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THREE DIMENSIONAL SYSTEM OF GLOBALLY MODIFIED
MAGNETOHYDRODYNAMICS EQUATIONS WITH INFINITE DELAYS

G. DEUGOUE*, J. K. DIOKO AND A. C. FOUAPE

(Communicated by S. Necasovd)

Abstract. Existence and uniqueness of strong solutions for three dimensional system of glob-
ally modified magnetohydrodynamics equations containing infinite delays terms are established
together with some qualitative properties of the solution in this work. The existence is proved
by making use of Galerkin’s method, Cauchy-Lipshitz’s theorem, a priori estimates, the Aubin-
Lions compactness theorem. Moreover, we study the asymptotic behavior of the solution.

1. Introduction and statement of the problem

Let Q C R? be an open bounded set with regular boundary I' = dQ, and N > 0
be fixed. We define Fy : (0,+o0) — (0,1] by

N
Fj\;(r):min{l,—}7 reR*
r

and consider the following system of globally modified magnetohydrodynamics equa-
tions (GMMHDE)

%JFFN(uIIv;)[ )}—RieAu SFx (|| (u,B)||v) [(B- V)B]
+V<p+S| | = f,(1)in (1,T) x Q,

8+ (B ) [ 9)— (59 )i+ pcurlcurls) = £5(0) in (5.7) % Q.
divu=0, dive=0in(7,T) x Q,
u(7,x) = up(x), B(t,x) = Bo(x) forall x € Q,

u=0, B-n=0andcurlBxn=0onT,

(1.1)
where u, B and p represent respectively the fluid velocity, the magnetic field and the
pressure. f; and f, are given external forces fields. R, and R, are the so-called
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. . 2, ..
Reynolds and magnetic Reynolds numbers, respectively and S = % is a positive

constant, where M is the Hartman number. |B|*> = B - B and represents the length of
the magnetic field, n is the unit outward normal on I' and 7 the initial time. It is
manifest that the system of equations in (1.1) does not represent the MHD model due
to un-physical terms introduced such as Fy(||u||v,),Fwv (||(#, B)||v). These terms can
find their existence in the original model of globally modified Navier Stokes introduced
in [5]. As clearly demonstrated in [5], Fy(| u||v,) prevent the rapid grow of velocity
gradient and help to obtain uniqueness of weak solution in 3d, property which is lacking
for Navier Stokes in 3d. Hence Mathematically, there is a merit of studying this system.
Recently globally modified Navier Stokes coupled with the magnetic field or the heat
equation have been proposed and analysed in [13, 14, 15]. It is clearly observed in
those later works that the “perturbation terms” added play a crucial role in describing
the unique solvability of the system. Just like the MHD model (cf. [9]), the expressions
describing the coupling between the velocity and magnetic fields are represented. The
question we would like to investigate in this work is simple and summarizes as follows:
The system of equations (1.1) has a unique strong solution and stable, what happens if
there is a delay?

This question has been answered in [14] where finite delays were considered.

Many problems in applied science, physics, and engineering are modeled mathe-
matically by delay differential equations. The reason of introducing the time delay in
(1.1) followed the work of [28], but we also note the contribution in [2, 3, 4, 29, 32, 38].
It is observed that delays terms may appear when we want to control the system by ap-
plying a force which takes into account not only the present state but the complete
history of the system. In this paper, we introduce the following system of 3d globally
modified magnetohydrodynamics equations with infinite delays terms (GMMHDED)

% + Fy(|Jullv,)[(u-V)u] — RieA”_SFN(”(M,B)Hv) [(B-V)B|
+V (1’+S@> =f1(t)+g (t (u,B))in (1,T) x Q,
0B

5, TEN (I B)lv) [(u- V)B— (8- V)u] + Rimcurl(c“ﬂ’” (1.2)

= fo(t) + & (t, (u,B,)) in (7,T) x Q,
divu=0,divB=0in(7,T) x Q,

u=0, B-n=0andcurlBxn=0onT,

u(t+s,x) = ¢1(s,x), B(T+5,x) = Pa(s,x), s € (—o0,0], x € Q,

where g,(¢,(us, B;)) and g,(z,(u;, B;)) are another external forces containing some
hereditary characteristic (delays terms), where u; and B; are functions defined on
(—e,0] by the relations u,(s) = u(r+s) and B,(s) = B(t +s) respectively. ¢; and
¢, are given functions defined in the interval (—eo,0]. Since the initial time is 7, we
deduce from the last line of (1.2) that (u(7), B(7)) = (¢1(0),2(0)). This system as we
see is a modification of the magnetohydrodynamics (MHD) equations with delays, for
an incompressible resistive viscous fluid subjected to a Lorentz force due to the pres-
ence of a magnetic field. The GMMHDED (1.2) is inspired from the globally modified
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Navier-Stokes equations (GMNSE) with infinite delays studied in [28]. Such models
(with delays) have been intensively investigated for many years ( see [2, 3, 4, 29, 32, 38],
just to cite some); but globally modified MHD with delays remain to be explored. This
work follow our initial works [13, 14, 15] where the focus is on dynamics of glob-
ally modified Navier-Stokes coupled with magnetic field or the heat. We should also
mentioned that the inspiration from this work comes from the work of J. Real and the
coauthors in [28]. It is worth mentioning that our work differ from the one of J. Real and
co-authors because we are dealing here with more equations, and there are more nonlin-
earities in our context, implying that the investigations are more involved even though
some of the Proofs presented here are inspired from the works in [2, 3, 4, 28, 29, 32, 38].
This work is mainly concerned about the existence and uniqueness of solution of system
(1.2) and its long term behavior when the forcing terms are independent of time.

The rest of the paper is structured as follows: in section 2, we recall some spaces
useful for the variational formulation of problem (1.2). We also present some math-
ematical properties and estimates related to the operators involved in the model. In
section 3 we establish the existence and the uniqueness of the solutions of the model.
Section 4 (the last one) is devoted to the asymptotic behavior of that solution.

2. Preliminaries

In order to write down in mathematical terms (1.2), some notations and preliminar-
ies need to be introduced. The material is borrowed mainly from [1, 43]. We recall the
abstract spaces for model (1.2) and its abstract formulation. Bold notations will denote
a vector or a tensor. We consider the well known Hilbert spaces L?(Q), H"(Q), HI'(Q)
and we set

L2(Q):= (L*(Q))’, H"(Q) == (H"(Q))*, H§(Q) == (H{' (), L§(Q) = (L(z)(%))f)
where L3(Q) = {q c*(Q); /Qq(x)dx = 0} . It is noted that for a vector w we set

Wl = [ Iwloldx,

where |- | denotes the Euclidean norm |w|? = w - w . We shall frequently use Sobolev
imbedding: for a real number p € R, 1 < p < 6, the space ]HII(Q) is imbedded into
L7(Q). In particular, there exists a constant ¢, (that depends only on p, Q and d =3)
such that

forall v € HY, [ViiLr@) < cpllVVIl - (2.2)

When p = 2, this is Poincare’s inequality and ¢, is Poincare’s constant. In the case of
the maximum norm, the following imbedding holds

forall r >d =3, W'(Q) Cc L*(Q)
in particular, for each r > d = 3, there exists c.., such that

forall v € Hy(Q)NW, || VL=(@) < Coorl|VVIlLr () - (2.3)
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Owing to Poincare’s inequality, the semi-norm |- | is a norm on HJ(Q), equivalent to
the full norm. As it is directly related gradient operator, we take this semi-norm as norm
on H}(Q), and we use it to define the dual norm on its dual space H~!(Q):

_ , V
forall feH(Q), |/l = sup L2
veH (Q) v

)

where (-) is the duality pairing between H~!(Q) and H}(Q). As usual for handling
time dependent problems, it is convenient to consider functions defined on a time in-
terval (a,b) with values in a functional space, say Y . More precisely, we denote by
|-|ly thenormon Y and for any number r with 1 < r < o, we define

b
L(a,b; Y ) = {w measurable in (a,b) ; / Iw(e) [y dr < oo}

equipped with the norm

b
W0 ey = [, IOl dr

with the usual modification if = o. It is a Banach space if Y is a Banach space, and
when r = 2, it is a Hilbert space if Y is also a Hilbert space.
We also introduce the following spaces

N ={uec(€:(Q)° divu=0},

V) = the closure of 7 in H{(Q),
Hy={uecl?(Q):divu=0andu-n=00nT},
¥ ={Be(¢~(Q))*:dive=0,8-n=00nT},
V,={BeH'(Q):dive=0; B-n=00nT},
H, = the closure of %5 in L?(Q).

