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Abstract. We study the existence of multiple nontrivial solutions of the second order discrete
problem

—Au(k—1) = f(k,u(k)), k € [I,N]z,

u(0) =0, u(N+1) = pu(N).
Our first theorem provides criteria for the existence of at least two nontrivial solutions of the
problem, and also finds conditions under which the two solutions are sign-changing. Our second
theorem proves, under some appropriate assumptions, that the problem has at least three nontriv-
ial solutions, one of which is positive, one is negative, and one is sign-changing. As applications
of our theorems, we further obtain several existence results for an associated eigenvalue problem.
We include two examples in the paper to show the applicability of our results. Our theorems are
proved by employing variational approaches, combined with the classic mountain pass lemma
and a result on the invariant sets of descending flow.

1. Introduction

Nonlinear difference equations appear naturally as discrete analogues and as nu-
merical solutions of differential equations which model diverse phenomena in many
fields {5, 6]). The existence of solutions of various nonlinear discrete problems has
been studied by many researchers in recent years. In this paper, for any integers ¢ and
d with ¢ <d, let [c,d]z ={z€Z | ¢ <z<d}. Here, we are concerned with the
existence of multiple nontrivial solutions of the problem

~Au(k—1) = f(ku(k)), k € [1,N]z,

(1.1)

u(0) =0, u(N+1) = pu(N),
where (€ [0,00), N€N, f:[I,N]z xR — R, f(k,u) is continuous in u for each
k€ [1,N]z, and A is the forward difference operator defined by Au(k) = u(k+1) —u(k)
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and A%u(k) = A(Au(k)). By a solution of problem (1.1), we mean a function u : [0, N +
1]z — R such that u satisfies both the equation and the boundary conditions (BCs) in
(1.1). If u(k) > 0 for all k € [1,N]z, then u is called a positive solution; if u(k) <0
for all k € [1,N]z, then u is called a negative solution; and if u(k) changes signs on
[1,N]z, then u is said to be a sign-changing solution. Note that, when u =0, 1, the
BCs in (1.1) reduce, respectively, to the Dirichlet BCs

u(0)=u(N+1)=0 (1.2)

and the mixed BCs
u(0) = Au(N) =0. (1.3)

In the literature, second order discrete problems with BCs (1.2) and (1.3) have
been extensively investigated by many researchers using a variety of methods such as
fixed point theory, lower and upper solution methods, and critical point theory. A small
sample of the related work can be found in [2, 7, 11, 14, 15]. When u # 0, problem
(1.1) can be regarded as a nonlocal perturbation of the discrete Dirichlet problem. There
are some works in the literature to study second order discrete problems with nonlocal
BCs. See, for example, [1, 3, 12, 13]. In particular, Cabada and Dimitrov [1] recently
studied the nonlocal problem

{ —ANu(k—1) = f(k,u(k)), k € [1,N]z,

(1.4)
u(0)=0, u(N+1)=uX>_ u(k), a,bc]l,N]z.

They first investigated the properties of Green’s function of the corresponding linear
problem, and then applied the derived properties and the well known Krasnoselski fixed
point theorem to obtain several existence criteria for positive solutions of problem (1.4).
For discrete nonlinear nonlocal problems, to the best of our knowledge, most of the
available existence results in the literature were proved by using various fixed point
theorems and variational approaches were rarely seen in the study of nonlocal discrete
problems.

