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HOMOGENIZATION OF A NON-PERIODIC
OSCILLATING BOUNDARY VIA PERIODIC UNFOLDING

S. AIYAPPAN™*, K. PETTERSSON AND A. SUFIAN

(Communicated by P. I. Naumkin)

Abstract. This paper deals with the homogenization of an elliptic model problem in a two-
dimensional domain with non-periodic oscillating boundary by the method of periodic unfold-
ing. For the non-periodic oscillations, a modulated unfolding is used. The L? convergence of
the solutions and their fluxes are shown, under natural hypotheses on the domain.

1. Introduction

This paper illustrates the homogenization of a second order elliptic boundary value
problem posed on a domain with a non-periodically oscillating boundary. The homoge-
neous Neumann boundary condition is assumed at the oscillating part of the boundary.

The homogenization of boundary value problems with periodically oscillating
boundary that is not asymptotically thin was first studied by Brizzi and Chalot [6].
Followed by this pioneering work, there has been many works till date on such peri-
odic structure. A literature review on periodic oscillating domains can be found in [10].
Most of the articles on oscillating domains deal with periodic nature, where [2, 3, 8, 10]
stand out.

The homogenization of non-periodic oscillating boundaries was first analyzed by
Gaudiello, Guibé and Murat in [10], using the method of oscillating test functions.
Locally periodic oscillations were studied in for instance [4, 12, 13, 2, 3]. Some cases
of non-periodic oscillations using the unfolding technique were treated in the book [8].

An immediate apparent difficulty with the periodic unfolding method to overcome
in the present non-periodic setting is the lack of Hausdorff convergence of the unfolded
domains, which is one of the key hypotheses in the homogenization theorems such as
Proposition 8.18 in [8]. Here two approaches seem to be natural. Either one attempts to
prove Proposition 8.18 in [8] with classical periodic unfolding definition or one mod-
ulates the periodic unfolding with the change of variables in order to retain Hausdorff
convergence in the spirit of [9]. In this paper, we follow the second approach because
it appears to be technically less demanding.
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To motivate our work and relate it to [8], in Section 2.1 we give an example of a
sequence of domains that goes into the framework of Proposition 8.18 in [8] except for
the Hausdorff convergence hypothesis on the unfolded domains and the strong conver-
gence of the corresponding characteristic functions.

In [10], the authors assume that the oscillating part is made up of pillars of uniform
cross section while we consider non-uniform pillars. In particular, in [10], a possibly
arbitrary number of pillars under fixed density constraint was considered, while we
restrict to a very controlled number of pillars.

The rest of this paper is organized as follows. In Section 2, we describe the oscillat-
ing domain under consideration, and pose a model problem. In Section 3, we introduce
the domain specific modulation to be used with periodic unfolding, which allows for
passing of the problem in domain Q. to a fixed unfolded domain Q. In Section 4,
we describe the limit problem, and in Section 5, we show that the model problem ho-
mogenizes to the limit problem, in the sense of weak convergence of the solutions ug,
and their fluxes, of model problem to the solution of the limit problem. In Section 6,
the convergence of the energies are established, resulting in some information about the
strong L? convergence of the solutions u, and their fluxes in Q.

2. Domain description and problem statement

This section is devoted to the description of a category of non-periodic oscillating
domains Q¢ C R?, given below by (2.4), and the statment of the model problem (2.5).

2.1. Domain description

Let us first define a lifted set Q* C R? which will be the main ingredient to define
the oscillating upper part QF of the rough domain .. With the fixed lower part
Q™ =(0,1) x (—1,0), we can define the rough domain under consideration as Q. =
IntQ-UQ .

Let Q* C (0,1)? be a bounded domain with finite boundary measure. Denote any
(x1,x2) € R? by x. For each x; € (0, 1), define the reference set

Z(x1) ={(y1,x) € R?: (x1,x2,y1) € Q" }.

