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SPACE–TIME ANALYTIC SMOOTHING EFFECT

FOR THE NONLINEAR SCHRÖDINGER EQUATIONS

WITH NONLINEARITY OF EXPONENTIAL TYPE

GAKU HOSHINO

(Communicated by J. Ildefonso Dı́az)

Abstract. In this paper, we consider the global Cauchy problem for the nonlinear Schrödinger
equations with nonlinearity of exponential type in higher space dimensions n � 2. In partic-
ular, we study the global existence of the solutions to the Cauchy problem with small data in
the framework of intersection of Sobolev and weighted Lebesgue space: Hn/2 ∩FHn/2. More
precisely, we show that if data decay exponentially in Hn/2 ∩FHn/2 then for any time t �= 0,
solutions are real-analytic in both space and time variables and have analytic continuation.

1. Introduction

We study the Cauchy problem for the nonlinear Schrödinger equations in n � 2
space dimensions as follows:⎧⎨⎩i∂t u+

1
2

Δu = f (u),

u(0,x) = φ(x), x ∈ Rn
(1.1)

where u : R×Rn � (t,x) �→ u(t,x) ∈ C, i =
√−1, ∂t = ∂/∂ t and Δ = ∑n

k=1 ∂ 2/∂x2
k .

In this study we treat the following nonlinearity of exponential type:

f (u) =
(
eλ |u|2 −1

)
u (1.2)

where λ ∈ C. The nonlinear Schrödinger equation with the nonlinearity of exponential
type appears in Physics to study laser beams in plasma (see [20] for instance). The
Cauchy problem for (1.1)–(1.2) has been studied in [22] with sufficiently small Cauchy
data in the Sobolev space Hn/2 (see Remark 1 in [22]). The Sobolev space Hn/2 is
the critical Sobolev space of (1.1)–(1.2). In this previous study, the critical Sobolev
inequality (see [19, 23] for instance)

‖u‖Lq � Cq1/2
∥∥∥(−Δ)n/4u

∥∥∥1−2/q

L2
‖u‖2/q

L2
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for 2 < q < ∞, has been applied to estimate the nonlinear term with an exponential
growth.

Our main purpose of this study is to show the space-time analytic smoothing effect
for (1.1)–(1.2) in n � 2 with sufficiently small Cauchy data in weighted Sobolev space
Hn/2∩FHn/2.

The analytic smoothing effect in space variables for (1.1)–(1.2) in space dimen-
sions n = 2 with sufficiently small data in H1 has been studied in [12] by author with
Ozawa. As far as author knows there are no results on space-time analytic smoothing
effect for (1.1)–(1.2). Therefore this study is an extension of the previous study [12].

The analyticity and analytic smoothing effect for nonlinear Schrödinger equations
has been studied by many authors (see [2, 5, 9, 10, 11, 12, 13, 14, 21, 24] and references
therein). The existence of scattering operator for (1.1)–(1.2) in Hn/2 setting with n � 2
has been studied in [25]. The scattering for (1.1)–(1.2) in n = 2 is studied in [15, 26].

The space-time analytic smoothing effect for local solutions to the nonlinear Schrö-
dinger equations is firstly studied by Hayashi and Kato in [5], by applying the Galilei
generator

J(t) = x+ it∇

and the pseudo-conformal generator

K(t) = |x|2 + it(2t∂t + x ·∇+ ∇ · x).
In this previous study, Hayashi and Kato have introduced the following types of func-
tion spaces

XT = {u; ‖u‖XT < ∞} , ‖u‖XT =
∞

∑
k=0

∑
α∈(N∪{0})n

akb|α |

k!α!