(2.4)

Thus H, = H,. We endow H;, i = 1,2 with the inner product of ]]_,2(9) and the norm
of L2(Q) denote respectively by (.,.);2 and |.|;2.
We equip V| with the following inner product

3 (du dv
wom=3(5055) e5)
We equip V, with the scalar product

((u,v))2 = (curlu,curlv),,. (2.6)

Where curlu = V A u. We note that by Poincaré’s inequality, the scalar product
((-,-))1 defined in (2.5) coincides with the well known inner product in HJ (). The
norm generated by ((.,.))s is equivalent to the norm induced by H!(€) on V, (see [16,
Chapter VII]). Hereafter, we set

H=H1><H2,V:V1><V2. (27)
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The dual space of V is denoted by V'. We endow H with the inner products defined
as: forall ¢ = (u,B), y=(v,C)€H.

(q)v W) = (qu)LZ + (B7C)L27
[(P7 W} = (qu)LZ +S(B7C)L2 .

They generate equivalent norms (for 0 < S < o)

(9l7 = (0,9) = lulf +1B[72. [9lh = [@. 0] = |ul}>+ |5 (2.8)

We also endow V' with the inner products

((0:)) = o (e, D+ 2 ((5,€)), [, w] = - (V)i + 2-((5, )2, 29)

R e R m e m

which in turn generate the equivalent norms on V

ol = ((9.9)), [[¢]ly =[[e. 0]l (2.10)

In order to give an abstract formulation of problem (1.2), we introduce the opera-
tors oy € L(V1,V)), ah € £L(V»,V;), and o € £ (V,V') defined by

(@hu,v) = ((u,v))1, forall u,v € V1,
(e4B,C) = ((B,C))2, forall B,c € V3, (2.11)
(o, y)=((¢,y)), forallp,y V.
with domains
D(eh)={ueV,: ducH},
h)={u€Vy: dhue Hy},
D(</) = D(#) x D(h).
By the regularity of ', D(.</) = H?NV. From the continuity of the embedding of V;
into H;, i = 1,2, there exists constant k;, i = 1,2 such that

uly> < sy, forall ue Vi, |82 < kallBlly, forall BE V. (2.12)

The best constant k; is equal to ﬁ, where kf is the first eigenvalue of the
1

compact operator Mi_l from H; into itself. As in [36], we introduce the trilinear form
By onVxVxV by

'%0(4)17(/)27()03) = b(uh ujz, l/t3) _Sb(Bl7B27 I/L3) +b(u17327B3) _b(Bh I/L2,B3)7
(2.13)
for all ¢; = (u;,B;) € V(i=1,2,3), where b(-,-,-) is a continuous trilinear form de-
fined on H'(Q) x H'(Q) x H'(Q) by

(u,v,w) 2/14,8 wjdx,

i,j=1
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and satisfies the following standard relations,

b(u,v,v) =0, Vu e vy, ve H(Q),

b(u,v,w) = —b(u,w,v), Yu € Vi, v,w € H(Q),

1/2 1/2
b,y w)| < cllully!*|Aul 2 [vllv, [w] 2, Vu € D(<),v € Vi, w € Hy

12
[b(b1,ba, )| < elprl 4B l13 allvi [1Ballvs, WB1,82 € Va,u € WA, (2.14)
[b(b1;ba,u)| < c|[billv, | abal 2 |ul2, Vb1 € V2, by € D(2),u € Hy,
‘b(bl,ul,bgﬂ < C||b1HV2|Mu1‘L2|b2‘L2, Vb € Vo,uy € D(),by € Hy.
|b(u,v,w)| < |M|L6‘VV|L2‘W|£42‘W|]{é2, Vu,v,w € H'(Q).

REMARK 1. Using the inclusion of H'(Q) in L”(Q) for 1 < p < 6, we infer that
trilinear form b(-,-,-) also satisfies

1/2
12

1/2

[b(us vy w)l <l v w2 [ wlly ™ Y, v, w e Vi (2.15)

From (2.14), we infer that

%0((1)17([)2’([)2) :()7 V(Ply(PZ S V7
Bo(@1,02,03) = —Bo(@1,03,02), YV €V, i =1,2,3.

Now we introduce the continuous bilinear form Z:V xV — V' by

(2.16)

(B(@1,92), 93) = Po(P1,02,3) (2.17)
We also introduce a diagonal matrix M= (m;;)1<; j<6 € Ms(R) defined by:

miizlif1<i<3,

m; =S1f4 <i<6, (2.18)
mij =0ifi# j.
Note that
Bo(@1, 02, M@2) =b(uy,uz,uz)+Sh(uy, By, By)—S[b(B1, B2, uz)+b(By,uz,Bs)l.
It follows from (2.14) and (2.19) that 21
Zo(¢1,902,M@2) =0Y01, 0, €V, (2.20)

'%0(()017%71\/[(/)3) = —%O(¢1»(P3»M(P2)7 V(Pz € V7 i= 17273'
We recall that (see [36] ) %y and £ satisty the following estimates

1Bo(1, 02, 03)| < clloillv |l oally/* 17 92131 | @3], You € V. r € D(7), @3 € H,

1/2 3/2
12(0,9) v < |l o).
(2.21)
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Hereafter we set

By (01,92, 93) =Fy(|[uz]lv, )b(ur,u2,u3) — SFy (|| (w2, B2) ||v)b(B1, B2, u3)
+FN(H(u2aBZ)HV)b(ulaBQ7B3) _FN(”(u2a32)||v)b(31?u2a33)7

<'%N((p1 3 (/)2)7 §03> :'%(]y((pl P2, §03)» V(pl = (I/LhBi) € V7 i= 17273'
(2.22)
Arguing similarly as in the proof of (2.21), we can check that the following inequalities

hold

\BY (01,02, 03)] <cN||<p1Hé/2|fg<m}f\1<p3\H
+eSN|| 1y @1 1|31, You €V, 02 € D(), 3 €H .

(2.23)
Secondly
2 (01,01,92)| < Nloulif* 1[5 g2l 224
+eSNo1 L/ o1}/ 9a |, You € D(7), @2 € H,
thirdly
12" (01,02l < clonliy* louly* alif Il g2 7 * 223
U/d) i34 A3 (2.25)
+cSlolg lelly 2ly 2l Vo = (uiBi) €V,
next
12" (91,02)lvr < eNllgullv +NSl|gu v, (2.26)
and finally
1/2 1/2
1) (01,01, 02)| < eNllou /% 0111 |02l 027

+elloily 2 11y @ali, You € D(7), @2 €H .

The analysis of (1.2) will also require the following version of Gronwall’s lemma
(see [35])

LEMMA 1. Let T >0 and let k be a non-negative functionin L' (0,T). Let ¢ >0
be a constant and y € €°(0,T) a function that satisfies

forallt € [0,T], 0 < y(r) < c—i—/ot K(s)y(s)ds,

then v satisfies the bound

wit) < ce/O K(s)ds'

Here, €°(0,T) denotes the set of continuous functions on [0,T].
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Let X a Banach space, we define Bx(a,r) as an open ball of center a and the
radius r in the space X.