In this paper, we study the nonlocal discrete problem (1.1). We first establish an
equivalent variational structure for the problem. When u # 0,1, the usual way for
establishing functionals does not work for problem (1.1). To overcome the obstacle
caused by the BC u(N +1) = uu(N), an extra term (i.e., ¢, J(u)) is introduced into
our functional I (see (2.2) in Section 2). This is where our functional is different from
those functionals corresponding to the problems with usual BCs such as Dirichlet, Neu-
mann, mixed, periodic, and anti-periodic BCs. In our first existence result (Theorem
3.1), we apply variational methods, combined with the classic mountain pass lemma,
to prove that problem (1.1) has at least two nontrivial solutions. Utilizing the positivity
of the associated Green’s function (see Lemma 2.3), we further find conditions under
which the two solutions are sign-changing. In our second existence result (Theorem
3.2), we combine variational methods with the invariant sets of descending flow to de-
rive conditions to guarantee that problem (1.1) has at least three nontrivial solutions
consisting of one positive, one negative, and one sign-changing solutions. The theory
of invariant sets of descending flow was introduced in [10] by Liu and Sun in 2001 and
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has become a powerful tool to study multiple solutions of nonlinear problems. Some
recent applications of invariant sets of descending flow can be found in, for example,
[8, 9, 11]. Our proof of Theorem 3.2 is partly motivated by these papers, especially by
[11]. In order to apply the theory of invariant sets of descending flow to problem (1.1),
an appropriate inner product needs to be introduced for our working space (see (4.6)
in Subsection 4.2 for the inner product). Equipped with the well-chosen inner product,
we are able to verify all the conditions required to utilize the theory of invariant sets of
descending flow. To apply our theorems, we derive several criteria for the existence of
multiple nontrivial solutions to the eigenvalue problem

{—Azu(k—l):/lf(k,u(k)), k € [1,N]z, 05
u(0) =0, u(N+1) = pu(N), '

where A > 0 is a parameter. We provide two examples to show the applicability of our
results.

The rest of this paper is organized as follows. Section 2 contains some preliminary
lemmas, Section 3 contains the main results of this paper and two illustrative example,
and the proofs of the main theorems are presented in Section 4.

2. Preliminary results
For any fixed p € [0,0), let
Hy={u:[0,N+1]z =R |u(0) =0, u(N+1) = uu(N)}. (2.1)

Then, H, is a vector space with au+ bv = {au(k) + bv(k)} for any u,v € H, and

a,b € R. We equip H, with the norm ||u| = (I}, \u(k)|2)1/27 u € Hy. Itis easy to

see that H, is an N dimensional Banach space.
Let the functionals ®,'¥',J,I : H;, — R be defined by

1N+1 5 N 1 )
Ou) = 3 N Au(k—1)?, W)=Y F(ku(k)), Ju)= SN+,
k=1 k=1
and
I(u) = D(u) —¥(u) +cud (u), (2.2)
where u € Hy, F(t,x) = [ f(k,s)ds, and
{ 0 if u=0,
cu=19 , . (2.3)
IT” if u>0.

Then, ®,¥,J,I are well defined and continuously differentiable whose derivatives are
the linear functionals @' (u), W' (u), J'(u), and I'(u) given by

N+1

N
Q' (u)(v) =Y, Au(k—1)Av(k—1), W(u)(v)= I;f(km(k))v(k),
=1

k=1
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J'(w)(v) =u(N+1)»(N+1),

and
N+1
I'(w)(v) =Y, Au(k—1)Av(k—1) kau k) +cuu(N+1)v(N+1) (2.4)
k=1

for any u,v € Hy,.

LEMMA 2.1. Assume that u € Hy, is a critical point of the functional I. Then, u
is a solution of problem (1.1).
Proof. Let u € Hy, be a critical point of 1. Then, (2.4) implies that
N+1
Y Au(k—1)Av(k—1) Efku k) +cuu(N+1)v(N+1)=0
k=1

for any v € Hy, . Note from the summation by parts formula that

]:illAu(k— DAv(k—1) = Au(N)y(N+1) — ZAz o)
= Au(N)v(N +1) 2 Au( v(k).
Then, we have
[Au(®) +euu(N+ D] vV +1) —é[ﬁt(k— D+ flku)pk) =0, 23)

If u=0,then v(N+1)=0.1If u >0, then u(N+1) = uu(N) and c, = “T“ Thus,

—u

Au(N)+cyu(N+1) = u(N+1) —u(N) u(N+1)

—u(N+1)—u(N)=0.

