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EXISTENCE AND BOUNDARY BEHAVIOR OF
SOLUTIONS FOR BOUNDARY BLOW-UP QUASILINEAR
ELLIPTIC PROBLEMS WITH GRADIENT TERMS

CHUNLIAN L1U

(Communicated by J. Ildefonso Diaz)

Abstract. In this paper, by sub-supersolution methods, Karamata regular variation theory and
perturbation method, we study the existence, uniqueness and asymptotic behavior of solutions
near the boundary to quasilinear elliptic problem

div(|Vu|"2Vu) = b(x) f(u) (1 + Va4 D) xeQ,

u>0, xeQ,

ulgg = +ee,

where Q is a bounded domain with smooth boundary in RN (N>22),1<m<2,0<g<

m/(m—1). beC*(Q)(o € (0,1)) is positive in €, and may be vanishing on the boundary, and
£ €C0,400), £(0) =0, is increase on (0,+e0) and normalized regularly varying at infinity
with positive index p and p+(¢—1)(m—1) > 0.

1. Introduction

In this paper, we consider the existence, uniqueness and boundary behavior of
solutions to the following quasulinear elliptic problem

Amu:b(x)f(u)(1—|—|Vu\‘1(m’l)), xeQ,
u>0, xeQ, (1.1)
Ulgq = +oo.

where Au = div(|Vu|"2Vu), 1 <m<2, g€ (0,m/(m—1)], the last condition means
that u(x) — +oo as d(x) = dist(x,dQ) — 0, and the solution is ‘a large solution” or ‘an
explosive solution’, Q is a bounded domain with smooth boundary in RN (N >2). f
satisfies

(Hy) f€C'0,+), f(0)=0, f is increase on (0,-+oo);

(Hy) There exists p > 0 such that

/
. S)Ss
i L G)s _ »
s—eo f(s)
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and b satisfies B
(Hy) beC%(Q) forsome o € (0,1), and is positive in Q;
(H3) There exists k € A and by, > 0 such that

i b(x)
d(l;)n—l@ (k(d(x)))!—(a=1)m-1

) = bq,ma

where A denotes the set of all positive nondecreasing functions in C'(0,3y) (8 > 0)
which satisfy

d (K(t)\ - [
HmE(M) = Cp € [0, +o0), K(t)—/ok(s)ds. (1.2)
We note that for each k € A, C; € [0,1] and
Ke) . KOK@) . dK@)y_
Mo =% e T tLo+dt<k(t)>_1 G 09

The m-Laplacian operator A,, has been used in various applications to accommo-
date nonlinear diffusion. In fluid mechanics, the shear stress ¥ and the velocity gradient
V.qu of certain fluids obey a relation of the form v = V,,,u, where V,u = |Vu|m*2Vu
and m > 1 is an arbitrary real number and the case m = 2 corresponds to a Newtonian
fluid, m < 2 and m > 2 correspond to pseudoplastic fluid and dilatant fluid, respec-
tively. The resulting equations of motion then involve div(V,u), that is, A,u. The
m-Laplacian also appears in the study of torsional creep, see [1], flow through porous
media (m = 3/2, see [2]) or glacial sliding (m € (1,4/3], see [3]).

Elliptic equation with gradient terms involving m-Laplacian operator is one of the
typical models in PDEs. There are many interesting results on the existence, uniqueness
and boundary behavior of large solutions of this type of equations.

Semilinear elliptic problems involving gradient terms with boundary blow-up in-
terested many authors. For m = 2, Bandle and Giarrusso [4] developed existence and
asymptotic behavior results for large solutions of

Au+|Vu(x)|* = f(u)

in a bounded domain, where a > 0, and Maderna et al [5] pointed out that the simplest
case that a =2 can be reduced to a problem without gradient terms. In the case f(u) =
p(x)u”, and y > max(1,a), Lair and Wood [6, 7, 8] dealt with the above equation in a
bounded domain and the whole space. Zhang [9] considered existence and asymptotic
behavior results for large solutions of