We choose Q" such that for each x; € (0,1), Z(x;) is a nonempty connected open set
in R? and the reference set

Y(x1,x0) ={y1 € (0,1): (y1,x2) € Z(x1)} 2.1

is an interval of positive measure. Further we assume that there exists s > 0 such that
|Y (x1,0)| = s forall x; € (0,1) where

Y(xl,O) = {yl S (07 l) : (y170) S Z(xl)}.

The reference set Z(x;) will be used to define the pillars in the oscillating domain and
the last condition is to make sure that every pillar in the oscillating upper part Qg is
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connected to the fixed part Q7 . Define the maximum function M as
M(x1) =sup{xz: (y1,%2) € Z(x1)}. (2.2)

Further, we assume that M is a Lipschitz function. It will define the the top boundary
of the limit domain.

Now, we will describe the oscillating upper part Q7 of the domain. For simplicity,
assume € = 1/m for m € N. For every tagging x; € [ke, (k+1)¢) for k=0,1,...,m—
1, define the scaled and translated reference cell Z,f as

Z; = {(x1,x2) :x1 € x; + €Y (xf,x2),x2 € (0,M(x{))}.

where the reference set Y (xj,x;) and the maximum function M(x;) are as defined
above. The tagging x{ ’s are chosen such that Z; satisfies the compatibility condition

7€ C (ke, (k+ 1)g) x (0,M(x5)). (2.3)

The condition (2.3) ensures that the tagging x; is arbitrarily chosen in such a way
that the scaled reference cell Z{ is fully contained in (ke, (k+1)e) x (0,M(x})).
Now, we define the oscillating upper part Q as

m—1
o = Z.
k=0
The domain with oscillating boundary €, is given by
Qe =IntQ-UQY, (2.4)
where the fixed part Q= = (0,1) x (0,—1).

We denote the common boundary of Q; and Q™ by ¥*:
7e ={(x1,x2) € Q¢ 1 xp =0}.
The full or limit domain which is the Hausdorff limit of €, is given by
Q={(x1,x) :x1 € (0,1),—1 <x; <M(x1)},
while the upper part of the the limit domain € is defined by
QF = {(x1,x2): x1 € (0,1), 0<xa <M(x1)}.
The common boundary 7. of Q" and Q™ is given by

Ye=1{(x1,0) :x; € (0,1)}.

The following example provides a domain that falls in the category of Qf in this
section.
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Figure 1: Domain Q. Figure 2: Limit domain Q, Q=QVY UQ-.

Figure 3: Lateral surface of the domain Q.

EXAMPLE 2.1. In R2, for € = I/N, N =1,2,..., consider the following se-
quence of taggings x; of the partitions {[ek,e(k+1)]: k=0,...,1/€} of the interval
[0,1]:

o [ketess ife=1/N.Nisodd;
7 \ke+2e/3, ife=1/N,Niseven.

Let the oscillating part of the domain be

1/e—1

Q= |J (xf+e(—-1/8,1/8)) x (0,1),
k=0

and Q™ = (0,1) x (—1,0) (see Figures 4 and 5). Then classically, the unfolded char-
acteristic functions of the oscillating part of the domain are

T X (x,y) = xqs (€[x1 /€] + €3,%2)

_ X(0,12%(5/2411/24)(X:¥),  if €=1/N, N is odd;
X(0,1)2x(13/24,19/24)(%,¥),  if € =1/N, N is even;
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with x € (0,1)?, yielding the unfolded domains (see Figure 6)

i JO0.17x(5/24,11/24),  ife=1/N,Nis odd;
€70 (0,1)? % (13/24,19/24), if e = 1/N, N is even.
0 * L * ‘ 1 E —— —
~ sl
Figure 4: e = 5. Figure 5: e =}

The sequence of the unfolded domains Q% does not converge in the sense of Hausdorff
as for any € = 1/N, the Hausdorff distance

dr (/5 Q1 (v 41)

=max{ sup inf [x—x|},

: /
p | r sup inf |x—x| }
xEQl/N 1/(N+1) XEQI/(N+1)

/N

=1/12.

