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EXISTENCE AND NONEXISTENCE OF SOLUTIONS OF
THIN-FILM EQUATIONS WITH VARIABLE EXPONENT SPACES

N. LAKSHMIPRIYA, S. GNANAVEL, L. SHANGERGANESH AND N. NYAMORADI*

(Communicated by P. Souplet)

Abstract. The paper aims at presenting a thin film problem involving variable exponent sources
in a bounded domain. For the problem, we give attention to the existence and nonexistence of
solutions under subcritical initial energy. We determine the global existence of solutions, expo-
nential decay and blow-up of solutions in finite time with specific conditions for the proposed
model.

1. Introduction

The fourth order reaction-diffusion equations take an inevitable space in the study
of evolution equations. It describes a great number of physical phenomena like thin
film theory, lubrication theory, phase transition and many other fields. This paper takes
up a fourth order parabolic problem with nonlocal source and the Neumann boundary
condition to describe the evolution of epitaxial growth of nanoscale thin films. Thin
films are formed on a substrate by chemical vapor decomposition, thermal evaporation
or the evaporation of the source materials. The study of thin films is of great importance
since thin film technology has an extensive range of applications including electronics,
photovoltaics, membrane technology and biosystems. Numerous models of thin films
are connected to the developments in the semiconductor industry and for more details,
we refer the interested readers to [4, 15, 19, 23, 28] and the references therein.

Briefly we discuss the works available on thin film equations with nonlocal sources
and these works are closely related to the paper. The fourth-order degenerate diffusion
equation, in one space dimension for thin viscous films considered in [2] and regu-
larity and long-time behavior of weak solutions studied under some conditions. Long
wave unstable thin film equations considered and the existence of a weak solution that
becomes singular in finite time established in [3]. Blow-up and global existence of so-
lutions for the higher-order thin films equation studied in [10] for various conditions.
Cao and Liu studied a thin film equation with nonlocal sources and build results on
global existence and non-extinction of global solutions for negative initial energy in
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[6]. The problem was generalized in [13] to a p-biharmonic problem with the same
nonlocal source and the authors further studied the extinction and blow up behaviour
of solutions under certain assumptions on the initial data. Unboundedness of solutions
of a thin film equation by taking the nonlocal term as [v|P~!v — {5 [v|P~!vdx is stud-
ied in [23], and the authors proved results on global existence and nonexistence for
sign-changing solutions. The same problem is studied for positive initial energy and
blow-up results are obtained in [30]. The problem for supercritical energy case was
studied and conditions for boundedness of solutions were obtained in [24]. Global ex-
istence as well as unboundedness of solutions in finite time, under low initial energy
are studied in [25]. Introducing a p-Laplace term, the existence, uniqueness and blow-
up behaviour of solutions under different initial energy conditions are obtained in [17].
Bounds for the blow-up time are obtained in [9] for J(vo) < d, where J(vp) is the initial
energy and d is the mountain pass level. Further, the authors have analyzed the case
J(vo) > d and arrived at results on global boundedness of solutions. For the thin film
problem in higher dimensions, existence of weak solutions and unboundedness were
established in [21]. Necessary and sufficient conditions for the blow-up of solutions in
finite time for the thin film equation are studied in [29]. Upper and lower bounds for
blow-up time under low initial energy and the life span of solutions are also established.
By considering all the above papers as motivation, this work studies a fourth order thin
film problem in variable exponent spaces.

We analyze the existence and the unboundedness of solutions of the nonlocal thin
film equation with variable exponents as follows:

v+ A% = \v\k(x)flv—][ W ydx, (x,1) € Q x (0,00)
Q

14 8 V
g_n: f?An) =0, (x,1) € 9Q x [0,00) (1.1)

v(x,0) = vo(x), xeQ

where Q C R"(n > 2) is a bounded domain with smooth boundary dQ and 1 is the
1
unit external normal direction on dQ. Also, ][ vdx = Ql / vdx, vo € H*(Q) with
Q Q

/ vodx = 0,vy # 0. Here H*(Q) is a Sobolev space of order two. In (1.1) v is the
Q

height of film in the epitaxial growth. Here A%v is the capillarity driven surface diffu-
sion. The variable exponent k(x) is log-Hdlder continuous and satisfies the following
hypotheses

ap) 1 <k_ <k(x) <hky <eo,

az) essinf(2* — (k(x)+1)) > 0 where 2* = ﬂ
xeQ n—4
The problem (1.1) considered is a direct generalization of variable exponent spaces to
the model studied in [23]. As far as we know, there have been very few works on the
blow up of sign changing solutions of thin film equations. And to our knowledge, there
are no paper available on a thin film equation with variable exponent nonlocal source.
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We use the potential well method to establish the main results of the work. The method
was first studied by Sattinger and Payne in [20] for initial boundary value problems of
wave equations. Further, it was extended by many researchers for various equations,
see, for example [7, 11, 12, 14, 16, 18, 22, 26, 27].