∥∥∥KkJαu
∥∥∥

L∞([0,T ];L2)
(1.3)

to show the analyticity of solutions in both space and time variables, where a,b > 0.
The space-time analytic smoothing effect for global solutions to the nonlinear

Schrödinger equations with pseudo-conformal nonlinearity has been studied in [14] by
author with Ozawa and the space-time analytic smoothing effect for local solutions to
the nonlinear Schrödinger equations with non pseudo-conformal nonlinearity has been
studied in [10] by author, where the nonlinearity

F(u) = λ |u|4/nu

is called pseudo-conformal nonlinearity because the nonlinear Schrödinger equations:⎧⎨⎩i∂t u+
1
2

Δu = λ |u|4/nu,

u(0) = φ
(1.4)

are invariant under the pseudo-conformal transform Ψθ :

(Ψθu)(t,x) = (1−θ t)−n/2e
−i θ |x|2

2(1−θ t) u

(
t

1−θ t
,

x
1−θ t

)
.
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That is if u satisfy (1.4) then also Ψθ u satisfy (1.4) with the Cauchy data e−iθ |x|2/2φ .
The commutation relation between K and i∂t +(1/2)Δ is(

i∂t +
1
2

Δ
)

K = (K +4it)
(

i∂t +
1
2

Δ
)

and K+4it behaves like the differential operator for the pseudo-conformal nonlinearity
([14]):

(K(t)+4it)k
(|u|4/nu

)
= ∑

l1+l2+···+l1+4/n=k

(−1)l2+···+l4/nk!
l1!l2! · · · l1+4/n!

(
1+4/n

∏
j=1

(
Klj (t)u j

)[(−1) j+1]
)

(1.5)

where u[+1] = u,u[−1] = u and k � 1. In [10], author has shown the generalization of
(1.5) for non pseudo-conformally invariant nonlinearity |u|2σu, as follows

(K(t)+4it)k

(
2σ+1

∏
j=1

u[(−1) j+1]
j

)

= ∑
k1+k2=k

k!
k1!k2!

·Rk2
σ (t)

×
(

∑
l1+l2+···+l2σ+1=k1

(−1)l2+l4+···+l2σ k1!
l1!l2! · · · l2σ+1!

(
2σ+1

∏
j=1

(
Klj (t)u j

)[(−1) j+1]
))

. (1.6)

This formula involves the remainder term:

Rk2
σ (t) =

k2

∏
l=1

(2i(l +1−nσ)t) =
nσ−2

∏
l=1

(2i(l +1−nσ)t).

If

2σ +1 > 1+
4
n

then Rk2
σ (t) is estimated as∣∣∣Rk2

σ (t)
∣∣∣� nσ−2

∏
l=1

2|t||l +1−nσ |

� 2nσ−2|t|nσ−2(2nσ −1)nσ−2

for |t|� 1. Therefore the increasing term |t|nσ−2 appears in the estimate of the nonlin-
ear term

f (u) = (eλ |u|2 −1)u =
∞

∑
σ=1

λ σ

σ !
|u|2σu
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in the function space like (1.3) by applying the formula (1.6). This is a difficulty in con-
sidering this issue and this point is different from the previous study [12]. To overcome
this difficulty we introduce the operator ([3, 7, 8]):

|J|n/2(t) = ei(t/2)Δ|x|n/2e−i(t/2)Δ

because |J|n/2(t) provides the time decay estimate

‖u(t)‖Lq � Cq1/2|t|−n
(

1
2− 1

q

)∥∥∥|J|n/2u(t)
∥∥∥1−2/q

L2
‖u(t)‖2/q

L2

for 2 < q < ∞. From this estimate we get the decreasing term |t|−nσ+2 and hence we
are able to control the increasing term |t|nσ−2 in the process of nonlinear estimate.

To state our main results precisely, we introduce the notation. We denote Lp =
Lp(Rn) by the usual Lebesgue space with 1� p � ∞. The Fourier transform F : ϕ �→ ϕ̂
is defined by

ϕ̂(ξ ) = (2π)−n/2
∫

R2
e−iξ ·xϕ(x)dx, ξ ∈ R

n

and the inverse Fourier transform F−1 : ψ �→ ψ∨ is defined by

ψ∨(x) = (2π)−n/2
∫

R2
eix·ξ ψ(ξ )dξ , x ∈ R

n.

The free Schrödinger propagator is defined by

U(t)ϕ =
(
e−i(t/2)|ξ |2 ϕ̂

)∨
, t ∈ R.

