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MEASURE OF NONCOMPACTNESS AND FRACTIONAL HYBRID

DIFFERENTIAL EQUATIONS WITH HYBRID CONDITIONS

CHOUKRI DERBAZI, HADDA HAMMOUCHE, ABDELKRIM SALIM ∗
AND MOUFFAK BENCHOHRA

(Communicated by J. Neugebauer)

Abstract. This paper deals with the existence of solutions for hybrid fractional differential equa-
tions involving Caputo fractional derivative of order 2 < ζ � 3 . We base our arguments on a
generalization of Darbo’s fixed point theorem combined with the approaches related with mea-
sures of noncompactness in Banach algebras. To demonstrate the argument, an illustration is
provided.

1. Introduction

Fractional calculus is an extension of conventional differentiation and integration
to noninteger order. The fractional differential equations have significance in many
branches of science and engineering (see [24, 28, 34] for different examples). We
suggest the papers [1, 2, 3, 6, 18, 19, 29, 30, 31, 32, 40] for current contributions and
advancements in fractional differential and integral equations.

Hybrid fractional differential equations have attracted the attention of many re-
searchers in recent years. We can refer to [4, 5, 7, 20, 21, 25, 35, 36, 37, 39, 33] and
the sources therein, for some significant advances on the existence results of hybrid
fractional differential equations.

Many authors have lately employed the approach of an appropriate measure of
noncompactness in Banach algebra to prove the existence of solutions to nonlinear in-
tegral equations. Numerous applications of the measure of noncompactness is indicated
in the papers [12, 17, 22, 23] and the book [10].
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Motivated by the above papers, in this paper, we consider the following problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cDζ
0+

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

= ψ2
(
ϑ ,p(ϑ),p(χ(ϑ))

)
, ϑ ∈ Θ = [0,1],

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

ϑ=1

= 0, cDξ
0+

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

ϑ=η

= 0,

p(2)(0) = 0,

(1)

where 2 < ζ � 3, 0 < ξ � 1 are real numbers, cDζ
0+ , cDξ

0+ are the Caputo fractional
derivatives, ψ1 ∈C

(
Θ×R×R,R\{0}),ψ2 ∈C

(
Θ×R×R,R

)
where ψ2(ϑ ,0,0) �= 0

for all ϑ ∈ Θ , κ and χ are functions defined on Θ .
The following is how this paper is structured. In Section 2, we present some

preliminary results. Section 3 is devoted to the main existence result. Lastly, we provide
an example to demonstrate the achieved results.

2. Preliminaries

We begin by introducing some necessary definitions and basic results required for
further developments in this paper.

DEFINITION 1. ([24]) The Riemann–Liouville fractional integral of order ζ > 0
for a continuous function ψ : [0,∞) → R is given by

Iζ
0+ψ(ϑ) =

1
Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1ψ(ρ)dρ , ζ > 0.

DEFINITION 2. ([24]) Let ζ > 0,β = [ζ ]+ 1. If ψ ∈ ACβ ([0,b]) , then the Ca-
puto fractional derivative of order ζ is given by

cDζ
0+ψ(ϑ) =

1
Γ(β − ζ )

∫ ϑ

0
(ϑ −ρ)β−ζ−1ψ(β )(ρ)dρ .

LEMMA 1. ([24]) Let ζ ,η > 0, β = [ζ ]+1 , then the following relations hold

cDζ
0+ϑ η =

Γ(η +1)
Γ(η − ζ +1)

ϑ η−ζ , (η > β −1),

and
cDζ

0+ϑ j = 0, ( j = 0, . . . ,β −1).

LEMMA 2. ([24]) Let ζ > ξ > 0 , and ψ ∈ L1([0,b]) . Then for almost all ϑ ∈
[0,b] we have:
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• Iζ
0+Iξ

0+ψ(ϑ) = Iζ+ξ
0+ ψ(ϑ) ,

• cDζ
0+Iζ

0+ψ(ϑ) = ψ(ϑ) ,

• cDξ
0+Iζ

0+ψ(ϑ) = Iζ−ξ
0+ ψ(ϑ) .

LEMMA 3. ([24]) Let ζ > 0 , then the equation(cDζ
0+ψ

)
(ϑ) = 0

has a solution

ψ(ϑ) =
β−1

∑
j=0

c jϑ j, c j ∈ R, j = 0 . . .β −1,

where β −1 < ζ < β

LEMMA 4. ([24]) Let ζ > 0 ; then

Iζ
0+

(
cDζ

0+ψ(ϑ)
)

= ψ(ϑ)+
β−1

∑
j=0

c jϑ j,

for some c j ∈ R, j = 0,1,2, . . . ,β −1 , where β = [ζ ]+1 .

LEMMA 5. ([14]) Let ψ : R+ −→ R+ be the function defined by ψ(p) = pζ .

