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Abstract. For 1 < v <2 a real number and 7 > 2 a natural number, by an application of
a Krasnosel’skii-Zabreiko fixed point theorem, nontrivial solutions are established for a non-
linear vth order Atici-Eloe fractional difference equation, AVu(t)+ f(u(t+v—1)) =0, r €
{1,2,...,T 4+ 1}, satisfying the Dirichlet boundary conditions u(v —2) =u(v+T+1) =0,

where f:R — R is continuous and lim,|_... @ exists.

1. Introduction

In this paper, for 1 < v <2 areal number and 7 > 2 a natural number, we are
concerned with the existence of nontrivial solutions of the nonlinear vth order Atici-
Eloe fractional difference equation,

Aut)+ f(u(t+v—-1))=0, re{l,2,....,T+1}, (1.1)
satisfying the Dirichlet boundary conditions
u(v—-2)=u(v+7T+1)=0, (1.2)

where AV is the Atici-Eloe fractional difference and f : R — R is continuous.

There is much current interest in fractional difference equations devoted to both
their theoretical development and their applications. Much of this interest is spawned
by the definitions, in the context of discrete domains, of fractional sums and fractional
differences in the pioneering papers by Atict and Eloe [1, 2]. Those papers were further
developed and extended in the seminal papers by Goodrich [8, 9, 10]. In their afore-
mentioned papers, Atict and Eloe dealt first with a theory for initial value problems for
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fractional difference equations, followed in their second paper by applications of their
definitions in obtaining positive solutions for Dirichlet boundary value problems for
fractional difference equations. Their second work centered on a Guo-Krasnosel’skii
fixed point argument which required the construction of a Green’s function for their
fractional problem. Other subsequent research by Goodrich that focused on questions
expanding the Atic1 and Eloe work can be found in [11, 12, 13, 14, 15]. A couple of
recent papers by Henderson [17] and Henderson and Neugebauer [20] were devoted to
the existence of local solutions for boundary value problems for Atici-Eloe fractional
difference equations, and other recent works devoted to Atici-Eloe difference equations
can be found in, to cite a few, [0, 19, 29].

Discrete fractional calculus and fractional difference equations frequently appear
in modeling natural processes such as found in the paper by Atici and S. Sengiil [3] and
in the papers by Magin [23] and Metzler et al. [24]. Especially prominent is the current
use of boundary value problems for discrete fractional difference equations in their
applications to discrete control processes; see, for example, the monographs devoted to
discrete fractional control [4, 5, 25, 26, 27].

In this paper, we apply a Krasnosel’skii and Zabreiko fixed point theorem [22] in
establishing the existence of nontrivial solutions of (1.1), (1.2). Effective use has been
made of that fixed point theorem in showing existence of solutions of boundary value
problems (for ordinary differential equations, for difference equations and for dynamic
equations) in the context of when the nonlinearity is almost linear at infinity; we cite
[7, 16, 18, 21, 28].

2. Some preliminaries and the Green’s function

We begin this section with the Atici-Eloe definitions of fractional sum and frac-
tional difference in the context of a discrete domain.

DEFINITION 1. Let n € N and n— 1 < ¥ < n be a real number, and let a € R.
For t € {a+ K,a+ Kk+1,...}, the Kth order Anci-Eloe fractional sum, A~ *u, of the
function u is defined by

_ 1 _
A" u(t) = 03] Z(l —s— 1) Uy(s),
where (¥) ;= F(F[itt),() is the falling function.

The xth order Anici-Eloe fractional difference, A¥u, of the function u is defined
by
A u(t) := A" F) () == AN A u (1)),
where A is the forward difference defined by Au(t) = u(t+ 1) — u(t), and A'u(t) =
AN u(r)), i=2,3,....

REMARK 1. We note that, for u defined on {a,a+1,...}, then A~*u is defined
on {a+K,a+xk+1,...}.
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In [2], for 1 < v < 2, Atict and Eloe, by direct computation, constructed the
Green’s function, G(¢,s), for
—AYy(t)=0,1€{1,2,....,T+1}, 2.1)
satisfying the Dirichlet boundary conditions (1.2). G(z,s) is given by
v— A (v=1)
Al i el f—v+1<s<T+]1,
1 (v+T+1)V=D
G(t,s) = R Iy . (2.2)
\% -5 _ e V— _ <
T (t—s—1) ,s<t—v+1<T+1.

They also obtained the following properties of G(¢,s) which will be of importance
to us:

(a) Foreach s € {1,..., T+ 1},
G(v—2,5)=0and G(v+T+1,s) =0.

(b) G(t,s)>0,for (t,s) e {v—1,....,v+T}x{l,....,T+1}.

As stated in the Introduction, we will apply a Krasnosel’skii-Zabreiko fixed point
theorem [22] in establishing the existence of nontrivial solutions of (1.1), (1.2). We
now state that fixed point theorem.

THEOREM 1. Let X be a Banach space and F : X — X be a completely continu-
ous operator. If there exists a bounded linear operator A : X — X such that 1 is not an

eigenvalue and
F(u)—A
L F W)~ A
e [u]]

then F has a fixed point in X .

