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ON THE STABILITY OF A VISCOELASTIC TIMOSHENKO
SYSTEM WITH MAXWELL-CATTANEO HEAT CONDUCTION

SOH EDWIN MUKIAWA

(Communicated by K. Cherednichenko)

Abstract. This paper discusses a thermoelastic Timoshenko system with viscoelastic damping
acting on the shear force, and heat conduction given via Maxwell-Cattaneo’s law (usually called
second sound) on the bending moment. We establish a general decay estimate for the solution
energy. The exponential and polynomial decay results are only special cases of the present work.
The obtained result shows that the viscoelastic damping on the shear force and the thermal damp-
ing on the bending moment are strong enough to stabilize the system without any additional re-
strictions like “the equal-wave of speed propagation” or “the stability number” conditions which
are usually associated with similar problems.

1. Introduction

The basic equations of motion describing a classical Timoshenko-beam system
[1, 2] are given by

PAQ; — S, =0, in (0,L) x R4, (L1
le//[[—Mx+S:0, in (O,L)XR+, ’
where @ = @(x,7) is the transverse displacement, ¥ = y(x,7) is the rotation angle of
the beam, L,p,A and I are respectively: length, mass density, cross-sectional area of
beam and inertial moment of the cross section. The constitutive laws for the Timo-
shenko system in (1.1) S and M (shear force and bending moment respectively) are
defined by
S=kGA(¢:+ ), M =Ely,, (1.2)

where the physical parameters E,G and k are respectively: the Young modulus, shear
modulus and shear correction coefficient. When viscoelastic damping is applied to M
(the bending moment), the constitutive laws are

t
S — kGA(@c+ v), M:Elu/x—/ 2t — 5)w(s)ds, (1.3)
0
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and the resulting system is given by

PA(Pzr - kGA((Px + W)x = Oa

1
ply, — Elyy, — /0 gt — ) Wir(x,8)ds + kGA(@x + ) = 0.

System (1.4) has been extensively studied in literature and results concerning well-
posedness and stability estimates have been established, see [6, 8, 9, 10, 11, 12] and the
references therein. Recently, Alves et al. [4] applied viscoelastic damping on the shear
force. This leads to the constitutive laws (1.2) being replaced by

(1.4)

§ = kGA (<<px+w> -/ ’g<z—s><<px+w><s>ds), M=Ely.  (15)

By substituting (1.5) into (1.1) and setting p; = pA, p» = pl, k; = kGA and k, = EI,
the resulting system is

t
P1@r — ki (@ + W)x+ ki /0 g(t —5)(@x+ W)x(x,5)ds = 0,
(1.6)

15
P2Vir — koW + k1 (@x + W) _kl/o g(t—=s)(@x+ y)(x,5)ds = 0.

The authors in [4] studied (1.6) and proved a uniform decay result provided the equal-
wave of speed propagation condition

ki ks

P p2
holds. In literature, assumption (1.7) has been widely used by many authors as a
sufficient condition to establish uniform decay results for Timoshenko systems, see
[13, 14, 15] and the references therein. We note here that, although the results in
[4, 16, 17] are computationally correct with k; being used as coefficient for the damp-
ing effect, however, to be consistence with the physics of the original Timoshenko
model (1.1) and others memory-type Timoshenko systems in literature (see [3, 5]), the
constitutive laws in (1.5) should be replaced by

(1.7)

1
S = KGA(gu+¥) — [ 8l1=5) (@t )(5)ds. M= Elys. (1.8)

Now, when heat conduction governed by the Maxwell-Cattaneo’s law (see [18, 19, 20,
21]) is applied to the bending moment, we have

P36, + g+ vy =0, (1.9)
g+ og+ 6, =0, '

where 6 = 0(x,1) is the temperature difference, ¢ = ¢(x,7) is the heat flux and v, p3, 7, &
> 0 are positive constants. Thus, coupling (1.1) and (1.9), we arrive at

PAQ; — Sy =0,

plyy — My + S+ y6, =0,

P36, + gy + YW =0,

Tq + 0+ 6, = 0.

(1.10)
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For simplicity, we set L =1, p; = pA, p» = pl, ki = kGA and k, = EI. Then, sub-
stituting (1.8) into (1.10), we have the following thermoelastic-Timoshenko system

t
P10u — ki (@t W)yt /0 gt —5) (@ + W) (x,5)ds = 0,

t
Pz%—kzwxﬁkl((pﬁw)—/og(t—S)(<0x+W)(X»S)dS+79x=07 (1.11)

P39r +(Ix+yl//xt - 07
T‘It+a61+9x:07

where (x,¢) € (0,1) x [0,e0), the physical parameters pi,p2,p3,7,ki1,k» and o are
positive and the memory g is a given function to be specified later. To study system
(1.11), we supplement it with the boundary conditions

¢x(0,1) = @u(1,1) = w(0,2) = y(1,1) = q(0,1) = 0(1,t) =0 t >0 (1.12)

and the initial data

qo(x70) = QO()(X)7 W(x70) = WO(X)» 9()6,0) = 90()6)7 X e (Ovl)»
@ (x,0) = @1 (x), ¥ (x,0) =y (x), x€(0,1).

