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Abstract. In this paper, the authors study the existence and multiplicity of solutions to a non-
local p-Kirchhoff-type quasilinear elliptic equation with Dirichlet boundary conditions using a
variational approach. They also give some new criteria for the existence of sequences of solu-
tions to the problem. Some recent results are extended and improved. Examples are presented to
demonstrate the application of the results.

1. Introduction
In this paper, we consider the problem

Mo Va7~ (~8yie) = f(x,), i €, 1)
u=0, on dQ,
where Q@ C RY is a bounded domain, A,u = div(|Vu|P~2Vu) is the p-Laplacian with
I<p<N,M:Rt* -—R",and f: QxR — R.
Problem (1) can be viewed as a stationary form of the following hyperbolic model
introduced by Kirchhoff

du Po E [L
PET‘I*ZA

which is a generalization of the wave equation for a vibrating string. The constants p,
Po, h, E,and L are related to physical properties of the string. The steady state version
of the problem, namely,

2 0%u

dx W = O, (2)

du
ox

—(a+b o |Vu?dx)Vu) = f(x,u), in Q,

3)
u=0, on 0Q,
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has received a lot of attention; some important and interesting results can be found, for
example, in [2, 13]. Moreover, problem (3) can be used to model certain physical and
biological systems; for example, see [3, 6, 10, 11, 18, 20, 23] and the references therein.
The study of Kirchhoff-type equations has already been extended to the case involving
the p-Laplacian

[—M(ll—?fg2 \Vu|Pdx)|Apu = f(x,u), in Q,
u=0, on 0Q.

Corréa and Figueiredo [10] proved the existence of positive solutions to the p-
Kirchhoff type problem (1) and the problem

~[M(Jo|VulPdx)]P~ Apu = f(x,u) + Aluf~?, in Q,
u=20, on 0Q,

where Q is a bounded smooth domainin RV, 1 < p <N, s > p* = —p and M and
f are continuous functions. Sun [23] proved the existence and multiplicity of weak
solutions to a class of Kirchhoff type problems with Dirichlet boundary conditions by
using critical point theory and applying the symmetric Mountain Pass Theorem.

Here we shall use variational methods to obtain the existence and multiplicity of
solutions for Kirchhoff type equations with Dirichlet boundary value conditions. Under
suitable conditions on f and M, we prove the existence of a weak solution to problem
(1). Then by applying the Mountain Pass Theorem, we obtain the existence of nontrivial
solutions to problem (1). In addition, with the aid of the Fountain Theorem [24], we
obtain the existence of sequences of solutions tending to 4. Additionally, by the Dual
Fountain Theorem [24], we are able to show the existence of sequences of solutions
along which a certain functional is negative. Examples are given to illustrate each of
our results.

Our paper is organized in the following way. In Section 2, we recall some basic
definitions and state the main tools used in our proofs. In Section 3, we state and prove
the main theorems in this paper and provide examples of each result.

2. Preliminaries and basic notation

In this section, we introduce some definitions and state some results that will be
used later in the paper.

Throughout this paper, by weak solutions of the problem (1) we are referring to
the critical points of the associated energy functional

u) = I%M (/QVupdx) —/QF(x,u)dx

acting on the Sobolev space WO1 P(Q), where

~

i) = /0 M5 ds for 1 >0
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and .
F(x,1) :/ f(x,s)ds for t € R.
0

Clearly, ¢(u) € C! (W()l’p(Q),]R) and

(@' (1),v) = [M ( /Q |Vu|pdx)]p_l /Q IVulP 2V Vodx — /Q Fxu)vdx

forall u, ve WOI”’(Q), where

X:=W,"(Q)= {u €L’ (Q): / (VulP < oo, ulyo = 0}
Q

is a Banach space with the norm

=l = (| )’

for u € Wy"(Q).

3. Main results

We utilize the following assumptions throughout this paper.
(mp) There exists mg > 0 such that M(t) > mq;

(m;) There exists 0 < K < 1 such that M(t) > KMP~! (1)t

—~

)
)
fo) There exists 6 > £ such that 0 < OF (x,t) <tf(x,z) for t € R\ {0} and x € Q;
(f1)

f: QxR — R is continuous and for some ¢ >0 and 7 > 0

fn)] e+, | >T

Np.
p?

(f2) flx,t)=o(|t|P~") as t — 0 uniformly for x € Q.

for some g with p < g < p* and p*

The estimates in the following lemma will prove to be useful. It can be proved
similarly to the proof of [25, Lemma 2.2].