One possibility to deal with infinite delays is to follow [28, 29, 30]), which entails
to consider, for any y > 0, the space

€y(H) = {qo € € ((—e=,0];H) : such that lim e™@(s) is well defined,
§—>—o0
and an element of H }
This is a Banach space with the norm

ol == sup e”[@(s)y -

$E€(—e0,0]

Following [28], more assumptions are required. For that purpose, we assume for i =
1, 2 and for some fixed y > 0 that g; : (7,T) x €y(H) — L*(Q) satisfies
(h1) Forany & = (&1,&) € %,(H), the mapping

8i(-&): (7,T) = L*(Q)
t > g;(t,€) is measurable.

(hy) g;(2,0)=0 forall r € (7,T).
(h3) there exists a constant Lg. >0 such that for any 7 € (7,T) and forall £,1 €
¢y(H),
lgi(t,6) = gi(t,n)] 2 < Lg, 1§ =l

REMARK 2. (hy) and (h3) imply that forall & € 6y(H) |g,(t.S)|;2 <Lg, €]l
so that |g;(.,&)| € L(7,T).
If we set g =(g1,8,), then from (h3), g(z,.) is Lipschitz-continuous on ¢ (H).

Using the notations above, we can rewrite (1.2) in the form

dr (2.28)

{dy+ﬂy+=@N(y,y>:F+G, on 7'(z,T;V"),
V(T +5,%) = d(s,x), s € (—o0,0], x € Q

where y = (M7B)v F= (flvf2)7 o= (¢17¢2) and G; = (gl(t7(yt))vg2(tv(yt))) with
vi = (uy, B;). We can now define a concept of solution associated to (2.28).

DEFINITION 1. We suppose (u(7),B(t)) €H, f;€L*(7,T;V/) and g;: (7,T) x
Cy(H)) — L*(Q) satisfies (1)~ (h3) for some fixed y>0, =1, 2.
A weak solution of (2.28) is any pair y = (u, B) € L>(7,T;V) such that
dy N . / Ry
E-'—ﬂy-‘—@ (y,y) —F+G[ on 9 (T,T,V)
Y(T+5,x%) = ¢(s,x), s € (—e0,0], x € Q

(2.29)
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or equivalently forall ¢ = (v,C) €V

(%0) + (00D + 2 013.0) = 1109+ U2:0) a3 + (lt3:),

Y(T+5,x) = @(s,x), s € (—o0,0], x € Q.
(2.30)

REMARK 3. Definition 1 provides also the variational formulation of problem
(1.2).

If y=(u,B) € L*(1,T;V’) satisfies (2.29), it follows from (2.26),(2.27) and

d

(hy) that d_)t} € L*(t,T;V'), and consequently (see [41]), y € €([t,T);H) so that y(t)
exists.

In addition, by taking ¢ = My in (2.30); and using (2.20); we infer that y
satisfies the following energy equality

o) 31800+ # [t Hvldé+§ [ @)1 a8
= |uol?, +S|Bo[2, +2/ (f1(& d§+2s/t(f2(§),3(g))d§ (2.31)
w2 [ (e ug,Bg»,u(é))dmzs [ (ool (ug.5e)).5(8)) .

3. Existence and uniqueness result

In this section, we prove that problem (2.29) has a unique weak solution which
is, under some conditions a strong solution. Before doing this, we recall from [5, 34,
37] the following properties of Fy, where the proof can be found in [5, 34]. These
properties are the main tools in the proof of the uniqueness result. We first recall that;

Fu(p) — Fv(r)| < =2, vp,re RY, r #£0,
Fv(llullv) = Fv (V)] < o, v € Vi, v#£0,
Fu(p) — Fn(r)| < MM et Dy MON € R, 7 #£0
Fy(llullv,) = En(Ivllvy)] < &

(3.1)

En(lJullv ) En (vl =viivi, v € Vi

In the rest of this paper we will denote by ¢, a generic positive constant (possibly
depending on S,R,,R,,, K1, 1(2,£2,Lg1 Lg, ), which can vary even within the same line.
However, this constant is always independent of time and initial data. We start by
proving the uniqueness result; for this purpose, we have the following.

THEOREM 1. There exists at most one weak solution (u, B) of (2.29) in the sense
of definition 1.

Proof. Let y; = (u;, B;), i = 1,2 be weak solutions to (2.29) that belong to
Lz(OaT;V)' We set (Sy: (SuaSB) =V1—)2, uit(s) = ui(t+s>7 Bit(s) - B,‘(l‘+S>, se
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(—0,0]. Then (6u,dB) satisfies

dé
d—ty + a8y =— (B (v1.91) — B" (v2.y2)) + (G(t, (urs,B1r)) — G(t, (u2,B2)))
oy(t) =0.
(3.2)
Taking the scalar product in H of (3.2) with M8y, we obtain
aw 2 , 28 2 N N
@’ 2 = = -2(P — R Mo
a1l 188, = ~2# 1.30) — B (2.92). M8y) .

+2(G(t, (u;,B1,)) — G(t, (uz, By )),MOy)

with & = |8ul?, + 8|8 B[7, and 2(—B" (y1,y1) + B" (y2,y2),M8y) satisfies the fol-
lowing (see [13] for the details)

2(=2" (y1,1) + B (v2,32), My) < (cN*+cN®) & . (3.4)

Using (3.4) and hypothesis (h3) in (3.3), we obtain

A7 2 28
s + R—eH5u||%1 + EH5BH%/2 < (cN4+cN8) % +2{Lg +SLg,} 163ell163] 5
3.5)
Observe that dy(s) = (0,0) if s < 1,
[6y:lly = sup e[yt +s)|y < sup [Oy(t+s)|y- (3.6)
§E(—e0,0] se[t—1,0]
Dropping momentarily the term R% |6 u H%,l + % ll6B ||%2 in (3.5), we have
r 12
Y (1) < (cN*+ cN®) /T Y (&g +m | wp 18y(E +5)| 4 |8y] dE
SET—G,
t 1
< (Nt +en®) [ @(&ag+am [ sup [8v(s)lhdE a7
T T se[rg]
t
< ((cN4+cN8)max{l7S}+2n)/ sup |8y (s)[3 dE,
T selré]

where n =Lg +SLg,.
From (3.7), we have for any 7 € [7,T|

t
min{1,8} sup |8y(s)|; < ((cN4+cN8)max{1,S}+2n)/ sup |8y (s)|3 dE .
selr] T ser.€]
(3.8)
The use of Lemma 1 leads to sup |5y(s)|12q < 0 from which we infer that u = u;
s€(t.1]
and By = B,. U
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REMARK 4. It is worth mentioning that the uniqueness of solution is one of the
important property of this model because precisely we do not have that property for the
corresponding 3d magnetohydrodynamics version. We can now thing about a complete
study of attractor in classical way [42]. This by the way is the object of our next
investigation.

Now, we state the existence result.

THEOREM 2. We suppose (u(7),B(1)) = (¢1(0),,(0)) € H, f;€ L*(,T;H;)
and g;: (1,T) x €y(H)) — L*(Q) satisfies (hy)— (hg)forsomeﬁxed Y>0, i=1,2.
Let ¢ = (§1,¢2) € Cy(H) be given, with R := ||¢||,.. Then there exists a unique weak
solution (u,B) of (2.29), which is in fact a strong solution in the sense that it belongs

to
C(1,T:V)NL (1 +¢&,T:D(#) x D(5)) forall0 <e<T —T1. (3.9)

Moreover, if (¢1(0),¢2(0)) €V, then (u,B) satisfies
(u,B) € €(7,T;V)NL* (7, T;D() x D(h)). (3.10)

Proof. We split it in several steps.
Step 1: A Galerkin scheme. ~ Since the injection V C H is compact, let {(w;, y;),
i=1,2,...} CV be an orthonormal basis of H, where {w;,i =1,2,...}, {y;,i =
2,...} are eigenfunctions of <7 and 2, respectively. We set V,,=H,,=span{ (w1, y1),
.,(Wn, ¥,)} and denote by B, = (P!, P?), the orthogonal projector from H onto V,
for the scalar product (.,.) defined by (2.8);. Note that P, is also the orthogonal pro-
jector from D(<7),V,V’ onto V,,. We look for y, = P,(u, B) = (u,, By) € Hy solution
to the ordinary differential equations with delay

d
{%+%yn+Pn%N(ynayn):PnF+PnGt (3.11)
(T +3) = Pa(01(5),92(5)) = (B 01(s), B 92(s)), s € (—oo,0].