(i) If ζ � 1 and ϑ1,ϑ2 ∈ Θ with ϑ2 > ϑ1 , then ϑ ζ
2 −ϑ ζ

1 � ζ (ϑ2 −ϑ1) .

(ii) If 0 < ζ < 1 and ϑ1,ϑ2 ∈ Θ with ϑ2 > ϑ1 , then ϑ ζ
2 −ϑ ζ

1 � (ϑ2 −ϑ1)ζ

LEMMA 6. ([23]) Let the function κ : R+ −→R+ given by κ(ϑ) = (ϑ +1)α −1
where ϑ ∈ [0,∞) and α ∈ (0,1) . Thus

• κ is nondecreasing;

• |κ(ϑ)−κ(ϑ ′)| � κ(|ϑ −ϑ ′|) for any ϑ ,ϑ ′ ∈ [0,∞) .

By C(Θ) , we denote the Banach space of all real-valued and continuous functions
with the standard norm

‖p‖ = sup{|p(ϑ)| : ϑ ∈ Θ}.
Obviously, the space C(Θ) has also the structure of Banach algebra.

Next we present some facts concerning the measures of noncompactness. Assume
that Ξ is a real Banach space with norm ‖·‖ and the zero element 0. By Ωθ we denote
the closed ball in Ξ centered at 0 with the radius θ . If Ψ is non-empty subset of Ξ ,
then Ψ and ConvΨ denote the closure and the closed convex closure of Ψ , respec-
tively. When Ψ is a bounded subset, diamΨ denotes the diameter of Ψ and ‖Ψ‖ the
quantity given by ‖Ψ‖ = sup{‖p‖ : p ∈ Ψ} . And, MΞ is the family of the nonempty
and bounded subsets of Ξ and by NΞ its subfamily consisting of the relatively compact
subsets.

We define the following notion of measure of noncompactness [8].
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DEFINITION 3. A mapping μ : MΞ −→ R+ = [0,∞) will be called a measure of
noncompactness in Ξ if it verifies the following requirements:

(1) Kerμ = {Ψ ∈ MΞ;μ(Ψ) = 0} is non-empty and Kerμ ∈ NΞ .

(2) Ψ ⊂ Λ ⇒ μ(Ψ) � μ(Λ) ,

(3) μ(Ψ) = μ(ConvΨ) = μ(Ψ) .

(4) μ(κΨ+(1−κ)Λ) � κμ(Ψ)+ (1−κ)μ(Λ) for κ ∈ Θ .

(5) If (Ψβ ) is a sequence of closed subsets of MΞ where Ψβ+1 ⊂ Ψβ ; β = 1,2, . . . ,
and limβ→∞ μ(Ψβ ) = 0 then Ψ∞ =

⋂∞
β=1 Ψβ �= /0

Observe that Ψ∞ is in Kerμ . That is, since μ(Ψ∞)⊂ μ(Ψβ ) for any β = 1,2, . . . , then
μ(Ψ∞) � limβ→∞ μ(Ψβ ) = 0.

In what follows, we suppose that Ξ has the structure of Banach algebra. Then, pq
denote the product of elements p,q ∈ Ξ . Also, ΨΛ denote the product of subsets Ψ,Λ
of Ξ i.e., ΨΛ = {pq : p ∈ Ψ,q ∈ Λ} .

DEFINITION 4. ([9]) A measure of non-compactness μ in Ξ verifies condition
(m) if it verifies:

μ(ΨΛ) � ‖Ψ‖μ(Λ)+‖Λ‖μ(Ψ),

for any Ψ,Λ ∈ MΞ .

Fix a set Ψ ∈ MC(Θ) and λ > 0. For p ∈ Ψ , by σ(p,λ ) we denote the modulus
of continuity of p , i.e,

σ(p,λ ) = sup{|p(ϑ)−p(ρ)| : ϑ ,ρ ∈ Θ, |ϑ −ρ |� λ}.
Further, put

σ(Ψ,λ ) = sup{σ(p,λ ) : p ∈ Ψ}
and

σ0(Ψ) = lim
λ→0

σ(Ψ,λ ).

In [8], it is demonstrated that σ0 is a measure of non-compactness in C(Θ) .

PROPOSITION 1. The measure of noncompactness σ0 on C(Θ) satisfies condi-
tion (m).

Proof. Fix Ψ,Λ ∈MC(Θ),λ > 0 and ϑ ,ρ ∈ Θ with |ϑ −ρ |� λ Then, for p∈ Ψ
and q ∈ Λ , we have

|p(ϑ)q(ϑ)−p(ρ)q(ρ)|� |p(ϑ)q(ϑ)−p(ϑ)q(ρ)|+ |p(ϑ)q(ρ)−p(ρ)q(ρ)|
= |p(ϑ)||q(ϑ)− q(ρ)|+ |q(ρ)||p(ϑ)−p(ρ)|
� ‖p‖σ(q,λ )+‖q‖σ(p,λ ).
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Thus
σ(pq,λ ) � ‖p‖σ(q,λ )+‖q‖σ(p,λ ),

and consequently,

σ(ΨΛ,λ ) � ‖Ψ‖σ(Λ,λ )+‖Λ‖σ(Ψ,λ ).

