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EXISTENCE RESULTS FOR THE o-HILFER HYBRID
FRACTIONAL BOUNDARY VALUE PROBLEM
INVOLVING A WEIGHTED ¢-LAPLACIAN OPERATOR

NADIR BENKACI-ALI

(Communicated by F. Atici)

Abstract. In this paper, we are interested in the existence of positive solutions for the Hilfer
hybrid fractional equation involving a weighted two dimensional ¢ -Laplacian operator with the
integral-infinite point boundary conditions. In this approach, we transform the given fractional
differential equation into an equivalent integral equation. Then we establish sufficient conditions
and employ the fixed point index arguments to obtain new results on the existence of positive
solutions. Examples illustrating the main results are also constructed. This work contains several
new ideas, and gives a unified approach applicable to many boundary value problems involving
(p,q) -Laplacian type operators.

1. Introduction

Boundary value problems involving a p(¢)-Laplacian operator have attracted a
great deal of attention in the last ten years (see [11, 12, 13, 34]). At the same time,
boundary value problems with fractional order and Hilfer fractional order differential
equations are of great importance and are interesting class of problems. Such kind of
BVPs in Banach space have been studied by many authors, see, [4, 6, 10, 14, 17, 19,
21,22,23,27,28, 30, 31] and the references therein.

In [23], by using some fixed point theorems, the authors considered the existence
and uniqueness of positive solution for the following nonlinear weighted problem

0¥
DY (@) W) = flxzw), xe (0.1,
z2(0) =70 > 0,
and nonlinear weighted relaxation problem
DY (@) (1) + Az () = flru(x), x€(0,1],
u(0) =z9 >0,
where "Dgf”\y is the weighted Caputo fractional derivative with respect to ¥ of order
ne(0,1), A >0and f:[0,1] x R" — RT is a given continuous function.
Mathematics subject classification (2020): 34B15, 34B16, 34B18.
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In [21], the authors investigated the existence and uniqueness of positive solution
for nonlinear generalized fractional problem of the form

{DQ“’( ) (x) + f(x,u(x)) =0, x€(0,1],
u(0) =u(0) =0,

where 1 <n <2, Dg;\P is s the W-Riemann-Liouville fractional derivative of order n
and f:[0,1] x R™ — R" is a continuous function.

On the other hand, Hybrid fractional differential equations have also received a
lot of attention (see [5, 2, 7, 9, 15, 24, 26] ), because some real world problems in
physics, mechanics and other fields can be described better with the help of Hybrid
fractional differential equations. Examples include automotive control, mobile robotics
and manufacturing (see [1, 3, 32]).

In 2010, Dhage and Lakshmikantham [9] initiated the study of initial value prob-
lems for first order hybrid differential equation of the form:

2 (Dgﬂ“f (ﬁ)) — flxu(x), xe©,7),
u(0) =xp € R,

where D“a7 f”\y is the W-Hilfer Hybrid fractional derivative operator of order p > 0 and
£, €C(]0,T] xR). They gave the existence, uniqueness results, and some theorems
on differential inequalities.

In [7], the authors proved the existence of solutions for the following three point
Y -Hilfer Hybrid fractional integro-differential boundary value problem

D (D (M) ) = D () + S xa0). X ),

u(a) = D"V u(a) =0, u(b) = 6u (&)

via a generalization of the Krasnosel’skii’s fixed point theorem, where Dg ;w’\y is the
Y -Hilfer Hybrid fractional derivative operator of order ut € {o,p}, with 0 < or < 1 <
p <2, H(xu) == "Il3 YR (xu (), If ¥ is the W-Riemann-Liouville fractional
integral of order f3; > 0 for i = 1,2...n.

In [15], the authors studied a p-Laplacian Hybrid fractional differential equation
of the form

D, (@ (D (u(t) —g(t,u(1)))) = f(t.u(t)), 0 <1< 1

where p > 1, Dg+ is the Capito fractional derivative of order u € {a,B}, a,p €
(n—1,n], n € N*, with the boundary conditions

[0y (D, (u(t) =g (t,u())))]” (0)=0,  fori=0,2...n—1
[0y (DE. ((t) — g (1 (1))))] () = u<><o>,forj=2,3...n—1
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n dg(t,u(1))
g(t,u(t
u(0) =Ig (g (- u () (a), ' (1) = ==F == ()
where [, is Riemann-Liouville fractional integral of order o, a,n € (0,1) and f,g
are continuous functions. The existence and stability results are discussed by means of
the topological degree method.