The main focus of this paper is to study the asymptotic stability of system (1.12)—(1.13)
with minimal conditions on the memory term g. The present result is obtained without
any condition on the physical parameters such as the assumption that y = 0, where y
is a stability number given by

(e P, Fepr) TV
%—(T k1P3> <p2 kl) kips (1.14)

The assumption (1.14) is widely used by many authors to establish decay results for
similar systems with Maxwell-Cattaneo’s law (commonly known as second sound), see
for example, the results in [22, 23, 24, 25] and the references in them. The result of this
paper would be of great interest to scientists and engineers when choosing materials for
the Timoshenko beam.

This work is organized as follows. In Section 2, we give assumptions on g and
some needed materials. In Section 3, we establish essential lemmas. Finally, in Section
4, we state and prove the main decay result of problem (1.11)—(1.13).

(1.13)

2. Problem setting and assumptions

Here and thereafter, we denote by (.,.) and ||.||> the usual inner product and norm
in L?(0,1) respectively. Also, for calculation purposes throughout the paper, c is a
generic positive constant that may change within or between lines. For the memory
function g, we assume the following conditions:

(C1) g:]0,+00) — (0,+o0) is a decreasing C' -function such that

l:= kl—/owg(s)ds>0. (2.1)
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(C2) There exists a C' function U : [0,+oc0) — [0,4c0) which is a linear or strictly
convex C? function on (0,r], r < g(ty) for any #o > 0 fixed such that U(0) =
U'(0) = 0, and a positive decreasing differentiable function

® :[0,4o0) — (0,+e0),

such that
g'(t) < —o(nU(g(1), 1 >0. (2.2)

REMARK 1.

1. Using ideas similar to [28], we infer that since U is a strictly increasing and con-
vex C?-function on (0, 7] with U(0) = U’(0) = 0, it has an extension U which
is strictly increasing and strictly convex C?-function on (0, o). For example,
suppose U(r) =d;, U'(r) = d, and U"(r) = d3, then U can be defined by

U(s) = ﬁs2

d
557+ (da—dsr)s+di —dor + ?3r2 Vs> (2.3)

2. Also, forany 7 > 0 fixed, using the fact that g is continuous, positive and g(0) >
0, one has

! 10
| s> [ e)ds=g0>0, >, (2.4)
0 0

where go is a constant.

Notations and preliminary results

Let us start by introducing the following standard functional spaces:

Li(o,l):{weLz(o,l):/Olw(x)dxzo}, H!(0,1)=H'(0,1)nL2(0,1),
HZ(0,1) = {w € H*(0,1) : w(0) = wy(1) =0},
Hj( 0, :{WEH (0,1): w(0) =0}, Hb 0,1)={we H'(0,1): w(1) =0}.

Now, integrating (1.11); over (0,1) and using the boundary conditions (1.12), we ob-

tain
dﬂ/th (25)

Integrating (2.5) and using the initial data (1.13) for ¢ yields

1 1 1
/0 (p(x,t)dx=t/0 (pl(x)dx—f—/o oo(x)dx. (2.6)

Fen) = o001 [ on(oue— [ (o, @)

Letting
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we get
1
/ ¢(x,1)dx =0, V1> 0. 2.8)
0
Thus, we can apply Poincaré’s inequality for ¢ throughout this work. That is,

1ol < llolla = llo:-

Furthermore, (¢, y, 0,q) satisfies (1.11) with the initial data for ¢ given as

G (x) = 0 / go(x)dx, i (x / o1 (x (2.9)

From now on, we work with @ instead of ¢ and write ¢ for simplicity. The existence
and uniqueness result of problem (1.11)—(1.13) is given below. The proof follows the
argument of the Galerkin approximation method as in Hassan et al. [26, 27].

THEOREM 1. Let (¢o, Wo,60,q90) € HL(0,1) x H}(0,1) x L*(0,1) x L*(0,1) and
(o1, w1) € L2(0,1) x L*(0,1) be given. Assume (Cy) and (Cy) hold. Then, problem
(1.11)=(1.13) has a weak unique solution (@,v,0,q) such that

¢ € C(Ry,H;(0,1))NC" (R+,L3(0,1)),
v eC(Ry,Hy(0,1))nCt (Ry,L*(0,1)), (2.10)
6 € C(Ry,L*(0,1)), g€ C(Ry,L*(0,1)).