Au=b(x)f(u)(1+|Vul) (1.4)

in a bounded domain with smooth boundary in RY, where ¢ € (0,2]. For other exis-
tence, uniqueness and asymptotic behavior results of large solutions to elliptic problems
or that with nonlinear gradient terms, we also refer to [10, 11, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21] and the references there in.
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At the same time, people are also concerned about the corresponding research of
quasilinear elliptic equations and that with gradient terms similar to (1.1), in which
m is not only equal to 2. There are many works involving m-Laplacian operator,
which can be traced back to the works of Kazdan and Kramer [22] and Serrin [23],
and then many authors studied these problems involving m-Laplacian operator, see
[24,25,26,27,28,29, 30,31, 33,34, 35, 36, 37] and the references there in. Especially,
Du and Guo [30] developed a comparison principle to study the quasilinear elliptic
equation

— At = alu|™2u—b(x)|u) u
in a bounded smooth domain. Yang [31] studied the existence and non-existence of
entire explosive positive radial solutions for quasilinear elliptic systems

{div(|Vu|’“‘2Vu) = p(xN)g(v),
div(|Vv["2Vv) = g(|x]) f(u)

on RV where f and g are positive and non-decreasing functions on (0, +oo) satisfying
the Keller-Osserman condition (see [11, 32]). Liu and Yang [35] studied the exact
asymptotic behavior of solutions near the boundary to quasilinear elliptic problem

{ div(|Vu|"2Vu) £ [Vu(x)[7"D = b(x)e*™,  xeQ,
ulgq = +oo,

where Q is a bounded domain with smooth boundary in RN (N=22),m>1, g=0,
b is nonnegative and nontrivial in €, which may be vanishing on the boundary.

As far as the authors know, however, there are no results which contain the ex-
istence, uniqueness and exact asymptotic behavior of solutions near the boundary to
problem (1.1). In this paper, applying Karamata regular variation theory (Karamata
regular variation theory see [38, 39, 40]), perturbed method and constructing compar-
ison functions, we extend the results in [9] to problem (1.1) and show the asymptotic
behavior of solutions near the boundary, and discuss the existence and uniqueness of
solutions to problem (1.1).

Our main results are as follows.

THEOREM 1. Let | <m <2 and q € (0,m/(m—1)), f satisfies (Hy) and (H}),
and b satisfies (Hy) and (Hz). Suppose

then, for any solution of problem (1.1), we have

im 1)
d(x)—0 Y(K(d(x)))

_(1=(g-D)m-1)+Cp+(g—)m—D)\memmn . ,
Where &y := < CETS ) , W/ is the unique

=&. (1.5)

solution of the problem

/m ds 1 V1>0,530, (1.6)
) (1~ (g~ 1)(m— 1)) F(s)) 7D
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where F(s) = [y f(t)dT

THEOREM 2. Let f satisfies (Hy) and one of the following two conditions.

(Hy) f € CY([0,00)) is non-decreasing on [0,), f(s) < CisP"=V for all
s € (0,00) and f(s) = CosP2"=Y) forlarge s, with py > py > 1 and Cy,C; are positive
constants.

(Hs) f e CYR) is non-decreasing on R, f(s) < C1eP'"=1s forall s € R
and f(s) = CeP2""=Vs for large |s| with 1 > py > py >0 and Cy,C, are positive
constants.

Moreover, let b satisfy (H,) and

(Hg) There exist constants C1,Cy such that Cy(w(x))”? < b(x) < Cy(w(x)",
forall x € Q with —m < y; < 75, where w € C*T*(Q)NC'(Q) is the unique solution
of the problem

div(|Vu|"2Vu) =1, u>0, x€Q, ulyo=0,

as is well known, Vw(x) #£ 0 for x € 9Q, see [41, 42].
Then, problem (1.1) has one solution u € C'(Q) NC(Q), and satisfies

—(m+71) —(m+1)

My (w(x) 00T < u(x) < Mo(w(x)) 00T, Ve Q. (1.7)

Where M;, i = 1,2 are positive constants with My < M».

THEOREM 3. Under the hypotheses of Theorem 1, suppose q > 1 and f(s)/s is
increasing on (0,+oo), then problem (1.1) admits a unique solution u € W(Q).

REMARK 1. When m =2, problem (1.1) goes back to (1.4), so Theorem 1 is a
generalization of the corresponding results in [9].

The rest of the paper is organized as follows. In Section 2, we present some
preliminaries. In Section 3, we give the proof of Theorem 1. Finally, we discuss the
existence and uniqueness of solutions for problem (1.1) in Section 4.

2. Preliminaries

In this section, we present some bases of Karamata regular variation theory which
come from Seneta [38], Preliminaries in Resnick [39], Introductions and the appendix
in Maric [40].