Hence, for any 1 € [0,c0), we always have [Au(N)+ cpu(N +1)] v(N+1) =0. There-
fore, (2.5) reduces to Y&, [A2u(k — 1)+ f(k,u(k))]v(k) = 0. Then, by the arbitrariness
of v € Hy we find that —A%u(k — 1) = f(k,u(k)) for all k € [1,N]z. Since u(0) =0
and u(N+1) = pu(N) by u € Hy, u is a solution of problem (1.1). This completes
the proof of the lemma. [J

Below, we present an equivalent form of the functional ®. Let

u=(u(0),u(l), -, u(N),u(N+1)) € Hy.
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Since Hy, is isomorphic to RY | in the sequel, we always identify u with the vector
u=(u(l),---,u(N)) € RV Let

2 -10 -0 0
~12 -1--- 0 0

s IR 26
0002 -1
00 0 --—12+p>=2u/), .

Then, Ay is a symmetric positive definite matrix. Direct calculations lead to
1
D(u) = 3 Apu” forallu € Hy.

Let A" be the eigenvalues of A, orderedas 0 < A{' <A3' <...< Ay < oo. Then, itis
easy to verify that

1 1

Sl < () < 24 ] )

Now, we recall some facts from the critical point theory. As usual, the functional

I is said to satisfy the Palais—Smale (PS) condition if every sequence {u,} C H,, such
that I(u,) is bounded and I'(u,) — 0 as n — oo, has a convergent subsequence. Here,
the sequence {u,} is called a PS sequence of 7. We recall the following classic moun-
tain pass lemma of Ambrosetti and Rabinowitz (see, for example, [4, Theorem 7.1]).

Below, we denote by B,(u) the open ball centered at u € X with radius r > 0, B,(u)
its closure, and dB,(u) its boundary.

LEMMA 2.2. Let (X,||-||) be a real Banach space and 1 € C'(X,R). Assume
that I satisfies the PS condition and there exist uy,u; € X and p > 0 such that

(A1) w1 & Bp(up);
(A2) max{l(uO)aI(ul)} < inquBBp(uo) I(u) .
Then, I possesses a critical value which can be characterized as

— inf I > inf  I(u),
c=inf max I(Y(s)) > _inf 1)

where T = {ye€ C([0,1],X) : 7(0) =ug, y(1)=u;}.
Next, let G : [0,N + 1]z x [1,N]z be the Green’s function to the linear problem
~Au(k—1)=0, k€ [1,N]z,
{ u(0) =0, u(N+1) = uu(N).

Then, u € H, is a solution of problem (1.1) if and only if u is a fixed point of the
completely continuous operator T : H,, — Hy, defined by

Tu(k) = i Gk, f(Lu(l)), ke[0,N+ 1]z (2.8)
=1
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The positivity of G(k,l) is summarized in Lemma 2.3 below whose part (a) is
well known (see, for example, [17, Lemma 1.1]) and part (b) can be obtained from [1,
Theorem 2.1].

LEMMA 2.3. The Green’s function G(k,l) has the following properties:
(a) If u =0, then G(k,I) >0 forall k€ [1,N]z and l € [1,N]z.
(b) If p € (0,%8L), then G(k,1) >0 forall k € [1,N+ 1]z and | € [1,N]z,.

Finally, we need the following lemma to prove our multiplicity results. This lemma
is taken from [10, Theorem 3.2].

LEMMA 2.4. Let H be a Hilbert space. Assume that the functional I € C'(H,R)
satisfies the PS condition and I' (w) has the expression I'(u) = u—T(u) forall u € H.
Assume that there exist two open convex subsets Dy and D, of H satisfying D; D, #
0, T(dDy) C Dy, and T(dDy) C D,. If there exists a path h : [0,1] — H such that

h(0)€Di\Ds, h(1)€Dy\Dy, and  inf I(u)> sup I(h(r)),
ueDND; t€[0,1]

then 1 has at least four distinct critical points, one in Dy N\ D, one in Dy \ D>, one in
D>\ Dy, and one in H\ (D1 UD3).