Figure 6: Unfolded domain corresponding non-periodic pillar.
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2.2. Model problem

As a model to illustrate the application of the modulated unfolding operator, we
consider the homogenization of following elliptic equation in divergence form on the
domain Q. given by (2.4), which contains the standard steps in homogenization:

2.5
AViug - ve =0 on 0€, 25)

{ —div(AVug) +ue = f in Qg,
where f € LZ(Q), Q is a domain containing all Q.. Here, v, denotes the unit outward
normal vector to the boundary dQ¢ of Q. The coefficient matrix A = A (x) is assumed
to be a 2 x 2 matrix with elements a;; = a;; (x) : Q — R that are bounded measurable
functions. We assume that A is uniformly elliptic and bounded in Q, that is, there
exists o, € R™ such that,

() AWE-E>alEl, EeR’ ae.xeQ,
(ii) [AX)EI < BIE|,  E€R’ aexeQ.

The weak formulation to the above problem is given by: Find ue € H'(€¢) such
that

QsAVug-V(Z)dx—i-/Qg ug(bdx:/ggfq)dx, (2.6)

forall ¢ € H'(Qg). The Lax-Milgram lemma guarantees the existence and uniqueness
of such ue € H'(Qe).

By taking u. as test function in the weak formulation (2.6), we get a uniform
estimate on ||ug|| HI(Q)» thatis, there exists a constant C independent of €, such that

el 71 ey < C- 2.7)

Our aim is to analyze the asymptotic behavior of u as € — 0. The asymptotic
analysis will be carried out using a modulated unfolding operator which will be the
theme of the upcoming section.

3. Modulated unfolding operator

The periodic unfolding method was first introduced in [7]. A modified definition
was used in [5] to do homogenization in pillar type oscillating domain. Later in [1],
the authors further modified the unfolding operator for general periodic oscillating do-
mains. For more literature on unfolding operators one can refer to the book [8] and
references therein.

The usual periodic unfolding appears technically demanding to be applied here
as the scaled pillars are kept in the £-cells at arbitrary locations. In this paper, the

oscillation is non periodic in the sense that for each &, m = é, the tagging
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x; € (ke,(k+1)e) for k =0,1,...,m — 1, have been chosen in a way that they are
not necessarily be equidistant as long as they satisfy the compatibility condition (2.3).

For every € > 0, we define the approximate unfolded domain corresponding to
Qf as:

Qi = Jlke, (k+ 1)) x (0,M(x3)) x ¥ (xF,x2).
k

The approximate unfolded domain Y is close to the unfolded domain (lifted set) Q“
in the sense that

Xau — Xau strongly in LP(R?) for 1 < p < oo.

DEFINITION 3.1. (Modulated periodic unfolding) The unfolding for a function ¢ :
R? — R is defined by

(T29) (x1,22,01) = xgr(x,y) 9 (g +€y1,x2) if x1 € [ke, (k+1)e),
where k=0,1,...,m—1.

The main properties of unfolding operators are given below.

LEMMA 3.2. Let u € L'(Q}). Then

/ udx= [ Tfudxdy.
Qf Q¢
Proof. For ¢ € C(Q"), we have, by the definition of unfolding
moe(ktl)e M)
/ Te¢(x1,x2,y1) dxdy) = 2/ / / O (xf + €y1,x2) dxdy
Qg k=0 ke 0 Y(Xi,xz)

m M(x7) .
= 26/ / ¢(xk+8y1,x2)dx2dy1.
k=0 /0 Y (xf x2)

The change of variable x| = xj + €y gives

m M ()
[ rowmaan =3 [ [ odx= [ pax
Qg k=0 0 k£+£Y(x,§ 7x2) Q;

Hence, the density of C:*(Q") in L'(Q]) completes the proof. [

LEMMA 3.3. For ve € LP(Qf) bounded, p > 1, we have

/m vgdxzfgu Tsvgdxdylz/m TEvedxdy +o(1), 3.1)