DEFINITION 1. A positive measurable function f defined on [a,+o<), for some

a >0, is called regularly varying at infinity with index p, written f € RV, if for each
£ >0 and some p € R,
f(Es)

LT

= &P, 2.1)
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In particular, when p =0, f is called slowly varying at infinity.

Clearly, if f € RV, then L(s) := f(s)/sP is slowly varying at infinity.

We also say that a positive measurable function g defined on (0,a) for some
a >0, is regularly varying at zero with index p (denoted by g € RVZ,)if s — g(1/s)
belongs to RV_,.

Some basic examples of slowly varying functions at infinity are as follows.

(1) every measure function on [a,e) which has a positive limit at infinity;

(2) (Ins)P and (In(Ins))®, B € R;

3) e’ 0<p<1.

DEFINITION 2. A positive measurable function f defined on [a,+e<), for some
a > 0, is called rapidly varying at infinity if for each p > 1
lim & = oo, (2.2)

s—oo  §P
Some basic examples of rapidly varying functions at infinity are as follows.
(1) ¢* and ¢ ;
) ee(lm)’) , ¢ and e“'rp, p>0;
(3) (Ins)Pe” and sPe””, p>0, B €R;
(4) sPe)” and (Ins)Be™)” p>1, B €R;

LEMMA 1. (Uniform convergence theorem) If f € RV, ,then (2.1) holds uni-
Jormly for & € [c1,ca] with 0 < ¢ < ¢ca. Moreover; if p <0, then uniform convergence
holds on intervals of the form (ay,e) with a; > 0, if p > 0, then uniform convergence
holds on intervals (ay,e°) provided f is bounded on (aj,~) forall a; > 0.

LEMMA 2. (Representation theorem) A function L is slowly varying at infinity if
and only if it may be written in the form

L(s) = o(s) exp( / 1 y(TT)dT), s>a. 2.3)

for some ay > a, where the functions ¢ and y are measurable and for s — oo, y(s) — 0,
and @(s) — co,with co > 0.
We call that
Sy s y(7)
L(s) = coexp( Tdf)’ s> ay, (2.4)
ajy
is normalized slowly varying at infinity and

f(s) =cosPL(s), s>ay, (2.5)

is normalized regularly varying at infinity with index p (and written as f € NRV)).
Similarly, g is called normalized regularly varying at zero with index p, written
as g € NRVZ, if s — g(1/s) belongs to NRV,,.
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A function f € RV, belongs to NRV,, if and only if

!
fECl[al,oo), for some a; >0, and lim s/(s)

=p. 2.6
lim =5 =p 2.6)

LEMMA 3. Iffunctions L, Ly are slowly varying at infinity, then

(i) L for every 6 € R, ciL+ Ly (¢1 2 0,¢p =0 with ¢y +c¢; >0), LoLy (if
Li(s) — +eo as s — +e0), are also slowly varying at infinity;

(ii) for every 8 >0 and s — +o0,5L(s) — oo and s °L(s) — 0,

(iii) for p € R and s — oo, WHOand mﬁ#%p.

LEMMA 4. If fi € RV,,, fo € RV), with ‘lirf fo(s) = oo, then fiofo € RVpp,.

LEMMA 5. (Asymptotic behavior) If a function L is slowly varying at infinity,
then for a > 0 and s — oo,

(i) [2PL(t)dr = (B+1)"'s'"FBL(s), for B> —1;
(ii) [CePL(t)dr = (=B —1)"s"BL(s), for B < —1.

LEMMA 6. (Asymptotic behavior) If a function H is slowly varying at zero, then
fora>0ands— 0T,

(i) [PPH(t)dr = (B+1)"'s'""BH(s), for B> —1;
(ii) [CtPH(t)dr = (B —1)"'s""BH(s), for B < —1.

LEMMA 7. Let k€ A;

(i) when Ci € (0,1), k € NRVZ(1_c) /¢,

(ii) when C, = 1, k is normalized slowly varying at zero;
(iii) when C, = 0, k is rapidly varying at zero.