3. Main results

In this section, we state our existence results and provide two examples for illus-
tration. For convenience, we use the notations

maxe v, F (k. x)

F= =limsup .,

b

Jef?

maxe(1.n), F(k,x)

)

FO = limsup;, g 2

minge(; v, F(k,x)

F. =liminf‘x‘ﬂw | |2 s (3.1)
x
. maxe(1 i, | f(k,x)|
fo =lim Sup|x|—>0 e[ |)]CZ| )
max k,x
£ = limsupy, .. ke“mgm ) L o> 1

Recall also that Hy, is defined by (2.1), ¢ is defined by (2.3), and 7Ll” and kl’\,l are the
smallest and largest eigenvalues of the matrix A, givenin (2.6).
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THEOREM 3.1. Assume that
(HI) Either p>1and A{' +u(1—p)>00r0<pu<1;

(H2) F~ < oy and FO < oy , where

o A +u(—pw)] if u>land A+ p(1—p) >0, 42
Tl iFO<u<l; '
(H3) there exists w € Hy, such that ¥, F (k,w(k)) > By, where
5 _{%lﬁ”wz if w>1land A +u(1—p) >0, 53
u = ] .
LW +eup?) Iwl* if o<u <.

Then, problem (1.1) has at least two nontrivial solutions.
If, in addition to the above conditions, we further assume that | and [ satisfy

(H4) p <X and xf(k,x) <0 for all k € [1,N]z and x #0,
then the two nontrivial solutions are sign-changing solutions.

The following corollaries are direct consequences of Theorem 3.1.

COROLLARY 3.1. Assume that (H1) holds and there exists w € Hy such that

Pu ind % Ou
SV F(k,w(k)) <m‘“{F°°’ FO}’

Then, for each A € <m7 min{?—i, %}) , problem (1.5) has at least two
nontrivial solutions. Moreover, if (H4) holds, the two nontrivial solutions are sign-

changing solutions.

COROLLARY 3.2. Assume that (H1) holds, F* = F° = 0, and there exists w €

Hy such that Y | F(k,w(k)) > 0, Then, for each A € (W7 oo) , problem
k=1 ’

(1.5) has at least two nontrivial solutions. Moreover, if (H4) holds, the two nontrivial
solutions are are sign-changing solutions.

THEOREM 3.2. Assume that
(Al) O<u<I;

(A2) Fu> 5(AY +cult?);

u
(A3) there exists 6 > 0 such that |f(k,x)| < %\x\ forall (k,|x|) € [1,N]z x[0,0];



196 L. KONG AND M. WANG

(A4) there exists O > 1 and C > 0 such that |f(k,x)| < C(1+ |x|?) for all (k,x) €
[I,N]Z xR,

(A5) xf(k,x) >0 forall k€ [1,N]z and x # 0.

Then, problem (1.1) has at least three nontrivial solutions, one of which is positive, one
is negative, and one is sign-changing.

Corollaries 3.3 and 3.4 below follow directly from Theorem 3.2.
COROLLARY 3.3. Assume that (Al) and (AS) hold and there exist ¥ > 1 and

M > 0 such that p 5 u
A
A E Gkt < min A—l,ﬂ .
2F., fON 1y

l +euu? . llu M
Then, for each A € 2R o MiNg oy, 7 , problem (1.5) has at least three non-
trivial solutions, one of which is positive, one is negative, and one is sign-changing.
COROLLARY 3.4. Assume that (Al) and (A5) hold, F.. > 0, and fo =fy =0,
where © > 1. Then, for each A € m7 ) , problem (1.5) has at least three

nontrivial solutions, one of which is positive, one is negative, and one is sign-changing.

We now provide two examples to apply our results.
EXAMPLE 3.1. Let N=35, u = 1, and

—4k if x> 1,
fll,x) = ¢ —4kx® if |x| <1, forall (k,x) € [1,5]z x R. (3.4)
4k if x< -1,

Consider the problem

{—A2( 1) = Af(k,u(k)), k € [1,5]z,

(3.5)
u(0) =0, u(6) = 4u(5),

where A > 0 is a parameter.

We claim that, for each A € (3.3035, o), problem (3.5) has at least two nontrivial
sign-changing solutions.