The paper is structured along the following lines. In the second section, we call up
some essential preliminaries. We give the definition of weak solutions and prove some
significant lemmas in the third section. Sections 4 and 5, discuss subcritical initial
energy cases and establish the life span of solutions under distinct conditions.

2. Preliminaries
Before we start the main sections, we put forward some of the basic results of the
generalized Lebesgue and Sobolev spaces. For further details, one can refer [8]. Let Q

be a bounded domain in R”.
Assume that k,kj,k : Q — [1,e0) are measurable functions.

DEFINITION 1. [8] We introduce the variable exponent Lebesgue space with ex-
ponent k(x),

LH9(Q) = {v: Q — R|py () (Av) < oo, for some A >0},
where,
et () = [ [v0x) .

REMARK 1. [8] The variable exponent space L*)(Q) with the norm

IVl = inf{/l > 0[px(y) <%> < 1}7 2.1

becomes a Banach space. (2.1) is known as the Luxembourg norm.
k_ :=mink(x) and k := maxk(x) on Q. Then we have,

. K k x K k
m1n{||vk(x), H"Hk(tc)} < /Q Mk( ldx < maX{HVHk(x)v "”k(tc)}

Further, L¥ ®)(Q) denote the dual space of L*¥)(Q), ﬁ + k,%x) =1.

DEFINITION 2. [8] The Sobolev space with variable exponents is defined as

Wrk(Q) = {v € 140(Q) Dy € 140 (Q), [B| < m},

n
where m > 1, DPv is the B weak partial derivative, |B| =Y B, with B = (B, B2, ..., Bn)
i=1

a multi-index.
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REMARK 2. [8] W™k (Q) equipped with the norm Hv||m7k(x) =2X|B|<m HDﬁka(x)
is a Banach space. Moreover, W," *+9)(Q) denotes the closure of C(Q) in W™k (Q).

DEFINITION 3. [5] Assume that Y is a Banach space. Then L%(0,T,Y) is the
collection of functions v : [0,7] — Y satisfying

1
IVllzao,r:v) = (/ [[v(t ||ydt> < oo, if 1 < a< oo,

VIlz=(0,7:v) = %SSSHP [v(t)[ly < oo, if a=co.

SIS

Here for a € [1,e0) the space L*(0,T;Y) is a Banach space with norm defined as before.

LEMMA 1. [8] If the variable exponents ki (x) & ko (x) satisfy ki(x) < ka(x) a.e.
in Q, then the embedding L% (Q) — LX'™)(Q) is continuous.

Next, we introduce the Sobolev embedding theorem for variable exponent spaces.

THEOREM 1. [8] Assume k;(x) € C(Q),k : Q — [1,%0) be a measurable func-
tion satisfying

L if mky (x) <
essinf(kj (x) — ka(x)) > 0, where ki = ¢ n—mkix
xeQ oo, lfm/q (x)

Then the Sobolev embedding W™*1 ™) (Q) — L*2%)(Q) is continuous and compact.

3. Weak solutions

In this section, we give the definition of local weak solution to the considered
variable exponents thin film equation, and we introduce the energy functionals and
mountain-pass energy level. Then, the global existence and blow-up of solution can be
considered naturally in sections 4 and 5. Further, throughout the work, we use C as a
generic constant instead of different constants.

Now, define a space

W(Q) = {v€H2(Q)/dex:0}, 3.1)

with the norm ||Av||,. Here W () is a Banach space and H?(Q) is a Sobolev space of
order 2.