Taking λ → 0, we get

σ0(ΨΛ) � ‖Ψ‖σ0(Λ)+‖Λ‖σ0(Ψ).

This completes the proof. �

THEOREM 2. ([8, 13]) Let Φ be a nonempty, convex, bounded and closed subset
of a Banach space Ξ , S : Φ → Φ is a continuous mapping. If there exists α ∈ [0,1)
where

μ(SΨ) � αμ(Ψ),

for any non-empty subset Ψ of Φ , where μ is a measure of non-compactness in Ξ .
Then S has a fixed point in Φ .

In [22], the authors proved the following generalization of Darbo’s fixed point the-
orem which plays a pivotal role in the development of the results in this paper. We must
first present the class G of functions κ : (0,∞) → (1,∞) verifying:

lim
β→∞

κ(ϑβ ) = 1 ⇐⇒ lim
β→∞

ϑβ = 0,

for (ϑβ ) ⊂ (0,∞) .

THEOREM 3. Let Φ be a nonempty, convex, bounded and closed subset of a Ba-
nach space Ξ , S : Φ → Φ is a continuous mapping. If there exist κ ∈ G and α ∈ [0,1)
where for any nonempty subset Ψ of Φ with μ(SΨ) > 0 ,

κ(μ(SΨ)) � (κ(μ(Ψ)))α ,

for any non-empty subset Ψ of Φ , where μ is a measure of non-compactness in Ξ .
Then S has a fixed point in Φ .

3. Main results

Before starting and demonstrating our main result we present the auxiliary lemma.

LEMMA 7. Let 2 < ζ � 3 and assume that ψ1 ∈ C
(
Θ×R×R,R \ {0}) and

ψ ∈C(Θ) where ψ(ϑ) �= 0 for all ϑ ∈ Θ . Then the solution of the fractional hybrid
BVP:

cDζ
0+

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

= ψ(ϑ), 0 < ϑ < 1, (2)
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
p(ϑ )

ψ1

(
ϑ ,p(ϑ ),p(κ(ϑ ))

)]
ϑ=1

= 0,

cDξ
0+

[
p(ϑ )

ψ1

(
ϑ ,p(ϑ ),p(κ(ϑ ))

)]
ϑ=η

= 0,

p(2)(0) = 0,

(3)

where κ : Θ−→Θ is a continuous function and satisfies the following integral equation

p(ϑ) = ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

){
Iζ
0+ψ(ϑ)− Iζ

0+ψ(1)+
1−ϑ

v0
Iζ−ξ
0+ ψ(η)

}
, (4)

where

v0 =
η1−ξ

Γ(2− ξ )
.

Proof. Firstly, we apply Riemann–Liouville fractional integral of order ζ to both
sides of (2) and by Lemma (4), we get

p(ϑ)
ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

) = Iζ
0+ψ(ϑ)+ c0 + c1ϑ + c2ϑ 2, ∀ c0,c1,c2 ∈ R.

By using the initial condition p(2)(0) = 0, we get c2 = 0, and so,

p(ϑ)
ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

) = Iζ
0+ψ(ϑ)+ c0 + c1ϑ , ∀ c0,c1 ∈ R.

Thus, the solution of (2) is

p(ϑ) = ψ1(ϑ ,p(ϑ),p(κ(ϑ)))
(
Iζ
0+ψ(ϑ)+ c0 + c1ϑ

)
, ∀ c0,c1 ∈ R. (5)

Then, by using Lemmas 1 and 2, we have

cDξ
0+

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

ϑ=η

= Iζ−ξ
0+ ψ(η)+ c1

Γ(2)
Γ(2− ξ )

η1−ξ ,

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

ϑ=η

= Iζ
0+ψ(1)+ c0 + c1,

which, together with the boundary condition

cDξ
0+

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

ϑ=η

= 0,

[
p(ϑ)

ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
]

ϑ=1

= 0,

implies that

c1 = − 1
v0

Iζ−ξ
0+ ψ(η),

c0 =
1
v0

Iζ−ξ
0+ ψ(η)− Iζ

0+ψ(1).
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Substituting the value of c0,c1 in (5) we get (4). �

We study our problem (1) under the following assumptions:

(H1) ψ1 ∈C
(
Θ×R×R,R\ {0}) and ψ2 ∈C

(
Θ×R×R,R

)
where ψ2(ϑ ,0,0) �= 0

for all ϑ ∈ Θ .

(H2) The functions κ,χ : [0,1] −→ [0,1] are continuous.