Denote

e ds
L T

T(u) = u>0. (27

LEMMA 8. Let f satisfy (Ho) and (Hy). If p+(q—1)(m—1)> 0, then
O L
(1= (g—1)(m—1))F(u) T@ oD

(i) tim T)((1— (g~ 1)(m— D)F(u)) 7T = foo;

U—+o0
) u 1—(g—1)(m—1)
iii li 1 = g
e (= (4= D )P P+ = Dn=1)

(= (g= D= )F@) T pt (g— D)(m—1)
) o, T (W) TS
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Proof. By (H;) we know that f € NRV,, then f(u) = uPL(u) in [My,+<o) for a
large My, where L is normalized slowly varying at infinity. By Lemma 5, we have, for
u— —|—<x>’

Fy= i),
p+1
(u)g_l_(q_l)(m_l)( p+1 )1—(q—11)(m71)
ptr(g—1)(m—=1)"1—(¢g—1)(m—1)

Thus (i) — (iv) hold. O

LEMMA 9. Under the hypotheses in Theorem 1. Let y be the solution of the

problem
/M ds : =t, Vt>0.
YO (1~ (g — 1) (m— 1) F(u)) T
Then .
() —y'()=(1=(g—1)(m—1)F(y(t))) =00, y(t )>(n? f>0 v(0):=
Jim y (1) = +eor y'() = (W) (1= (g = 1) m = D)F(w(n))) 0D, 1> 0;
y v() ptlg-—Dm-1) . :
@ Jfim ()) 1—(3—1)(;21 >) » WENRVZ Lty
. 1 p+iq 1) . / .
(iif) tl_lgl+ 0 P , Le, —y ENRVZ*,H(%)I(WH’
(iv) When k € A, we have
lim ! ———o.

SO K()((1 - (g~ D) (m— 1)F(y(K(1)))) a0 D

Proof. (i) By the definition of y and a direct calculation, we can show (7). (if)
Let u = y(t), by Lemma 8 we see that

Lo ()
A R (0= D= )R D
=~ lim -

@) (1= (g 1) m = 1) F) DD

1=(g=1D)(m-1)
p+(g—1)(m—1)
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iii) Let u = y(t), by Lemma 8 we see that
4 y

v _ o (g D= )Ry D

til(?* tl////(t) - 10+ tf(ll/(t))
O (el C e Ol 1))F ()~ =0/~ {g=Dlm=1)
o F)T(u)
_ _ptlg—1(m-1)
N p+1 :

(iv) Let u = w(K(z)), by Lemma 8 we see that

lim K(r)((1— (g —1)(m—1))F(y(K(1)))) 1/(1=(g=1)(m=1))

t—0t

= lim F(u)((l — (6]— 1)(1’)1— l))F(u))l/(I*(Q*l)(mfl))

U— oo

=oco. [

3. Proofs of the main results
Firstly, from [33, 34], we give the following lemma.

LEMMA 10. (Weak comparison principle) Let Q be a bounded domain in RN
(N > 2) with smooth boundary dQ and ¢ :(0,a) — (0,a) is continuous and non-
decreasing. Let uy,uy € W'(Q) satisfy

/|Vu1\m’2Vu1Vl[/dx+/(pull[/dx
Q Q

g/ \Vu2|m*2Vu2Vl//dx—|—/ Quyydx,
Q Q

For all non-negative y € WO1 "™(Q). Then the inequality
uy <uy, on 0Q,

implies that
up <uy, in Q.

Then, we give a preliminary lemma and prove theorem 1.

Fix € € (0,bgm min{%7§§+(q_l)('"_l)/4}), where b, is given in (H3) and & is
given in (1.5).

For any & > 0, we define

Qs ={xcQ:d(x)<d}.
Since Q is C%-smooth, choose ; € (0,8) such that(see, 14.6 in [43])
deC*(Qs), |Vd(x)| =1, Ad(x)=—(N—-1DH(¥)+o(l), VxeQs, (3.1)
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where ¥ is the nearest point to x on dQ, and H(X) denotes the mean curvature of dQ
at x (see [43]).

Define
+(g—1
51:<bq7m6?(q o Zé‘)W
bgm+E& ’
g _ (bq,m 5+(q_1)(’n_1)+28>,,+11)(m1)
2 Dom 4 € .

