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SPACE-TIME ANALYTIC SMOOTHING EFFECT
FOR THE NONLINEAR SCHRODINGER EQUATIONS
WITH NONLINEARITY OF EXPONENTIAL TYPE

GAKU HOSHINO

(Communicated by J. lldefonso Diaz)

Abstract. In this paper, we consider the global Cauchy problem for the nonlinear Schrodinger
equations with nonlinearity of exponential type in higher space dimensions n > 2. In partic-
ular, we study the global existence of the solutions to the Cauchy problem with small data in
the framework of intersection of Sobolev and weighted Lebesgue space: H"/2N.ZH"?. More
precisely, we show that if data decay exponentially in H"2N.ZH"? then for any time ¢ # 0,
solutions are real-analytic in both space and time variables and have analytic continuation.

1. Introduction

We study the Cauchy problem for the nonlinear Schrodinger equations in n > 2
space dimensions as follows:

idju+ %Au = f(u),
u(0,x) = ¢(x), x e R"

(1.1

where u: RxR"> (t,x) —u(t,x) €C, i=+/—1, dy=09/dt and A=3]_, 82/8x,%.
In this study we treat the following nonlinearity of exponential type:

fu) = (gl‘“‘z _ 1>u (1.2)

where A € C. The nonlinear Schrédinger equation with the nonlinearity of exponential
type appears in Physics to study laser beams in plasma (see [20] for instance). The
Cauchy problem for (1.1)—(1.2) has been studied in [22] with sufficiently small Cauchy
data in the Sobolev space H"/? (see Remark 1 in [22]). The Sobolev space H"? is
the critical Sobolev space of (1.1)—(1.2). In this previous study, the critical Sobolev
inequality (see [19, 23] for instance)

1-2/q 2
luello < Cq'2|| =yl Nl
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for 2 < g < oo, has been applied to estimate the nonlinear term with an exponential
growth.

Our main purpose of this study is to show the space-time analytic smoothing effect
for (1.1)—(1.2) in n > 2 with sufficiently small Cauchy data in weighted Sobolev space
H"?NFH".

The analytic smoothing effect in space variables for (1.1)—(1.2) in space dimen-
sions n = 2 with sufficiently small data in H' has been studied in [12] by author with
Ozawa. As far as author knows there are no results on space-time analytic smoothing
effect for (1.1)—(1.2). Therefore this study is an extension of the previous study [12].

The analyticity and analytic smoothing effect for nonlinear Schrodinger equations
has been studied by many authors (see [2, 5, 9, 10, 11, 12, 13, 14, 21, 24] and references
therein). The existence of scattering operator for (1.1)—(1.2) in H"/? setting with n > 2
has been studied in [25]. The scattering for (1.1)—(1.2) in n =2 is studied in [15, 26].

The space-time analytic smoothing effect for local solutions to the nonlinear Schro-
dinger equations is firstly studied by Hayashi and Kato in [5], by applying the Galilei
generator

J(t) =x+iV
and the pseudo-conformal generator
K(t) =[x +it(20 +x-V+V -x).

In this previous study, Hayashi and Kato have introduced the following types of func-
tion spaces

Xr = {u; |Jullx, <o}, [|ulx, = 2 >

=0 e (NU{0})"

kplol
a HK"J“ (1.3)

klo!

L=([0,T]:L2)

to show the analyticity of solutions in both space and time variables, where a,b > 0.

The space-time analytic smoothing effect for global solutions to the nonlinear
Schrodinger equations with pseudo-conformal nonlinearity has been studied in [14] by
author with Ozawa and the space-time analytic smoothing effect for local solutions to
the nonlinear Schrodinger equations with non pseudo-conformal nonlinearity has been
studied in [10] by author, where the nonlinearity

F(u) = Alul*"u
is called pseudo-conformal nonlinearity because the nonlinear Schrédinger equations:
1
idu+ EAM = Aul*"u,
u(0)=¢

are invariant under the pseudo-conformal transform ¥y :

(1.4)

