RN) and w ∈ L�(RN) with the property that

‖u0‖Lpc +‖w‖L� is sufficiently small, Eq. (1.5) admits a global-in-time solution u.

The paper is organized as follows. In Section 2, we recall some preliminaries
needed in the sequel such as smoothing effect for the heat semi-group. The third sec-
tion is devoted to the local existence for (1.1). In the fourth section, we will focus on
nonexistence of global solutions by proving Theorem 3 and Theorem 4. Lastly, in Sec-
tion 5 we present the proof of the global existence result stated in Theorem 5. In all this
paper, C will be a positive constant which may have different values at different places.

2. Preliminaries

Let etΔ be the linear heat semi-group defined by etΔ ϕ = Gt � ϕ ,t > 0, where Gt

is the heat kernel given by

Gt(x) = (4πt)−N/2 e−
|x|2
4t , t > 0, x ∈ R

N .

Let, for γ � 0, Sγ be defined as

Sγ(t)ϕ = etΔ (| · |−γϕ
)
, t > 0. (2.1)

To treat the nonlinear term in (1.1), we use the following key estimate proved in [2].

PROPOSITION 1. Let N � 1 and 0 < γ < N . For 1 < q1,q2 � ∞ such that

1
q2

<
γ
N

+
1
q1

< 1, (2.2)

we have

‖Sγ (t)ϕ‖q2 � Ct
− N

2

(
1
q1

− 1
q2

)
− γ

2 ‖ϕ‖q1 , (2.3)

where C > 0 is a constant depending only on N,γ,q1 and q2 .
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REMARK 4.

(i) For γ = 0, the estimate (2.3) holds under the assumption 1 � q1 � q2 � ∞ . This
is unlike to the case γ > 0, where (2.2) enable us to take q2 < q1 .

(ii) As pointed out in [25], we may take 1
q2

= γ
N + 1

q1
, q1 < ∞ , q2 < ∞ in (2.2).

The following Lemma will be useful in the proof of Theorem 2.

LEMMA 1. Let γ,κ > 0 . There exists a constant C = C(κ ,γ,N) > 0 such that,
for all x ∈ R

N and λ ∈ [0,κ ] , we have∫
RN

e−|z|2 (1+ |x−λ z|)−γ dz � C (1+ |x|)−γ . (2.4)

Proof. Define

A =
{

z ∈ R
N ; |x−λ z|� |x|

2

}
,

B =
{

z ∈ R
N ; |x−λ z|> |x|

2

}
.

Clearly (1+ |x−λ z|)−γ � 2γ (1+ |x|)−γ for z ∈ B . Hence∫
B

e−|z|2 (1+ |x−λ z|)−γ dz � 2γπN/2 (1+ |x|)−γ . (2.5)

For z ∈ A we have |z| � |x|
2λ . It follows that∫

A

e−|z|2 (1+ |x−λ z|)−γ dz �
∫

{|z|� |x|
2λ }

e−|z|2 dz

� |S N−1|
∞∫

|x|
2λ

e−r2 rN−1 dr

� |S N−1|
⎛
⎝ ∞∫

0

e−
r2
2 rN−1 dr

⎞
⎠ e−

|x|2
8λ2 .

Observe that when 0 � λ � κ ,

e−
|x|2
8λ2 � e−

|x|2
8κ2 � C(κ ,γ) (1+ |x|)−γ .

Hence ∫
A

e−|z|2 (1+ |x−λ z|)−γ dz � C(κ ,γ,N) (1+ |x|)−γ . (2.6)

Combining (2.5) and (2.6), we obtain (2.4) as desired. �
We also recall the following singular Gronwall inequality proved in [5].
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PROPOSITION 2. Let ψ : [0,T ] → [0,∞) be a continuous function satisfying

ψ(t) � A+M

t∫
0

ψ(τ)
(t− τ)θ dτ, 0 � t � T, (2.7)

where 0 � θ < 1 and A,M � 0 are two constants. Then

ψ(t) � AE1−θ

(
MΓ(1−θ )t1−θ

)
, 0 � t � T, (2.8)

where Eρ is the Mittag-Leffler function defined for all ρ > 0 by

Eρ(z) =
∞

∑
n=0

zn

Γ(nρ +1)
.