Moreover, if
(90, W0, 60,90) € HZ(0,1) NH}(0,1) x H*(0,1) NH (0, 1) x Hj(0,1) x Hg (0, 1)

and
((Phl//l) € Hﬂ} (0’ 1) X H(%(Oa l)a

then the solution in (2.10) has additional regularity, namely, it is of the class

)NHL(0,1))NC" (Ry,H!(0,1)) NC* (R, L2(0,1)),
)NH(0,1))NC' (R, Hy (0,1)) NC* (Ry,L*(0,1)),
)) NC* ([0, +0),L7(0,1))
g€ C(Ry,H}(0,1))NC ([0,+20),L7(0,1)).

We shall apply repeatedly the following lemmas in this paper.

LEMMA 1. Let w € L7 ([0,40),L?(0,1)). Then the following inequalities hold:

t 2
/01 (/O g(t—S)(W(t)—w(s))ds> dx < (1—=1)(gow)(t), >0, (2.11)
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1 X 2
/ (/ W(y,t)dy> dx < Wi, 1>0, (2.12)
0 0

(gow)( /g t—s)||w(?) (s)H%ds.

where

Proof. Using the Cauchy-Schwarz and Poincaré’s inequalities, we easily obtain
the result. [J

For 0 < € <1 (see [29]), we define

h(t) = eg(t) — ¢'(t) and Ag=/+°° £y

o eg(s)—g'(s)
We have the following.

LEMMA 2. Suppose (@, y,0,q) is the solution of the problem (1.11)—(1.13).
Then, for any 0 < € < 1, we have

1 t 2
[ ([ ett=5) (0t o) - (ot w0 ds) ax < e o (out W) ), 10

(2.13)
Proof. Using the Cauchy-Schwarz inequality, we get
L/ gt 2
[ ([ o=+ 00~ @0+ wisas) ax
2
l‘—S
= VAt =) ((9e 4+ 9)(1) = (¢ + l//)(S))dS> dx
/ </ Vh(t =s) (2.14)

< (el £l as) [ [/ 1091 (0r+ 90— (ot w)(6) s

- *“’ﬂ s
o </0 Sg(s)—g/(s)d ) (ho(pe+wy))(r). O

LEMMA 3. [30] Let G be a convex function on the interval [a,b], f,j:Q— [a,b]
be integrable functions on Q, such that j(x) >0, x € Q and [ j(x)dx =0y >0. Then,
we have the following Jensen inequality:

1 , 1 .
G(g /Q f(y)J(y)dy> <u /Q G(f(»)j(y)dy. (2.15)

In particularif G(y) =y?, y>0, p>1, then

(5 Lroio)" < & [wonriow. 210
Q

(25] oy Jo
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3. Essential Lemmas

In this section, we provide some lemmas that will be used to establish the main
stability result in Theorem 2.

LEMMA 4. Let (¢,y,0,q) be the solution to the system (1.11)—~(1.13). Then, the
solution energy associated with the system (1.11)—(1.13), defined by

1 1
ﬂ0=5@m%ﬁ+mmw%%ﬁwﬁ+<h—Ag@w)(%+w%)
G.1)

+%@q%+WN) £ 11013+ 3 lall3,

satisfies
d
dt

where

1 1
TEO == o+l +3 (g (et w) () —ellgl3 <0 Vi>0,  (32)

(o o+ W0 = [ gli=3)@+W)e) — (e W)l

Proof. Multiplying the equations in (1.11) by ¢, y;, 6 and g respectively, inte-
grating by parts over (0, 1), and using the boundary conditions (1.13), we obtain

s oo+ kiloct wiB) — [ ou [ 8ot w)(xs)asa

= —ky /O Wi (0 + W)dx, (3.3)

1d 1 t
S— (P2l +kallwall3) = [ wi [ gt —5)(@n+ W) (x,5)dsdx
2 dt 0 0

1 1
:kl/o v (@ + y)dx — y/o W; O.dx, (3.4)

1 d
S (pallel3) = /eqxdxw/ Y1 0,dx, (3.5)
and
1d
3 () = [ Oautx— alalp (36)
Adding (3.3)—(3.6), we arrive at
1d
577 Pl +Killoe+ w3+ pallya 13+ Kol 3 + p3 | 013 + < q113)

1 t
_/0 (‘PX"‘W)t/O g(t =) (@4 W) (x,5)dsdx = — ot q|)3. (3.7

N
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Now, we estimate the term J; as follows:
5= [t [[ 86— (0t w)en) — (@t w)ss) s
~ [ etyas / (0s+ V)(s-+ y)dx
[ 895 (oot )~ (et ) s) P
2
(3.8)
. - 2
3 > [ sas o+ w3

L (o (@t W) (1)~ 2 (g0 (0 + ) ()

2dt 2
1
~ 55 ([ s6raston+ viB) + Sewllor vz
Substituting (3.8) into (3.7) yields
d 1 1
EE(t)=——g()H<Px+lV||z+ (o (@t ) (1) — atllqll3.