€

as € — 0.
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Proof. Note that T*¢ Xap = Xay- The discrepancy can be computed as follows

/g+ vgdx—/Q T%ve dxdy, :/Q+ (O1)(T8)(QS+TSVS—xQuTgvg)dxdyl
u X s

= (X — xqu)TEve dxdy,.
Qtx(0,1)

As the unfolded domain has finite boundary measure Q\Q" and Q"\ Q¥ are contained
in some strip of measure O(¢):

{(x,y) € (0,1)% : dist((x,y),0Q") < Ce},

where C can be chosen independent of €. Hence by Holder’s inequality,

/+ Ve dx — / TEve dxdy,
Q;f Qu

4. Limit problem

lim =0. O
e—0

In this section we introduce the limit problem with its associated function space.

4.1. Limit function space

We introduce the limit function space as it differs from the Sobolev space of the
model problem (2.5). Let Q be the limit domain: € is the Hausdorff limit of Q.
Define the density @ of Q¢ in Q as

Y if QF:
o) = Y (x)], ifxcor @1
1, ifxe Q™

where |V (x)| is the Lebesgue measure of the reference set ¥ (x). Notice that if x, =0,
then w(x) = |Y(x1,0)].

Forany y:Q — R, we denote W = yyo+ and ¥y~ = yyq-.

Let L*(Q, ®) be the weighted Lebesgue space {v: [ov?® < o} and

v
8x1

v

H(Q,w):{veL2(Q,w): LX(Q), a—xzeL2(Q,a))}.

The space H(Q,®) is a Hilbert space with respect to the scalar product

ou ia)dx—f— Vu-Vvdx.

(M7V)H(Q,w) :/qua)dx+ 0 8_x28xz o

In what follows, we will use the following notation u = («™,u~) for any function
ueH(Q, o).
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4.2. Limit problem

The homogenized problem is posed in € (see Figure 2), and reads as follows:

+
J (A08a >+wu+:a)f inQ",

a)Q
—div(AVu ) +u = f inQ",
dut
mAg— =0 on Y, 4.2)
dx2
ut=u"  ony,

Lo ou
A, o, (al2+a22)32 =0 on v,

AVu-v=0 on dQ™\ 7,
where @ is the domain density defined in (4.1), and

det(A)
ain

Ay =
The weak formulation of the above system (4.2) is:

Find u = (u",u”) € H(Q, ®) such that

du™ d¢ N B B
/m <A08—x28—x2+u (Z))a)dx—F/Qi(AVu Vo+u ¢)dx

_ / fowdxt / Fods, (4.3)
Qt Q-
forall 9 € H(Q, w).

As A and Aar are uniformly elliptic and bounded (c.f. (5.13) below), by the Lax-
Milgram lemma, there exists a unique solution u € H(Q, ) satisfying (4.3).

5. Homogenization

In this section, we establish the homogenization of our model elliptic problem (2.5)
posed on the oscillating domain to the limit problem (4.2), and show the weak conver-
gence of the solutions u, and the fluxes Vi .

First, let us verify an a priori estimate of the unfolded solutions T¢u.. By using
the a priori estimate on u, (2.7) and as T¢u, vanishes outside of Q¥, we get

||T£”£||22(Qu) + ||T£”£Hi2(gg\gu) = HTEMEHiZ(Qg) = H”S”iz(gg) <C

where ere C > 0 is a constant independent of €. Note that the inequality holds for
T#Vug also. Thus, we have the following lemma.
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LEMMA 5.1. The sequence of solutions ug to the problem (2.5) satisfies the a
priori estimates

||T8”£||L2(Qu) <C
HTSVugHLZ(Qu) < C,

)

where C > 0 is a constant independent of €.

Now, we are in a position to state the main convergence result of this paper.