(H3) The function ψ1 verifies∣∣ψ1(ϑ ,p1,q1)−ψ1(ϑ ,p2,q2)
∣∣� (max(|p1 −p2|, |q1− q2|)+1

)α −1,

for any ϑ ∈ Θ and p1,p2,q1,q2 ∈ R , where α ∈ (0,1) .

(H4) There exist continuous nondecreasing functions ϖ j : [0,∞) −→ (0,∞) and func-
tions γ ∈C([0,1],R+), j = 1,2 such that

|ψ2(ϑ ,p,q)| � γ(ϑ)(ϖ1(|p|)+ ϖ2(|q|)),
for each (ϑ ,p,q) ∈ Θ×R×R .
Observe that (H1) implies the existence nonnegative constant K1 , where

K1 = sup{|ψ1(ϑ ,0,0)| : ϑ ∈ Θ}.
(H5) There exists θ0 > 0 such that

θ0 �
[
(θ0 +1)α −1+K1

]
‖γ‖(ϖ1(θ0)+ϖ2(θ0))

{ 2
Γ(ζ +1)

+
ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
(6)

and (
‖γ‖(ϖ1(θ0)+ ϖ2(θ0)

){ 2
Γ(ζ +1)

+
ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
� 1.

THEOREM 4. If the conditions (H1)–(H5) hold, then problem (1) has at least one
solution in C(Θ) .

Proof. In view of Lemma, 7 we consider the operator S defined on C(Θ) by

S p(ϑ) = ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

){ 1
Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1ψ1

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− 1
Γ(ζ )

∫ 1

0
(1−ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− ϑ −1
v0Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
}
, ϑ ∈ Θ.

Notice that the fixed point problem S p = p is solution to problem (1). Next we intro-
duce two operators S1,S2 defined on C(Θ) by

S1p(ϑ) = ψ1
(
ϑ ,p(ϑ),p(κ(ϑ))

)
,
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and

S2p(ϑ) =
1

Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1ψ1

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− 1
Γ(ζ )

∫ 1

0
(1−ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− ϑ −1
v0Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ ,

for any p ∈C(Θ) and ϑ ∈ Θ . Observe that S p = (S1p) · (S2p) for any p ∈C(Θ) .
We split the proof into several steps.

Step 1: S maps C(Θ) into itself.
In order to show that S p ∈ C(Θ) , it is sufficient to show that S1p,S2p ∈C(Θ)

for any p ∈C(Θ) . Obviously the conditions of Theorem 4 guarantee that if p ∈C(Θ)
then S1p ∈ C(Θ) . Next, we will prove that if p ∈ C(Θ) then S2p ∈ C(Θ) . To do
this, let ϑ ∈ Θ be fixed and {ϑβ} be a sequence in Θ such that ϑβ → ϑ as β → ∞ .
Without loss of generality, we may assume ϑβ > ϑ . Then, we get

|S2p(ϑβ )−S2p(ϑ)|

�
∣∣∣ 1
Γ(ζ )

∫ ϑβ

0
(ϑβ −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− 1
Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− ϑβ −ϑ
v0Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
∣∣∣

� 1
Γ(ζ )

∣∣∣∫ ϑβ

0
(ϑβ −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

−
∫ ϑβ

0
(ϑ −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
∣∣∣

+
1

Γ(ζ )

∣∣∣∫ ϑβ

0
(ϑ −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

−
∫ ϑ

0
(ϑ −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
∣∣∣

+
∣∣∣ ϑβ −ϑ
v0Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
∣∣∣

� 1
Γ(ζ )

∫ ϑβ

0

∣∣(ϑβ −ρ)ζ−1− (ϑ −ρ)ζ−1
∣∣|ψ2

(
ρ ,p(ρ),p(χ(ρ))

)|dρ

+
1

Γ(ζ )

∫ ϑβ

ϑ
|ϑ −ρ |ζ−1|ψ2

(
ρ ,p(ρ),p(χ(ρ))

)|dρ

+
|ϑ −ϑβ |

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1|ψ2

(
ρ ,p(ρ),p(χ(ρ))

)|dρ .
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In view of (H4), we obtain

|S2p(ϑβ )−S2p(ϑ)|

� ‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))
Γ(ζ )

∫ ϑβ

0

∣∣(ϑβ −ρ)ζ−1− (ϑ −ρ)ζ−1
∣∣dρ

+
‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))

Γ(ζ )

∫ ϑβ

ϑ
|ϑ −ρ |ζ−1 dρ

+
|ϑβ −ϑ |‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1 dρ .