Finally, we recall a comparison principle of Phragmèn-Lindelöf type for (1.1). See
for instance [28, Lemma 1.3, p. 559]. In our context, f (t,x,u) = |x|α |u|p + ζ (t)w(x) .

LEMMA 2. Suppose u and u are continuous weak upper and lower solutions of
(1.1) and (u−u)(t,x) � −Bexp(β |x|2) on R

N with B,β > 0 . Suppose that

|x|α
[
|u(t,x)|p −|u(t,x)|p

]
� C(t,x)

(
u−u

)
(t,x), (2.9)

where C is continuous and C(t,x) � C0
(
1+ |x|2) for some C0 > 0 . Then u � u on

R
N .

3. Local well-posedness

First we investigate the case −2 < α � 0 as stated in Theorem 1.

Proof. We first prove the unconditional uniqueness. Let T > 0 and u,v be two
CB−mild solutions of (1.1). Owing to (1.5) and (2.3), we infer

‖u(t)− v(t)‖L∞ � C

t∫
0

(t− τ)α/2 ‖u(τ)− v(τ)‖L∞

(
‖u(τ)‖p−1

L∞ +‖v(τ)‖p−1
L∞

)
dτ.

This together with the singular Gronwall inequality (see Proposition 2) imply that u = v
on [0,T ]×R

N . We turn now to the existence part. We use a fixed point argument. We
introduce, for any T,M > 0 the following complete metric space

XT,M =
{

u ∈CB([0,T ]×R
N); ‖u‖T � M

}
,

where ‖u‖T = sup
0�t�T

‖u(t)‖L∞(RN) . Set

Φ(u)(t) = etΔu0 +
t∫

0

e(t−τ)Δ (| · |α |u(τ)|p) dτ +
t∫

0

e(t−τ)Δ (ζ (τ)w) dτ. (3.1)



Differ. Equ. Appl. 13, No. 1 (2021), 85–100. 91

We will prove that the parameters T,M > 0 can be chosen so that Φ is a contraction
map from XT,M into itself. Without loss of generality, we may assume that T � 1. Let
u ∈ XT,M . Noticing that −N � −3 < −2 < α � 0, σ > −1, and owing to (2.3) and
(1.4), we obtain that

‖Φ(u)(t)‖L∞ � ‖u0‖L∞ +C

t∫
0

(t − τ)α/2‖u(τ)‖p
L∞ dτ +

tσ+1

σ +1
‖w‖L∞ , (3.2)

� ‖u0‖L∞ +CMp T 1+α/2

1+ α/2
+

Tσ+1

σ +1
‖w‖L∞ .

Taking M > ‖u0‖L∞ and choosing T > 0 small enough, we easily deduce that Φ(XT,M)⊂
XT,M . To show that Φ is a contraction we compute, for u,v ∈ XT,M ,

‖Φ(u)(t)−Φ(v)(t)‖L∞ � C

t∫
0

(t − τ)α/2‖|u(τ)|p−|v(τ)|p‖L∞ dτ (3.3)

� CMp−1

t∫
0

(t− τ)α/2 ‖u(τ)− v(τ)‖L∞ dτ

� CMp−1T 1+α/2‖u− v‖T ,

where we have used

||a|p−|b|p| � |a−b|(|a|p−1 + |b|p−1) .

It follows that
‖Φ(u)−Φ(v)‖T � CMp−1T 1+α/2‖u− v‖T . (3.4)

From (3.4) we conclude that Φ is a contraction for T > 0 sufficiently small. This
finishes the existence part. The blowup criterion can be shown in a standard way by
taking advantage of the fact that the local time of existence depends on ‖u0‖L∞ for the
choice M = 2‖u0‖L∞ . Finally, since etΔ preserve the positivity, we easily deduce that
u � 0 provided that u0,w � 0. �

Next, we turn to the case α > 0.