9‘ 2 t X
= — ”/2 2(1-61) _ -
(Wou) (t,x) = (1 —01)~ u(l o1 T Gt)'
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That is if u satisfy (1.4) then also Wyu satisfy (1.4) with the Cauchy data e’i"'x'z/z(b.
The commutation relation between K and id; + (1/2)A is

(iat + %A)K = (K +4it) (i&t + %A)

and K +4it behaves like the differential operator for the pseudo-conformal nonlinearity

([141:

_\otetlyyy, 1+4/n il
(K@) +4i0f (") = (”—/k< I (<o) }>

htlt Al am=k ll!l2!...lL+4/"! J=1
(1.5)

where ult1l = u,u[_” =1u and k > 1. In [10], author has shown the generalization of
(1.5) for non pseudo-conformally invariant nonlinearity |u|>u, as follows

20+1
(K(r) +4it) ( H u M])

Ko
ARG

ki+ho =k

(_1)12+l4+"'+120'k1! 20+1 . [(71)j+1]
x )3 K (t)u; . (1.6)
(11+12+-~-+120+1k1 Ih!bhoi! 1_[1 ( J>

j=

This formula involves the remainder term:

B2 (1) = lk_[(Zz(H—l—nG ﬁ 2i(l+1—no)r).
=1 =1

If
4
20+1>1+-
n
then %% (1) is estimated as
. no—2
)% 2( ) ]‘[ 20t[j+1 - no|

< 2n0‘ 2‘t‘n6 2(21’16— 1)n6—2

for |¢| > 1. Therefore the increasing term |t|"0~2 appears in the estimate of the nonlin-
ear term

£l = @ = 3 X jupey

o=1
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in the function space like (1.3) by applying the formula (1.6). This is a difficulty in con-

sidering this issue and this point is different from the previous study [12]. To overcome
this difficulty we introduce the operator ([3, 7, 8]):

|J|"/2(t) _ ei(t/Z)A‘x‘n/2e—i(t/2)A
because |J|"/2(¢) provides the time decay estimate

()]s < Cq e (34

1)) ey 24

for 2 < g < eo. From this estimate we get the decreasing term |¢|~"°*2 and hence we
are able to control the increasing term |¢|"®~2 in the process of nonlinear estimate.

To state our main results precisely, we introduce the notation. We denote L? =
LP(R") by the usual Lebesgue space with 1 < p < eo. The Fourier transform .7 : ¢ +— @
is defined by

#(&) = (2m) " /R ¢ E p(x)dx, & €
and the inverse Fourier transform .% ~! : w  y" is defined by
V@ = em) R [ (e, xe R,
The free Schrodinger propagator is defined by
U@e = (e PEFG) rer

The Sobolev space H® with s > 0 is defined by

Hy={o € 7 ol = lol-+ (-4

<w},
Lp

where (—A)Y2¢ = (|€]°Q)". We denote Hj by H° for simplicity. The weighted
Sobolev space .# H* is defined by

7t ={0.c 75 lollow = ol + o] , <=}.
We say that the pair (r, p) is an admissible pair if

2_11
r_2p

with 2< p<oeoif n=2and 2< p<2n/(n—2)if n > 3. Let I C R. We define the
following function spaces

X3(I) = L™(I H*) N L2+ (I;Hg » /8)
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for n =2, where constant 0 < € < 10~!, and

XD = L7 (H) N2 (BHS, )
for n > 3. Let t € R. We introduce the generator of Galilei transform

J()p=(x+itV)p =U(t)xU(—1)@.
J has another representation ([6]):

J(1)9 = M)V (M(~1)9) (1.7)
where M(t) = /2 for ¢ = 0. We also define the operator |J|7 by
7)o =U@)x"U(-1)e, 1 €R

and which has another representation (see [3, 7, 8]):

(0 p = M)t )" (~8)"*(M(~1)9)

for ¢ # 0. The generalized Sobolev space A}(¢) with y > 0 is defined by

AY(r) = {«p €7 10l = Il + ||l 00|, < w}, reR
Note that A}(0) = .ZH". We define the following function spaces