THEOREM 5.2. (Homogenization) Let ug be the sequence of solutions to the prob-
lem (2.5), and let u= (u*,u~) be the solutions to the problem (4.2). Then,

i uf — out weakly in L*(Q"),

g +
dug N aipp du

—0— = kly in [*(Q*F ,

ii I a1 9 weakly in L~ (Q™)
up  out

i a’;‘; ~ w—a'; weakly in L2(Q),

iv. ug —u~ weakly in H' (Q™),

as € — 0. Here, ~ denotes the zero extension.

Proof. First, let us look at the convergence on the upper part Q7. Apply unfolding
operator in the weak formulation (2.6) to get

/(ATSVug~T£V([)—|—T£ugT£¢)dxdy1:/ Téf T ¢ dxdy +o(1), (5.1
U QM

for any test function ¢ € C*(Q), as € — 0.
By Lemma 5.1, we have the uniform estimate on T¢u.. Thus, there exist u™ and
Pec LQ(Q”) such that, up to a subsequence, we have

Teul —u* weakly in  L?(Q"),
ouf  Jut
SQLXZ ~ asz weakly in L2(Q"),
€ 8”: : 20U
T e —~P weakly in  L°(Q"),

as € — 0.
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Step 1: Identification of P.
out
We will show that P = —aﬁaL almost everywhere in Q". Let ¢ € C°(Q").
ayy 0xz

Let ¢ € C*([0,2]) and define y(y) = [§ ¢(z)dz. Then, y € C*((0,2)) and y'(y) =
¢(y). Consider the following oscillating test functions:

€

V) = ep(y (") when x1 € ).

Then y& € C(Q), and (5.1) holds for such sequence of test functions. Moreover,

Téy® —0 strongly in L?(Q"), (5.2)
Sall/g : 2 u
T F —o(x)o(y) strongly in L°(Q"), (5.3)
Iyt
T¢ 3 —0 strongly in L?(Q"), (5.4)
X2

as € — 0. Now, by taking y? as a test function in the weak from (5.1) and passing to
the limit as € — 0, we get

du™
/ a11P—|—a12—a q)(x)(p(yl)dxdyl =0.
Qu X2

Since ¢ and y are arbitrary, the above equation implies that

+
po 29 Qv (5.5)
ap; dx

by the density of the tensor products.
Step 2: Limit equation in Q" and Q™.

Let us write the weak formulation of (2.6) as
/g+ (AVug Vo + ug(Z)) dx+ /Qi (AVug Vo + ug(Z)) dx = /Q fodx, (5.6)

forall ¢ € C*(Q). By using (5.1)—(5.5), the first term in the above equation becomes

+
lim (AVug - Vo +ueo) dx:/ / (det(A)&La_¢+u+¢) dxdy,
£—0 Qgr Qt JY(x) arg axZ axZ

_ 0 d J
forall ¢ € C~(Q). Note that =— (T ue) =€T* 2% and 72" is uniformly bounded
8y1 8)61 8)61
+
by Lemma 5.1. Thus we have a 0, in other words u™ is independent of y;, as

Iy
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the sections of ¥ (x) are supposed to be connected. As u* is independent of y1,

lim (AVug Vo + ug(b) dx

e—0 Q;

+
_ det(A)aLa_¢+u+¢ wdx
Qt ail 9)62 9)62

du™ d¢
_ you 09 4
=/, <A0 75 9% +u (Z))(udx. (5.7)

We turn to the second term in (5.6).
By the a priori estimate (2.7), we have |[ug |1 (- < C, where C > 0 is constant

independent of £. Then, by the weak compactness there exists u~ € H'(Q ™) such that
e —u weakly in H'(Q7),

along some subsequence, as € — 0. Thus,

lim (AVue-Vo +uco) dx = / (AVu™ Vo +u ¢)dx, (5.8)
e—0/Q- Q-

for all ¢ € C*(Q). The right hand side of (5.6) becomes
Jim / Fédx = / Foodx+ / Fodx. (5.9)
e—0JQ, Qt Q-
The next step is to show u™ = u~ on the interface v, .

Step 3: Interface condition.