DEFINITION 4. Suppose that v(x,0) =vo(x) € W(Q) then v(x,t) € L=(0,T;W(Q))
with v, € L*(0,T;L*(Q)) is called a weak solution of the problem (1.1) if it satisfies,

/Ot/g[v,q)jumm—(vk v—][|v|k ) ]dxds—O (3.2)

forall ¢ € L*>(0,T;H*(Q)) satisfying 3—2\39 =0
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We can deduce the following result from (3.2) by taking ¢ = v, and using integra-
tion by parts,

/O’ IV 3ds + E(v) = E(vo), 1 € (0,T). (3.3)

We now define the energy and the Nehari functionals in the following form:

1 2 \V\k(x)ﬂ
E() = 3o~ [ fryds G4
N) = [lav]3— [ (3.5)
Q

We, also define

N = {veW(Q);N(v) =0 {0}, (3.6)
and

d = infE(v). (3.7)

Now, for a fixed v € H? consider the function e : § — E(6v) for & € (0,0). Then

8’ 2 k(x)+1 |V|k(X)Jrl
e() = Tlavli— [ $0 T 38)

LEMMA 2. Let k(x) satisfy the hypotheses (ay) and (az) for a.e. x € Q and
v € HX(Q)\{0}. Then e(8) has the following properties

i) 611161+e(5) =0 and lim e(§) = —co.

§—oo

ii) In (0,e0) there exists a 0* = 6*(v) > 0, such that e(d) attains its maximum at
6. Furthermore, N(6v) >0 for 0 < 6 < 6%, N(6v) <0 for § > 8" and N(6*v) =0.

Proof. From (3.8), we get

[y

2
o(8) < ‘%HAVH2 min{ &5 ! 5k++1}/ dx7

2
o(8) > 5—||Av||2—max{5k +1 5’<++1}/

M"

These two inequalities give (i). By direct calculation, we get

e’(5):5||Av||%—/Q(Sk(x)|v|k(x)+1dx. (3.9)
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Since for small § > 0, ¢(8) >0 and e is continuous on [0, ), differentiable on (0,).
We combine (i) and these facts to say e attains maximum at some 8* > 0. Then by
Fermat’s theorem,

¢ (8%) :5*\\AVH%—/(5*)k(x)|v|k(")+ldx:0. (3.10)
Q

Since we have N(6v) = 8¢/(8), we obtain N(6*v) = 0. Also, we can deduce that ¢(5)
is increasing on (0,6*) and decreasing on (6*,c0). Hence, N(6v) > 0 for 0 < § < 0%,
N(6v) <0 for 6 >06*. O

LEMMA 3. Let the hypotheses (ay) and (ay) hold. Then

d = inf E(v) > 0. 3.11)
veN

Proof. We want to show that there exists v € 4" such that E(v) =d. Let {w}7_, C
/" be a minimizing sequence of E .

lim E(v) = d. (3.12)

k—soo0

We can see |vi| is also a minimizing sequence of E by equation (3.4). So, let vy >0
a.e. in Q for all k € N. We have

—1 1_ 1 k(x)+1
E(V)—ZN(V)+/Q<2 k(x)+1>|v| dx. (3.13)

Since {E(v¢)}7_, is bounded and N(vx) =0, we get {v;}_, is bounded in LK+ (Q)
and in H2(Q). The compact embedding H?(Q) — LK+1(Q) gives, there exists a
function v and a subsequence of {v};_,, still we denote it as {vi}, such that

vy — v weakly in H*(Q),
ve — v strongly in LK9F1(Q).

Hence
vy — va.e. in Q.

Thus, v > 0 a.e. in Q. Now, by the dominated convergence theorem, we get
/ WO gy — lim/ v [0 g, (3.14)
Q k—eo /O

By the weak lower semicontinuity of modular and ||.||2, we obtain

E(v) < liminfE(v) = d, (3.15)

—00

Nb) < lilgnian(vk) =0. (3.16)
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We want to prove that N(v) =0 to say v € A . If N(v) <0, then by Lemma 2 there
exists 8" such that 0 < 8* < 1 and N(8*v) =0

* 1 1 s\ k(x)+1 1 1k(x)+1
< — —
d <E(8") / (2 ) 1) (6%) [v] dx

1 1
s\k_+1 - k(x)+1
<@ /g (2 k(x)+1> P dx

. 1 1
< (5*)k,+1h]?lglf A (E _ e +1) |vk|k(")+1dx

= (8")a.

Since 0* < 1, this is a contradiction. Thus N(v) =0 and hence v € .4".
Now, we prove d > 0.