Xo1) = 1 (1) 12 (1AL )

for n =2, where € is the constant appears in definition of X*(I) above, and

XY(I) =L (I’A)Z/) n L2 (I’Agn/(n72)>

for n > 3. Let t € R. The generator of pseudo-conformal transform K is defined by
K1) = (|52 +it (20, +x-V+V-x) ) = U (1) (|52 +2i%,) (U (~1)g).
K also has another representation
K)o =M(t)it (219, +x-V+V-x)(M(—t)p)
for 7 # 0. By the definition above, we see that
K(@)J(t)p = J(0)K(1)¢

for all r € R.



78 G. HOSHINO

Let a = (ag,ay,as,...,a,) € (0,0)1*". We define the following function space of
generalized analytic function:

Gy*(1) = {u e X" ()N Xy(0): Ilull oy < .

a(kﬂ) k you
”u”G';;"(I) = Z (k,OC)! ‘K S u

(ko) ez} O
where a®*® = aofa; %1 ay® - a,%, (k,o)! = klo). If s =y =n/2, we write

G(I) =G> (1)

for simplicity. We now state our main result.
THEOREM 1. Let n >2. If ¢ € H">N.FH"? satisfying

a(k,oc

2 )
(k,OC)EZl;Bn (k7 (X)‘

“x|2kxa¢

<p

H"/2NZH"/?

for sufficiently small p > 0 with some a € (0,00)'*". Then there exists a unique global
solution u € G*(R) to (1.1)-(1.2).

REMARK 1. By [5], we see that the solution u € G*(R) has the following prop-
erty . For any bounded domain I" C (R\ {0}) x R" there exists ¢; = c¢j(a,T") > 0,

0 < j < n such that u(t),z # 0 is real analytic in both space and time variables on T’
and has an analytic continuation to I" where

r= {(t+i1',x+iy) el
(t.x) €T, 0< |7 < colt2, 0 < Jyj] < cjle], 1<) < n}

2. Preliminaries

LEMMA 1. ([1, 18, 27]) Let n > 2. The following inequalities hold:

1 <C alke 2k o
I0)9llggem <€ 2 (k,oc)!HM ol |
(k,oc)EZ;{)"
and
0 ate)
/ U(-—s)F(s)ds <C Y ’KkJaF ' (ReES
0 GF®  ajenty KO v (Rt ay,)

where (r,p) is the admissible pair and ¢ is the Hélder conjugate of 1 < g < oo.
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The following lemma has an important role to control the nonlinearity of exponential
type.

LEMMA 2. ([3,7, 19, 23]) Forany 2 < q < co. We have the following estimates
(1)

lollse <" Ivio||, ol eR)

where the constant C > 0.

2

,1
q

l _2/‘I 2
llls < cq'2p L el 10 2.2)

"J‘nﬂ

where the constant C > 0.

We need the next lemma to calculate the operation of K + 4it to the nonlinear
term.

LEMMA 3. ([10]) Let t € R and o > 1. We have the following equality

26+1 et

— I

(K (1) +4it)f IIV = kl'k' 1).L" IIV
k1 +ko=k

20+1 ) -1 12+l4+-"+120-m! 20+1 . le]
f’"[ I1 Vﬂ =X ( 11312!-- ( [T (K7v) J)’

. |
L+l++hei1=m l20_+1' Jj=1

forall k> 1. Here vt =y, vI7 =5 g; = (—1)/+!

m
H21l+1—n6 t)

form=>1and L°[F| =F, %% =1.
Proof. See the proof of Lemma 4 in [10]. [

3. Proof of Theorem 1

Our proof is based on the standard contraction argument. We define the metric
space (B%,d) by

B = {u € G“(R); ||ullgam) <R},

d(u,v) = |lu = vl gew)

We see that (B%,d) is the complete metric space. We introduce the operator @ : u +— ®@u
defined by

Dut) = U)o — i/OtU(t =) (M = 1)u) (s)ds, 1 € R.
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Let (ko) € ZL}". Then we see that