Motivated and inspired by the works mentioned above, in this paper, we give the
existence results of a nontrivial positive solution to the following integral and infinite
point Hilfer hybrid fractional boundary-value problem involving a weighted and gener-
alized ¢ -Laplacian operator

"0 (x,pf. (L5 ) ) el =0, ve 0.1,

_ u(l) _ (1) 1 g(s)
u(0) =0, 2y = Zuz1 Ozt T o 7ty n(5)ds:

(1.1)

where D} is the o -Hilfer fractional derivative of order o and type 0 < ® < 1, Dg+

is the o-Riemann-Liouville derivative of order B, ¢ is a function, 0 < <1< <2
and o,,Mn, € (0,1) for n > 1 such that

n=-oo

Y oy <o
n=1

Noting that the generalized ¢ -Laplacian operator can turn into the well known
p(t)-Laplacian operator when we replace ¢ by ¢, (x) = |x[P)=2x, so our results
extend and enrich some existing papers.

Throughout this paper, we assume that the following conditions are satisfied;

(A1) no =0< N, < Nuyp for n € N with

lim 1, =1 <eo.

Nn— oo

(A2) The functions f:[0,1] x RT — R" and p,0:[0,1] — R" are continuous
where o € C! ([0, 1]) is increasing such that for all (¢,x) € [0,1] x R,

p().6'(1) 0
and ¢,g:[0,1] — R" are measurable functions such that g is integrable with

0< sup tG/(s)(G(t) —0(s)* 'q(s)ds < o
1€[0,1] /0

and N
1 n=+-o
/0 P leydt+ Y ounfl < 1L
n=1
(A3) m:C([0,1],R) — C'([0,1],R") is a compact mapping such that

wy < 7(u) (x) < wp forall (x,u) € 10,1] x C([0,1])
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where wy,w; > 0 and C([0,1],R) is the set of all real-valued continuous functions
equipped with the sup-norm |[|u| = sup, (o i |u (7)].

(A4) ¢ :[0,1] x R — R is continuous and for 7 € [0,1], the function ¢(z,.) is
odd and increasing, ¢ ~!(z,.) is the inverse function of ¢(¢,.) denoted by y(z,.) where
v :[0,1] x R — R is continuous.

(A5) There exist p™,p~ € R with p™ > p~ > 1 such that

0 (x) < o(.,x) < 0T (x) for (£,x) €[0,1] x R, (1.2)
with
Loy )0 (x)ifx €10, 1]U (—oo, 1]
o )= {¢Z(x) if x € [—1,0]U[1,4o0) (1)
and
¢, (x)ifx € [0,1]U (oo, —1]
070 = {q);(x) if x € [—1,0]U[1,+o0) (19

The paper is organized as follows. In Section 2, we recall some lemmas giving
fxed point index calculations. In Section 3, we present a fixed point formulation for bvp
(1.1) and we close this section by some lemmas making use of homotopical arguments.
After that, we give our main results and their proofs. An example is given at the end of
the paper to illustrate the main results.

2. Preliminaries
For sake of completeness let us recall some basic facts needed in this paper.

DEFINITION 1. [20, 25] The Riemann-Liouville fractional integral of order p >0
of f € L'([a,b],R"), is defined by

1 X _
1509 = 03 | a0, @.1)

where T is the gamma function.

DEFINITION 2. [20, 25] The Riemann-Liouville fractional derivative of order
p = 0 of a function f is defined by

.,

Dy f(x) = Tl " f(x),n = [e] + 1, (22)

where [¢] is the integer part of o.

LEMMA 1. [18] Let p >0, and let u(t) be an integrable function in [a,b].
17DV u(x) = u(x) +ci(x— a)P 't ey(x—a)P 2 4 epx—a)P ", (2.3)

where ¢ €R, k€ {1,2,...,n}, n=[a] + | and [c] is the integer part of o.
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DEFINITION 3. [20] Let —eo <a < b < +eo and o > 0. Also, let o (x) be an in-
creasing and positive function on (a,b], having a continuous derivative ¢’ (x) on (a,b).
Then the left-sided fractional integral of a function u with respect to another function
o on [a,b] is defined by

1 * _
17U = Frgy / o' (1) (o (x) — o (1) u(r)d.