According to (h;)—(h3), the above system of the ordinary differential equations
with infinite delay satisfies the conditions for existence and uniqueness of solution y,
on an interval [7,T;], T, < T (see Theorem 1.1 of [17]). It will follow from a priori
estimates that y, exists on the interval [T, T].

Step 2: A priori estimates. As in remark 3, y, satisfies the following energy
inequality:

2 28
&, It )II%pLEHBn(I)H%2

2(Pnlf1(t)7un(t)) +28(Py f2(t),Ba(1)) +2(P, g1 (1, (s, Bns)) n(1))
+28(P2g,(t, (tns,Bus))Ba(t)) .

We need to estimate the terms on the right hand side of (3.12). First by Young’s and
Cauchy-Schwartz’s inequalities, we have

2B 10D 201 @) vyl < s lnOIF, + el AL ONF (3.13)

d
— ()72 +S [Ba(0) 2+ &

(3.12)
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28|(B7 f(0),Ba(0)] < 28[|f2(0) v 1Ba (1) IV < szHBn()H%ZJrCIIfz()IIVu (3.14)

2|(Pag (¢, (uns,Bus))sun(t))] < 2181 (8, (s, Bu)) vy lan (1) v,
< 2cllgy (2 (s Bag) |l [|1a (2) I

(3.15)
< 26 (g Bag)llyllan @l -
< m””n(t)Hvl +CH(un,taBn,t)Hy,
28| (P2 (t, (ttn s, Bas)) Ba(t))] < 282, (tns,But)) v B2 (1) v,
(3.16)
g 2Rm||BHHV2+CH(untant)Hy

where (h)—(h3) have been used to derive (3.15) and (3.16). Inserting the estimates
(3.13)—(3.16) in (3.11) and integrating from 7 to some T < ¢ < 7, we obtain

)+ 813200+ [ Nun )R E+ - [ 18a(8) B

<O + IO+ [ 17,(©)1Fa8

" 1
e [ 126 Rge+e [ Nung, g3, G.17)
Furthermore,
(s,
= sup 6279 (un(f+9) Ba(t+0))[3;
= sup e279{|u,, (t+0) |L2+‘Bn(t+6))‘L2}
0€(—e,0]
146
< supoezw{wl LSO e [ 1A
€(—oo

1+ 146
v [ IR +e [ Ve e I

gmax{ sup 20 [p(6 +1— 1)),
ISt

—eo,t—1]

t+6
sup em(m(m 2 4SO e I ©)IRdE
0c[t—1,0] T !
t+6 t+6

te [IAOIRae+e [ ||<un,¢,Bné>“5d‘5)}

< max{ sup <e279 [0(0+1— T)f) )
ISt

—eo,t—1]
t

O+ [N ag +e [ L@ Iz +e [N e a2}
' ! ! (3.18)
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Observing that
sup  e[9(0+1-1)] = sup " [g(s)]
0 (—o0,7—1] 5€(—o0,0]
= sup eP[p(s)]e
$E(—o0,0]
<ol -

and [(u(7),B(7))] = [9(0)] <[ ¢]],, we deduce from (3.18)

s B < R+ [ 11 e +e [[1£2@NgaE +e [ lung, BagIRdE.

(3.19)
By the Lemma 1, we have

12
Ienss ) B < R0 ¢ [ (1 1@y +11 7@y ) deet ™. (320
Thus, there exists a constant %] = J#1(R,T,Lg ,Lg,,T, f1, f) > 0 such that

(s, B 15 < 4, (3.21)

which together with (3.17) gives

o)+ S1m ) + (7 [ W@z + - [ n(©IRa2 )
(3.22)

T
<Rt [ @RS +e [ 172(©ae + e (T - ).

(3.22) proves that the sequence y, = (u,, B,) remains in a bounded set of L (7,T;H)N
L*(1,T;V)N%y(H). Hence, we can use a compactness argument (see [42]) to extract
a subsequence from y, = (u,, B,) still denoted by y, = (un, B,) satisfying

weak-star in L*(t,T;H),
weakly in L?(t,T;V),
strongly in L?(7,T;H),
ae., in (1,T) x Q,

Yn =Y (3.23)

with y = (u, B) € L*(1,T;H)NL*(7,T;V) NCy(H).

But the estimates (3.22) are not enough to pass to the limit in (2.29) and deduce
the solution of (1.2). More precisely, we have two main difficulties, firstly, we need to
pass to the limit on the G(t, (#ns, Bny)), this will be done on Step 3; secondly, we need
to prove that

En(lunllv,) — Fn(llullv,) as n — e,

Ex([l(un, Ba)llv) — En([[(u,B)[|lv) as n — e,

To overcome the second difficulty, we need to find a stronger estimate and it is the
aim of the lines below.

(3.24)



386 G. DEUGOUE, J. K. DIOKO AND A. C. FOUAPE

Taking the inner product in H between the first equation of (3.11) with &y, , we
obtain

d
EllynH%JrZI%an% =2(f 1, Srttn) +2(f2, S2Bn) — 2B VnsYns A V)

(3.25)
+ 2(81 (t7 (un,taBn,t)Mylun)) + 2(82(t7 (un,th,t)a%Bn)) .
Now using (2.23) and Young’s inequality with the exponents (4,4/3), we have
2|8 y)| < eNllyal V21 yulsl* < L yul3 + cN*|lyall2 (3.26)
| By Ynsyn, @ yn)| < N||yally "9 ynlpr ™ < g1 yuly + cN*{lyally - :
In addition, by Young’s inequality, (hy)—(h3), (3.21) one obtains
2|(f1, )| +2|(f2, 92Bn)| < Al,|5271”n|22 + %|£{23n|22 +C|fl|]%2 +C|f2|iz (3.27)
= gl yalf +elfilfa +elfalf
and
2|(g1 (ta (un,th,l)amu")) + (g2(ta (un,thJ)aJZ{ZBn)”
1 2 1 2 > 1 2 2 (3.28)
< §|4371”n|L2 + §|42{23n|L2 +cKi = §|£{)Jn|H +c ).
It follows from (3.26)—(3.28) that
d
Ty valfy el folfp el falpp + e+ N wllf . (3.29)

Now we distinguish two cases:
Case 1: y(t) = (u(7),B(7)) € H.
Integrating (3.29) between s and ¢ for T <s <t < T, we obtain

Ion) 1+ [ /&)
<)l +e [ (AR +HAE) 22 dg +ev* [ In(@IRag. (330)
<)l +e [ (AN +E)+ 2 dg+oN [ @It

Momentarily dropping the term / |7y, (E)|%dE in (3.30) and integrating once

more between 7 and 7+ € for some € € (0,7 — 7), we have

[ s < [ alias
+/ (/ 5 €>i2+|f2(€>liz+%2)d€)ds (331)

vont [7 ( [/ yn@)n%d&)ds.
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Since 7+ € < T, it follows from (3.31) that

T T
ellyaIF < [ Ins) s +e(T =) [ (1£1(E)+1£2(E)F +47) g

T
T =N [ In(©)ldg. (332

From the estimate (3.22), we infer that the right hand side of (3.32) is bounded indepen-
dently of n. Coming back to (3.30) and dropping the term ||y, (¢)||%, we get for some
ee[0,T—1]

[ 1erehas
T+E€

T T
<I)F+e [ (01 @R+ )+ AP e +eN* [ (&7 (3:33)

We then deduce that y, € L*(7+¢€,T;V). Therefore
yu €L7 (146, T:V)NLA(T+e,T;D(t;) x D(at)) forall0<e <T—1. (3.34)
Note from (3.11) that

dyy
d—yt = —ol'yy — PuB" (yn,yn) + BuF + B,G.