KT Du(t) = U (1) [x[Px®o — i /0 Ut — ) (K(5) +4is) 7% (s) (44 = 1)u) (s)as

for + € R. To prove the map @ is a contraction mapping in (B%,d) for sufficiently
small R > 0, we need to estimate the norm || @ul|g«(r). We estimate

k,o)
2k o
| Pul| Gar) (C ZZl+n . )!H|x| x*¢ T
(k,0x)
a 2
+C Y H(K+4it)kjo‘( 1))
! v/ ’1/2 n/2
(ha)ez“" (k; @)t ( ) L (RH )
<C 2k oc
(k,ct ZZIJrn( | H"/ZQan/Z
(k,0x)
a 2
+C ]K+4iz (M 1))
(k OC%ZIJrn (k a)' ( ) Lv/ <[ 11] Hn/2 n{2>
(k,0x)
a 2
+C (K- in) (A 1))
(k aZZl+71 (k a)' ( ) Lv/ R\ 11 Hn/ZﬂAn/2>

where (v,p) =(3,6) for n=2 and (v,p) =(2,2n/(n—2)) for n > 3. The nonlinear
term is written as

M“‘z - A° 26 2041 &)
(e —1)u:gla|u\ 621 - .H e
where ul™! = u, ul=! =%, £; = (—1)/*!. Then we see that
—1 [B2|+1Ba|+-++|Ba2s ] !20'+1 le/]
7 (|uPu) = > ( )' | o ( ju> j
Bi+B++Prsr1=0 ﬁl 'ﬁ2' o 'ﬁ26+1 : =1

and
(K +4it)*T* (|u]*u)

_1)\132|+\l34\+"'+|l326\a[ 2041

( + 4i)k B ]
2 K+4i)( T (1Pu
Biipot-ihon—a PPl Broir! ( au < )

Jj=1

s s kKl (—1)IBal 1Bl Baol oy e [

20+1

ey ! 1B,1--- !
ki+ko=k Bi+Po++Prg 1 =01 kit BulBat--Bao ! Jj=1

)]

‘We see that

ky

B (1) = ll_[(Zz(H—l—nG)) 0
=1
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for ky > no — 1 with 6 € Z>1 N[2/n,), and

ky

[TQi(t+1—-no)r)

=1

780 =

ky
=242 ] |1 +1—no]
=1

22(t1%2 (ky + 14 no)k
2kt22 (2n0 — 1)k
2

n0'72‘t‘n0'72(2n6_1)n0'72 (31)

INCININ

for 1 <k <no —2 with 6 € Z>1 N [3/n,o0). We remark that [y f; = 1 for 0 = @.
The remainder term %% involves the term |¢|"®~2 which increases for [¢| > 0.

For this reason we introduce the function space A;/ ? because we are able to gain the
term |t|~"°+2 by applying the critical Sobolev inequality (2.2) in Lemma 2, above.
We introduce the subsets 5 C Z and A; C Z defined by

Qs=1{1,2,3,...,20+ 1}
and
PO £ )
j = . .
-1 (=2
respectively. We define the characteristic function on Ks by
1 (kek
xeo = {1 Kk
0 (k€Z\Ky)
with the subset
Ko ={k€Z; 1 <ky<no-2}CZ.

Next, we consider the nonlinear estimate. The discussion of nonlinear estimate is
divided in to two cases, Case 1: n =2 and Case 2: n > 3.