LEMMA 1. If condition (fy) holds, then for every x € Q, the following inequali-
ties hold:

P <F )Itl",lf0<t
Pl = F () 0 f >
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In view of Lemma 1, (fp) implies that, for every x € Q,
F(x,t) <Kilel®, if 1] <1,

F(x,t) > Kplt|?, if |t] > 1, 4)

where K| = sup F(x,7), K, = inf F(x,t). Moreover, in view of (fy), we see that
xeQ xeQ
||=1 l¢[=1

K; >0 and K, > 0. In addition, since F(x,t) — K;|t|? is continuous on Q x [0,1],
there exists a constant K3 > 0 such that

F(x,1) > K|t|® — K3 forall (x,]t]) € Qx[0,1]. 5)
So it follows from (4) and (5) that
F(x,1) > K,|t|® — K forall (x,r) € QxR. (6)
The first main result in this paper is contained in the following theorem.
THEOREM 1. Assume that conditions (mg) and (my) hold, and for some ¢y >0
Fenl <a+Ph, (7)

where 1 < B < p. Then problem (1) has a weak solution.

Proof. From (mg), (my), and (7), we have |F(x,7)| < c;(|t|]P +¢|) and M(r) >
ng 71t, so in view of Sobolev embedding inequalities, for some ¢; > 0,

o(u) :ll) Y (/QVupdx> —/QF()@u)dx

> Emgfl (/ Vupdx> —/ F (x,u)dx
p Q Q

K ,_
> —mf 1HuH”—c1/ \u|ﬁdx—cl/ |u|dx
p Q Q

p—1
Kmy,

> lull? = & fje]lP = e aef] — +o0

as |lu|| — —+eo since p > 3. Now since ¢ is lower semi-continuous, it has a minimum
point z in X, and so u is a weak solution of (1). [J
We give the following example to illustrate Theorem 1.

EXAMPLE 1. Let N =3, p=2, Q= {(x1,x2,x3) € R? :x%+x%+x§ < 1}, and
consider the problem

{[1+<fQ|VM|2>}<—Azu> = /lul, in Q,

8
u=20, on 0Q, ®
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With M(r) = 1+1¢ for t € R", M satisfies condition (mg) with my =1 and M satisfies
condition (m;) with K = 1. Also, f(x,1) = /lt], so by choosing B =3, f(x,1)
satisfies condition (7) with ¢; = 1. Thus by Theorem 1, problem (8) has a weak
solution.

Next, we will show that ¢ satisfies the well-known Palais-Smale condition (PS).

LEMMA 2. Assume that (mg), (my), and (fo) hold. Then ¢(u) satisfies the (PS)
condition.

Proof. Assume that {u, } ey C X such that {@(uy)},en is bounded and @' (u,) —
0 as n — +oo. Then, there is a positive constant ko such that |¢(u,)| < ko and ||@’ (uy,)|]
< ko for all n € N. Therefore, from the definition of ¢’, for some k; > 0, from (fo),
(m1), and (mgp), we have

ko +kil[unl| = @ (un) = 2 (9" (un), (un))

= l ( Vun|pdx) /F X,y )dx
P

CD|>—~

~ M(/ |Vun”dx>} (/QVunV’dx)

g[ (/ |Vun”dx>r_l g/QVuHIde)
[ (/ |Vun”dx>r_ (/ 1Vun|1’dx)

<;_5>[ (/ Vunpdx)r (/ |Vun|pdx>

K 1\ ,.
> (55t .
p

Since 6 > £ by (fy), this implies that {u,} is bounded. Now, using the same argument
as in the proof of [9, Lemma 2.4], we can prove that {u,} converges strongly to u in
X . Consequently, ¢ satisfies the (PS) condition. [J

WV

Our next theorem establishes the existence of a nontrivial solution.

THEOREM 2. Assume that (fo), (f1), (f2), (mo), and (my) hold. Then, the
problem (1) has a nontrivial weak solution.

Proof. We will show that ¢ satisfies the conditions of the Mountain Pass Theorem
[24, Theorem 2.10]. By Lemma 2, ¢ satisfies the (PS) condition in X . Since p < g <
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p*, X can be embedded in L7, so there exists C > 0 such that ||u|, < C||u|| for u e X.
—1
Let € > 0 satisfy eCP < K’"” . By the definition of F and conditions (f) and (f2),

F(x,t) < glt|P +¢éJe] for (x,7) € QxR 9

for some ¢ > 0. From (myg) and (9),

Kml™!
o) > = ( / Vuﬂdx)—e [l =e [ ul?
p Q Q Q

KmP ™!
> ——ul|” — eCP||u|P — &C||ul|4
P

p—1

[Jul|? = eC[|ul}.