We know that N(v) = 0 for v € .4, which gives ||Av|3 = / v+ . Firstly,
Q

consider the case when ||Av||, < 1, then by making use of Sobolev embedding we get
Javlg = [ e+ ax
Q
< max { Wl IV b
< max {$ a5 st Ay
< max{Sk’H,Sk*H} Av]& !
= Allavily

where S is the embedding constant and A = max {S*-"!, §&1}  Therefore, we get

1\ =T
HAM22<Z) . (3.17)

Similarly, when [|Av|, > 1, we get

1\ BT
HAM22<Z) . (3.18)
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Now, equations (3.17) and (3.18) together give

1 1
E() 2 Slaviz = [ W
1 1 ,
(E - m) |Av||3, since N(v) =0 forv e A

(11 . 1ﬁ1k++1>0
2 T er)™\a \a '

Hence, we can conclude d > 0. [

4. Upper bound of blow-up time for negative energy
THEOREM 2. Let (a1), (a2) hold and assume that vy € W(Q) satisfies E(vy) <

0. Then there does not exist global weak solution to the problem (1.1). Further, an
upper bound for the existence time of solutions is given by

o 2ol >
"< S-Te 4.1)

Proof. We first consider the function g: [0,7) — R* as

(1) = vl3. (4.2)

Subsequently, we get

'(t) = 2/ vvidx
Q
= 2/ v [—sz—f— |v|k(")_1v—][ vk(x)_lvdy] dx
Q Q

—2/ vA(Av)dx+2/ |v|F)+ 1 gy
Q Q

JA 0
—2/ AvAvdx—Z/ v—vds+2/ Av—vds+2/ \v\k(x)de
Q o dn 0 on o

) <||Av||§—/g|v|k(")+ldx>.

We acquire from (3.4),

M"

&(1) = —4E(v +2/Mk g — 4/

> 4E() + @—Fjﬁ/vk“w



Differ. Equ. Appl. 14, No. 4 (2022), 579-595. 587
where (2 ya— 1) > 0. From (3.3), above inequality can be written as

¢ =4 [ IV6)3ds—4E ) + (2_k—+1> [ b

By our assumption E(vy) < 0. Hence

!
>4 [ V)3 2——/ KRty 43
N4 [ IV6)Bds+ (2 g ) [ bt @3)
Now, define the sets Q™ ={x € Q:|v| < 1} and Q" ={x€ Q:|v| > 1}. Then, we get

/ |v|k(x)+ldx 2 / ‘v‘k++ldx+/ |v|k7+ldx
Q Q- Qt
kil

k_+1
2 : 2 :
> (/ [v] dx) +c (/ [v] dx) ,
Q, Q.

where ¢, cp > 0 are constants. The above inequality together with (4.3) gives

o+l e+l
’(r>><z_L) c (/ |v|2dx>2+c (/ vzdx)z (4.4)
8 = 1 1 o, 2 o ’ :

this implies

2

2 —"
@) e [ P,
+

2 _2
[g/(t)] k1 >c:++l/g Mzdx,

2 2
o 4 o 4 kT A++1
where ¢3 =c¢; (2—m> and ¢4 =) (2—m>.Assume 5= mln{c3 NN },

then, we get

O] + [¢(0)] 57 > e /Q [v[Pdx = esg(1). (4.5)
As a consequence of equation (4.3), we get
0)+ /0 t g(t)dt > 0. (4.6)
Now, (4.5) and (4.6) together yields
[/ ()] + [¢/(0)] 7 > esg(0). (47)
Hence, we can see that either
k1 ky+l

g'(1) = co (@) o dza (@) o (4.8)
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et krt
with cg= (%) 7 andc;= (%) 2
k.
0

o

_+1 ky+1
— i HORNE OB ince 2> _2_
We choose cg = min 06< 5 ) 7C7< 5 sandsince == 2> 57 we

get
2

@] |14 ) T > e,

Hence
k_+1
2

csg(t)
(&%)
Lyt 7

k_+1
-

()= (4.9)

¢s

(k 2 1 & g 1)
+ +
1+C8

Here, choosing C = and integrating (4.9) on (0,7), will give

1
s+ ()]

this implies, the solution blows up at finite time 7*. Furthermore an upper bound for
the blow up time is given by

g(t) =

1—k_
2g(0) 2

Tr S
(k- —1)C

0 (4.10)