Case 1: n=2
Let n = 2. By the Kato—Ponce inequality we have ([4, 16, 17])

20+1 20+1
[T vil| <X Wvillg | ITvs
j=1 1r{61/5 j=1 u#j |32
and
20+1 20+1
ITv <C X village | ITvi
=1 =1 wti e

Ael,/s )
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From this inequalities and the critical Sobolev inequality (2.1) in Lemma 2, we esti-
mate

(= [ e

J=1 Hﬁl/smé/s(t)
| 20+1 i
< # H (Klj_]ﬁju(t)>[€/]
hothttbg =k (17720 RO ol H61/50Aé/5(t)
20+1 I 1B H lu 1B
<cC e HKJ'J i Kl By
Al +hei1=k ! l2°—+1' J=1 Hg M (1) u#j L3/?
k!
<¢C W
i+ 4 +he 1=k 1262 2041 °
x 20+1 K'TBiu(r) H Kl P () K" JPu(r)
u T U 16 || 2oy
ueA veQs\(A;U{j})
B k!
<C2(20 1))/ TSP
L+h++heyr1=k 1:%2° 20+1°
x ZGHHKZ Put) TR0t (K" aPruto)||
Hﬁmﬁ(t)pEAj L VGQG\(A u{j}) "

for |¢| < 1, and by using the critical Sobolev inequality (2.2) in Lemma 2, we estimate

(<[]

Jj=1

Hg 504G 5(1)
ky!
< C(Z(ZG— 1))6_1/2‘t‘_26+2 2 1

I +h++he 1=k h'l!bheir!

ol
Z HKl!Jﬁfu

o gHKwﬁuu( )HL"VGQG\(A " HKleﬁv ())A%m>

1. Therefore by the above estimates with (3.1) and inequality

vooos

for |¢|
(2+¢€)/3 1 )/3
HV/HL3(IL5) ~ HW“L2+5(1L2+4/8) HV/HL‘”(I;L‘;) ’

we have

I

20+1

a1 ()"

J=1

L2 (=11 6/50‘461»/5)

20+1 .
= || xx, (ko) %5 " l I1 (Jﬁju) [8’]]

J=1

32 ([-1.1] Hé/smé/s)
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<C(2(20—-1))12(40 — 122k yx_(k2)

kl 20+1

|
x )y T ke (k) 11 HKIJ'JﬁJ'u
L+l+ g =k 1702777 20+1: =1

<2020 - 1)) (40 — 122"k, (ko)
Z kl' 2(13'_-‘11-1 1; 1B
x SE LS HK/J iu
L+l ++he 1=k ll!l2!"'l20-+1! j=1

X([=11])nx; ([-1.1])

and
20+1 j
ng?z’“ l i1 (Jﬁ"“>[gj]]
j=1 L3/2(R\[—1,1];H61/5Mé/5)

J=1

20+1 .
ko (k) HG L l [T (7 [8’]]

L2 (R\[_l’l];Hel/smAé/s)
<C2(20 1)) (40— 122k, (k)
X — HK/J i
li+h++her1=k ll!l2!"'l20-+1! j=1

<C(2(20 —1)°1 240 — 122k g _(k2)
kI! 20+1

oy B
o b hei !
h+bh+Flhsi1=k; j=1

where we have used the estimates
’%ﬁ? (t)‘ <2240~ 1) forff] < 1
and
’%ﬁz (t)’ <22 (40 — 1) )r2°2 for |f] > 1.

Thus we have

alk

o)
(k,o)!

HKkJa(|u|2Gu)

32 (gl Aal
(k.o)eZL}? i (R’Hé/sme/s)

TP T M e

kilka! BiBa! - !
(keezlith Hhask BrtPotthron=a (T2 BiiBat--Paot
- 22

20+1 :
x || tko (ko) 22 L5 [ I1 (Jﬁju> [SJ]] }
a e (R;Hel/s mAel,/s)

X2([=11)0X, ([ 1,1])

XH(R\[-1,1])nX; (R\[-1,1])

XL(R\[-1,1])nX; (R\[-1,1])
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apk a®
SN R b

(k)L BitBat-+Brg 1= Broi1!
20+1 &)
#[H o] }
<C(2(20 - 1)) 1/?

j=1
—_ 1))k
« Y Y ¥ ¥ {(20(4]?2! D)

(ko)eZLy? kl;rk>21:k Bi+Bat+Prsr1=0li+h++hsr1=k
- 22

X

32 (R; Hel/smAe/s)

(k ) ala aokl 20+1
x
Ao (12 BBl Boori! ! bgiy! .,»

+C(2(26 —1))° 1/

HKI i

X' ®) (R) }

o k

3y > “ “
Bi!Ba! B! lilla! - lag !