DEFINITION 4. [30] Let & € (n—1,n) with n € N, I =[a,b] is the interval such
that (—eo < a < b < 4o0) and u, 6 € C" (I,R) two functions such that ¢ is increasing
and 0’ (1) # 0, forall € I. The o -Hilfer fractional derivative " D% of u of order
n—1<a<nandtype 0 < @ < 1 is defined by

H 0L, _ ,0(n—oa),c 1 d\" (I—0)(n—a),c
DX Cu(x) =1 (G’(x) a) 1. u(x).

Let’s also recall the following important result [30]:

THEOREM 1. IfueC'(I), n—1<a<n 0<w<1land & =o+wn—a),
then

0o oo, o e (0@ =0@)* (1 A\ e
177D u (x) = u(x) kg'l TE—kt1) (G’(x)dx) 1. u(a).

Moreover,
Hp&®1%u = u.
REMARK 1. In this paper, we assume that ¢ (x) is increasing and positive on
(0,1] with ¢ (0) = 0, having a continuous derivative ¢’ (x) on (0,1) and ¢’ (x) #0
forall x € [0,1]. If @ € (0,1), then n =1 and

X ot —-0)(1-a),0
zgf.HDg;veu(x):u(x)—%(zgi =9y (0).

Let E be a real Banach space equipped with its norme noted ||.||, L(E) is the set
of all linear continuous mapping from E into E. For L € L(E), r(L) = limy_. ||L”H%
denotes the spectral radius of L. A nonempty closed convex subset K of E is said to
be aconeif KN(—K)=0 and (1K) C K forall r > 0.

Let K beaconein E. A cone K induces a partial ordering “<”, defined so that
x<yifandonlyif y—xeK.

K is said to be normal if there exists a positive constant N such that for all u,v €
K,

u < vimplies |lul| < Nv|.

L € L(E) is said to be positive in K if L(K) C K, it is said to be strongly positive in K
if int(K) # 0 and L(K \ {0}) C int(K), and it is said to be K -normal if for all u,v € K,

u < vimplies ||Lu|| < ||Lv||.
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Let R > 0, B(0,R) be the ball of radius R in E and A : Kg — K a completely
continuous mapping, where Kz = B(0,R) NK and K is a cone in E. We will use the
following lemmas concerning computations of the fixed point index, i, for a compact
map A (See [16]).

LEMMA 2. If ||Ax|| < ||x|| forall x € dB(0,R)NK, then

i(A,Kg,K) = 1.

LEMMA 3. If ||Ax|| > ||x|| for all x € dB(0,R)NK, then

i(A,Kg,K) =0.

LEMMA 4. If Ax % x for all x € dB(0,R)NK, then

i(A,Kg,K) =1.

LEMMA 5. If Ax € x for all x € dB(0,R)NK, then

i(A,Kg,K) =0.

LEMMA 6. If Ax # Ax forall x € dB(0,R)NK and A > 1, then

i(AKg,K) =1.

3. Related lemmas

Let (E,||||) and (F,||||r) be real Banach spaces, let K be a normal cone in a real
Banach space E, and consider the partial ordering “<” in E, defined so that x < y if
andonlyif y—x e K.

Let p € K*, and consider the following cone P =K(p) ={u € K :u > ||u||p}
and the positive value

Ao(K) =infA™ (K)
where

AT(K)={A >0: there exists u € KNdB(0,1) such that Nu < Au}.

We assume that N : E — E and Ny : F — E are positively 1-homogeneous and
completely continuous operators, such that N is increasing and

N(K\{0}) € P\ {0}

(for simplicity, we assume that the constant of normality n = 1).
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LEMMA 7. [4] Let Q,G> : K — K, Qo : K — F be continuous mappings with
||Qu||

[|Gau|

< +ooand lim =0< lim —/——— <4, (3.1)
[uf| == | |2a]] [l —>oo ||l [l =+ [ue]]
such that
NQu — Gou < NgQou, foru e K. 3.2)

Suppose that there exist Ay € R™ and Gy : K — K with

im 9% g, (3.3)
[ue] [+ | [2e]|
such that
Qu > Mu—Gi(u), foru e K. (3.4)
If
> Ay H(K), (3.5)

then there exists Ry > 0 such that for all R > Ry,
i(NOQ();KRaK) = Z(NQ7PR7P)

Moreover, if
>IN, (3.6)

then there exist Ry > 0 such that for all R > R,
i(NOQOaKR7K) = O
LEMMA 8. Let h € L(0,1). The unique continuous solution of