Taking into account that 2 < ζ � 3 and ϑβ > ϑ , we infer that

|S2p(ϑβ )−S2p(ϑ)|

� ‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))
Γ(ζ )

[∫ ϑ

0

∣∣(ϑβ −ρ)ζ−1− (ϑ −ρ)ζ−1
∣∣dρ

+
∫ ϑβ

ϑ

∣∣(ϑβ −ρ)ζ−1− (ϑ −ρ)ζ−1
∣∣dρ

∫ ϑβ

ϑ
|ϑ −ρ |ζ−1 dρ

]

+
|ϑβ −ϑ |‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1 dρ

=
‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))

Γ(ζ )

[∫ ϑ

0

[
(ϑβ −ρ)ζ−1− (ϑ −ρ)ζ−1]dρ

+
∫ ϑβ

ϑ
(ϑβ −ρ)ζ−1 dρ +

∫ ϑβ

ϑ
(ρ −ϑ)ζ−1 dρ +

∫ ϑβ

ϑ
(ρ −ϑ)ζ−1 dρ

]

+
|ϑβ −ϑ |‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1 dρ

� ‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))
( 2

Γ(ζ +1)
(ϑβ −ϑ)ζ +

(ϑβ −ϑ)
Γ(ζ )

+
(ϑβ −ϑ)

|v0|Γ(ζ − ξ +1)
ηζ−ξ

)
,

where we have used the fact that ϑ ζ
β −ϑ ζ � ζ (ϑβ − ϑ) . Now, we conclude that

(S2p)(ϑβ ) → (S2p)(ϑ) when β → ∞ . Therefore, S2p ∈C[0,1] . This proves that if
p ∈C(Θ) , then S p ∈C[0,1] .

Step 2: An estimate of ‖S p‖ for p ∈C(Θ) .

Fix p ∈C(Θ) , and ϑ ∈C(Θ) . Then, we have

|(S p)(ϑ)| = |(S1p)(ϑ)||(S2p)(ϑ)|

= |ψ1(ϑ ,p(ϑ),p(κ(ϑ)))|
∣∣∣ 1
Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− 1
Γ(ζ )

∫ 1

0
(1−ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
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− ϑ −1
v0Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
∣∣∣

�
(
|ψ1(ϑ ,p(ϑ),p(κ(ϑ)))|−ψ1(ϑ ,0,0)|+ |ψ1(ϑ ,0,0)|

)
×
{ 1

Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1

∣∣∣ψ2
(
ρ ,p(ρ),p(χ(ρ))

∣∣∣dρ

+
1

Γ(ζ )

∫ 1

0
(1−ρ)ζ−1

∣∣∣ψ2
(
ρ ,p(ρ),p(χ(ρ))

∣∣∣dρ

+
1

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1

∣∣∣ψ2
(
ρ ,p(ρ),p(χ(ρ))

∣∣∣dρ dρ
}

�
[(

max(|p(ϑ)|, |p(κ(ϑ))|)+1
)α −1+K1

]
×
{ 1

Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1γ(ρ)

[
ϖ1(|p(ρ)|)+ ϖ2(p(χ(ρ)))

]
dρ

+
1

Γ(ζ )

∫ 1

0
(1−ρ)ζ−1γ(ρ)

[
ϖ1(|p(ρ)|)+ ϖ2(p(χ(ρ)))

]
dρ

+
1

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1γ(ρ)

[
ϖ1(|p(ρ)|)+ ϖ2(p(χ(ρ)))

]
dρ
}

�
[(

max(‖p‖,‖p‖)+1
)α −1+K1

]
‖γ‖(ϖ1(‖p‖)

+ ϖ2(‖p‖))
{ 1

Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1 dρ +

1
Γ(ζ )

∫ 1

0
(1−ρ)ζ−1 dρ

+
1

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1 dρ

}

�
[
(‖p‖+1)α −1+K1

]
‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖))

{ 2
Γ(ζ +1)

+
ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
.

Therefore,

‖S p‖ �
[
(‖p‖+1)α −1+K1

]
‖γ‖(ϖ1(‖p‖)+ ϖ2(‖p‖)) (7)

×
{ 2

Γ(ζ +1)
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
. (8)

By assumption (H5), we infer that the operator S maps Ωθ0 into itself. Moreover,
from the last estimates, it follows that

‖S1Ωθ0‖ � (θ0 +1)α −1+K1

and

‖S2Ωθ0‖ � ‖γ‖(ϖ1(θ0)+ ϖ2(θ0))
{ 2

Γ(ζ +1)
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
.

Step 3: S1 and S2 are continuous on Ωθ0 .
We demonstrated that S1 is continuous on Ωθ0 . We fix λ > 0 and we take
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p,q ∈ Ωθ0 with ‖p− q‖� λ . Then, for ϑ ∈ Θ , we have

|(S1p)(ϑ)− (S1q)(ϑ)| = |ψ1(ϑ ,p(ϑ),pκ(ϑ)))−ψ1(ϑ ,q(ϑ),q(κ(ϑ)))|
� (max(|p(ϑ)− q(ϑ)|, |p(κ(ϑ))− q(κ(ϑ))|)+1)α −1

�
(
max(‖p− q‖,‖p− q‖)+1

)α −1

= (‖p− q‖+1)α −1 � (λ +1)α −1.