In fact, from (3.4) we see that xf(k,x) <O forall k € [1,5]7 and x # 0, and

—k(4x—3) if x>1,
F(k,x) = ¢ —kx* if |x| <1, forall (k,x)€[1,5]z xR.
k(4x+3) if x< -1,
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Then, in view of (3.1), we have F* = FO =0. Using MATLAB, we find that the
smallest and largest eigenvalues /11“ and 7L5” of Ay, defined by (2.6), are given by
A{' =0.2432 and A{' =3.7142. Choose w € Hy, so that w(k) = —1 forall k € [1,N]z,
and w(k) = 0 for k = 0,6. Then, we have ¥3_, F(k,w(k)) = 15 > 0. Thus, all the
conditions of Corollary 3.2 are satisfied. Note from (2.3) and (3.3) that

Bu
St F(k,w(k)

The claim then follows from Corollary 3.2.

1
= 25 (A8 +cult®) [wl* ~3.3035.

EXAMPLE 3.2. Let N=6, u = 4, and
dkx” if x| <1,
Sflk,x) = for all (k,x) € [1,6]z x R. (3.6)
dkx if x| > 1,

Consider the problem

{ —Nu(k—1) = Af(k,u(k)), k € [1,6]z,

(3.7)
(0)=0, u(7) = Lu(6),
where A > 0 is a parameter.

We claim that, for each A € (1.0101, o), problem (3.7) has at least three nontrivial
solutions, one of which is positive, one is negative, and one is sign-changing.

In fact, from (3.6) we see that xf(k,x) > 0 for all k € [1,6]z and x # 0, and

kx if |x <1,
F(k,x) = for all (k,x) € [1,6]z x R.
2kx? —k if  |x| > 1,

Then, in view of (3.1), we have F.. =2 >0 and fO = f3 =0 forany ¥ > 1. Thus, all
the conditions of Corollary 3.4 are satisfied. Using MATLAB, we find that the smallest
and largest eigenvalues A{' and A} of A, defined by (2.6), are given by A’ =0.1818

and A% = 3.7905. Note from (2.3) that 24
3.4 to problem (3.7) yields the claim.

~ 1.0101. Then, applying Corollary

4. Proofs of the main results

4.1. Proofs of Theorem 3.1

In this subsection, we prove Theorem 3.1.

LEMMA 4.1. Assume that (HI) holds and F” < o,. Then, the functional I, de-
fined by (2.2), is coercive and satisfies the PS condition.
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Proof. We first show that [ is coercive, i.e.,

lim I(u) =co forallue H,. (4.1)

fluf| —e
Since F* < ay, for a fixed Kj € (F*, 0y ), there exists a constant C; > 0 such that
F(k,x) < Ky|x]*+Cy forall (k,x) € [I,N]z x R. (4.2)

Assume first that © > 1 and A{' +u(1 —p) >0. Forany u € Hy, |u(N+1)| =
wlu(N)| < t||u||. Then, from (2.2), (2.3), (2.7), and (4.2),

>£/l’“‘ 2_N N L—p 500

() > SA{ |ull* = Y, (Kilu()* +Cr) + ———=p|u]
2 k=1 2
1

— |5 - ) 1| -

Then, in view of (3.2) and the fact that K| < oy, we see that (4.1) holds.

Next, assume that 0 < ¢ < 1. Then, again from (2.2), (2.3) (2.7), and (4.2), we
have

1 N 1
I(u) > Ell”Hqu— > (Kiu(k)* +C1) = (511“ —K1> [ul|* - CiN.
k=1

Then, (4.1) holds as well by (3.2) and the fact that K; < ¢, . Thus, we have proved
that / is coercive. Since H, is a finite dimensional Banach space, I satisfies the PS
condition. This completes the proof of the lemma. [

We now prove Theorem 3.1.

Proof. We first show that 0 is a strict local minimizer of /. First notice that
1(0) = ®(0) —¥(0) +cuJ(0) =0. (4.3)
Since FO < @y, for a fixed K € (F*, 0), there exists p > 0 such that
F(t,x) <KJx|> forall (t,x) € [I,N]z x R with |x| < p.

Let u € By(0)\ {0}. Then, [u(N +1)| = u[u(N)| < p|lu||. Assume first that p > 1
and /11“ +u(l—u)>0.From (2.2), (2.3), (2.7), and (3.2), we have

1) > A=K S P+ L 2
~ 2 k=1 21
1
= {5 A -] K|l > 0.