The Sobolev space Hs with s > 0 is defined by

Hs
p =

{
ϕ ∈ S ′; ‖ϕ‖Hs

p
= ‖ϕ‖Lp +

∥∥∥(−Δ)s/2ϕ
∥∥∥

Lp
< ∞

}
,

where (−Δ)s/2ϕ = (|ξ |sϕ̂)∨ . We denote Hs
2 by Hs for simplicity. The weighted

Sobolev space FHs is defined by

FHs =
{

ϕ ∈ S ′; ‖ϕ‖FHs = ‖ϕ‖L2 +
∥∥∥|x|sϕ∥∥∥

L2
< ∞

}
.

We say that the pair (r, p) is an admissible pair if

2
r

= n

(
1
2
− 1

p

)
with 2 � p < ∞ if n = 2 and 2 � p � 2n/(n−2) if n � 3. Let I ⊂ R. We define the
following function spaces

Xs(I) = L∞(I;Hs)∩L2+ε
(
I;Hs

2+4/ε

)
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for n = 2, where constant 0 < ε < 10−1, and

Xs(I) = L∞(I;Hs)∩L2
(
I;Hs

2n/(n−2)

)
for n � 3. Let t ∈ R. We introduce the generator of Galilei transform

J(t)ϕ = (x+ it∇)ϕ = U(t)xU(−t)ϕ .

J has another representation ([6]):

J(t)ϕ = M(t)it∇(M(−t)ϕ) (1.7)

where M(t) = ei|x|2/2t for t �= 0. We also define the operator |J|γ by

|J|γ(t)ϕ = U(t)|x|γU(−t)ϕ , t ∈ R

and which has another representation (see [3, 7, 8]):

|J|γ(t)ϕ = M(t)|t|γ (−Δ)γ/2(M(−t)ϕ)

for t �= 0. The generalized Sobolev space Aγ
p(t) with γ > 0 is defined by

Aγ
p(t) =

{
ϕ ∈ S ′; ‖ϕ‖Aγ

p(t)
= ‖ϕ‖Lp +

∥∥∥|J|γ(t)ϕ∥∥∥
Lp

< ∞
}

, t ∈ R.

Note that Aγ
2(0) = FHγ . We define the following function spaces

Xγ(I) = L∞(I;Aγ
2

)∩L2+ε
(
I;Aγ

2+4/ε

)
for n = 2, where ε is the constant appears in definition of Xs(I) above, and

Xγ(I) = L∞(I;Aγ
2

)∩L2
(
I;Aγ

2n/(n−2)

)
for n � 3. Let t ∈ R. The generator of pseudo-conformal transform K is defined by

K(t)ϕ =
(
|x|2 + it

(
2t∂t + x ·∇+ ∇ · x))ϕ = U(t)

(|x|2 +2it2∂t
)
(U(−t)ϕ).

K also has another representation

K(t)ϕ = M(t)it
(
2t∂t + x ·∇+ ∇ · x)(M(−t)ϕ)

for t �= 0. By the definition above, we see that

K(t)J(t)ϕ = J(t)K(t)ϕ

for all t ∈ R.
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Let a = (a0,a1,a2, . . . ,an) ∈ (0,∞)1+n. We define the following function space of
generalized analytic function:

Gs,a
γ (I) =

{
u ∈ Xs(I)∩Xγ(I); ‖u‖Gs,a

γ (I) < ∞
}
,

‖u‖Gs,a
γ (I) = ∑

(k,α)∈Z
1+n
�0

a(k,α)

(k,α)!

∥∥∥KkJαu
∥∥∥

Xs(I)∩Xγ (I)

where a(k,α) = a0
ka1

α1a2
α2 · · ·an

αn , (k,α)! = k!α!. If s = γ = n/2, we write

Ga(I) = Gn/2,a
n/2 (I)

for simplicity. We now state our main result.

THEOREM 1. Let n � 2. If φ ∈ Hn/2∩FHn/2 satisfying

∑
(k,α)∈Z

1+n
�0

a(k,α)

(k,α)!

∥∥∥|x|2kxα φ
∥∥∥

Hn/2∩FHn/2
� ρ

for sufficiently small ρ > 0 with some a ∈ (0,∞)1+n. Then there exists a unique global
solution u ∈ Ga(R) to (1.1)–(1.2).