On the common interface ¥, u = u; , and because the interface is flat y° C ¥..
It follows that

Tu = T®u; ony", (5.10)
where the unfolded interface is denoted by
7{-4 = {(xl7x27yl) € @ X2 = 0}

By the strong convergence of T,e to jy« in L?(y*), and the weak sequential conti-
nuity of the trace, one obtains

ut=u"  ony,
by passing to the limit in (5.10) as € — 0. Since u~ is independent of y;, we have

ut =u" ony.
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Step 4: Limit problem.

By combining (5.7), (5.8), and (5.9), we getas € — 0,

Yo
/Q+ (AO e R codx+/ (AVi— -V +u~ ) dx

(5.11)
_ / f¢wdx+/ Fodx,
Qo+ Q-
forall ¢ € C(Q).
In general, one needs some condition on the weight @ for the smooth functions
up to the boundary to be dense in the weighted limit space H(Q, ®). Here, we use the
regularity of the unfolded domain to get density in weighted Sobolev space.

Let QU =1Int <Q“U (Q~ x (0, 1))) and

U 20Uy, 99 99 200Uy 99
net) ={oera): §2. 20 oy eriat) 58 —ol.

This is a Hilbert space with the following inner product: For ¢,y € H(QY),

99 dy
Qu 8)62 aX2

(9. V) u@ ddeH-/ X x0.1)Ve - V¥ +oy) dxdy;.

Now, the above variational equality can be written in QU as

o ¢ Vu= -V
/;ZMAO 8)(:2 8 dXdyl +/ Q ><(07l))A u - ¢+u¢) dxdy1
QU

forall ¢ € H(QY) as C(Q) is dense in H(QY) because QU is a bounded Lipschitz
domainin R3, and the functions in H(QY) are independent of y| by the connectedness
of the sections.

To see the well-posedness of the problem (4.2), one can verify that the left hand
side of (5.12) is a bounded and elliptic bilinear form on H(QY) x H(QY), due to the
assumption on the matrix A and the scalar Ag is strictly positive. In particular, by the
assumptions on the matrix A,

(5.13)

sz.|'%

2
g
The right hand side in (5.12) is a bounded linear functional on H(QY). By the Lax-
Milgram lemma, there exists a unique solution u € H(QY) solving (5.12). Hence u

satisfies the homogenized equation (4.2). By uniqueness of the solution u = (u™,u™)
the full € sequence u, converges. [



44 S. AIYAPPAN, K. PETTERSSON AND A. SUFIAN

6. Energy convergence

In this section, we show a strong [? estimate in Q; for the solutions u, and their
fluxes.

LEMMA 6.1. Let ug € H'(Q¢) be the solution to (2.5) and u € H(Q, ) be the
solution to (4.2). Then

lim | (AVug - Vue +u2)dx
e—0.JQ,
+

= [ (oas (5=

Proof. Using u, as a test function in (2.6), we have

)2 + a)(u+)2>dx+ - (AVu™-Vu~ + (u")?)dx.

/Q (AVug-Vug—f—ug)dx: A Sfuedx. (6.1)

Using the weak convergence of u, in the right hand side, we get

lim | (AVug-Vue —|—u§)dx:/ ofu’ dx—|—/ fu dx. (6.2)
e—0JQ, Qt Q-

Since u € H(Q, ) is the solution of the homogenized system (4.2), right hand side of
(6.2) matches with the right hand side of (4.3) and this completes the proof. [

THEOREM 6.2. Let ug € H'(Q¢) be the solution to (2.5) and u € H(Q, ®) be the
solution to (4.2). Then

. ’ _a£8u+ 8u+)

—_— 0
all 3)62 ’ 8)62 -
i. ||T£I/lg_ — M+HL2(Q“) — 0,

L2(Q)

i

TéVu}l — (

dii. |lug —u"[|g1q-y — 0,

as € — 0.