Therefore, there exist 0 < r < 1 and 6 > 0 such that @(u) > & > 0 for all u with
ul| < 7.

From (fy) and the fact that %F (x,1) = f(x,t), we can easily see that there are
constants K», K3 > 0 such that (6) holds. If # > 0, from () and the fact that M’ (¢) =
MP~1(t), we have

1 _ M)
>

Ki~ W@ (10)

)

so M(t) < ytK for some constant ¥ >0 and all # > 1. Now if w € X \ {0} and for ¢
large enough that [, |V(rw)|”dx > 1, then for some constant y; > 0

1

;M(/ [V(tw) |pdx> /Fxtw

Y )P 0

= \V tw)|Pdx —ylt [w|”dx — 7
P Q

<7

p

l
(/ |vwdx) t® [ wi%dx > e

as 1 — +oo since 6 > £. Now ¢(0) =0, so ¢ satisfies the conditions of the Mountain
Pass Theorem, and hence ¢ has at least one nontrivial critical point that corresponds to
a nontrivial weak solution of (1). [

'E

We now give an example to illustrate the above theorem.

EXAMPLE 2. Consider the problem

3 (11)

(14 fo [Vee| S dx)§]3 (A u) = f(x,u), in Q,
u=0, on 0Q.
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Here, N =4, p = 13—1, Q = {(x1,x2,x3,x4) € R*: ¥ +x3 + 23 + x5 <8} C R, and

pr= % =44. Now M(t) = (1 —|—t)% for t € R™, and we see that M satisfies

condition (mp) with mg = 1. Also, M(t) = [3[(1 +s)%}% =1t+1*/2, and with K =
1, M(r) > 31 +1)§]5¢, so condition (my) holds. Letting f(x,t) = 1'2, we have
F(x,t) =113/13, s0 for 13 =0 > £ =22/3, 13 x113/13 <1 x 1'%, and we see that
(fo) is satisfied. In addition, [¢'?| < c(1+[¢|7"!) for some g with 11/3 < g < 44,
which means (f) holds. Finally, we see that f(x,7) = o(|t| %) as 1 — 0, so (fp) holds.
Therefore, by Theorem 2, the problem (11) has at least one nontrivial weak solution.

Our next two theorems are concerned with the existence of sequences of solutions.

THEOREM 3. In addition to conditions (mgp), (m1), (fo), and (f1), assume that
(f3) flx,—t)=—f(x,1) forxeQ andt € R.

Then the problem (1) has sequences of solutions {£uy}7 such that ¢(tuy) — oo as
k — H-oo.

In order to prove this theorem, we need to introduce the following additional con-
cepts. Since X is a reflexive and separable Banach space, there exist {e;} C X and
{e}} C X* such that

X =spanfe;:j=1,2,...}, X'= span{ejf ij= 1727...}“ ,

. Li=j
€j,€;) = . .
<J j> {O, 175].

For convenience, we write X; = span{e;}, ¥, = @IJ?:lXj, and Zy = ©7_,X;.
The following lemma is a special case of [17, Lemma 4.9].

and

LEMMA 3. ([17DIf 1 < g < p*, let
Be = sup{luly : |ull = 1, u € Z}.
Then limy_, . = 0.

We also need the following variant of the Palais-Smale condition.

DEFINITION 1. We say that ¢ satisfies the (PS)} condition with respect to (V;,)
if any sequence {uy,;} C X such that {u,;} € Y,;, ¢(us;) — ¢, and <((p|ynj)’,unj> —0
as nj — oo contains a subsequence converging to a critical point of ¢.

The next lemma gives conditions, compatible with those used in this paper, under
which a functional will satisfy the (PS)} condition. In this regard, we will need the
following definition.
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DEFINITION 2. A function ¢ is of the type (S4) if u, — u and lim,_..(¢’(u,),
(up—u)) <0, then u,, — u.

LEMMA 4. If conditions (mo), (m1), (fo), and (fi) hold, then @ satisfies the
(PS)} condition.