REMARK 1. By [5], we see that the solution u ∈ Ga(R) has the following prop-
erty . For any bounded domain Γ ⊂ (R \ {0})×Rn there exists c j = c j(a,Γ) > 0,
0 � j � n such that u(t),t �= 0 is real analytic in both space and time variables on Γ
and has an analytic continuation to Γ̃ where

Γ̃ =
{

(t + iτ,x+ iy) ∈ C
1+n;

(t,x) ∈ Γ, 0 � |τ| < c0|t|2, 0 � |y j| < c j|t|, 1 � j � n
}
.

2. Preliminaries

LEMMA 1. ([1, 18, 27]) Let n � 2. The following inequalities hold:

‖U(·)φ‖Gs,a
γ (R) � C ∑

(k,α)∈Z
1+n
�0

a(k,α)

(k,α)!

∥∥∥|x|2kxα φ
∥∥∥

Hs∩FHγ

and ∥∥∥∥∫ (·)

0
U(·− s)F(s)ds

∥∥∥∥
Gs,a

γ (R)
� C ∑

(k,α)∈Z
1+n
�0

a(k,α)

(k,α)!

∥∥∥KkJαF
∥∥∥

Lr′
(

R;Hs
p′ ∩Aγ

p′
)

where (r, p) is the admissible pair and q′ is the Hölder conjugate of 1 � q � ∞.
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The following lemma has an important role to control the nonlinearity of exponential
type.

LEMMA 2. ([3, 7, 19, 23]) For any 2 < q < ∞. We have the following estimates
(1)

‖ϕ‖Lq � Cq1/2
∥∥∥|∇|n/2ϕ

∥∥∥1−2/q

L2
‖ϕ‖2/q

L2 (2.1)

where the constant C > 0.
(2)

‖ϕ‖Lq � Cq1/2|t|−n
(

1
2− 1

q

)∥∥∥|J|n/2(t)ϕ
∥∥∥1−2/q

L2
‖ϕ‖2/q

L2 , t �= 0 (2.2)

where the constant C > 0.

We need the next lemma to calculate the operation of K + 4it to the nonlinear
term.

LEMMA 3. ([10]) Let t ∈ R and σ � 1. We have the following equality

(K(t)+4it)k

(
2σ+1

∏
j=1

v
[ε j ]
j

)
= ∑

k1+k2=k

k!
k1!k2!

Rk2
σ (t)L k1

[
2σ+1

∏
j=1

v
[ε j ]
j

]
(t)

for all k � 1. Here v[+1] = v, v[−1] = v, ε j = (−1) j+1,

L m

[
2σ+1

∏
j=1

v
[ε j ]
j

]
(t) = ∑

l1+l2+···+l2σ+1=m

(−1)l2+l4+···+l2σ m!
l1!l2! · · · l2σ+1!

(
2σ+1

∏
j=1

(
Klj (t)v j

)[ε j ]
)

,

Rm
σ (t) =

m

∏
l=1

(2i(l +1−nσ)t)

for m � 1 and L 0 [F] = F, R0
σ = 1.

Proof. See the proof of Lemma 4 in [10]. �

3. Proof of Theorem 1

Our proof is based on the standard contraction argument. We define the metric
space (Ba

R,d) by

Ba
R =

{
u ∈ Ga(R); ‖u‖Ga(R) � R

}
,

d(u,v) = ‖u− v‖Ga(R).

We see that (Ba
R,d) is the complete metric space. We introduce the operator Φ : u �→Φu

defined by

Φu(t) = U(t)φ − i
∫ t

0
U(t− s)

((
eλ |u|2 −1

)
u
)
(s)ds, t ∈ R.
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Let (k,α) ∈ Z
1+n
�0 . Then we see that

KkJαΦu(t) = U(t)|x|2kxα φ − i
∫ t

0
U(t− s)(K(s)+4is)kJα(s)

((
eλ |u|2 −1

)
u
)
(s)ds

for t ∈ R. To prove the map Φ is a contraction mapping in (Ba
R,d) for sufficiently

small R > 0, we need to estimate the norm ‖Φu‖Ga(R). We estimate

‖Φu‖Ga(R) � C ∑
(k,α)∈Z

1+n
�0

a(k,α)

(k,α)!