Similarly, we have I(u) > 0 if 0 < u < 1. Hence, O is a strict local minimizer of 7.
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Let w be given in (H3). Then, [w(N +1)| = p|w(N)| < p|jw||. From (2.2), (2.3),
(2.7), and (H3), we obtain that

1 N
I(w) < Ez,‘jnwuz — Y F(k,w(k)) <0 ifu>1andA{' +p(l1—pu)>0
k=1
and

I(w) <

N =

N
Ay +cu?®) [wlIP =3 Flkw(k) <0 ifo<u<L.
k=1

Hence, 0 is not a global minimizer of /.

Next, we show that I has a global minimizer. Let ip € R be chosen so that I(w) <
i <0.Let S={uecHy|I(u)<ip}. Then, S# 0. By Lemma 4.1, I is coervive, and
so § is bounded. Thus, / has a minimum #; on S (see, for example, [16, Corollary
38.10]). It is clear that i is also the minimum of / on H,,i.e., 0 > i; = min,cs/(u) =
mingep, [ (1) > —oo. Then, there exists u; € Hy such that

I(uy) =1i; <0. 4.4)

Hence, u; is a critical point of I and u; 0. By Lemma 2.1, u; is a nontrivial solution
of problem (1.1).

We now apply Lemma 2.2 to show the existence of a second critical point of 7. By
Lemma 4.1, I satisfies the PS condition. Recall that uy := 0 is a strict local minimizer
of 1. Then, there exists 0 < p < [|uy| such that r:= inf,c)p, (4, (1) > 0. From (4.3)
and (4.4), we see that all the conditions of Lemma 2.2 are satisfied. Then, Lemma 2.2
implies that there exists a critical point u, of I such that

I(up) = r>0. 4.5)

In view of (4.4) and (4.5), we have u; # up and up £ 0. Then, by Lemma 2.1, u; is a
second nontrivial solution of problem (1.1).

Finally, we prove that, under the condition (H4), u; and u; are sign-changing
solutions. Assume, to the contrary, that #; is not sign-changing. Then, we have either
ui(k) =0 or uy(k) <O for all k € [0,N + 1]z. Without loss of generality, we may
assume that u;(k) >0 on [0,N + 1]z. Then, from (H4), f(k,u;(k)) <O for all k €
[1,N]z. Note that uj(k) = XN, G(k,[)f(L,u1 (1)), k€ [0,N+1]z. and G(k,[) >0
for all (k,1) € [0,N + 1]z x [1,N]z by Lemma 2.3. Then, u;(k) <0 on [0,N+1]z.
Thus, u;(k) =0 on [0,N + 1]z. This contradicts with the fact that u;(¢) is nontrivial.
Hence, u; is a sign-changing solution. Similarly, we can show that u; is also a sign-
changing solution. This completes the proof of the theorem. [

4.2. Proofs of Theorem 3.2
Let Hy, be defined by (2.1). Since 0 < u < 1 by (Al), the constant ¢, defined by
(2.3) is nonnegative. Then, we can equip H, with the inner product

N+1
(,v) = Au(k—1)Av(k— 1)+ cuu(N+1)v(N+1), wu,v€Hy, (4.6)
k=1
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from which the induced norm || - ||; is given by

N+1 1/2
uel|; = (2 Au(k—1)|2+cu|u(N+l)|2> , ucHy,.
k=1

Then, Hy is an N dimensional Hilbert space and the norms || - ||; and || - || are equiva-
lent.