Proof. Assume that u,; C X satisfies u,; € Y,;, ¢(un;) — ¢, and (((p|ynj)’,u,,j> —
0 as nj — +oo. Similar to the process of verifying the (PS) condition in Lemma 2,
[[n; || is bounded and we can assume that u,; — u in X. Since X ={J, Y,;, we can
choose Vn; € Y,,_,. such that Vnj — U. Hence,

lim <§0/(un,’)v(un_,‘_u>>: lim <§0/(un_,‘)7(un,’_vn_,‘)>+ lim <q)/(unj)7(vn_,‘_u)>

nj—+oeo nj—+eo nj—oo
pr— 1 / —_—
=, im_((@ly,, ) (1tn;), (n; = v )) = 0.

Since ¢ is of (Sy) type, it follows that u,, — u. Furthermore, we have ¢'(u,;) —
¢'(u). We need to show that ¢’(u) = 0. For an arbitrarily wy € Y, for nj > k, we have
(0" (), wie) = (¢ (1) = @(un;)), wie) + (@' (ttn, ), W)
= (@' (u) = @(un;)), wi) + (@11, ) (ttn; ), wi)-
Passing to the limit on the right side of above expression shows that (¢’ (u),w;) =0 for

every wy € Y. Thus, ¢'(«) = 0, and this shows that ¢ satisfies the (PS) condition
forevery ce R. [

The proof of Theorem 3 also makes use of the following result which is known as
the Fountain Theorem [24].

LEMMA 5. Assume that:
(A1) X is a Banach space and ¢ € C'(X,R) is an even functional;

(A2) Foreach k =1,2,..., there exist py > ry > 0 such that

inf  @(u) — +oo as k — oo
UEZy, ||ul|=ry

(A5)  max @) <0
u€Y, [|ul|=py

(A4) @ satisfies the (PS)* condition for every ¢ > 0.
Then @ has a sequence of critical values tending to +oo.

Proof of Theorem 3. By Lemma 4 and condition (f3), ¢ is an even functional and
satisfies the (PS)} condition. We will prove that if k is large enough, then there exist
P > rr > 0 such that (A;) and (A3) hold. Thus, the conclusion of the theorem can be
obtained from the Fountain Theorem.
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To see that (Az) holds, first note that from (f;) there exists ¢ > 0 such that
F(x,t) <é(|e) 4+ [¢]9) for (x,1) € AxR.
Then for u € Z;, from (my), (m), and the Sobolev embedding theorem,
1 .
o(u)=-M (/ Vupdx> —/ F(x,u)dx
p Q Q

Kmpy™!
Z ™0 /\Vu\pdx—é/ |u\‘1dx—6/ |u|dx
Q Q Q

p
KmP ™! R
> = lul|” — &lulf — " |lu]
KmP ™! R
> TOHMH”—Cﬁgllullq—C*HuH (12)

for some ¢* > 0.

eqBy
Let . = ( p]il
Kmy,

=4
) . Then since 1 < p < g and fB; — 0, by Lemma 3, we see

that 9 — oo as k — oo. Then if ||u|| = &, we have

“1
/1 1 Km}) . .
o(u) > K (E‘& P+ S Bl <

q

(1 1
= Kmj, 1(———)){—0*)@—>w
P q
as k — oo since 1 < p < q and Y — oo.
To prove (A3) holds, note that from (fy), we have F(x,1) > K;|t|? — K3 (see (6)).
Therefore, for any w € ¥; with ||w|| =1 and 1 <= p; so that [, [tVw|Pdx > 1, we
have

/(1 1 KmP ™! R .
N e PR S

o(tw) = %M (/Q |ti|pdx> - /QF(x,tw)dx

%
<c (/ ti”dx) —the/ \w|%dx — K3
Q Q

1
<ok [ [ 1vwprax)" —kopf [ wPax—k
S CPy Q| w|Pdx 2P Q|W| X — K3.

Since 6 > £ and dimY; = k, it is easy to see that @(u) — —eco as [lul| — oo for

ueyY.
Therefore, by the Fountain Theorem, Lemma 5 above, the conclusion of the theo-

rem follows, and this completes the proof. [

As an example of Theorem 3 we have the following one.
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EXAMPLE 3. Consider problem (11) but with f(x,7) =¢* where s > 0 is odd and

s+ 1> p/K. As in Example 2, conditions (mg) and (m ) are satisfied. Clearly, (f3)
holds as well. It is easy to see that condition (fp) holds with 6 =s+1.If 11/3 < g <44
and g > s+ 1, then |t*| < c(1+¢]771), so (f1) is satisfied. Then by Theorem 3, our
example has a sequence of solutions {=u; } such that @(Luy) — 4o as k — -oo.
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