Since (λ +1)α −1 → 0 when λ → 0, then S1 is continuous in Ωθ0 .
Now, we demonstrate that S2 is continuous in Ωθ0 . In order to do this, we fix

λ > 0 and we take p,q ∈ Ωθ0 with ‖p− q‖� λ . Then, for ϑ ∈ Θ , we get

|(S2p)(ϑ)− (S2q)(ϑ)|

=
∣∣∣ 1
Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1(ψ2(ρ ,p(ρ),p(χ(ρ)))−ψ2(ρ ,p(ρ),p(χ(ρ)))

)
dρ

− 1
Γ(ζ )

∫ 1

0
(1−ρ)ζ−1(ψ2(ρ ,p(ρ),p(χ(ρ)))−ψ2

(
ρ ,q(ρ),q(χ(ρ)))

)
dρ

− ϑ −1
v0Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1(ψ2(ρ ,p(ρ),p(χ(ρ)))−ψ2

(
ρ ,q(ρ),q(χ(ρ)))

)
dρ
∣∣∣

� 1
Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1

∣∣∣ψ2(ρ ,p(ρ),p(χ(ρ)))−ψ2(ρ ,q(ρ),p(χ(ρ)))
∣∣∣dρ

+
1

Γ(ζ )

∫ 1

0
(1−ρ)ζ−1

∣∣∣ψ2(ρ ,p(ρ),p(χ(ρ)))−ψ2
(
ρ ,q(ρ),q(χ(ρ)))

∣∣∣dρ

+
1

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1

∣∣∣ψ2(ρ ,p(ρ),p(χ(ρ)))−ψ2
(
ρ ,q(ρ),q(χ(ρ)))

∣∣∣dρ

� σg(Θ,λ )
( 1

Γ(ζ )

∫ ϑ

0
(ϑ −ρ)ζ−1 dρ +

1
Γ(ζ )

∫ 1

0
(1−ρ)ζ−1 dρ

+
1

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1 dρ

)

� σg(Θ,λ )
( 2

Γ(ζ +1)
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

)

� σg(Θ,λ )
( 2

Γ(ζ +1)
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

)
,

where σg(Θ,λ ) = sup{|ψ2(ϑ ,p1,p2)−ψ2(ϑ ,q1,q2)| : ϑ ∈ Θ,pi,qi ∈ [−θ0,θ0],1 �
i � 2, |pi − qi| � λ}. Since ψ2 is uniformly continuous on Θ× [−θ0,θ0]× [−θ0,θ0] ,
we have σg(Θ,λ )→ 0 as λ → 0 and, therefore, the last inequality proves that operator
S2 is continuous on Ωθ0 . Consequently, since S p = (S1p) ·(S2p) for any p∈C(Θ) ,
then S is continuous on Ωθ0 .

Step 4: Estimates of σ0(S1Ψ) and σ0(S2Ψ) for /0 �= Ψ ⊂ Ωθ0 . Firstly, we esti-
mate σ0(S1Ψ) . For any given λ > 0, since κ : Θ → Θ is uniformly continuous, we
have δ > 0 where for |ϑ1 −ϑ2| < δ , we have |κ(ϑ1)−κ(ϑ2)| < λ .
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Now, we take p ∈ Ψ and ϑ1,ϑ2 ∈ Θ with |ϑ1 −ϑ2| � δ < λ . Then

|(S1p)(ϑ1)− (S1p)(ϑ1)|
= |ψ1(ϑ1,p(ϑ1),p(κ(ϑ1)))−ψ1(ϑ2,p(ϑ2),p(κ(ϑ2)))|
� |ψ1(ϑ1,p(ϑ1),p(κ(ϑ1)))−ψ1(ϑ1,p(ϑ2),p(κ(ϑ2)))|

+ |ψ1(ϑ1,p(ϑ2),p(κ(ϑ2)))−ψ1(ϑ2,p(ϑ2),p(κ(ϑ2)))|
�
[
(max(|p(ϑ1)−p(ϑ2)|, |p(κ(ϑ1))− q(κ(ϑ2))|)+1)α −1

]
+ σ(ψ1,λ )

�
[
(σ(Ψ,λ )+1)α −1

]
+ σ(ψ1,λ ),

where σ(ψ1,λ ) denotes the quantity

σ(ψ1,λ )= sup{|ψ1(ϑ1,p,q)−ψ1(ϑ2,p,q)| : ϑ1,ϑ2 ∈Θ, |ϑ1−ϑ2|� λ ,p,q∈ [−θ0,θ0]}.
Therefore,

σ(S1Ψ,λ ) �
[
(σ(Ψ,λ )+1)α −1

]
+ σ(ψ1,λ ).