Then using (2.23) we deduce that
the sequence {P, %" (yu,yu)} is bounded in L*(t+¢&,T;H).

Therefore, from (3.21) and (3.34), we infer that the sequence

d

E(un’B") is also bounded in L*(t+¢,T:H). (3.35)
Since D(«/) = D(<#)) x D(%) C V C H with compact injection, we derive from [25,
Theorem 5.1, Chapter 1] that there exists an element (u,B) € L*(t+¢&,T;V)NL*(T+
€,T;D(47)), and a subsequence of (u,, B,) (still) denoted (u,, B,) such that for all
T > 17+ €, we have

weak-star in L*(t+¢,T;V),
weakly in L*(t+¢,T;D(<)),

B B . 3.36
(s, Bu) = (,5) strongly in L*>(t+¢,T;V), (3.36)
ae., in(1+¢7T)xQ,
and J J
—(tn,Bn) — —(u,B) weakly in L>(T+€,T;H). (3.37)

dt dt
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From (3.36), we can assume, eventually extracting a subsequence of y, still denoted y,

such that .
[unllv, — llullv, ae.in (t+€,T),

. (3.38)
[(ns Ba) v — || (w,B)[[v ae. in (1+€,T),

and therefore

En([lunllvi) — Fn([lullvy) ae. in (7 +€,T),

Fv(||(tn,B)|lv) — En(||(u,B)|ly) ae. in (T+¢,T). (3.39)

Case 2: (¢1(0),¢2(0)) € V.
‘We mention that

1(€12(0), 92(0))[lv = [|£2(91(0), $2(0)) I < [lv(2)|v -
Now, dropping the term |7y, |%1 in (3.29), we have the following differential inequality
d
7 ally < el £l + el fali + et + Nl (3.40)

from which we obtain by using Lemma 1

lyn @I < (D)1} exp [eN*(z - 7)]

4 3.41
seexp(eV (=)} [ (H1©F:+1E) +ert)ag. O
Hence, we derive from (3.29) and (3.32) that (y,) = (u,, B,) satisfies
T
[ (teny B2) ()7 < a2, /T (| un(E)[7: + | hBa(E)|]2) dE < 5, (3.42)

which proves that (u,, B,) is bounded in L= (7, T;V)NL?*(t,T;D(2) x D(a5)).
Note that in (3.42), 2%, and %3 are positive constants independent of n and de-
pending only on data Q, R, Ry, S, 1, f2,T,u0,Bo,Lg, and Lg, .
Note that from (3.11) that

d
% = oy — PuB" (yu,yn) + PuF + P,G.

Then using (2.23) we deduce that the sequence
{P,B" (yu,yn)}, is bounded in L*(7,T;H).

Therefore, from (3.33) and (3.21), we infer that the sequence

d
— (un, By) 1s also bounded 1n 7,71, . .
yr is also bounded in L2(7,T; H (3.43)

Since D(&7) = D(</) x D(%) C V C H with compact injection, we derive from
[25, Theorem 5.1, Chapter 1] that there exists an element (u,B) € L*(t,T;V)N
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L?*(1,T;D(<7)), and a subsequence of (u,,B,) (still) denoted (u,, B,) such that for
all T > 1, we have

weak-star in L=(7,T;V),
weakly in L?(7,T;D()),

"B B 3.44
(s, Bu) = (,5) strongly in L?(7,T;V), (.49
ae., in (1,T) X Q,
and 4 4
E(un,B,,) — E(u, B) weakly in L*(1,T;H). (3.45)
From (3.44), we infer that
u ul|ly, a.e. in (7,T),
vy — el . in (2.7) a6
(e, Bu)llv — [|(u,B)[|lv a.e. in (7,T),
and therefore
Fnv(||un Fy(||u ae.in (7,7T),
() = Fi(ully) ac. in (z.7) 5

Ex(||(un, Ba)lv) — En([|(u, B)[|lv) ae. in (z,T).

Step 3: Passage to the limit. ~ We want to take the limit in (3.11) when n goes to
+o0. We focus our attention on the term G(z, (u,, By;)) we refer the reader to [5, 13]
for the other terms. More precisely, we want to prove that

G(Z,(unJ,Bn’t)) — G(t,(ut, Bt)) When n— +°° (348)

We proceed like in [28] where the globally modified Navier-Stokes with infinite
delays is investigated. We start by proving that

(l/lthn’t) — (uhBt) in ng(H), Vit € (_‘X’,T] . (349)
Since

supe”® |y, (1 +6) —y(1+6)|y
0<0

= max sup e PO +1—17)—d(0+1—1T)|y;

0 (—oo,7—1]
mpewﬁm+e%wu+mm}
0c[t—1,0]
< max { supe”e’ ) [P (s) — 9 ()| sup e |yu(r) —y(r)|y
s<0 relz]

= max{ (T ||Pn¢_¢||y; sup |yu(r) —y(r)ly

re(t.
Hence, the relation (3.49) will hold if we prove that

P,¢ — ¢ in€y(H) (3.50)
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and
(tn,By) — (u,B) in6([7,T];H). (3.51)

We start by proving (3.50). Indeed, if we assume that it is not held, then there
exists € > 0 and a subsequence (6,), such that

"o P (6,) — 0(6,)]; > €. (3.52)

Hence following [28], we assume that 6,, — —oo, otherwise if 6, — 0 % —oo, then
P,0(6,) — ¢(0). In fact,

1229(6,) = 9(0)|y < |Pu¢(6r) = Fat ()] + [Fr0(6) — 9(8)|y — 0as n— oo
Assume that 6, — —co as n — oo, if we set x := 9lin_l e"$(0), we obtain
e 1P (6n) — ¢(9n)|H = }Pn(eye"(b(en)) - eye"(b(en)}H

< }Pn(eye"(b(en)) —an}H + |Pux — x| + |x— 679’1(25(9”)}
— 0asn— +oo

H

which is a contradiction with (3.52), hence we have (3.50).
Next, we will prove (3.51).
From the convergence of y, to y in L?>(7,T;H) given by (3.23), we deduce that
yn(t) = y(t) in H ae.t € (1,T].
Since .
ul®) =3a(s) = [ ¥/ (€)aE Ws.1 € [1.T)

we have

T
o) =3l < [ 1)y .

T
Then from remark 3, we deduce that / H y (’g’)HV, d& is bounded. Thus y, is equi-
T

continuous on [7,7T]| with values in V’. In addition, y,(¢) is bounded in V’. In fact,
due to the convergence of y,(¢) to y(z) in H for a.e.r € [1,T], we infer that y,(¢) is
bounded in H and by the compactness injection of H in to V', we claim that y,(z) is
bounded in V'. By the Ascoli-Arzela theorem, we have

Yo —yin €((t,T];V'). (3.53)

Also by the convergence of y, to y in L=(7,T;H), we obtain that for any sequence
{t,} C|7,T] with 1, — t, one has

Vn(ty) — y(t) weakly in H. (3.54)

Now we prove (3.51) by a contradiction argument.

If (3.51) does not hold, then using the fact that y, € € ([t,T];H), there would
exist € > 0, a value 7y € [7,T] and subsequences labelled the same y, and #, C [7,7]
with 7y = lim,— 1%, such that

[n(tn) — y(t0)|y = €. (3.55)
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To prove that this is absurd, we will use an energy method. Observe that the
sequence y, also satisfies the following energy inequality

o)+ [ (I a8+ - [ I, (E)IR, a2

. (3.56)
2 2 2
<ba@i+e [ (1@ I+ 12Ol ) dg+ Hile—s).