DG (x, p()Df. (i) +h(x) =0, x€ (0,1),

(3.7)
u(0)=0, MU= fg,xz u(t)di + T3t o L
is given by
uZNoH
where
Nou(x /Gxt
1
H - o' 1
(1) pt)w(,—r(a) /0 (s >ds)
and
PG, () = (x—1)B~1 if 0<t <min{x,n},
B-1 —(x—0P! irn<e<
Glx,t) = 1 PGy () — (x—1) if n<tr<x, (3.8)

(t)
(t)
T(B) | xB-1G, (1) if x<t<n,
P16y (1) if t > max{x,n},
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with
n= }E}'}o Nn,
and m € N* such that
Nm—1 <1< Nm,

where
Gm(t) = H(E) = Sz O (M — )P
m = -
Gy (1) = %,
Ko =m0 _/tl(s—ﬂﬁ‘lg(s)ds
and

1
L= Oz,,n,lf_l—f—/o sPg(s)ds < 1.

n=1

Proof. Let u € C(]0,1]). By Theorem 1, equation

"5 (xp0f (s ) ) i) =0,

o(x) = 0(0)"" (1-w)1-are 5
x—0 1—‘(5 —k+ 1) 10}r : ¢ (xap(x)D0+ (

(,IE‘M(;()X) )) is bounded on [0, 1], we have

oo, () -

Do- (n <(>2>> =~H0)
1

H() = v (157 | o) (010 () Mhis)as).

And also from Lemma 1, we have

and so

with

u(x) P HX)+dxP v daP 2 if1<B<2
P H@) +dix+ dy+dx it =2.

B
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As u is continuous at 0 and u(0) =0, then d, = d) = d3 =0, then

= 1P H(x)+diP1, for B e (1,2).

we deduce that

HWU-U%Z—EBMAWMW4W”H@m

n>1
- /0 o) /O (= )P H (s)dsd
+/01(1—z)ﬁ—1H(t)dz,

with L=73,+, Oc,,ﬂffl + fol sP=1g(s)ds. Then

where

Consequently, the solution of 3.7 is
1
u(x) = 7 () (x) / G(x,1)H(t)dr.
0
This finishes the proof. [J

LEMMA 9. G is continuous in [0,1]?, and for x,t € [0,1], we have

h(0)xP < Glx,r) < ho(t)xP,

where
(=P P g(s)ds
=" E1 D
and
(1) = p()

r(p)(1-L)
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Proof. 1t’s clear that G is continuous in [0,1]* and
G(x,1) < ho(1)xP~L.

Now, we show that
G(x,1) = hy(1)xP.

Let x,r € [0,1]. For n € N*,as t >tn, and t > tx, we have
(M—0P < 11—t

(=)t <P )P

and t > ts gives

/l(s—t)ﬁ_lg(s)ds < (1 —t)ﬁ_l/lsﬁ_lg(s)ds.

For 1,x € [0,1], we have

KB )t {1 — [P lg(s)ds = S oumh 1}

G(x,t) > T 0B) 1L
- xB(1—r)p-1 fol sﬁ’lg(s)ds—j;l sﬁ’lg(s)ds
~ T(B) [ 1-L }

thus
G(x,1) = xPh(r). O

REMARK 2. According to Lemma 8, u is solution of 1.1 if and only if

u="Tu,
where
Tu(x) = .No(Qou)(x),x € [0,1],
with .
No(v)(x) = /0 G(x,1)v(x,1), dt
and

7(u)(x)
p(t)

Let E =C([0,1]) and F = C([0,1] x [0,1]) be the Banach spaces, and K be a
cone in E defined by

V(x7t) = QO(“)(x7t) =

vl F(la) [ o ) stsutoas).

K=Et'={ucE;u>0}

where E and F are equipped with the sup-norms |[u]| = sup,c( 1) [u(x)| and [|u|[r =
SUPyc(0,1]x[0,1] [#(x)| respectively.
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LEMMA 10. T : E — E is completely continuous and TK C K.