It follows that
1 1
4 prlg=1)(m-1) 50 < él < 52 < 4 pt(g=1)(m-1) éO'

For r € (0,0p) and x € Q5 , define

CVKE) (KGR K
G1m) = & () ( *

Gt = -glo e LGV

_ _ S S m—1)
Go(r) = 1+ " VKO P () Ty (Rt
By Lemma 1, (1.3), lemma 9 and the choice of &, we see that

LEMMA 11. Under the hypotheses in Theorem 1, we have
(i) Forxe€ Qs , limGi(r,x) = —M(l —Cr);
r—0 ptl

(ii) liH(l) Gy(r)=— é"*‘(l]—l)(m—l);
(iti) lim Gs (r)=1;
(iv) lin%G1(r,x) + (bgm — €)Ga(r) + G3(r) = —2¢.

By (H»), (H3), Lemma 11 and K € C[0,8y) with K(0) =0, we see that there are
O1e, O € (0,01/2) (which are corresponding to €) sufficiently small such that

(1) 0 < K(r) < 281e, r € (0,28):

@) (bgum — ) (k(d1(x)))' @D < (bgn — ) (k(d(x))) =D < b(x),
xED; 29251 /QO-;

b(x) < (bgm + €)(k(d(x)))! =@ D=1 (b + €) (k(da (x))) D= |y €

=5, 63 di(x) =d(x) -0, d ( ) =d(x)+0;
(3) G1(1,x) + (bgm — €)Ga(r) +G3(r) <0, ¥V (1,x) € (0,202¢) X Qp5,, -
Set

e = Ey(K(di(x))), x € Dy and u, = & w(K(da(x))), x € DE. (3.2)
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By a direct calculation, as 1 <m < 2, we see that for x € D,

div(|Vite|" " Vite) — b(x) f (ite (x)) (1 + Vit [ 1"~V)
=(m—1)&" (W (K(di (x)))" 2" (K(di (x))K" (d1 (x))
+(m—1)&(y/ (K (d1 (x)))" ™ K" (dy (x))K (i (x)
+ &Y (K (i (0)))" K" (d (%)) Ad (x)

—(1+€zq(m_l)kq(’”_”(d1(X))( v (K(di(x)))"" 1)1?()6) (S2w(K(d1(x))))

=S IO~ DRI i )
/ m—2 _ K k/(
VK@) 14 P ( L

K(dl(X))Ad(x))_ r:éq e ’b( (&Y (K(d(x))))
K1) R0y () (w (K (d () (v (K (1 ()"

(1 +& V(K (d (0)) (1 (g — 1) (m— 1) F(y(K(dy (x))))) Ta 700 )‘“’"‘”

()

)
<& Ay (K () [(1— (g — 1) (m— 1) F(y(K(dy (x))))] 7o o

k" (dy (x) (v (K (d (X))))'”2(m—1+G1(d1(x))+(qu—S)Gz(dl(X))Ga(dl(X)))

g(m—1)

<& (WK (di ()1~ (g = 1) (m = 1)F(y(K(di (x))))] a0
K" (dy () (W (K (d (x))))" 2 (Gl (d1(x) + (bgm — €)Ga(d1 (x)) + G3(di (X))>

<0,

i.e., it = & w(K(di(x))) is a supersolution of equation (1.1) in Dy .

In a similar way, we can show that u, = &y (K(d,(x))) is a subsolution of equa-
tion (1.1) in D¥.

Next, let u be an arbitrary solution to problem (1.1) and

Cie = max u(x); Gy =4/PHa=Nm=Dg (K (28,,)).
d(x)>0;¢
We see that
u<Cig+iutg, on dDg;

u, <u+Cyp, on 9oDF.

We also see by (Hp) that u(x) + Ce and it + Cj¢ are the two supersolutions of
equation (1.1)in Q andin Dy . Since u < +econd=0; g =+ ond=0; u=+oo
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on dQ, it follows by (Hp) and Lemma 10 that
u<Cig+itg, xeDg; u, <u+Cype, x€D. (3.3)

Hence, letting 0 — 0, we have for x € Q251e s

B Coe u(x) .
&y(K(d(x) ~ &y(K(d(x)

and
u(x) Cle

EvEED) S T EyE@@)
Consequently, by y(0) = oo,

1< hm mf u(x)

o Sy(Kd()’

and
u(x)
11m su — < 1.
d(x PEvKEX) ©
Thus letting € — 0, we obtain

. u(x)

Iim ———~—— =&.
A YR

This completes the proof of Theorem 1.

4. The existence and uniqueness of solutions

In this section, we consider the existence and uniqueness of solutions to problem
(1.1).