Proof. The proof of local existence follows from standard fixed point argument in
a suitable complete metric space. To this end, we introduce

YT,M =
{

u ∈ L∞([0,T ];Cν (RN)); sup
0�t�T

‖u(t)‖ν � M

}
.

endowed with the distance

d(u,v) = ‖u− v‖T = sup
0�t�T

‖u(t)− v(t)‖ν.
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Here M > 0 and 0 < T � 1 to be fixed later. Define

I(t) = etΔu0,

J(t) =
t∫

0

e(t−τ)Δ (| · |α |u(τ)|p) dτ,

K(t) =
t∫

0

e(t−τ)Δ (ζ (τ)w) dτ,

so that Φ(u)(t) = I(t)+ J(t)+K(t) where Φ is given as in (3.1). We will estimate
separately the terms I(t) , J(t) and K(t) . First we compute

I(t)(x) = (4πt)−N/2
∫

RN

e−
|x−y|2

4t u0(y)dy,

� ‖u0‖ν (4πt)−N/2
∫

RN

e−
|x−y|2

4t ν−1(y)dy,

= π−N/2‖u0‖ν

∫
RN

e−|z|2 (
1+ |x−2

√
tz|)− α

p−1 dy.

By (2.4) with γ = α
p−1 , one obtains

‖I(t)‖ν � C‖u0‖ν , (3.5)

where C is a positive constant depending only on α, p, N .
Next, we compute (for u ∈ YT,M )

J(t)(x) =
t∫

0

∫
RN

(4π(t− τ))−N/2 e
− |x−y|2

4(t−τ) |y|α |u(τ,y)|p dydτ,

� Mp

t∫
0

∫
RN

(4π(t− τ))−N/2 e
− |x−y|2

4(t−τ) |y|α ν(y)−p dydτ,

� Mp

t∫
0

⎛
⎝∫

RN

(4π(t− τ))−N/2 e
− |x−y|2

4(t−τ) |y|α (1+ |y|)− α
p−1 dy

⎞
⎠ dτ,

� Mp

t∫
0

Cν−1(x)dτ,

where we have used (2.4) in the last inequality. Therefore

‖J(t)‖ν � CTMP, (3.6)
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where C is a positive constant depending only on α, p, N .
Let us now estimate the third term K . Using again (2.4) together with (1.4), we

get

K(t)(x) =
t∫

0

∫
RN

(4π(t− τ))−N/2 e
− |x−y|2

4(t−τ) ζ (τ)w(y)dydτ,

� ‖w‖ν

t∫
0

τσ

⎛
⎝∫

RN

(4π(t− τ))−N/2 e
− |x−y|2

4(t−τ) ν−1(y)dy

⎞
⎠ dτ,

� C
t1+σ

1+ σ
‖w‖ν ν−1(x).

It follows that
‖K(t)‖ν � CT σ+1‖w‖ν , (3.7)

where C is a positive constant depending only on σ , α, p, N .
Combining (3.5)-(3.6)-(3.7), we end up with

‖Φ(u)‖T � C‖u0‖ν +CTMp +CTσ+1‖w‖ν . (3.8)

Choosing M >C‖u0‖ν and T sufficiently small such that C‖u0‖ν +CTMp+CTσ+1‖w‖ν
� M , we see that Φ(YT,M) ⊂ YT,M .

Now we show that Φ is contractive. Let u,v∈YT,M . Arguing as above, we obtain
that

‖Φ(u)−Φ(v)‖T � CTMp−1 ‖u− v‖T � 1
2
‖u− v‖T , (3.9)

for M > C‖u0‖ν and T sufficiently small. This enable us to conclude the proof of the
existence part.

The uniqueness part follows easily from Lemma 2.
Finally, let us turn to regularity. Since ζ is continuous, w ∈ Cν ⊂ CB and u ∈

L∞((0,T ),CB) , standard regularity results for parabolic equations ([24, Appendix B]
and [14]) guarantee that u is a classical solution. �

4. Nonexistence of global solutions

We will focus in this section on blow-up results stated in Theorems 3–4.