On the other hand, since the functions y, are bounded in L= (7,T;H), we deduce
the existence of ng = (ng,,Ng,) € L*(t,T;H) such that (g(¢,Yns), 2 (t,¥ns)) con-
verges weakly to 1 in L*(t,T;H). Then passing to the limit in (2.30), we deduce
that y is a solution of

d 1 S

a2t VO 2O+ - (wl0),v)))y, + = ((B(2), )y, + B (y(1),y(1), (v,0))
= (f10),v) + (f2(1),C) + (g, (1, (s, B)),v) + (g, (¢, (1)), C) -
(3.57)
Thus we deduce that, y satisfies the energy inequality
L N
YO+ g [ )R a8 + & [ 18(E) 17, .

<l +e [ (A @R +17206)1%,) a6 + [ Ina(@)fde.

Since

[ (@) <tim int [ (16 ), g2 dE < Al —9).

It is noted that y satisfies also the inequality (3.56) with the same constant 7] .
Now we consider the functions J,, J : [7,T] — R defined by

1) = 3 @B —c [ (17,@)1%+1 7201y ) a& — i,

and
10 =3 OB —c [ (111 + 17201 ) d& - .

J, and J are continuous and non-increasing functions.
Next, we show that for > s, J,(¢) —J,(s) < 0. From a direct definition of J,,, we
have

IE)=3n(s) = 3@ =5 ) —c [ (L @I+ 112813, ) dE—tho-+ s
= 3l —5 = [ (1@ 1721y d&-+ (5
<0.
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Similarly, we can prove that J is a non-increasing function. Moreover by the conver-
gence of y, to y a.e. in time with value on H, it holds that

Ju(t) = J(t) a.ein H. (3.59)

Now, we want to prove that
Yu(tn) — y(to) in H, (3.60)

which contradicts (3.55).
Firstly, from (3.54) we recall that

yu(tn) — y(to) weakly in H, (3.61)
then

[¥(t0) gy < lim inf [y (1) (3.62)
Therefore if we prove that

tim sup 1312y < (00 (.63

we obtain lim |y, (,)|; — |y(fo)| which jointly with (3.61) imply (3.60).
n—oo
If 7o = 7, it follows from (3.50) and (3.58) that lim sup |y, ()| < [v(7)|. So we

n—o00

may assume that 7y > 7; this is important since we will approach this value 7y by a
sequence {7}, this means that limy_...7 — #o, with 7 being taken only when (3.59)
is valid. Since y(-) is continuous at #p and 7 — 1, for any € > 0, there exists ke > 0
such that e

() = I (10)] < 5 -

On the other hand, taking n > n(ke) such that 7, > 7, , as J, is non-increasing and for
all 7, the convergence (3.59) holds, one has that

In(tn) = I (t0) < [n(lk,) = J (k)| + | (i, ) — J (10)]

and obviously taking n > n’(k.), it is possible due to (3.59) to obtain

|Jn (fke) - ‘](fks)| <

N M

Moreover, we deduce from (3.23)

1

[ #@mEnas — [*r@ae@n.

so we conclude that (3.63) holds. Thus (3.60) and finally (3.51) are also true as we
wanted to prove.

Now we are ready to pass to the limit in (3.26). Assume initially that y(7) =
¢(0) € H, the first consequence of the convergence proved above since g; satisfies
(h3) is that

(gl('7(un7~7Bn7~))'g2(" (um-’ B",-))) - (gl('7(u~7B~))'g2('7(u~7B~))) in Lz(T’T;H)'
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Hence, we can identify (ng,,Ng,) = (g1, 8>) in (3.57) so that y is a solution of
(2.29). O

In the next lines, we prove that the solution of (2.29) given by Theorem 2 is con-
tinuous in respect to the initial data as well as in the parameter N. More precisely, we
prove the following result.

THEOREM 3. Assume that f; € L*(1,T;H;) and g;: (1,T) x €y(H)) — L*(Q)
satisfies (hi)—(h3) for some fixed v >0, i=1, 2. Let ¢; = (¢;.1,9i2) € Cy(H) be
given, with R; := [|¢il|,, and N; >0, yi(7) = (ui(7), Bi(7)) €V, i = 152 be given.
Let y; = (u;, B;) be the solutions of (2.29) corresponding to the parameter N; and the
initial values y;(t) = (u;(7), Bi(1)), i = 1;2. Then

(u1,B1) — (u2,B2) in C(t,T;V)ND(1,T; D(e01) X D (4))

when Ni — N, (u1(7),B1(7)) — (u2(7),B2(T)) and ¢y — ¢». More precisely, let
y=y1—y2 and ¢ = ¢1 — ¢p, the following estimates hold true.

sup (@) < IR+ 02015 + et ~Ne)? [ 21|

¢tz

X exp {c(n +Nf')(t—1)+c/rt%(§)d§] , (3.64)

and

[ 3@ < |l + =0 lolE-+oi - [ 2i@)az

1o (cvme—yre [ 2@z ) x exp et eme—yte [ 21 @pag] |

(3.65)
forallt € [t,T) with 21 = |} u2|i2 + \%Bz\iz.

Proof. Since y =y; —y2 = (u1,B1) — (u2,B2) = (6u,6B) and ¢ = ¢ — ¢ =
(011 — 21,0120 — ¢22), then y = (Su,0B) satisfies
dy

I + .2ty + B (y1,91) — B (v2,y2) = G(t, (u s, Biy)) — G(t, (uz, By)).  (3.66)

From [5, 13], we have
Ry = Fiy, ([, )b(uer, ur, 71 810) — Fvy ([ vy b ez, e, 4 )
= Fy, (|lu1|lv,)b(u,uy, </ Su) + F, (||uz v, )b(u2, Su, <71 du) (3.67)
+ [Fyy ([ llvy) = Fy (lua vy )] (w2, w1, 1 8u)
Making similar reasoning as in (3.67), we can also check that:

Ry = Fy, ([[(u1,B1)||v)b(B1, Br, 1 8u) — Fiy, (|| (u2, B2)||v ) b(B2, B2, 1 6u)
= Fy, ([ (u1,B1)lv)b(8B,B1, %1 8u) + Fi, (|| (u2, ) ||v )b (B2, 6B, 1 6u)
+ [Fyv, (|| (ur, B1)[lv) = Fi, (|| (u2,B2) ||v)] b(B2, By, <7 6u)
=R\+R3+R3,

(3.68)
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Ry = Fy, (||(u1,B1)||v)b(ur,B1, 96B) — Fi, (|| (u2,B2) ||v )b(u2, B2, 96 B)
= FN[ (”(u17B1)||V)b(6u7B17bQ726B) +FN2(H(u2aBZ)HV)b(u2a 6Ba42{263) (3 69)
+ [Fiv, (| (1, B1)[lv) — Fv, (| (u2,B2) lv)] (w2, B1, 95.5B) '
=Ri+R}+R3,
Ry = F, (|| (u1,B1)||v)b(B1,u1, c508B) — Fy, (||(u2,B2) v )b (B2, uz, 2% 6B)
= Fy, (|[(u1,B1)|lv)b(6B,u1, 4 6B) + Fy, (|| (u2,B2) ||lv )b (B2, Su, 6 B) (3.70)
+ [Fi, (|| (w1, B1)[lv) — Fw, ([l (B2,u1) [|v)] b(B2, w1, 92 6B) '
=R, +R;+R;
Also, we can check that
(B (y1,31) = B (y2,32),y) =Ri — SRy +R3 — Ry, (3.71)

Hence, taking the scalar product in H of (3.66) with <7y, we obtain

d
7 I3 +2] Y5 = —2R1+2SRy—2R3+2Ry+2(G(t, (u1s, B1,))—G(t, (2, By)), A y).
(3.72)
We can check that (see [5, 13])

2
2IR1| < 51yl + eIy I + el A wa LI I + el o walfa (V11 + (N = N1)?)
o . (3.73)
SR, R; and R}, i =1,2,3 satisfy the following estimates (see [13] for more de-
tails):

2IRY] = 25, (101,81 |1v) [b(83,B1, 1 8u)| < Sltyy+eNHvld,  (374)

28|R3| = 2SFw, (|| (u2, B2) |lv) b(B2, 8B, 2 8u)| < 15|/ y[ +c|amal LIyl (3.75)

28|R3| = 21~9|[FN.2(||(M1,31)IIVQ) —Fsz(H(uz,Bz)Hv)]z| b(B2,B1, S| 500
< 5 ylh + el sl (VI + (N — N2)?]