Firstly, we introduce an explosive sub-supersolution method (see [36, 44]). Con-
sider the following general problem

- diV(|Vu|’"_2Vu) = f(x,u,Vu), x€Q, ulyq= +eo, 4.1

where f(x,s,n) satisfies the following conditions.

(F1) f(x,s,m) is locally Holder continuous in Q x I x RN and continuously dif-
ferentiable with respect to the variables s and n;

(F,) There exists increasing function 4 € C'([0,),[0,0)) such that

s, )| <AL+ P), Vios,n) €QxIxRY,

(F3) f isnondecreasingin s for each (x,1) € Q x RN; where I = [0,) or I =R.
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DEFINITION 3. A function u € C'(Q)NC(Q) is called an explosive subsolution
of (4.1) if
div(| Vel *Vie) > f(x,1,Vie), x€Q, ulyg = +eo, (4.2)

similarly, A function i € C'(Q) NC(Q) is called an explosive supersolution of (4.1) if

div(|Va|" Vi) < f(x,a,Vi), x€Q, ]y = +oo. (4.3)

LEMMA 12. Suppose that (4.1) has an explosive supersolution u € C'(Q)NC(Q)

and an explosive subsolution u € C'(Q)NC(Q) such that u < i on Q, and (Fy)—(F: )
hold, then (4.1) has at least one solution u € C'(Q)NC(Q) satisfying u < u < it o

Q.

Proof of Theorem 2. We prove Theorem 2 under the condition (Hy), (Ha), (Hz)
and (Hg), similarly we can prove it while replacing (Hy) with (Hs).
For convenience in the following, we denote

luellee = max |u(x)],  u€ C(Q),

xeQ
__mtn __mth
b= Dy P Dy

co = min[[Vw(x)|" +w(x)],  Co=max(|Vw(x)|" +w(x)],
xeQ xeQ

cg = min[(1 4 B)(m — 1)[Vw(x)[" +w(x)],

xeQ

Cp = m;g[(l +B)(m = D[Vw(x)[" + w(x)],

for 8 > 0.
Let u = M) (w(x)) Pt where M, is a positive constant satisfying

MY (1 + (M1ﬁ1>‘f<m”|w|mq<ﬁ'“><m”leif’””) < ()" e,

Then

div(|Va|"2Vae) = (M B1)" " [(1+ Br) (m — 1) Vw0 4 w(x)) (w(x)) ~HPOEm=D

)
> (M B1)" " cp, (w(x))~HHPOm=D
> iw(x)

—1)

(w(x
CiCM? " (w(x)) " (w(x)) P m =)
(14 (M1 B1) 70D (w(x)) ~ 1P D=1 (g ) yalm=1))

> b(x) f(u(x)(1+[Vul'" ), xe;
and from (1.1) we know that u|yg = +eo. So, u = M;(w(x)) P! is an explosive subso-
lution of (1.1).
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Let it = My(w(x)) P2, where M, is a positive constant satisfying
—1)(m—1
C1C2M§I72 )( ) 2 1C[32
We see that

div(|Va" Vi) = (MaBa)"™ " ((1+ Ba) (m — 1)|Vw(x)[" + w(x)) (w(x)) (P2 m=D=1
(M)~ Cp, (i) ~(HHPIm=D !

CLOME " (w(x)) (w(x))~F2r2 )

b)f(i(x), xeQ:

VANR/ANNV/AN

then
div(|Via|"2Vi) < b(x) f(it(x))(1 + Vi),

and from (1.1) we know that if|yq = +oo. ie., it = My(w(x))~P2 is an explosive su-
persolution of (1.1), Clearly M> > M, i.e., u > u on Q. Hence the desired conclusion
follows by Lemma 12. 0O

Proof of Theorem 3. Let uj,uy € W (Q) be two solutions of problem (1.1). By
(1.5), we see that

fim )

d(x)—0 Uy ()C)

Hence, for any € € (0, 1), there exists 6 > 0 such that
(1= &ua(x) == u(x) Sy (x) <u(x) := (1+&)uz(x), x€Qs,.
Moreover, we see by the hypotheses that for every x € Q,

div(|Vie|" 2Vie) = (1+&)"'b(x) (12 (x)) (1 + Vi 2D)

)" 2b(x) £((1+ &)z (x)) (1 + (14 g)q(ln—l)‘vuz‘q(m—l))
X)f(i(x)) (1+ Vi 2m=1).