Since ψ1(ϑ ,p,q) is uniformly continuous on the compact Θ× [−θ0,θ0]× [−θ0,θ0] ,
then σ(ψ1,λ ) → 0 when λ → 0. Thus,

σ0(S1Ψ) � (σ0(Ψ)+1)α −1.

Next, we estimate σ0(S2Ψ) . Fix λ > 0, and we take p ∈ Ψ and ϑ1,ϑ2 ∈ Θ with
|ϑ1 −ϑ2| � λ . Without loss of generality, we can suppose that ϑ1 < ϑ2 . Then, we
have

|S2p(ϑ2)−S2p(ϑ1)|

=
∣∣∣ 1
Γ(ζ )

∫ ϑ2

0
(ϑ2 −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− 1
Γ(ζ )

∫ ϑ1

0
(ϑ1 −ρ)ζ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ

− ϑ2 −ϑ1

v0Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1ψ2

(
ρ ,p(ρ),p(χ(ρ))

)
dρ
∣∣∣

� 1
Γ(ζ )

∫ ϑ1

0

∣∣(ϑ2 −ρ)ζ−1− (ϑ1−ρ)ζ−1
∣∣|ψ2

(
ρ ,p(ρ),p(χ(ρ))

)|dρ

+
1

Γ(ζ )

∫ ϑ2

ϑ1

|ϑ2−ρ |ζ−1|ψ2
(
ρ ,p(ρ),p(χ(ρ))

)|dρ

+
|ϑ2 −ϑ1|

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1

∣∣∣ψ2
(
ρ ,p(ρ),p(χ(ρ))

)∣∣∣dρ

=
1

Γ(ζ )

∫ ϑ1

0

[
(ϑ2 −ρ)ζ−1− (ϑ1−ρ)ζ−1]|ψ2

(
ρ ,p(ρ),p(χ(ρ))

)|dρ

+
1

Γ(ζ )

∫ ϑ2

ϑ1

(ϑ2 −ρ)ζ−1|ψ2
(
ρ ,p(ρ),p(χ(ρ))

)|dρ

+
|ϑ2 −ϑ1|

|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1

∣∣∣ψ2
(
ρ ,p(ρ),p(χ(ρ))

)∣∣∣dρ .
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By (H4) we can find

|S2p(ϑ2)−S2p(ϑ1)|

� ‖γ‖(ϖ1(θ0)+ ϖ2(θ0))
Γ(ζ )

[∫ ϑ1

0

[
(ϑ2 −ρ)ζ−1− (ϑ1−ρ)ζ−1]dρ

+
∫ ϑ2

ϑ1

(ϑ2 −ρ)ζ−1 dρ
]
+

|ϑ2 −ϑ1|‖γ‖(ϖ1(θ0)+ ϖ2(θ0))
|v0|Γ(ζ − ξ )

∫ η

0
(η −ρ)ζ−ξ−1 dρ

� ‖γ‖(ϖ1(θ0)+ ϖ2(θ0))
Γ(ζ +1)

(ϑ ζ
2 −ϑ ζ

1 )+
(ϑβ − t0)‖γ‖(ϖ1(θ0)+ ϖ2(θ0))

|v0|Γ(ζ − ξ +1)
ηζ−ξ

� ‖γ‖(ϖ1(θ0)+ ϖ2(θ0))
( 1

Γ(ζ )
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

)
(ϑ2 −ϑ1)

� ‖γ‖(ϖ1(θ0)+ ϖ2(θ0))
( 1

Γ(ζ )
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

)
λ ,

where we have made use of the fact that ϑ ζ
2 −ϑ ζ

1 � ζ (ϑ2 −ϑ1) . Therefore,

σ(S2p,λ ) � ‖γ‖(ϖ1(θ0)+ ϖ2(θ0))
( 1

Γ(ζ )
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

)
λ ,

this implies that σ0(S2Ψ) = 0.

Step 5: An estimate of σ0(S Ψ) for /0 �= Ψ ⊂ Ωθ0 . Taking into account that
σ0(ΨΛ) � ‖Ψ‖σ0(Λ)+‖Λ‖σ0(Ψ) and by steps 2 to 4, we obtain

σ0(S Ψ) = σ0(S1Ψ.S2Ψ) � ‖S1Ψ‖σ0(S2Ψ)+‖S2Ψ‖σ0(S1Ψ)
� ‖S1Ωθ0‖σ0(S2Ψ)+‖S2Ωθ0‖σ0(S1Ψ)

�
[
(σ0(Ψ)+1)α −1

](
‖γ‖(ϖ1(θ0)+ ϖ2(θ0))

)

×
{ 2

Γ(ζ +1)
+

ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
.

By assumption (H5), we get

(
‖γ‖(ϖ1(θ0)+ ϖ2(θ0)

){ 2
Γ(ζ +1)

+
ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
� 1,

and from the last estimate, we infer that

σ0(S Ψ) � (σ0(Ψ)+1)α −1,

or equivalently,
σ0(S Ψ)+1 � (σ0(Ψ)+1)α .