5. Existence and non-existence of global solutions for sub mountain-pass energy

This section provides results on global boundedness and unboundedness of solu-
tions, depending on the sign of N(vy). We are going to obtain the results using the same
method as in [20]. Now, we define the stable set % and unstable set ¥ as follows

U ={veWw(Q):N(v)>0,E(v) <d}U{0}, (5.1)
YV ={veW(Q):Nv)<0,E(v)<d}. (5.2)

LEMMA 4. [18] Let the conditions (ay), (ay) are satisfied and vy € W(Q). As-
sume that v(x,t) be a weak solution to the problem (1.1). Then

1)forvo € %, v(x,t) € U fortc[0,T).

2)forvo eV, v(x,t) €V fort€0,T).

LEMMA 5. [18] Let J: Rt — R™ be a non increasing function. Assume that
there exist constants ¢ > 0 and C > 0 such that

bl 1
/ T (s)ds < ZI°(0)J(1), e 0.
t
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If 0 =0, we have
J(1) <J(0)e! = Ve > 0.
5.1. Existence and behaviour of global solutions

THEOREM 3. Assume that (ay), (az) are satisfied. If vo € % then the problem
(1.1) admits at least a weak solution v € L*(0,00;W (Q)), whose energy decays expo-
nentially.

Proof. Consider the eigenvalue problem

A2 = iy, x€Q,
9 IAG (5.3)
% = 81‘] = O, x € Q.

Let {¢;};7, be the sequence of eigenfunctions of (5.3), which form an orthogonal and
orthonormal basis of H>(Q) and L*(Q) respectively. Here, we seek approximation
solutions of (1.1) as sequence {v,} in finite dimensional space defined by

50 =Y an (0
=1

satisfying
/Qv;q)jdx: —/QAV,,A(Z>j-cz')c—|—/Qh(v,,)(})jdx7 (5.4)
and .
0) = Y, a1(0)1(x) — vo, in W(Q) (5.5)

where h(v) = ||~y —][ v ~1ydx. This gives a system of ODE for {ani}ty,
Q

dy (1) = =Djan (1) + hj(0), (5.6)

where /() = (h(vn),¢;). The problem (5.6) is solvable by the standard theory of ODE
in an interval [0,7;,). Now, multiply (5.4) by ay ;(t) and sum for j, to get

/Iv’ Pdx= /lAanx /'V"‘k
o 1

Integrating from (0,¢), we get

/ IV, I12ds + E(va(x,1)) = E(va(x,0)).
Since we have the convergence (5.5), continuity of E gives

E(vy(x,0)) — E(vo) < d. (5.7)
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Then, for sufficiently large n, we get
t
/ V. 13ds + E(va(x,1)) < d, 0<1 < oo, (5.8)
0

Equation (3.4) implies that,

1 1
En) > 5lan3 = [ ) ax,

(k1)
= == javal3+

2T 1) N(vn). (5.9)

_
(k—+1)
By Lemma 4 we have N(v,) > 0. Then (5.8) and (5.9) together give

)
[ B+ 5o lang <a

this yields

t
| i lds < a. (5.10)
0

2k +1)

. 5.11
 —1 d (5.1

[Ava]l3 <
Since N(v,) >0,
2(k—+1)

[l < 4w, < =22
Q ko—1

d. (5.12)

We have [[v[| () < pp)(v) + 1 for any variable exponent p(x) ([8], Corollary 2.1.15),
hence

2(k— +1
val O™ | k1 < /Q KO dx+1 < %dﬂ. (5.13)
@ -

The estimates (5.10), (5.11), (5.12) and (5.13) together with the standard compactness
arguments gives

v, — v/ weakly in L*(0,T;L*(Q)),

vy, — v weakly® in L”(0,T; W (Q)),

vy — v weakly* in L=(0,T; LK)+ (Q)).
Now, by the Aubin-Lions lemma, we get

vy — vin C(O,T;Hz(Q)),

k(x)+1

v K=y, — [y =1y weakly* in L(0,T;L K9 (Q)).

These convergences hold for any 7" > 0. Passing limit in (5.4) proves the existence of
global solution.
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Next, we prove the asymptotic behaviour of global solution of the considered
equation. Since vy € %, we have v(t) € Z by Lemma 4. We can see from (5.1),
N(v(z)) > 0. Then, there exists 8" > 1 with N(0*v) =0 by Lemma 2. Hence

= N(E"V(1) < (8P vl = (1 [ ot a
= ((6*)2 o (6*)k7+1> ||Av||%+ (5*)k7+lN(V).