Thus by Lemma 10 we have

u(x) < (I+&up(x), Vxe{xeQ:d(x) > 6:/2}.
In the same way, we have

(I—8up(x) <up(x), Vxe{xeQ:d(x)>8/2}.

Then let € — 0, we see that u; = uy in Q. The proof is finished. [J



294

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]

[9

—

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]

[20]
[21]
[22]

[23]

[24]
[25]

[26]

C.Liu

REFERENCES

B. Kawohl, On a family of torsional creep problems, J. Reine Angew. Math., 410, (1990), 1-22.

R. E. Showalter and N. J. Walkington, Diffusion of fluid in a fissured medium with microstructure,
SIAM J. Math. Anal. 22, (1991), 1702-1722.

M. C. Pélissier and M. L. Reynaud, Etude d’un modeéle mathématique découlement de glacier, C. R.
Acad. Sci. Paris Sér. I Math., 279, (1974), 531-534.

C. Bandle and E. Giarrosso, Boundary blow-up for semilinear elliptic equations with nonlinear gradi-
ent terms, Adv. Differential Equations, 1, (1996), 133-150.

C. Maderna, C. D. Pagani and S. Salsa, Quasilinear elliptic equations with quadratic growth in the
gradient, J. Differential Equations, 97, (1992), 54-70.

A. V. Lair and A. W. Shaker, Classical and weak solutions of a singular semilinear elliptic problem,
J. Math. Anal. Appl., 211, (1997), 371-385.

A. V. Lair, A necessary and sufficient condition for existence of large solutions to semilinear elliptic
equations, J. Math. Anal. Appl., 240, (1999), 205-218.

A. V. Lair and A. W. Wood, Large solutions of semilinear elliptic equations with nonlinear gradient
terms, Int. J. Math. Math. Sci., 22, 4 (1999), 869-883.

Z. Zhang, Large solutions of semilinear elliptic equations with a gradient term: existence and bound-
ary behavior, Commun. Pure Appl. Anal., 12, 3 (2012), 1381-1392.

M. Ghergu, C. Niculescu and V. Radulescu, Explosive solutions of elliptic equations with absorption
and non-linear gradient term, Proc. Indian Acad. Sci. Math. Sci., 112, 3 (2002), 441-451.

C. Bandle and M. Marcus, Large solutions of semilinear elliptic equations: Existence, uniqueness and
Asymptotic behavior, J. Anal. Math., 58, (1992), 9-24.

M. Ghergu and V. Radulescu, Nonradial blow-up solutions of sublinear elliptic equations with gradient
term, Commun. Pure Appl. Anal., 3, 3 (2004), 465-474.

F. Toumi, Existence of blowup solutions for nonlinear problems with a gradient term, International J.
Math. Math. Sci., 2006, (2006), 1-11.

Z. Zhang, The asymptotic behavior of solutions with boundary blow-up for semilinear elliptic equa-
tions with nonlinear gradient trems, Nonlinear Anal., 62, (2005), 1137-1148.

Z. Zhang, Nonlinear elliptic equations with singular boundary conditions, J. Math. Anal. Appl., 216,
(1997), 390-397.

Z. Zhang, Existence of large solutions for a semilinear elliptic problem via sub-supersolutions, Elec-
tron. J. Differential Equations, 2, (2006), 1-8.

Y. Chen and M. Wang, Large solutions for quasilinear elliptic equation with nonlinear gradient term,
Nonlinear Anal. Real World Appl., 12, 1 (2011), 455-463.

Y. Chen, P. Pang and M. Wang, Blow-up rates and uniqueness of large solutions for elliptic equations
with nonlinear gradient term and singular or degenerate weights, Manuscripta Math., 141, (2013),
171-193.

Y. Chen, and M. Wang, Boundary blow-up solutions for elliptic equations with gradient terms and
singular weights: EXxistence, asymptotic behaviour and uniqueness, Proc. Roy. Soc. Edinburgh Sect.
A, 141, (2011), 717-737.

Z.Zhang, The existence and boundary behavior of large solutions to semilinear elliptic equations with
nonlinear gradient terms, Adv. Nonlinear Anal., 3, (2014), 165-185.

Z.Zhang, Exact boundary behavior of large solutions to semilinear elliptic equations with a nonlinear
gradient term, Sci. China Math., 3, (2020), 559-574.

J. L. Kazdan and R. J. Kramer, Invariant criteria for existence of solutions to second-order quasilinear
elliptic equations, Comm. Pure Appl. Math., 31, 5 (1978), 619-645.