(k) eZL? BitBat-+Bro 1=l thtthor1=k

20+1
x H |k

X' (R)NX(R) }

(2ap(40 —1))*

- %Kc(k2)+1> JulZE )

<((20- 1>>‘H/2< Y

k=1

< C(2(26 —1))0 /22l =1) |, ||2o+1
< C(2(20 —1))7 /2240~ p2o+1
C(4G 2)6 1/2 2ap (40— 1)R2(o- 1)R3

and
5 & sy oy SCPRR
o=1 o (ko) € Zl+2 L (RHE/SﬂAﬁ/S)
where
_ i 40 2 o— 1/2 2ap(40— 1)R2(0' 1)

converges for
0 < R < (4e*0t1p)~1/2
by the d’ Alembert ratio test. Similarly we obtain

d(@u, dv) < CF(R)R*d(u,v).
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Therefore we have
| ®ul|gary < Cp+CF(R)R?,  d(®u, ®v) < CF(R)R*d(u,v).
Then we obtain the unique global solution
u= Pu
as a fixed point of @ : By — By with R and p which satisfy

1
CF(R)R* < =, 0<R< (4e*0t1|3)~1/2

2
and
R
p= 3
Case2: n>3
Let n > 3. By the Kato—Ponce inequality we have ([4, 16, 17])
20+1 20+1
I1vi <C Z vill o H vj
= H;r{/z(w 2) e A e
and
20+1 20+1
H Vi sC Z HVJH n/2 ij
= Ay @) i [ e

85

From this inequalities and the critical Sobolev inequality (2.1) in Lemma 2, we esti-

mate

(=[]

=1 n/2 n/2
! oy 42) Moy i) 1)
Jr 20+1 . le/]
< ] I1 <szjﬁju(t)> i
L+l +-+lhei 1=k ll!lzl"'l20'+l! j=1 02 02
” Hon 2 Manf a2 )
ky!
s¢ TS —
L+l +-—+lhe 1=k Wb bhoyr!
20+1 - -
Z HK/J Ju [ % A2 0 HK/‘J 7]
2 /(n=2) 2n/(n=2) “7&/ Ln/2

ky!

... |
L+h++hei1=k; ! l20+1 .

20'+1
X ( HKZ/Jﬁ/M( ) w2 an/? H HKI“Jﬁyu( ) Ln<r>

j=1 2n/(n—2) “2n/(n— 2 [J;ﬁj

<C
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ky!

L4b++hei1=k Lt hotr!
2B+1 5 ;
x Kl jBi ;‘ HKZ#J” tH
( j=21 H u( ) ﬁA)1/2 (1) g u( ) 2

2n/(n—2)
for || < 1, and by using the critical Sobolev inequality (2) in Lemma 2, we estimate

(e[

<C(no)°

n/2
H2n/(7172)

= n/2 n/2
=1 sz{/(wz) 22/(;&2) )
k!
< C(n6)6|t|7"6+2 2 1

h+h+ther1=k Lib!bos!
20+1
(Y H[(ljjﬁju(t)‘ ) 1 "Klyjﬁuu(t)‘
| :

Dt
for |¢| > 1. Therefore by the above estimates with (3.1), we have

n/2 n/2
H2n/(7172) ﬁA2}'z/(7172) (

Al 2(;))

20+1 e)]
H%?gkl [ H (_]/3_/”> j]
=1 w2 ([7 1 1];H;r{/2(n+2) mA;Z(nJrZ))
20+1 €]
= ||k, (ko) 28 " [ I1 (ﬂm) ' ]
j— n/2 n/2
= s ([_1’1];H24/(n+2)m2£/(n+2))

< C(no)°(2no — 1)22%2 ¢ (ky)

kl‘ 20+1 1B
x S LAV HKJ'J i
11+12+"§2o+1=k1 LT g1 2K ).,1;[1 X2 (L), (- 1.1))