LEMMA 4.2. Let I and T be defined by (2.2) and (2.8), respectively. Then, for
any u,v € Hy, we have

(Tu,v)y =Y flk,u(k))v(k) 4.7)

TM=

and
I'(u) =u—Tu. (4.8)

Proof. Forany u,v € Hy, from (2.4), we have

I'(w)(v) = (u,v) = X fk,u(k))v(k). (4.9)

TM=

By the summation by parts formula, it follows that

N+1
(Tu,v) 2 A(Tu)(k—1)Av(k— 1) 4 cy (Tu)(N+1)v(N+1)

- A(Tu)(N) (N + 1) — A(Tu) (0)(0)

— i A*(Tu) (k —1)v(k) 4 cy (Tu) (N + 1)v(N 4 1)
N
= [A(Tu)(N) +cu (Tu)(N+ Dp(N+ 1)+ Y f(k,u(k))v(k). (4.10)
k=1

If u=0,then v(N+1)=0.If 0 < <1, then (Tu)(N+1) = pu (Tu)(N) and c, =
A Thus,

A(Tu)(N) +cy (Tu)(N+1) = (Tu)(N+1) — (Tu)(N) + 1_T'U(Tu)(N—i— 1)

1
= E(Tu)(N—F 1) — (Tu)(N)=0.
Thus, forall 0 < gt < 1, we always have [A(Tu)(N)+ (Tu)(N+ 1Jv(N+1) =0. Then,

(4.10) reduces to (4.7). From (4.7) and (4.9), we have I'(u)(v) = (u,v) — (Tu,v), from
which (4.8) follows. This completes the proof of the lemma. [J
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LEMMA 4.3. Assume that (Al) and (A2) hold. Then, the functional I satisfies the
PS condition.

Proof. Since F.. > $(Ay +cuu?), for a fixed K € (3(AY +cult?),F), there
exists a constant C, > 0 such that

F(k,x) > Ky |x|> —C, forall (k,x) € [1,N]z x R. (4.11)
Let {u,} C Hy be a sequence such that |I(u,)| < L for some L > 0. Then, |u,(N +

1)| = w|un(N)| < w||uy| - This, together with (2.2), (2.3), (2.7), and (4.11), implies that

1 i 1
—L<1(un) < A ln]* = 3 (Kalua () = Ca) + Seupt? [l
k=1
1
=13 (A +cult®) — K| [|ua]* + CoN. (4.12)
Then, [K> — 3 (Ay + cupt®)] [[un||> < CN+L. Since K> > 3 (Ay + cupt?) , we see that

{u,} is bounded in Hy . In view of the fact that the dimension of Hy, is finite, {u,} has
a convergent subsequence. This completes the proof of the lemma. [

Let
A*={ueHy |uk)>00n[0,N+1]z} and A~ ={u € Hy | u(k) <Oon [0,N+1]z}.
For any € > 0, define two open convex subsets D} and D, by
Df ={ueHy|dist(u,A")<e} and D, ={u€cH,]|dist(u,A")<e},

where dist(u, AT) = inf,cp+ [Ju—v||;. Obviously, Df NDg # @ and H,, \ (DfUD;)
only contains sign-changing functions.

LEMMA 4.4. Assume that (A3)—(A5) hold. Then, there exists € > 0 such that
T(dDf)C D and T(ID;)C D, foranye e (0,€].

Moreover, any nontrivial critical points of the functional 1 in D} (Dj ) are positive
(negative) solutions of problem (1.1).

Proof. We only prove the conclusion involving D, . The proof for the other case
is similar and hence is omitted. For any u € Hy, by the definition of || - ||;, we see that
|u||? = 2®(u) + cy|u(N + 1)|* Note that [u(N + 1)| = p|u(N)| < u|lul|. Then, from
(2.7), we have AL |[ul|® < [|ul|? < (A4 +cuut?) [|u]|. Thus,

VA el < flully < 3/ (A +cue?) [Jull. (4.13)
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Forany u € Hy, let u™ (k) = max{u(k),0} and u~ (k) = min{u(k),0} forall k € [0,N+
1]z, and let y = (Tu)(k) € Hy . Then, u(k) = u* (k) +u~ (k), and from (4.13), we have
inf ||u—v||; =

1 1
\/ﬁ VEA~ \/—)?