Hence, the inequality (3.2) follows from conditions (C;) and (C;). Thus, the energy is
decreasing and bounded above by E(0). O

LEMMA 5. Let (¢,y,0,q) be the solution to the system (1.11)—~(1.13). Then, the
functional defined by

1 1
Fi(r) = —193/0 9/ q(y,t)dydx

satisfies, for any 01 > 0 the estimate
1
R <2101+ w3+ (145 ) Il >0, (:9)

Proof. Direct differentiation of F; using (1.11)3 and (1.11)4, integration by parts
and the boundary conditions (1.13) lead to

1 1 1
Fi() = =pal013+ 7lal3+77 | quidr+pscc [ 0 [ qlvidyar

By applying the Cauchy-Schwarz and Young’s inequalities along side the inequality
(2.12), we obtain for any 6; > 0,

2
R < -2 03+ s+ (e G20 ) 13+ 22 ([ a0niar) an

OC
22015+ w3+ (++ L2 ) g + 222l 6.10)

1
< ||92+61||w2+c(1+ )612 O
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LEMMA 6. Let (¢,y,0,q) be the solution of the system (1.11)~(1.13). Then, the

functional F, defined by
1 X
) =P3/0 ll/x/o 6(v,1)dydx

satisfies, for any positive &, and 03 the estimate

Fz’(f)<—ZH‘I’:||§+52HWx||§+53H<Px+WH%JFCHélH%
(3.11)
+ 0|5 + cAg (ho (@ + V=0,
( 5 53)” 13+ cAe (o (g4 ) (1)

where h and A¢ are defined in Lemma 2.

Proof. Using equations (1.11), and (1.11)3, integration by parts and the boundary
conditions (1.13), we have

B0 = vl 2 [ yoas- 2 g ) [ o0asax

I J3
- JA 1 JA gt = 5) (et W)(x.1) — (@ W) (x,5))ds Jn

Jy

15
+%</0 g(s)ds)/ <px+w/9y, )dydx— /%qu+yp3||9H2
2 ——

Js Jo

(3.12)
Applying Cauchy-Schwarz, Young’s and Poincaré’s inequalities and repeating the com-
putations in Lemmas 1-2, we estimate J, — Jg as follows:

C
J2<62||WXH%+$”9)CH% & >0,
& c
B<Fletvli+glled: &>o,
cA c
Jo < =5 (o (ot ) () + 51645, (3.13)
& c
Js<—||<px+w||%+—H6xH% 8 >0,
Jo < —||‘l/t||2+ HCIH2

Substituting the estimates in (3.13) into (3.12) leads to (3.11). O
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LEMMA 7. Let (¢,y,0,q) be a solution to the system (1.11)—(1.13). Then, the
functional F3 defined by

1 X
R0 =—pi [ (05 v) [ @lu0dyas
satisfies, for any 04 > 0 the estimate

F3<><——||<px+w||2+c(1+ >(Pz||2

+ 84| |13 + cAe (o (g +y)) (1) V1 >0,

where h and A¢ are defined in Lemma 2.

(3.14)

Proof. Differentiation of F3 gives

1 X 1 X
R0 ==p1 [ (ot v [ obundrds—pi [ (o) [ gulnn)dva

Using (1.11); and integration by parts, we arrive at

t 1 X
R = (1= [ sias) o+ viB+pillal3 =1 [ v [ o

(3.15)
1 t
— [ @t w)) [ 80=5) (@4 v)w) = (et ¥ (x.9)) dd:
Applying Young’s inequality and Lemmas 1-2, we have for any o7, 84 > 0,
t 1
~ (k= [ e)as) o+ w3+ (1455 ) ol +8]vil3
0 404 (3.16)

A
+ 01l pc+ w3+ é (ho (@ +w)) ().

!
On account of condition (Cj), we see that (kl - / g(s)ds) > 1. By choosing 0] = =
0
we obtain (3.14). [

LEMMA 8. Let (¢,y,0,q) be the solution to the system (1.11)—(1.13). Then, the
functional Fy defined by

B0 =1 [ o [ [ 5090+ w0~ (0 ¥)05) s

satisfies for any to > 0 fixed and 8s > 0, the estimate

P180
Ei(0) <=2 @3 + el will3 + 8s e+ w3

1 (3.17)
+cAg(1+5—5)<ho<<px+w>><t> Vi,

where g is defined in (2.4), h and A are defined in Lemma 2.
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Proof. Differentiating Fy, we get