Proof. The convergence in Lemma 6.1 is equivalent to the following convergence:

lij% Qu(T‘SA TEVul - TEVul + (T¢ul)?) dxdy,

+1im [ (AVug -Vug + (u; )?)dx
e—0.JQ~-
L out

= | (045 (5) + 0 R)dxr [ 4V Vi - ax
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From the ellipticity assumption on A, we get

o reva - (~em et ot
ap] 0xy 0xa

2

2
+ HTSI"S - u+HL2(Qu)
L2(Qu)

Vg Vi g+ iz~ g
g/ (T‘SATSVu:{-TSVuj+|Tguj\2)dxdy1+/ (AVu;V-ug + (ug)?)dx
Qu Q-
du*
+ 2 - v, —\2
+ . (A (ax ) + (u ))dxdyﬁ—/ (AVu™ -Vu~ + (u")7)dx
ai dut JuT

) <T8AT£V +.<
Qu e all 3)62 3)62

) + Tgu:qu)dxdyl
- 2/97 (AVug -Vu~ +ugu™)dx.

By letting € — 0, using Lemma 6.1, the right hand side of the above inequality van-
ishes. This completes the proof. [J

REMARK 6.3. Inthe above Theorem, we have shown the converge in the limit un-

folded domain Q*. Actually, we have the convergence in approximate unfolded domain
QY since, we have the following
dx+ | (AVu -Vu~ + (u")?)dx

dut\?
4 (ou” 2
A)+wlAO<3XQ> +(u) Q-
Ju™
fd € € e, +\2
<t ( [, o(rear*(55) 47w )
+ - (AVug -Vu; + (ug)z)dx)
du™
.. £ £ £ +\2
<1lggf</(zg (rear <8x2> +TE(u)? )dx
- /Q(AVMS-Vug-i-(ug)z)dx)
z/ wfu+dx—|—/ Su dx
Qt

= .. (A+(%b;:> +(u+)2>dx+ Q7(AVu_-Vu_—i—(u_)z)d)c.

We have the following convergences:

) HT‘EVqu—< a128u 814*)
. &

— 0,
ap 0xy’ dxa

L2(Q)

TP — w2 gy — O,

as € — 0.
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We have the following corollary from Theorem 6.2.

COROLLARY 6.4. Let ue and u be as in Lemma 6.1, then

i g =l 20f @) — 05

o (22 2

- -0
all 8)62 ’ 3)62

il.

bl

L2(QF 0)
dii. |ug —u” || o) —0,

as € — 0, where L*(Qf, ) is the space of functions v such that Vo € L' (Q}).

Proof. By Theorem 6.2,

(uf —u")wdx

S5

+ +1(12
Hus —Uu HLZ(Q;@) o

(Téuf — T¢u™ )T wdxdy,

€

5

N

(Téuf —ut)? dxdy, —|—/ (u™ —Tu™)? dxdy,
Qg Qg

1
o

as € — 0. Similarly, we have the convergences (ii) and (iii). O

REMARK 6.5. Suppose that Q and QU are open sets with continuous boundary,
not necessarily Lipschitz. The solution u € H(Q, ®) to the limit problem is then un-
derstood in the sense (4.3). Then Corollary 6.4 holds as long as (i) C*(Q) is dense in
H(Q, ), and (ii) dQ and dQY are of finite measure.

For example, suppose that there are Cy,C>,C3 > 0 such that for some y > 0, in
the local charts (x,1,x,0), M,, (c.f. [11, Chapter 6]):

C o’ <X — Mr(xrl) + K'r(xrl) < CZwYa (6.3)

and 0 < k.(x,1) < C3. Then C*(Q) is dense in H(Q,w"®), 6 > 0. In particular,
C=(Q) is dense in H(Q, ®).

Moreover, under condition (6.3), for 8 > 1, H(Q, ®"?) is continuously embedded
into L2(Q,®"®2) (cf. [11, Chapter 6]). In particular, H(Q,®) is continuously
embedded into L?(Q) if the condition (6.3) holds for any y € (0,1/2]. In conclusion,
ut € L*(Q) if (6.3) holds for some y € (0,1/2].
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