2|RY| = 2Fw, (|| (u1,B1)|[v)|b(8u, B1, 548B)| < {5|/y[3 + Nyl , (377

2|R3| = 2F, (|| (u2, B2)||v)|b(u2, 8B, 54 8B)| < {5/ y[3; + cletrua | |yI5 . (3.78)

2|R3| =2

= I[FNl(ﬂ(uhBl)”V)z_ FNz(zH(uz»Bz)Hv)] |2|b(u2731,%253)| (3.79)
< il Dy[f+eldull (VG + N —N)*]
2|Ry| = 2Fw, (|| (u1,B1)||v)|b(8B,u1, 5 8B)| < 15|/ y[3 + Nyl (3.80)

2|R3| = 2Fn, (|| (12, B2)|Iv)|b(B2, Su, 88)| < 35|/ Vg + clnba L |y]l§, (3.8

2|R;| =21|[FN1(Q(M1731)||V)2— FN2(2H(Bzvul)Hv)]|2|b(32»u1»%53)|
< 13| Dy[f +clanmalf [IVIG + (N — M)

|2(G(t7(ult7Blt))_G(t7(u2t7321))7£{y)| ) 5
<2max {Lg,,Lg, } lyil, |9/y]y + 15 [/ 8yl + [yl -

(3.82)
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Just like proving (3.21) we can prove that

((8ur. 382 < 012+ sup 27O |y(0) < 0] +en sup [¥(O)F (383

0c(t.1 0c(t.1

where we have used also the embedding of V into H and set 11 = max {L g, Lg 2} .
Then

1
2(G(r, (ure, B1r)) = G(t, (u2r, B2)), #Y)| < 15 |y + ||¢H§+cnesup NGOl

€l
(3.84)
Now inserting these estimates (3.73)—(3.84) in (3.72), we obtain
d
TG+ vl < e(NF+ |l fy + [ hmalf +1) sup [[y(O)]y
0c(t.1
+e(| Al + | Bl (N = Na)> + 6] (3.85)
=c(Nf+1+ 21) Sup] [¥(O)I[3 +c2Zi (N1 = N2)* + (1915 -

oc(tr

Integrating (3.85) from 7 to ¢, we have

O + [ 1@ <@+ 0= )91+t ~N? [ Zi(E)ae

+ [ cn+nt+ 2i8) sup 9@t

0¢€(t.¢]
(3.86)
which leads to

s IO + [ 15 < Iy + o)1 +et —3o)* [ ()

oc(tr

+ [ e+ N+ 21(8) sup @)} e

o<[r.]

(3.87)
1

It follows from Lemma 1 and (3.87) when dropping the term / |/ y(E)|4dE that
T

sup DO} < IR+ ¢ ) ol +eths Mo [ 232y
0c(t.1 T

) (3.88)
X exp {c(n +Nf)(t—r)+C/T %(é)dé] )

which proves (3.64).
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Now using (3.87) and (3.88), we get

t

[ 5@ < (I + 0= ol et~ [ 21|

x [l—i— (c(Nf-Fn)(l—T)-i-c/;%(é)dé)

X exp [C(N;‘+n)(t—r)+c/;%(é)d&“ . O (3.89)

REMARK 5. Theorem 3 also provides the uniqueness of the strong solution of
problem (1.2).

4. Stationary solution

In this section, we are interested in proving that problem (1.2) with some restric-
tions, admits stationary solutions. Also, we prove under additional assumptions that the
stationary solution is unique and is globally asymptotically exponentially stable.

The restrictions we impose to give sense to a stationary solution are that f, f», g
and g, are independent on time. One of the worries is that how (g, g,) acts over a
fixed element of H. Inspired by what was done in [28], we consider (g;(w), g,(w))
as (g,(w), g,(W)), where w € H is the element that has the only value w for all time
t < 0. w is an element of €(H) and [|w[|,, = [w[, for some fixed y > 0; so we will
continue denoting w instead of w since no confusion arises. The hypothesis (h3) is
reformulated as follows: There exists a constant Lg, > 0 such that for all EneH,

18:(8) — &i(M2) < Lg,1E—Mly - 4.1

We consider the following system

dr 4.2)

{ dy+dy+@N(y,y) =F+G on 2'(1,T;V)
Y(T+5) = (91(s), 92(5)), 5 € (=0,0]

where o7 and %" are defined in section 3.
By a stationary solution to (4.2) we mean an element (™, 8*) € V such that for
all p=(v,c) eV,

((y7q0))+%’f)v(y7y7q0) = <f17 v>+<f27 C>+(g1(u*7B*),v>+<g2(u*7B*)7 C>' (4-3)

We will prove the existence result by Galerkin’s method before studiying its asymp-
totic behavior.
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4.1. Existence result

THEOREM 4. We assume that f |, f,, g, &, are independent on time, and (4.1)
holds. If 1 > {chl( e)1/2 4 cLg, (Rm )1/2} , Problem (4.3) has at least one solution
1

(u*, B*) which belongs to 9().
In addition, if

min{1,S} > max {R.(A{)"', SR, (Af )} (cN4—|—cN8)

—l-chl(;fl)l/ +ScLg, (%)1/2, (4.4)

this solution is unique.

Proof. Like dealing with the evolutionary case, the existence of a solution y* =
(u*, B*) of problem (4.3) is proved by the Galerkin’s method as follows.

Since the injection V C H is compact, let {(w;,y;),i=1,2,...} CV be an or-
thonormal basis of H, where {w;,i =1,2,...}, {yi,i =1,2,...} are eigenfunctions of
o) and <% respectively. We set V,,, = H,, = span{ (w1, ¥1),...,(Wn, W)} and denote
by P, = (P}, P2), the orthogonal projector from H onto V,, for the scalar product (.,.)
defined by (2.8);. Note that P,, is also the orthogonal projector from D(<),V,V’ onto
Vin. We look for y;;, = (u},, B},,), verifying for ¢ = (v,C) €V,

<bQ7y;;l’ (P> + <Pn<@N(y;:ﬁy:n)’ (P> = <f1,V> + <f2aC> + < (um’Bm) >
+ (821, B), C) -

Since we will apply a consequence of Brouwer’s fixed point theorem, see ([46],
Lemma 41, page 23), we define the operators ¢, : V,,, — V,,, by, forall y= (u,B), ¢ =
(v,C) EVpy .

((gmy»(l’)) :<$ny,(/)> <Pm'% §0> f17 <f27C>— <g1(u73)vv>

- <g2(uv8)vc> .

Since the right hand side of (4.6) is a linear continuous map from V,, to R, by the
Riez theorem, each ¢,,y € V,,, is well defined. We now prove that ¢,, is continuous.