From (A3) and (A4), there exists { € (O,?LI” /N) and Cs > 0 such that

|ut|| = vlel}\ﬁ llu—v| < dist (u,A7). (4.14)

|f(k,x)] < E|x|+C3]x| forall (k,x) € [1,N]z x R. (4.15)

Note that dist (y, A7) = inf,c - [y —v[[1 < [ly=y~ [t = [[y"[1- Then, dist (y, A7) [ly*|[1 <
|y 112 = (F,yT) = ((Tu)*,y"). From (2.8), Lemma 2.3, and (AS5), we see that (Tu)™ (k)
< T(ut)(k) forall k € [0,N + 1]z. Thus, from (4.7) in Lemma 4.2 and (4.13)—(4.15),

N
dist (3, A7) [y [y < (T, ") = X flkou” (R)y* (K)
k=1
N
< X (S W+ Calat @) 5" W
< (czvnu*n +CN 1?1y
< (i—“ dist (u, A~ )+C4(dist(u,A_))ﬁ) v,
1
where Cy = C3N(A{') "3 . Hence, dist(y,A™) < & dist (1, A™) + Ca(dist (u, A™))?.
1

_ AH—¢N T . _ .
Let € = ( L ) . Then, in view of the fact that {N < AM . we see that € is well

defined and € > 0. Moreover, for any € € (0, €], if dist (u,A™) < &, we have

M —CN
diSt(y,A_) < i—IZdiSt(u,A_) + (%) dist(u,A_)
1 1

AN

2 dist (u, A7) < dist (u, A7) < e (4.16)
20!

Thus, T(dD; ) C Dy .

Now, let u € D, be a nontrivial critical point of I Then, by (4.8) in Lemma 4.2,
we have Tu(k) = u(k). From (4.16), we obtain that dist (u,A~) =0, 1i.e., u € A=\ {0}.
In view of Lemma 2.3 and (A5), we see that u(k) < 0 for all k € [1,N]z. Hence, u(k)
is a negative solution of problem (1.1). This completes the proof of the lemma. [

Now, we are ready to prove Theorem 3.2

u
Proof. From (A3), there exists v € (O, ;L—IN) such that

IF(k,x)| < v[x[? forall (k, |x|) € [1,N]z x [0, 5. 4.17)
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Let e e <O7min {6,61/%’1 }) , where € is given in Lemma4.4. For any u € D_XOD_;,

as in (4.14), we have |u™| = inf,cp+ |u —v| < ﬁdist(u,AjF) < ﬁs < 8. This
1 1

implies that |u(k)| < & on [1,N]z. Thus, from (2.2), (2.3) (2.7), and (4.17),

Lo o< 2 (L, 2

1) 2 SA47 lull® = v 3w = ( 547 =v ) [lull™

k=1
Since v < ﬁllﬂ < %llﬂ , there exists I* > 0 such that inf = —=1(u) =1I". Let &l be
the positive normalized eigenvavector of Ay, corresponding to 7Ll” . Let Y = span{ él” }.
Forany u €Y, as in deriving (4.12), we have I(u) < [5 (A4 +cutt?) — K> ||ul|>+ CaN,
where K> > A4 +cup? and C, > 0. Thus, I(u) — —co as ||u| — . Then, there exists
Cs > 0 large enough so that I(u) < I* — 1 for all u € Y with |lu]] = Cs. Let a path
X [cos(mt +sin(m)]§f‘

h:[0,1] — Y be defined by A(t) =Cs Then, ||| =Cs and h(t) €Y

[[[cos(rr)+sin(mr ) Ef' ||
forany 7 € [0,1]. Hence, I(h(r)) < I* — 1. Moreover, we have

u u
h0) =G5Sl e DE\D;. h(1) = —Cs—2L e D\ D,
1€ | 1€ ]
and
inf Iw) =1 > 1t — 13> sup I(h(r)).
ueDEND; 1€[0,1]

Then, from Lemmas 4.2 and 4.4, we see that all the conditions of Lemma 2.4, with H =
Hy, D)= Dj{, and D, = Dy , are satisfied. Hence, by Lemma 2.4, I has four critical
points: u; € Df ND;, up € D \Dg , u3 € Dy \ D¢, uy € H\ (D¢ UDy ). In view of
Lemma 2.1, the four critical points correspond to a trivial solutions, a positive solution,
a negative solution, and a sign-changing solution of problem (1.1). This completes the
proof of the theorem. [J
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