:O,

We will apply Theorem 1 to a nonlinear summation operator whose kernel is the
Green’s function, G(¢,s).
For our setting, let a Banach space (X, ||-||) be defined by

X:={h:{v—2,.. . . T+v+1} =R |h(v=2)=h(T+v+1)=0}, (2.3

with norm

||A]| := max [h(x)]. (2.4)
xe{v-2,...T+v+1}

It is standard that # € X is a fixed point of the completely continuous operator F : X —
X defined by

(Fu)(t) == TijG(us)f(u(s—i—v— 1), te{v-2,....,T+v+1}, (2.5)
s=1

if and only if u is a solution of (1.1), (1.2) (for detailed proofs, see the papers [2] and
[17D.
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3. Existence results

In this section, we apply Theorem 1 to the operator F' defined in (2.5) and to an
associated linear operator to obtain solutions of (1.1), (1.2).

THEOREM 2. Assume f:R — R and limy,_., @ =m. If

1
EST:IIG(S—I—V— l7s)7

|m| < b:=

then the boundary value problem (1.1), (1.2) has a solution u, and moreover, u # 0,

when f(0) #0.

Proof. Let the Banach space (X,]||-||) and the completely continuous operator
F : X — X be as defined in Section 2 in (2.3), (2.4) and (2.5), respectively.
Associated with (1.1), (1.2), we consider a linear vth order equation,

Au(t)+mut+v—-1)=0, re{l,....,T+1}, (3.1

satisfying the boundary conditions (1.2), and we define a completely continuous linear
operator A : X — X by

(Au)(r) ::mTi‘lG(Ls)u(s—l—v— 1), te{v-2,...,T+v+1}. (3.2)

s=1

Of course, solutions of (3.1), (1.2) are fixed points of A, and conversely.

Our first claim is that 1 is not an eigenvalue of A. There are two cases to consider
for this claim: (a) m =0, and (b) m # 0.

For (a), if m =0, since the boundary value problem (2.1), (1.2) has only the trivial
solution, it is immediate that 1 is not an eigenvalue of A.

For (b), if m # 0 and (3.1), (1.2) has a nontrivial solution, u, then ||u|| > 0. And
so, we have

[lull = [|Au|

T+1
mY G(t,s)u(s+v—1)
s=1

T+1

Y Gt,s)u(s+v—1)

s=1

= max

|m| max
te{v-2,..,T+v+1}

T+1
< Imlllul] Y, G(s+v - Ls)

s=1
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which is a contradiction. So, again, 1 is not an eigenvalue of A.

Next, we exhibit that
||F (1) —Au)]|

]| oo [l

=0.

To that end, let € > 0 be given. Since lim|,|_m @ = m, there exists an M| > 0 such
that, for |r| > M,

|f(r) —mr| < €|r|. (3.3)
Set
M= sup |f(r)],
[r|<My
and let L > M, be such that
M—|— |m|M1
L

If we choose u € X with ||u|| > L, then for s € {1,..., T+ 1},
@) if |u(s+v—1)| <M, we have

lfw(s+v—1))—mu(s+v—1)] < |f(u(s+v—1)|+ |m|u(s+v—1)|
<

and
(ii) if |u(s+ v —1)| > My, we have from (3.3) that
[fu(s+v—1))—mu(s+v—1)| < elu(s+v—1)| < ellul|.
Thus, from (i) and (ii), forall s € {1...,T+1},
[f(u(s+v—1)) —mu(s+v—1)] < &f|ul]. (3.4)

It follows from (3.4) that, for u € X with ||u|| > L,

T+1

[|F(u)—A(u)|| = o 2 T+ o N Gt,s)[f(u(s+v—1)) —mu(s+v—1)]
V=25 v s=1
T+1

< ZGts |f(u(s+v—1))—mu(s+v—1)|

T+1
ellu] Y Gls+v—1,5)

s=1

N

=lul]
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As a consequence,
F(u)—A

]| oo [l

=0.

By Theorem 1, F has a fixed point # € X, and in turn, u is a desired solution of
(1.1), (1.2). Moreover, if in addition, f(0) # 0, it is immediate that u # 0. The proof
is complete. [J

As a corollary, we will show that when f > 0, then (1.1), (1.2) has positive solu-
tions.

COROLLARY 1. Assume f:[0,00) — [0,00) is continuous and 1im,_e. @ =0.
Then the boundary value problem (1.1), (1.2) has a nonnegative solution u, and more-
over, u is a positive solution, when f(0) # 0.

Proof. Let f:R — R be defined by

Then, f is continuous on R and limj, .. @ =0. It follows from Theorem 2 that the
fractional equation

Au(t)+ flut+v—1))=0, te{l,...,T+1}, (3.5)
satisfying the boundary conditions (1.2) has a solution u. In particular, u satisifes

u(t) = TijG(t,s)f(u(s—Fv— 1), te{v—-2,...,T+v+1},
s=1

and hence u(t) >0, t € {v—2,....,T+v+1}. In view of that, f(u(s+v—1)) =
flu(s+v—1)), se{l,...,T+ 1}, and so u satisfies (1.1), (1.2). Thatis, u is a
nonnegative solution of (1.1), (1.2). And as before, if f(0) #0, then u#0. O
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