1 S
F0)==pi [ o [ [ s0=5) (04 ¥)00) = (0 +w)(05)) dsdydx
J7

_Pl/ol(pt/ox/otg/(t_s)(q)y_FV/)(y,t)_((py—|—l//)(y,s))d5dydx

Jg

1 Xt
o [ o [ [ =5) o+ yhln0dsdya.

Jo

(3.18)

Now, we estimate the terms J; —Jg. For J7, using (1.11);, integration by parts, the
boundary conditions (1.13), then applying Young’s inequality and Lemmas 1-2, we
have for any s > 0

_ 1 "
=k [ 0+ w) [ 8= (et w)0) = (et y) () dsdx
! 2
+/01 (/0 gt —s) (e +y)(x,1) — (@ + l[/)(x,s))ds) dx (3.19)

1
< 85 s+ w3+ cAe (1+5—5) (ho (ox+ W) (1),

where ki = (ki — [§ g(s)ds) . For Jg, we use the Cauchy-Schwarz and Young’s in-
equalities, then recalling that h(r) = €g(r) — g'(¢) , and making use of Lemmas 1-2, we
obtain for any o, > 0,

Jy==pi | ‘o I/ (= 5) (9 + W)0) — (@ + ) (3,5)) dsdyd

= [ [ [ 19 (0t W) 0i0) — (0 + 905 s .

1 Xt
—pie [ o [ [ 8= (04 ¥)0:0) = (0 +W)(:5) dsdyax

c(1+Ag)
c

< Zlol3+ (ho (@:+¥)) (1)

For Jg, on account of (2.4) and (2.8), we have for any 0> > 0,

1 Xt
Jo==pi [ o [ [ at=5) o+ vl (vdsdyas
t 1 X
= —p1 [ ¢9ds [ o [ (o4 yhlndvax
t 1 X
= —p1 [ 8ds [ o [ i)y (3.21)

t 1 X
—p1 / g(s)ds / 0 / Vi (y,1)dydx
0 0 0



404 S. E. MUKIAWA

1 t 1 X
——p /0 g(s)dsl| @il — pr / ¢(s)ds / ¢ / yi (y.1)dydx

(Plgo)

(¢3)
—plgonzH%Jr?II%H%Jr i[5

Substituting (3.19)—(3.21) into (3.17), we arrive at

Fi(t) <~ (p1go—02) | o[l3 + —Hl//er + sl + w13

+ cAe <1+5i+i> (go(@e+w))(1). (3.22)
5 O2

Pigo

Finally, we choose 0, = > % to get (3.17). U

LEMMA 9. Let (¢,y,0,q) be the solution to the system (1.11)—(1.13). Then, the
functional Fs defined by
1
1)=p2 /O Yidx

satisfies the estimate

k
E(6) <= S sl + pallwel3 + cll o+ w3
+cAe (ho (o)) (1) + e85 V1 >0,

where h and A¢ are defined in Lemma 2.

(3.23)

Proof. Differentiation of Fs using (1.11), and integration by part, we obtain

1
F(t) = pal|wil3 — kol w3 — /0 (e + v)dx

Jio

o 1
—|—/0 l[//o g(t—s)((px—i-l[/)(x,s)dsdx—)//o yO.dx. (3.24)

J11 Ji2

Applying Young’s and Poincaré’s inequalities, and Lemmas 1-2, we have for any o3 >
03
O3 C
ho <7 vala+ e+ v,
t 1
I = [ s(s)ds [ wloet s
1 t
- / v [ s—9)(o+ w><x,t> (et y)(xs)dsdx (329
||1Vx||2+ H<Px+l//Hz+ — (h<>(<px+ v)) (),

Jio <T||Wx”2+ 6—3“9tz~
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Substitution of the estimates in (3.25) into (3.24) leads to
F5(1) < %x—&mez+mH%M+- Ma+wm

cAg
+ 0__3 (ho((/)x"‘ W)) (t) + ;3||9x||2~

k
We choose 03 = ?2 to get (3.23). O

LEMMA 10. Let (¢,v,0,q) be the solution to the system (1.11)—(1.13). Then,
the functional Fg defined by

1 pt 400
:/ /I(t—S)(<Px+ v)?(x,5)dsdx, Wherel(t):/ g(s)ds
0 Jo ‘

satisfies
1
FHU<NP4W%+WM—§@M%+WD® Vi>0. (3.26)

Proof. First, we observe that

Thus, we have
R = [ [16-9)0c+ w2 (ws)dsde 10) o+ w3
[ [ 80510 w20 asax +10) o+ wiB
+ [ saslo+ vk

[ [ s ot W)~ (et w5 s
1) 9e+ w3

1 t
=2 [ (ot ¥) [ 56=5) (@4 W) (1) = (g4 ¥) (.)) s

—(go(@e+ ) (O) + 1)@+ w3 +2(1 = 1)|| o+ v}
(Jog(s)ds)
BTiE)