Proof. Let u be the maximal solution defined on [0,T ∗)×R
N and suppose that

T ∗ = ∞ . In order to obtain a contradiction we use the so-called test function method.
See for instance [3, 19]. Let’s choose two cut-off functions f ,g ∈C∞([0,∞) such that
0 � f ,g � 1,

f (τ) =

{
1 if 1/2 � τ � 2/3,

0 if τ ∈ [0,1/4]∪ [3/4,∞),
(4.1)
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and

g(τ) =

{
1 if 0 � τ � 1,

0 if τ � 2.
(4.2)

For T > 0, we introduce ψT (t,x) = fT (t)gT (x) , where

fT (t) =
(

f
( t

T

)) p
p−1

,

gT (x) =
(

g

( |x|2
T

)) 2p
p−1

.

Multiplying both sides of the differential equation in (1.1) by ψT and integrating over
(0,T )×R

N we find

T∫
0

∫
RN

|x|α |u|p ψT dxdt +
T∫

0

∫
RN

ζ (t)w(x)ψT dxdt +
∫

RN

u0(x)ψT (0,x)dx

= −
T∫

0

∫
RN

uΔψT dxdt −
T∫

0

∫
RN

u∂tψT dxdt, (4.3)

�
T∫

0

∫
RN

|u| |ΔψT |dxdt +
T∫

0

∫
RN

|u| |∂tψT |dxdt.

Noticing that f (0) = 0, we get∫
RN

u0(x)ψT (0,x)dx = 0. (4.4)

Next, applying Young inequality, we get

T∫
0

∫
RN

|u(t,x)| |ΔψT (t,x)|dxdt =
T∫

0

∫
RN

|x|α/p|u|ψ1/p
T |x|−α/p|ΔψT |ψ−1/p

T dxdt,

� 1
2

T∫
0

∫
RN

|x|α |u|p ψT dxdt (4.5)

+C

T∫
0

∫
RN

|x|− α
p−1 |ΔψT |

p
p−1 ψ

− 1
p−1

T dxdt,

� 1
2

T∫
0

∫
RN

|x|α |u|p ψT dxdt +CT
1+ N

2 − p
p−1− α

2(p−1) ,
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where we have used (4.1), (4.2) and

|ΔgT (x)| � C
T

(
g

( |x|2
T

)) 2
p−1

.

Similarly, we obtain that

T∫
0

∫
RN

|u| |∂tψT |dxdt � 1
2

T∫
0

∫
RN

|x|α |u|p ψT dxdt +CT
1+ N

2 − p
p−1− α

2(p−1) . (4.6)

Plugging estimates (4.3), (4.4), (4.5) and (4.6) together, we find

T∫
0

∫
RN

ζ (t)w(x)ψT (t,x)dxdt � CT
1+ N

2 − p
p−1− α

2(p−1) . (4.7)

To conclude the proof we have to find a suitable lower bound of the left hand side in
(4.7). For this purpose, we use (1.4) to write (for T � 2)

T∫
0

∫
RN

ζ (t)w(x)ψT (t,x)dxdt �
T∫

T/2

∫
RN

ζ (t)w(x)ψT (t,x)dxdt

�

⎛
⎜⎝

T∫
T/2

tm f
( t

T

) p
p−1

dt

⎞
⎟⎠

⎛
⎝∫

RN

w(x)gT (x)dx

⎞
⎠

� CTm+1
∫

RN

w(x)gT (x)dx. (4.8)

Since w ∈ L1 and gT (x) → g(0) = 1 as T → ∞ , we obtain by the dominated conver-
gence theorem that ∫

RN

w(x)gT (x)dx −→
T→∞

∫
RN

w(x)dx > 0.

Hence, for T sufficiently large, we have

∫
RN

w(x)gT (x)dx � 1
2

∫
RN

w(x)dx.

Recalling (4.7), we end up with

∫
RN

w(x)dx � CT
N
2 −m− p

p−1− α
2(p−1) . (4.9)



96 M. MAJDOUB

Noticing that p < N−2m+α
N−2m−2 and letting T to infinity in (4.9), we get∫

RN

w(x)dx � 0.