Thus, the condition of Theorem 1 is verified with κ(ϑ) = ϑ +1, where κ ∈ G . The-
orem 3 implies that S has at least one fixed point in Ωθ0 , which is a solution of the
problem (1). �
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4. An example

In this section we give an example to illustrate Theorem 4. Let us consider the
following boundary value problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cD
5
2
0+

⎡
⎣ p(ϑ )

1
ω

(
5
√

1+|sinp(ϑ )|+ 5
√

1+ |p(ϑ2)|
1+|p(ϑ2)|

)
⎤
⎦=

e−2t

(
2sinp(ϑ )+ 1

2 p(
√

ϑ )+1

)
66
√

(9+ϑ )
, ϑ ∈ Θ,

⎡
⎣ p(ϑ )

1
ω

(
5
√

1+|sinp(ϑ )|+ 5
√

1+ |p(ϑ2)|
1+|p(ϑ2)|

)
⎤
⎦

ϑ=1

= 0,

cD
1
2
0+

⎡
⎣ p(ϑ )

1
ω

(
5
√

1+|sinp(ϑ )|+ 5
√

1+ |p(ϑ2)|
1+|p(ϑ2)|

)
⎤
⎦

ϑ= 1
4

= 0,

p(2)(0) = 0.
(9)

In this case, we take

ζ =
3
2
, ξ =

1
2
, η =

1
4
,

ψ1(ϑ ,p,q) =
1
ω

(
5
√

1+ |sinp|+ 5

√
1+

|q|
1+ |q|

)
,

ψ2(ϑ ,p,q) =
e−2t

66
√

(9+ ϑ)

(
2sinp+

1
2
q+1

)
,

κ(ϑ) = ϑ 2, χ(ϑ) =
√

ϑ ,

K1 = sup{|ψ1(ϑ ,0,0)| : ϑ ∈ Θ} =
2
ω

.

It is easy to check that

|ψ2(ϑ ,p,q)| =
∣∣∣ e−2t

66
√

(9+ ϑ)

(
2sinp+

1
2
q+1

)∣∣∣
� γ(ϑ)(ϖ1(|p|)+ ϖ2(|q|)),

with γ(ϑ) = e−2t ,ϖ1(|p|) = 2|p|
198 + 1

132 ,ϖ2(|q|) = |q|
198 + 1

132 .
On the other hand, for any ϑ ∈ Θ and p,q,p1,q1 ∈ R we have

|ψ1(ϑ ,p,q)−ψ1(ϑ ,p1,q1)|

�
∣∣∣ 1ω
(

5
√

1+ |sinp|+ 5

√
1+

|q|
1+ |q|

)
− 1

ω

(
5
√

1+ |sinp1|+ 5

√
1+

|q1|
1+ |q1|

)∣∣∣
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� 1
ω

∣∣∣ 5
√

1+ |sinp|− 5
√

1+ |sinp1|
∣∣∣+ 1

ω

∣∣∣ 5

√
1+

|q|
1+ |q| −

5

√
1+

|q1|
1+ |q1|

∣∣∣
� 1

ω

∣∣∣( 5
√

1+ |sinp|−1
)
−
(

5
√

1+ |sinp1|−1
)∣∣∣

+
1
ω

∣∣∣( 5

√
1+

|q|
1+ |q| −1

)
−
(

5

√
1+

|q1|
1+ |q1| −1

)∣∣∣.
Applying Lemma 6, we get

|ψ1(ϑ ,p,q)−ψ1(ϑ ,p1,q1)|

� 1
ω

(
5
√

1+
∣∣|sinp|− |sinp1|

∣∣−1
)

+
1
ω

(
5

√
1+

∣∣ |q|
1+ |q| −

|q1|
1+ |q1|

∣∣−1
)

� 1
ω

(
5
√

1+ |p−p1|−1
)

+
1
ω

(
5
√

1+ |q− q1|−1
)

� 2
ω

5
√

max(|p−p1|, |q− q1|)+1−1.

Thus, (H3) is verified when ω � 2 with α = 1
5 .

In this case, the inequality involved in (6) has the form:

θ0 +1
66

[
(θ0 +1)

1
5 −1+

2
ω

]{ 2
Γ(ζ +1)

+
ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
� θ0,

where
θ0 +1

66

{ 2
Γ(ζ +1)

+
ηζ−ξ

|v0|Γ(ζ − ξ +1)

}
� 1.

For ω = 2, we have
1
66

(θ0 +1)
6
5

(
8

3
√

π
+

√
π

4

)
� 1,

which is satisfied by θ0 = 4. Thus, all the requirements of Theorem 4 are verified, and
then problem (1) has at least one solution p(ϑ) ∈C(Θ) .
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