1
<=5 @@t v) () +2(1L= D@+ w3+ 1)l + w3

Since I'(t) = —g(t) < 0 by virtue of (Cy), so I(t) <1(0) = (1 —1{). Hence, we obtain
the desired result. [J

(3.27)

(go(pc+y)) (1)
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LEMMA 11. Let (¢,v,0,q) be the solution to the system (1.11)—(1.13). Then,
for suitable choices of N, Nj, j=1,2,3,4,5, the Lyapunov functional

L(t) = NE(t +2NF (3.28)
Jj=

satisfies the estimates
D\E(t) <L(t) <bE(t) Vi=0 (3.29)
and

L'(1) <= B (lerllZ+ 1well3 + lysllz + e+ w3+ 16112+ llg112)

F Lo lot W) Vi,

for some B >0 and by, by > 0.

(3.30)

Proof. We have

|L(t) =NE(t)| < Ny [Fi(2)| + N2 |Fa(1)[ + N3 | F3(t)| 4 Na [Fa (r) |+ Ns |Fs(1)] -
(3.31)
On account of the Cauchy-Schwarz, Young and Poincaré inequalities, we get

IL(t) = NE(0)] <c (|l@fll3+ [wll3+ [ ysll3 + 1+ wli3+ 11613+ llg13)
+e(golotv)) (@)
<CE(1).
This implies
(N—=c)E(t) < L(t) < (N+c)E(1). (3.32)
Therefore, we choose N large enough such that (N —c¢) > 0, to get (3.29).
Now, using Lemmas 4-9 and recalling that 7 = £g — g/, we have for any ¢ > 1,

1
L) < |20 —an (145 )] lal3

— %/N2 — 81Ny — O04N3 — cNy —Pst} w3

[kyl
—-%M &M—&Mfd4%+wg

k
——f%—&%h%%
L (3.33)
— p—Nl—CNz —cNs| 163
2 & & :

~Jon—cm (145 ) -] o

+HEN (g (et v ()
) _%N_CAE <N2+N3+N4< ;5) w)} (ho (@e+ ¥) (1),
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Setting
YN> ko N5 kiIN; (%) k1IN3
5 y 01 4N17 62 4N27 63 8N1 , 04 N3’ S 8N4 y ( )
the inequality in (3.33) takes the form
[ %
L)< %M—cm <1+—3)] lr]13

L p2

- _Z{Nz—CM—ZPz] Iy 3
[ k1 ko

-S| locr vz - 21w
[p3 4N, 8N, 2

— | =N —cNy [ 1 +—= — 0
- (14 52 B ) - ] ol (3.35)
[ 4N, >

—|oN —cNy [ 1+— ) — N
_(x c 1( +YN2) ¢ 2} l4ll2
ke

+7N(80(<Px+llf))(f)
[k 8N.

— | SN —cAe (N + N3+ Ny 1+ ) + 1] | (ho (gt W) (0).
_2 kiIN3

Now, we choose the remaining constants carefully: First, we select N3 large such that

k1IN
5 >0, (3.36)
4
then we choose Ny large enough so that
N
Pi8o N ens <1+—3> > 0. (3.37)
2 P2
Next, we choose N, large enough such that
%/z\b —eNy—2pr >0 (3.38)

and followed by selecting N; so large such that

p3 4N, 8N
—N;—cN> | 1+ —= —c>0 3.39
2 C2<+k2+kllN3 ¢ (3.39)
2 2
Next, from assumption (C)) and definition of /1, we infer that £8°(s) —_ 8 (s) <

h(s) — eg(s)—g'(s)
g(s). Thus, applying the dominated convergence theorem, we see that

—+o0 2
€A, = / L(s)/ds .0 as £ —0. (3.40)
o €g(s)—g'(s)
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Therefore, there exists 0 < & < 1 such that for € < gy, we have
1

eA: < N .
4c (N2 L N3N, (1 +ﬁ) n 1)

1
Finally, we choose N very large and take € = INK so that (3.29) remains valid and

1

8N,
aN — cN; (1 + —1> —cN, >0, (3.41)
YN2
as well as . oN
1 4
—N—cAe [ No +N3+Ns [ 1 1)>0. 3.42
2 Ce<2+ 3+ 4<+kllN3>+> (3.42)

Combining (3.34)—(3.42), we obtain (3.30). U

4. Main decay result
Now, we state and prove the main decay result of this paper.

THEOREM 2. Suppose conditions (C;) and (C;) hold. Then, the energy func-
tional (3.1) satisfies for some positive constants m; and m,, the decay estimate
r

E(t) <mU;! (mlflot(u(s)ds>7 Ul(t)=/t ﬁd& @.1)

where Uj is a strictly convex function that is decreasing on (0,7] with r = g(7)) >0
and linaUl (1) = oo
t—

Proof. By virtue of conditions (C;) and (C,), the functions @ and g are contin-
uous, decreasing and positive. Furthermore, U is continuous and positive. Thus, we
obtain

0<g(to) <gt) <g(0), 0<w(ty) <o) <w() Vre]l0,z).
This implies, there exist a; > 0 and a; > 0 such that
a <o®)U(gl) <a.