< C(no)° (2no — 1)22%2 5, (ky)

kl‘ 20+1

I YL VAT
by
h+h+Flhsi1=k; j=1

X2 ([=1,1)NX, o[- 1,1])

and
20+1 .
H‘@?"gkl l ﬁ (Jﬁju> [8/]]
=1 2 (R\[_1JLH;{?@H)”“ZZ@H))
. 20+1 )]
= |k, (ko2& 24 | TT (P50
= s (R\[_l’l];H;r{/z(nJrZ) mA;)/zi(rH»Z))

< C(no)°(2no — 1222y (ky)
kl! 20+1 )

X Y 711:[1

I git! ’Klj]ﬁj“
li+h++hey1=k 1:02:7 720 +1-

X2 (R\[=1,1])NX,, 2 (R\[~1,1])
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< C(no)°(2no — 1)22%2 y (k)
2 kl' 2ﬁ1 1; 1B
x — HK/’J i
L+l ++her1=k; ll!l2!“.l20'+l! j=1

X"2(R\[=1,1])NX,, 2 (R\[-1,1])
where we have used the estimates
‘%ﬁ? (z)) <2226 —1)e forli| < 1
and
‘%{;2 (z)’ <2%(2n6 — 121" for || > 1.

Thus we have
a(k,a

)
(k,a)!

HKkJO‘(\uFGu)

2 (r#l?

n/2
on(n2) A )

(k,o)eZLy 2n/(n+2)

k o
ao ag
<
b) b b {k1!k2! BBt Bagi1!

(ka@)eZLy ki Hha=k Br+BytBro 1 =0
- 22

. 20+1 [gf]
<satia 2 | TT (120)
rly n/2 n/2
J=1 2 (R;HZr{/(n+2) mAZﬁ/("”))

apk a%
Y 2 {%ﬂl!ﬁzl ;

N !
(ko) eZL" Br+Bat-+Bror1=0 Pros1!

20+1 [g/]
% Dg/pk H <Jﬁju>
j=1 12 (R;H;’,{/Z(,, +2)ﬂAZ,/j(,,+z))
<C(no)°

Xko (k2)

_ 1))k
2 2 2 2 {(2 O(Zk(;! 1))

(k,o)ezLf kl}j‘k>21=k Bi+Ba++Pacr1=0 i+t thor 1=k
- 2=

ala aokl 20+1

x K'iJBiu
BBt Bogri! ! lag ! jl:Il H

X2 (R) Xy (R) }

a
+C(no)® { ! val !
(ko)eZl PitPot+Prori=alithtthor1=k BiiBat-Baoia!
k 20+1
. Jres®
G K'iJPiy
L' lhetr! JI:II X"/Z(R)ﬁxn/z(R)}
& (2ap(2n0 —1))° 20+1
< (07| 3 St ) 1 o]
" <k22=1 e o"(®)
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N

C(na)ce2a0(2nc—1) H”H%;c;(&l)

C(n6)662u0(2n671)R26+1

— C(n6)662u0(2n671)R2(0’71)R3

N

and
< |[A]° alk®) H k 2 3
Yy == K*J%(|u*u) < CF(R)R
/2 n/2 ~
o=1 c! (k,a)eZl;B" (k7a)' L2(R’H2)1/(n+2)mA2n/(n+2))
where

F(R) _ i m(nG)GeZao(ch—l)R%G—l)
(o

converges for
0 <R < (ne*®"12|)~1/
by the d’ Alembert ratio test. Similarly we obtain
d(®u, dv) < CF(R)R*d(u,v).
Therefore we have
| ®ul|gor) < Cp+CF(R)R®, d(Du,®v) < CF(R)R*d(u,v).
Then we obtain the unique global solution
u= Pdu

as a fixed point of @ : By — B§ with R and p satisfying

1
CF(R)R® < 5 0<R< (ne*@0m 1y ])~1/2
and
- R
P=2¢c

This completes the proof of Theorem 1. [J
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