Let (y,) C Vi, be a sequence which converges to y in Vj,, since &/ and %" are
continuous from V,, to V!, then <7y, — &y and B" (y,,y,) — %" (y,y). In addition,

4.5)

(4.6)

lgiOm) = g:iWllyy, <18:(vn) = 8iWl2 < Lg, [yn =y < cLg,lyn—=ly -

By the compactness of the embedding V,,, — H,, and (4.6), we infer that R,,y, — R,y
in V,, as n — co. On the other hand, for all y = (u,B) € V,,,

((Emyhy)) = <ﬂy7y> - <f17u> - <f27B> - <g1 (u’B>7u> - <g2(u7B)’B>
> vl = )72 71l Nl = A3 Y21 2l 2 18l
—e(A))" 2L, Iylly vl = (@) PLg, Dy IC, (4
> Il [l (1 {ct, (56)1/2+ clg, ()12}

~(G0) 211l — )2 11alie
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| 2 12

where ¢ = (max {1/ R, AR })

Then, ((¢,y,y)) is non negatlve on the sphere of V,, with radius

(RE)1/2‘f1‘L2+( )1/2‘f2‘L2
l—{cL (s )1/2+cL (Rm)l/2}

>

So by a consequence of Brouwer fixed point theorem, for each m > 1, there exists
*

v = (uy,, B},) € Vi, solution of (4.5). Moreover, replacing ¢ in the ﬁrst equation of
(4.5) by &7y, , we obtain

|y |t = (f1, )+ (fa, Bly) — BY (Vi Viws Vi)

(4.8)
+(g1( Upys m) J2{114 )) (g2( Upys m) %B ))
Now using (2.23) and Young’s inequality with the exponents (4,4/3), we have
- » 1/2 3/2 _ »
(BY 3 i V3| < NIVl 210 307 < blymlB N lymll} - (49)
In addition, by Young’s inequality and (4.1) one obtains
|(f1s @)+ |(f2, B),)| < 8|4371” 8‘%3 2 +elfy iz+c‘f2‘iz 4.10)

:§|%ym|H+C‘fl‘L2+C‘f2|iz
and
[EC i‘n) Ay,)) + (gz(t»(ui‘mBL)»%Bi‘n))\
< Gl 2y + kB 2 + {(cLg, )2+ (cLg, )} IyilIy (4.11)
- zwym\H+{ (cLg,) +<ch2>2} A
It follows from (4.9)—(4.11) that

| yults <l frlf el falf + ((cLg, )+ (cLg,)* +eN*) [yl - (4.12)

From (4.12), we infer that the sequence y}, is bounded in Z(<); consequently,
using the compact injection of Z(«7) in V, we can extract a subsequence of y, still
denoted by y’ which converges weakly in Z(</) and strongly in V to an element
(u*,B*) € (7). Finally taking the limit in (4.5), we prove that (u*, B*) is a solution
of a stationary problem (4.3).

For the uniqueness, let y* = (u*, B*) and y* = (#*, B") two solutions of (4.3), we
sety=y*—y5 u=u*—u"and B=u*—u" then

dy=— (B y) - B 5) + (Gu*, BY) = G(i*, ")) . (4.13)

Taking the inner product in H of (4.13) with My and proceed like proving the
uniqueness result in the non-stationary case and taking into account (4.1), we obtain

1 S * Lk Sk * ok ~% ok
R_HMH%I—FR_HBH%/Q = _('%N(y Y )_'%N( Y,y ) My)+(gl(u B )_gl(u B )7”)
)

+(g2(u”,8*) — g, (u",B"),B) .
(4.14)
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But
(g1, B%) — g (@ B), u) + (g2(u*, B*) — g2 (@",F),SB)|
< cLg (W)™ 2 (u,B)ly |l +SeLg, ()2 [ w.8)lly 18]y,
<{ctg, (_E)l/erSCng(Rm)l/z} TS (4.15)
On the other hand,
|(—2" (") + BV (5°.5), My)|
<(cN“+cN8>{R—“(£) 1||u%1+%f“u3n%2} @16)

< (eN*+ eN®) max {Ro(A{) ", SRu(AD) 1} || (u,B) 5 -
Including (4.15) and (4.16) in (4.14), we obtain

: 2
min {1, S} | (u, B)[fy
< [max{R (AL SR (A}) 1}(cN4+cN8)+ch (R—1)1/2+SCL (Rm)1/2
1 l
x| (B3 -
(4.17)
Consequently, if (4.4) holds, ||(u, B)||%, <Othen, u*=u" and B* =B". O

4.2. Stability of the stationary solution

As announced before, we prove here that the unique solution of (4.3) given by
Theorem 4 is globally asymptotically exponentially stable. More precisely, we prove
the following result.

THEOREM 5. Assume that f, f,,81,8, are independent on time and (4.4) is
valid. Assume that the assumptions in Theorem 2 are valid.

Then for some fixed y > 0, there exists a value 0 < 3 < 27 such that for the solu-
tion (.,0,¢) = (u(.,0,9),B(.,0,9)) of problem (1.2) with T =0 and ¢ € €,(H),the
following estimates hold forall t > 0 :

[y(ta0a¢)_y*]2 geiﬁt ([QD(O)—_)}} +{L?g1§1 +ngsl2} (Z,y y[)“y) ) (418)

and

%12
||yt(f»0,¢) -y Hy

R, 1o —y";
2y _o¥[12. Bt _ 2 w7y
<max{e 6 —yIEze {[¢<o> T+ {35 s | g
(4.19)
where y* is the unique solution of (4.5) given by Theorem 4.
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Proof. Just for simplification, we denote y(¢) = y(.,0,¢). We also denote w(r) =
y(t) — y*. From equations (4.2) and (4.3), one has for any z = (v, C)

%(W(t)x)ﬂ +((w(1),2)v = = (B (1), y(1)) = B (v",5"),2)

Seeing how (3.17) is obtained, we have

27 (a2 +S1Ba (1)) + & Ol + 2= l1Ba )i

R , 15 R 2, S 2
<Ly el ol Ly g Il -l @)
4 8 1 S 2
+2(cN* +eN®)max < —, — ¢ [ (w,B)ly, ,
PYRPE

which leads to

%[w(t)m {min{l,S} 2 (N 4 eNY) max{%ll, %H w2

lall S}

Rm Re 2
< (L’{gz—w +L§1F) w2 (4.22)
1 1

Introducing in (4.22) an exponential term ¢P’ with a positive value 0 < B < 2y and
integrating from O to 7, we obtain

PP+ [min {1,512 e+ o) man L
1 1
x5z | [ @
Az S o vds.
2 2> R 0 R\ [ 2
< [w(0)] +<ngs—)L12 +Lg%—ll>/0eﬁ5|\w5|\yd§. (4.23)
But

| e e

1
= [P sup & |(w(E + )]
0 0¢€(—o0,0]

1
= [ Pemax{ sup g+ 00 sup EIE O JaE (g
0 <& 6¢[-£,0]

t
= [[man{e P oy s sup TP (i + 0, g
0 LIS 0

[_57 ]

15
< [{eePio-y i+ s P00l Jag
0 I’E[O,é]
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where we have used 8 < 2y to deduce the last inequality. Using this in (4.23), we
obtain

P w()]? < w(0))? +<L§2§)’L“2 Lz,lfl)(b y”/ ~@rBige

S
+ [2 (cN4—|—cN8) max{l—ll, ﬁ}

1 1 Ry, R, .
+ﬁmax{l—ll7l—12} +c <L§2S7LZ +L§’1;Ll> —mln{l,S}]

1
< [ sup P} ae.

0 ref0.g]

(4.25)

We can choose 3 such that the coefficient of the last integral in (4.25) is negative.
Doing that, we deduce (4.18).

On the other hand,
2 2
lw(2)[|; = supe®”® [w(r + 6)[;;
6<0
0<—t 0c[—1,0]

= max{ sup (w1 0)[3: sup ezy9|<w<z+e>%,} @26)

_ ) 2
<max{ e [p —y* |2, sup e279|<w<t+e>H}.

6¢e[—1,0]

Using (4.18), we have

sup o270 |(w(r+ 0)|i,

0¢c[—1,0]
< 210 ,~B(t+9) [ [4(0 2 Re o 6 —y*[I>
< s e 0O P L G e i £ 2y p
7 5]
_ (27-B)6 ,—Pt _ p > ¢ — "Iy
= sup e e 0 +4qL +L
o LOR {glm g2<sx2>} P

s R, 1o — ¥
<e B <[¢(O)_y] +{L§1 (2/1)4—[@2(5%2)} Zy_yﬂ 7)

since ¢27P)9 < 1 for 6 € [—17,0]. Hence, we deduce (4.19). O
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