It follows that

g%><—wm0@o»<—;%¢m><—

ai

mg(r), vt € 0,1)]. 4.2)

Therefore, (3.1) and (4.2) yield

K%wm%+wm%w%+wm—wﬁm

_ﬂ/%g’@)\\(wﬁ W)(1) = (@ct+y)(r —s)|3ds
aj 0

< —CE'(t) Ytel0,1). (4.3)

N
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Using (3.30) and (4.3), we obtain
L) < ~BEW) + 5 (g0 (et )(0)
= —BEW + [ 6t v)O— (ot y) (=) 3ds
43 [ 010+ w)0)— (o wle—)lds
< =BEW) ~CE0+ 5 [ s6)0+v)(0) — (o1 w)a =) .
It follows that
R0 < =BED) + 1 [ 0ot )0~ (et we—9)lBds V>0, @

where Ry = L+ CE is equivalentto E due to (3.29). Now, we distinguish two cases:
Case 1. U is linear. Multiplying (4.4) by w(z), it follow from (3.1) and (C;) that

wmuowsﬁmem+1mn/}@w%+wwww%+ww—wﬁm

< —0WE®)+3 [ 00)s) 0+ )0~ (00 v)a =) s
<—ﬁwmmw—5Ay@w%+wwww%+ww—wﬁm
< —Bo(t)E(r) — CE'(1). (4.5)

Since  is decreasing, we obtain
(oL +CE) (t) < —Bw(t)E(t) Yt >t (4.6)
and since R; is equivalent to £, we obtain
oL +CE ~E. 4.7)
Thus, for some positive constant m we have
Ly(1) < —Bo()E(t) < —mo(1)La(1) Vi > 10, (4.8)
where L (1) = @(t)Li(r) + CE(r). Integration of (4.8) over (fo,7) and recalling (4.7)

yield
. ¢
E(t) <me ™ hy @()ds _ mU;! (m’/ (u(s)ds) .
Iy

Case 2. U is nonlinear. Let £ (t) = L(t) + Fs(¢). On account of Lemma 11 and
(3.35), we get
Lt) < —AE(t) Vit >, (4.9)
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for some positive constant A. It follows that
1
A/E®M<XW—$@<$m)
T

Therefore,
+°°
E(s)ds < oo. (4.10)
0

Next, we define

13
t“%=¢[W%+WW%%%+WW—®Mw
0
By virtue of (4.10), we can select 0 < 1 < 1 such that
dit)<1 Viz=u. (4.11)

To continue, we assume without loss of generality that d(r) >0 V¢ > 1y, otherwise we
get from (4.4) that the energy functional (3.1) is exponentially stable. Also, we define
the functional

j£§®M%+WW%%%+WW—®%%

and easily see that v(z) < —CE’(z). Using condition (C;), we have that U is strictly
convex on (0,r], r=h(fy) and U(0) = U'(0) = 0. It follows that

U(vt)<vU(), 0< v, re(0,r]. (4.12)

Thus, on account of (C;), (4.11) and Jensen’s inequality (2.15), we have

() = g | O D@t WO~ (ot )1 —3) s
> i | 400Ul 0+ 10 (ot v =) s
>“W>fuwo<>mw%+wx><%+ww—mﬁm
1 ’ 2
> Wy (- [ awesmitoct wio - (ot vl
=20 (i [ g0+ 910~ (o e~
=205 (n [ ot O - (ot wi-9lias). @1

where U is an extension of U on (0,4-o0) introduced in (2.3). Thus, (4.13) yields

, Lyt ()
Ag@m%+wx><%+wm—wmw 5 (m@>-
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Using (4.4), we obtain

R\(t1) < —BE(t)+cU (”V(I)> Vi3> (4.14)

Let ro < r, to be specified later, and define

Wi(t) = U/ <r0%> Ri(t)+E(1).