J. Serrin, The solvability of boundary value problems. In Mathematical developments arising from
Hilbert problems, (Northern Illinois Univ., 1974), 507-524. Proc. Sympos. Pure Math. 28, Amer. Math.
Soc., Providence, RI, 1976.

H. Bueno, G. Ercole, A. Zumpano and W. M. Ferreira, Positive solutions for the p-Laplacian with
dependence on the gradient, Nonlinearity, 25, 4 (2012), 1211-1234.

L. Iturriaga, S. Lorca and J. Sdnchez, Existence and multiplicity results for the p-Laplacian with a
p-gradient term, NoDEA Nonlinear Differential Equations Appl., 15, 6 (2008), 729-743.

J. Li, J. Yin and Y. Ke, Existence of positive solutions for the p-Laplacian with p-gradient term, J.
Math. Anal. Appl., 383, 1 (2011), 147-158.



[27]
[28]
[29]
[30]
[31]

[32]
[33]

[34]
[35]
[36]
[37]

[38]
[39]

[40]
[41]
[42]
[43]

[44]

Differ. Equ. Appl. 13, No. 3 (2021), 281-295. 295

M. Montenegro and M. Montenegro, Existence and nonexistence of solutions for quasilinear elliptic
equations, J. Math. Anal. Appl., 245, 2 (2000), 303-316.

D. Ruiz, A priori estimates and existence of positive solutions for strongly nonlinear problems, J.
Differential Equations, 199, 1 (2004), 96-114.

A. Porretta and S. Segura de Ledn, Nonlinear elliptic equations having a gradient term with natural
growth, J. Math. Pures Appl., 85, 9 (2006), 465-492.

Y. Du and Z. Guo, Blow-up solutions and their applications in quasilinear elliptic equations, J. Anal.
Math., 89, (2003), 277-302.

Z. Yang, Existence of entire explosive positive radial solutions for a class of quasilinear elliptic sys-
tems, J. Math. Anal. Appl., 288, (2003), 768-783.

R. Osserman, On the inequality Au > f(u), Pacific J. Math., 7, (1957), 1641-1647.

Q. Lu, Z. Yang and E. H. Twizell, Existence of Entire Explosive Positive Solutions of Quasi-linear
Elliptic Equations, Appl. Math. Comput., 148, (2004), 359-372.

Z. Yang, Existence of explosive positive solutions of quasilinear elliptic equations, Appl. Math. Com-
put., 177, (2006), 581-588.

C. Liu and Z. Yang, Boundary blow-up quasilinear elliptic problems of the Bieberbach type with
nonlinear gradient terms, Nonlinear Anal., 69, (2008), 4380-4391.

C. Liu and Z. Yang, Existence of large solutions for a quasilinear elliptic problem via explosive sub-
supersolutions, Appl. Math. Comput., 199, (2008), 414-424.

G. Djairo, J. P. Gossez, H. R. Quoirin and P. Ubilla, Elliptic equations involving the p-Laplacian and
a gradient term having natural growth, Rev. Mat. Iberoam., 35, 1 (2019), 173-194.

R. Seneta, Regular varying functions, in:Lecture Notes in Mathematics, 508, Springer, 1976.

S. L. Resnick, Extreme Values, Regular Variation, and Point Processes, Springer-Verlag, New York,
1987.

V. Maric, Regular variation and differential equations, in:Lecture Notes in Mathematics 1726,
Springer, 2000.

Z. Guo, Some existence and uniqueness of the positive radial solutions for a class of quasilinear
elliptic equations, Appl. Anal., 47, 1 (1992), 173-190.

Z. Guo, Some existence and multiplicity results for a class of quasilinear elliptic eigenvalue problems,
Nonlinear Anal., 18, (1992), 957-971.

D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 3nd edition,
Springer-Verlag, Berlin, 1998.

Z. Yang, B. Xu and M. Wu, Existence of positive boundary blow-up solutions for quasilinear elliptic
equations via sub and supersolutions, Appl. Math. Comput., 188, 1 (2007), 492-498.

(Received February 2, 2021) Chunlian Liu

College of Xinglin

Nantong University

Jiangsu Nantong 226008, China
e-mail: 1iusisi _ step@163.com

Differential Equations & Applications
www.ele-math.com

dea@ele-math.com