Proof. T = NyQy is the composition of the compact operator Ny and the con-
tinuous operator Qy, so, the Theorem of Ascoli-Arzela garantees that 7' is completely
continuous. Moreover, since 7, f, p and g are positive, then TK C K. U

REMARK 3. We have from 1.2 of the condition (A5) that
v (x) <w(.,x) <y (x)fort €[0,1], (3.9)

where Y, wT are the inverse functions of ¢, ¢ respectively, defined by

v (x) = Wy (%) ?fx € [0,1]U(—e0,—1], (3.10)
v, (x) if x € [~ 1,0]U[1,4o0),
and
W+(x) _ V/p*(x) ?f'xe [Oa I]U(—OO,—I]’ (3.11)
W+ (x) if x € [ 1,0] U [1, +o0).
Then there exist ¢,e > 0 such that for all (z,x) € [0,1] x RT,
Wp* ()C) +ez l[/(t,)C) = Wp* ()C) —C. (3.12)

4. Main results
Let N: K — P=K(p) be an operator defined by

hy (1)
p(t)

M) =wap o) [ 8y (1 s [ (00 0D (o) u(o)as) .

where p (x) =xP, go(s) = 6’ (5) .q(s) and set

Qu(t) = Wp*(f(tvu(t))L

and

h=gp | [ 22y, (s [ (00— o) tan(oias)ar]

THEOREM 2. Assume that there exist ro >0, r; >0 and
r> 6, (IIN(E)I[ ),

such that
f(t,x) <A, (x), for (t,x) € [0,1] x [0, ro], 4.1)
and
[(2,%) = y¢,+ (x), for (t,x) € [0,1] X [r1, +o0), 4.2)
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with
Supte[o,l]{f(t7x)}
m —eBd NIl
X—eo (Pp* ()C)

Then problem 1.1 has at least one nontrivial positive solution.

Proof. 1In first, we show that i(T,K,,K) =1 for some

F(a—H))}.

r< min{ro, Ly, ( -

‘We have | .
lm o3 /0 (0(6) = 6(5))* o () 8y (r)dds = O

r—0+t

uniformely in the compact [0, 1], and so, there exists » < min{rp, 1} such that for all
t€10,1],

a7 (60 =0()™ w)ag, (s < 1.

From 4.1, we have
f(t,x) <A+ (x), (t,x) € [0,1] x [0, ].
For u € dB(0,r)NK,

Tuw) = 20 () || TE (1 s [ (00 = 0™ an(s)f(s.u(s))ds)

<o [ 20y (1, [ 00) - 0(9) (o)l
1

p
. /0 w;hé;ﬂ v (e | (0(0) — 0(5) ol (s.u(s))ds ) i
[y (e -t i
[ 20, (ks ro-00 i
[ 2y, (s [ 00 - o) ls)as)ar
e 17l < .
By Lemma 2, we deduce that KK

Now, by using Lemma 7, we show that there exists R > 0 such that

i(T,Kz,K)=0.
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In first, we have
T =NoQo > NQ— G,

and G
im 20 _g
[ —+oo[[u] |
where |
hy(t
Gou = cxP / Ll()dt.
o p(t)
Then the condition 3.2 of Lemma 7 is satisfied.
Now, we have from 4.2, for x > r;
v+ (f(1,%)) = Aix,
with
M=y, (y) > |IN(p)|I 7.
Then there exists d € R such that
W+ (f(t,x)) = Mx—d, forx > 0.
and set

Gi(u)=d.
We have for u € K
Q(u)(1) Z Au(r) — Gy (u)(1),
with
im G g,

lJul| oo ||ue]]

Moreover, from Remark 3, for u € K,

Qu(t) =y, (f(1,u(1))) < - (f(1,u(t))) + e+, forz € [0, 1,

and
_r@@ ., 1 .
Qo) = =W (1 e | (00 =0 qu(s)f (s, u(s)s)
wo 1 ! o— wo
<o (1 (00— o) o). (o)) + e
then from 4.3 we have
el _
[ =te= ]|
and
o ool _




78 N. BENKACI-ALI
By Lemma 7, there exist R > ry such that
i(NOQOaKR7K) = O

Hence, T = NyQy has at least one fixed point u in KN (B(0,R)\ B(0,r)), which is a
nontrivial positive solution for problem 1.1. [J

Now, set

s [ 5w (g o0 o0 e

and

1
(o

M) = [ My, (e L (00~ 06D an(5)0, (u(o)s ).

THEOREM 3. Assume that there exist r, >0, r3 >0 and

>0, (IN2(P)I171),

such that

f(t,x) < X0, (x), for (t,x) € [0,1] X [rz, +eo), 4.4)

and

f(t,x) = v9,-(x), for (t,x) € [0,1] x [0,r3]. 4.5)

Then problem 1.1 has at least one nontrivial positive solution.