This is obviously a contradiction and the proof is complete. �

REMARK 5. The main novelty in this proof is the new lower bound (4.8) using
only the parameter m instead of σ . This illustrate that the blow up depends on the
behavior of ζ at infinity.

We finally give the proof of Theorem 4.

Proof. We employ the same argument as in the proof of Theorem3 with a different
test function. For ε > 0 small enough, we set

ϕT (t,x) = fT (t)g(ε |x|2),
where f ,g are given by (4.1)-(4.2). Similar computations as above yield∫

RN

w(x)dx � C
(
T−m +T−m− p

p−1

)
. (4.10)

Noticing that m > 0 and letting T to infinity, we get∫
RN

w(x)dx � 0.

This finishes the proof of Theorem 4. �

5. Global existence

The following lemma will be useful in the proof of Theorem 5.

LEMMA 3. Let N � 2 , −1 < σ < 0 , −2 < α < 0 and

p � 1+
2+ α

N−2(σ +1)
. (5.1)

Then
2+ pα

Np(p−1)
<

1
pc

, (5.2)

2+ pα
Np(p−1)

<
N + α
Np

, (5.3)

1
pc

+
2σ
N

<
1
pc

, (5.4)

and
1
pc

+
2σ
N

<
N + α
Np

. (5.5)
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Proof. We only give the proof of (5.5) since the other inequalities are trivial. Note
that the inequality (5.5) is equivalent to

2σ p2 − (N−2+2σ)p+N+ α < 0. (5.6)

To prove (5.6), consider the function

Θ(τ) = 2σ p2− (τ −2+2σ)p+ τ + α = 2σ p2 + α −2(σ −1)p+(1− p)τ.

Let τ∗ = 2σ + α+2p
p−1 . It follows by using (5.1) that N � τ∗ . Since p > 1 then Θ is a

decreasing function. Hence

Θ(τ) � Θ(τ∗) = 2σ(p−1)2 < 0, ∀ τ � τ∗. (5.7)

Taking τ = N in (5.7), we obtain (5.6) as desired. �

We turn now to the proof of Theorem 5.

Proof. We argue as in [22]. Assume first that p > N+α
N−2 (if N > 2). Let u0 ∈

Lpc(RN) , w ∈ L�(RN) such that ‖u0‖Lpc +‖w‖L� < ε0 for some ε0 > 0. We will show
that the equation

u = w+F (u) in R
N × (0,∞); w = S0(t)u0 +

∫ t

0
S0(t − s)ζ (s)wds (5.8)

has a unique fixed point in some closed ball of Cb((0,∞);Lpc) ,where for t > 0,

F (u)(t) =
∫ t

0
S−α(t− s)|u(s)|pds,

and S0(t) = etΔ is given by (2.1).
Apply Proposition 1 to obtain the estimate

‖Fu‖L∞((0,∞);Lpc ) � C sup
t>0

‖u(t)‖p
Lpc . (5.9)

Arguing similarly, we have that for u and v in L∞((0,∞);Lpc) ,

‖F (u)−F (v)‖L∞(R+;Lpc ) � C‖u− v‖L∞(R+;Lpc )

(
‖u‖p−1

L∞(R+;Lpc ) +‖v‖p−1
L∞(R+;Lpc )

)
.

(5.10)
Using again Proposition 1, we get

‖w‖Lpc � C‖u0‖Lpc +
∥∥∥∥

∫ t

0
S0(t− s)ζ (s)wds

∥∥∥∥
Lpc

� C‖u0‖Lpc +C‖w‖L�

∫ 1

0
τσ (1− τ)−(σ+1)dτ

� C‖u0‖Lpc +C‖w‖L�B(σ +1,−σ),
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where B stands for the standard beta function. In the above inequalities, we have used
� > 1 together with the fact that 1

p′c
− 1

�′ = 2(σ+1)
N , �′ being the conjugate exponent of

� . Therefore,
‖w‖Lpc � C1(‖u0‖Lpc +‖w‖L�) � C1ε0.