It proves that
NO() > (1= (897 ) flavl3. (5.14)

To get an estimate for 6*, we consider

E(8"v) = E(5") — k_;N(S* )

w2 (1 1 2 *k++1/ 1 k(x)+1
< (o) (2 ke +1)”AV”2 (= ) k) +1 o+l [P dx

< (5%)keH! {E(v) _ ]C_LHN(V)} . (5.15)

From equation (3.3) and (5.15), we have

E(0) > E(0)) = E(6(1)) — - NO(0) + - NO/D)

d 1
> N(v(t
(5*)k++l + k_ +1 (V( ))
d
(& )kt T
Since E(vg) < d, the above inequality gives

1

d \FET
> —— > 1. 5.16
(E(V0)> 10

>

Hence, from (5.14) we get

d \TE
No@) > [ 1- ( ) a3, (5.17)
Using (5.17), we obtain

1
EOW) < Il = [

_ (%_k—ﬂ> 813+ =5 1+1N( 0)

-1
1 1
2 ki+1

N

1) LW 5.18
_<E(V0)) +k+_|_1 (v(r)), (5.18)
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and

1 1
E > 1A 2__/ k(x)+1
00) > SIaviB - g [
1 1 1
~ (5~ 5 ) B+ N )

1 1 1 d \TF )
57 l—| —— A3 (5.1
(2 k_+1)+k_+l (E(V0)> [Av][5. (5.19)

Now, multiplying (1.1) with v and integrating from ¢ to 7" and using the embedding
H?(Q) — L*(Q) ([1], Theorem 4.12) with ¢y as the embedding constant, we get

WV

T 1 1
N(v(s))ds = S [vO)ll3 = S Iv(T)]3
t
1
< ool Av(n)]3. (5.20)
Now, using (5.18)-(5.20), we get
T 1
/ E(v(s))ds < ZE(), ¥ >0, (5.21)
t

where C > 0 depends on d,vy,k_,ky and C;. Hence, when T — o Lemma 5 gives
E(v(t)) < E(vg)e' ¢ vt > 0. (5.22)
Thus, the solution v(x,7) decays exponentially. [J

5.2. Nonexistence of global solutions

THEOREM 4. Suppose that (a1), (az) are satisfied and let vy € ¥ . Then problem
(1.1) does not admit any global weak solution.

Proof. Assume on the contrary that solution exists globally. Now, define an aux-
iliary functional

0= [/ Iv6)Bds+ (T =0)lvolBr € (0.7). (523)
Hence
&'(1) = I~ ol

G'(t) = 2/ vedx.
Q
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Further, we can deduce

G'(1) = —2\\AVH§+2/ v+ g
Q

— 2N (524)

Since vo € ¥/, by Lemma4 v € ¥". So, N(v) < 0. By lemma 2, we have 0* < 1 with
N(6*v) =0, i.e.

5*/ |Av[?dx — / (&KL |y K+ gy — 0. (5.25)
Q Q
From Lemma 3 and (5.25), one can see that

d < E(8") = E(8") %HN(&*V)

(Y LN a2 LN )4k
_<2 k+1)(5)sz /Q(k(x)+1 o) O dx

1 1
- *\2 2 #\k_+1 - k(x)+1
< (375 O PIatE= @ [ (g~ gy ) M s

< E(v)— ——N(v). (5.26)
Now, (5.24) together with (3.3) gives
G'(t) >2(k_+1)(d—E®))
>2(k_ + 1)/(: IV ($)]13ds +2(k— + 1)(d — E(vp)). (5.27)
From (5.23) and (5.27), we derive

GG 1) > 20k +1) [ Iv)ds [ IV(6) Bds +2(k-+ 1)(d — E0))Gl0).

(5.28)
Using Cauchy-Schwartz inequality, we get
1 t t 2 1
[ ivtoBas [ Bas> ([ [ wasas) =360,
0 0 0JQ 4
Thus from (5.28), we can conclude that
k_+1
G()G"(t) - <T+> [G'(1)]> > 2(k_ 4 1)(d — E(v))G(t) > 0. (5.29)

We conclude that the solutions cannot exist globally, see [20]. [J
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