We see that W is equivalent to E since R; is equivalent to E. Thus, using (4.14) and
the fact that E/(1) <0, U (1) > 0, U’ (t) > 0, we have

Wit = 2 " <r0@> Ri(1)+ 0 <r0&> Ri(1)+E'(1)

E(0) E(0) E(0)
<-BE()U' (mié&) +eU @%) U (n% +E'(t).  (4.15)
J13

To estimate the term J;3, we consider the convex conjugate U of U (see [31] page
61-64) defined by

0" () =50~ (5) =0 [ @)s)] (4.16)
and satisfies the generalized Young inequality
fifs ST (H)+0(f)- (4.17)

Setting f; = (r %) and f, = (j_l (n %) , it follows from Lemma 4 and (4.15)—
(4.17) that, for all ¢ > 1y, we have

Wit < ~BEQD (1 Eggg) ' ( g)) n%wm
Now, we multiply (4.18) by w(7), keeping in mind that ry E(()) < rand

( EOYN_ (. EQ@)

7 () =¥ (o007

we get
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<-Bo)E)U’ (rog(o)) +cr0§(((t))) o()U’ <r0%>
—CE'(t) V t>1. (4.19)

Let Wa(r) = w(r)W) (1) + cE(t), since W) is equivalent to E, it follows that
boWa(t) < E(1) < biWa(t), (4.20)
for some constants by, b; > 0. Thus, we get from inequality (4.19) that

Wy (t) < —(BE(0) —cro)w(t)%U/ <r0%> , Vit > 1.

We select ry < r small enough so that BE(0) — crp > 0 to get

Wi(1) < —mw(t)%U’ <r0%> — —mo()Us (%) V>, (421)

where m is a positive constant and U (¢) = tU’(rot). We note that
U3 (t) = U’ (rot) + rotG” (rot),

hence using the strict convexity of U on (0,r], we see that Ux(s) > 0, Uj(s) > 0 on
(0,7]. Next, we set

Wa(2)
W(t)=b .
It follows from (4.20) and (4.21) that
bW (1) < E(r) <biW(t) (4.22)
and
/ W3 (0)
Wit)=>b E(0) < —mo()U,(W(t)) V= 1. (4.23)
The integration of (4.23) over (f,7) yields
t rW/(s) 1 [roWlo) 1
o(s)ds < — | ————=d :—/ ——ds.
R N ity AU v
Therefore
W(t) < Lot (i tw( )d where U(t)—/r L (4.24)
\ro 1 mp A s)as |, 1 = . SU/(S) S. .

It is easy to see from condition (Cy) that U, is strictly decreasing on (0,7] and

lim Ul(l) = o0,

t—0

From (4.22) and (4.24), we arrive at the stability inequality (4.1). [



Differ. Equ. Appl. 14, No. 3 (2022), 393-415. 413

REMARK 2. The main decay estimate in (4.1) is optimal in the sense that it agrees
with the properties of g, see [28], Remark 2.3.

COROLLARY 1. Suppose conditions (Cy) and (Cy) hold. Assume the function U
in assumption (Cy) is defined by
U(s)=s? g>1. (4.25)

Then, the solution energy (3.1) satisfies

1
my exp (—ml/ (u(s)ds) when g = 1,
0

E(t) < (4.26)

L

t =
m(H— a)(s)ds> ! when g > 1.

To

where my,my and m are all positive constants.

5. Examples
(1). Let g(t) =ae™®, t > 0, where a >0, b > 0 are constants and « is chosen so
that (2.1) holds. Then
g (1) = —abe ™™ = —bU(g(1)), with U(t)=t.
Thus, it follows from (4.1) that the energy functional (3.1) satisfies
E(t) <kse ™™ V1 >0, where A = bm. (5.1)

(2). Let g(r) = ae’“*’)h, t >0, where a >0, 0 < b < 1 are constants and a is
chosen such that (2.1) holds. Then,

g(1) = —ab(1+1)"~'e” 15" = —0()U(8(1),
where o(t) = b(1+41)~" and U(t) = ¢. Therefore, we get from (4.1) that
E(t) <mpe ™) i >0. (5.2)

(3). Let g(r) = m, t >0, where a >0, b > 1 are constants and «a is chosen such

that (2.1) holds. We have
, —ab b a o
g(f)zmz—a—% TEnD =-0()U(g(1)),
where

1 b
satisfy 1 <g <2 and w(t)=— >0.
ab

Hence, we deduce from (4.1) that
m
Et) ——,Vt>0. 5.3
) < ey (5.3)
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6. Conclusion

In this work, we established a general decay result for a new model of Timo-
shenko system with viscoelastic damping acting on the shear force, and heat conduction
given by Maxwell-Cattaneo’s law acting on the bending moment. Using the multiplier
method, we proved a decay result for the associated energy functional. The decay re-
sult obtained in this paper holds without the usual equal-wave of speed propagation
condition (1.7) or the stability number condition (1.14). Thus, it is of great interest to
engineers when choosing materials to build Timoshenko beams. An interesting ques-
tion will be to investigate system (1.11) with infinite memory. In this case, we believe
the wave speeds may play a vital role in the decay result.
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