Proof. In first, by using Lemma 4, we show that ther exists R > r, such that
i(T,Pg,P) = 1. In the contrary, we assume that there exits a sequence (u,), in P with

Hm ||uy|| = oo,
N—o0

such that

Tu, > u,.

From 4.4, there exist € > 0 and b € R such that

f(t,x) < (A — €)@, (x) +b, for (t,x) € [0,1] x [0, +o0).
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Then for n € N
up < Tuy(x)

= 7 (1) (x)/o1 G,EZ;C) w<t7 ﬁfot(a(z) —a(s))a—lqo(s)f(s,un(s))ds)dz

</1xﬁ_1w2hi§t)u/<t7r(la)/o(G(t)—G(s))“_lqo(s)f(s,u,,(s))ds)dt

woh t 1h
g/é 2 (2§t) Wp*<r‘l )[)(G(I)_G(S))a—lqo(s) s un +e &dl
(

(o o p(t)
waho(t) 1/ .
</0 ;é) ll/,r(r( )/O(G(l)—G(s)) 'q0(5)[(A2 — €)9,- (un(s ))+b}ds)d,
1W2h2(l‘)
ve ), g

o

1y ¢
<lunllvy-Ga=e) [ 280, (s [[(00) = o)™ o)1 -+ r)as)
1W2h2(l‘)
ve (o)
where )
", (D —e)
Then
<vp =) [ 2220y, (s [0l - o) an(o)(1 + ras)ar

()
I

ey %Z(t)dt

)

and with
fl w2h2

limr, =0 = lim

)
n—roo n—oo | ‘un ‘ |

it follows the following contradiction
1< Wp* (2'2 - S)Wp* (1271) <1l
Then there exists R > r» such that
i(T,Pg,P)=1.

Now, we prove that i(T,P.,,P) =0.
Let u € PNdB(0,rp), with

F(oc—i—l))}.

r():min{l,r%u/pf( v
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We have u > p||u||, and from 4.5

u(t) > [ 5y (1o (1000 - 016 an() 1y ()

o p(t)
wihy 1 4
> [y, (s [ (00— 06D (o) v0y (o)l as)ar
Then
17l > v (N l] > ]

From Lemma 2, we have

i(T,P,,,P)=0.
Consequently, T = NpQp has at least one fixed point # in KN (B(0,R)\ B(0,rp)),
which is a nontrivial positive solution for problem 1.1. [

EXAMPLE 1. We consider the following (p;(x), p2(x),..., pn(x))-Laplacian bound-
ary value problem

SAN DY 9, (3, (1 + 1)DG, (A5)) + 55 (x,u(x) =0, x € (0,1),
u(0) =0, (4.6)
u(l) = f()1 g(t)u(t)dt +ZZETN anu(nn)a

where ¢, ) is the py(r)-Laplacian operator defined in [0, 1] x R as
Oy (1,%) = [x|P{2 x, fork € {1,2,...,N}, N € N,

with
Pr@ry € C'([0,1], (1, +20)),

and .
7() (1) = 1+ exp(— /0 W2 (s)ds).

7 is bounded and compact verifying

wi < (u) <wy,

where w; = 1 and w, = 2. We consider the problem 1.1 with f(z,x) = h(lt\}x) , 0(t,x) =
%Zﬁzﬁv Ope()(t,x), p(x) = (x+1) and g(x) = Slxﬂ Moreover, the conditions (A1),
(A2) and (A3) are satisfied, and ¢ verifies (A4) and (AS) with

pT=max{p(t),t €[0,1],k€1,2,... N},
and

p- =min{p(t),r €[0,1,k€ 1,2,...,N}.

We deduce from theorems 2 and 3 that, if there exist Ry,R; > 0 and y > 7y such
that & verifies one of the following conditions.



and

with

or

and
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(HI)
h(t,x) < NA@,+ (x), for (t,x) € [0,1] x [0,Ro], 4.7
h(t,x) = Ny§,+ (x), for (t,x) € [0,1] X [Ry,+e0) (4.8)
. Supte[()’l]{h(t,x)} -
I B @9
(H2)
h(t,x) < N2a¢,-(x), for (¢,x) € [0,1] X [Ry, +o0), (4.10)
h(t,x) = Ny$,- (x), for (t,x) € [0,1] x [0, Ro], 4.11)

then problem 4.6 has at least one nontrivial positive solution.
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