By choosing R = 2C1ε0 and assuming 2pCCp−1
1 ε p−1

0 � 1/2, we deduce from (5.9)
and (5.10) that Equation (5.8) has a unique fixed point in BR(0) .

Next, we consider the case when 1+ 2+α
N−2(σ+1) � p � N+α

N−2 . Taking advantage of
Lemma 3, we can pick a number r > 1 such that

max

{
α p+2

Np(p−1)
,

1
pc

+
2σ
N

}
<

1
r

< min

{
1
pc

,
N + α
Np

}
, r > p. (5.11)

In particular, we obtain that 1 � � < pc < r . Define

μ =
N
2

(
1
pc

− 1
r

)
.

It follows that 0 < μ < 1
p . Introduce the function space X defined by

X =
{

u ∈Cb
(
(0,∞);Lr(RN)

)
; tμu ∈Cb

(
(0,∞);Lr(RN)

}

equipped with the distance d(u,v) = sup
t>0

tμ‖u(t)− v(t)‖Lr := ‖u− v‖X . Clearly (X,d)

is a complete metric space. We will show that Eq. (5.8) has a unique fixed point in some
closed ball BK(0) ⊂ X with radius K > 0 sufficiently small. We estimate separately
each of the terms of the right hand side of (5.8). Using the smoothing estimate (2.3) we
obtain that

‖S0(t)u0‖Lr � Ct−
N
2

(
1
pc
− 1

r

)
‖u0‖Lpc � Ct−μ‖u0‖Lpc .

Using again (2.3) together with the fact that r > Np
N+α , we get

∥∥∥∥
∫ t

0
Sα(t − s)|u(s)|pds

∥∥∥∥
Lr

� C
∫ t

0
(t− s)−

N
2

(
p
r − 1

r

)
+ α

2 ‖|u|p‖Lr/pds

� C
∫ t

0
(t− s)−

N
2

(
p
r − 1

r

)
+ α

2 s−pμ(s‖u‖Lr)pμds

� C(sup
t>0

tμ‖u‖Lr)p
∫ t

0
(t− s)−

N(p−1)
2r + α

2 s−pμds

� Ct−
N(p−1)

2r + α
2 −pμ+1‖u‖p

X

∫ 1

0
(1− s)−

N(p−1)
2r + α

2 s−pμds

� Ct−μ‖u‖p
XB

(
1− pμ ,1− N(p−1)

2r
+

α
2

)
� Ct−μ‖u‖p

X.
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Concerning the last term, we use (2.3) and proceed as follows∥∥∥∥
∫ t

0
S0(t − s)wζ (s)

∥∥∥∥
Lr

ds � C
∫ t

0
(t− s)−

N
2

(
1
� − 1

r

)
+ α

2 ‖w‖L�ζ (s)ds

� C‖w‖L�t−
N
2

(
1
� − 1

r

)
+σ+1

∫ 1

0
(1− s)−

N
2

(
1
� − 1

r

)
+ α

2 sσ ds

� C‖w‖L�t−
N
2

(
1
� − 1

r

)
+σ+1B

(
σ +1,1− N

2

(
1
�
− 1

r

)
+

α
2

)
� C‖w‖L�t−μ .

Put G u = w+F (u), w = S0(t)u0 +
∫ t
0 S0(t − s)ζ (s)w , then

sup
t>0

tμ‖G u(t)‖Lr � C (‖u0‖Lpc +Kp +‖w‖L�) � Cε0.

By taking ε0 and K > 0 sufficiently small, one can deduce that C(‖u0‖Lpc +‖w‖L�) �
K . Hence sup

t>0
tμ‖G (t)‖Lr � K . Therefore G maps BK(0) into itself. Arguing in a

similar fashion, we can show that G is a contraction map on BK(0) for sufficiently
small K . The Banach fixed point theorem allows us to deduce the existence of an
unique solution u to (1.5) in BK(0) ⊂ X for sufficiently small K . This finishes the
proof of Theorem 5. �
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