∥∥∥|x|2kxα φ
∥∥∥

Hn/2∩FHn/2

+C ∑
(k,α)∈Z

1+n
�0

a(k,α)

(k,α)!

∥∥∥(K +4it)kJα
((

eλ |u|2 −1
)
u
)∥∥∥

Lν′
(

R;Hn/2
ρ′ ∩A

n/2
ρ′

)
� C ∑

(k,α)∈Z
1+n
�0

a(k,α)

(k,α)!

∥∥∥|x|2kxα φ
∥∥∥

Hn/2∩FHn/2

+C ∑
(k,α)∈Z

1+n
�0

a(k,α)

(k,α)!

∥∥∥(K +4it)kJα
((

eλ |u|2 −1
)
u
)∥∥∥

Lν′
(

[−1,1];Hn/2
ρ′ ∩A

n/2
ρ′
)

+C ∑
(k,α)∈Z

1+n
�0

a(k,α)

(k,α)!

∥∥∥(K +4it)kJα
((

eλ |u|2 −1
)
u
)∥∥∥

Lν′
(

R\[−1,1];Hn/2
ρ′ ∩A

n/2
ρ′
)

where (ν,ρ) = (3,6) for n = 2 and (ν,ρ) = (2,2n/(n−2)) for n � 3. The nonlinear
term is written as(

eλ |u|2 −1
)
u =

∞

∑
σ=1

λ σ

σ !
|u|2σu =

∞

∑
σ=1

λ σ

σ !

(
2σ+1

∏
j=1

u[ε j ]

)

where u[+1] = u, u[−1] = u, ε j = (−1) j+1. Then we see that

Jα(|u|2σu
)

= ∑
β1+β2+···+β2σ+1=α

(−1)|β2|+|β4|+···+|β2σ |α!
β1!β2! · · ·β2σ+1!

2σ+1

∏
j=1

(
Jβ j u

)[ε j ]

and

(K +4it)kJα(|u|2σu
)

= ∑
β1+β2+···+β2σ+1=α

(−1)|β2|+|β4|+···+|β2σ |α!
β1!β2! · · ·β2σ+1!

(K +4it)k

(
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
)

= ∑
k1+k2=k

∑
β1+β2+···+β2σ+1=α

k!
k1!k2!

(−1)|β2|+|β4|+···+|β2σ |α!
β1!β2! · · ·β2σ+1!

Rk2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]
.

We see that

Rk2
σ (t) =

k2

∏
l=1

(2i(l +1−nσ)t) = 0
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for k2 � nσ −1 with σ ∈ Z�1 ∩ [2/n,∞), and∣∣∣Rk2
σ (t)

∣∣∣= ∣∣∣∣∣ k2

∏
l=1

(2i(l +1−nσ)t)

∣∣∣∣∣
= 2k2 |t|k2

k2

∏
l=1

|l +1−nσ |

� 2k2 |t|k2(k2 +1+nσ)k2

� 2k2 |t|k2(2nσ −1)k2

� 2nσ−2|t|nσ−2(2nσ −1)nσ−2 (3.1)

for 1 � k2 � nσ −2 with σ ∈ Z�1 ∩ [3/n,∞). We remark that ∏Q f j = 1 for Q = ∅.

The remainder term Rk2 involves the term |t|nσ−2 which increases for |t| > 0.

For this reason we introduce the function space An/2
2 because we are able to gain the

term |t|−nσ+2 by applying the critical Sobolev inequality (2.2) in Lemma 2, above.
We introduce the subsets Ωσ ⊂ Z and Λ j ⊂ Z defined by

Ωσ = {1,2,3, . . . ,2σ +1}
and

Λ j =

{
{2} ( j = 1)
{ j−1} ( j � 2)

respectively. We define the characteristic function on Kσ by

χKσ (k) =

{
1 (k ∈ Kσ )
0 (k ∈ Z\Kσ )

with the subset

Kσ = {k ∈ Z; 1 � k2 � nσ −2} ⊂ Z.

Next, we consider the nonlinear estimate. The discussion of nonlinear estimate is
divided in to two cases, Case 1: n = 2 and Case 2: n � 3.

Case 1: n = 2
Let n = 2. By the Kato–Ponce inequality we have ([4, 16, 17])∥∥∥∥∥2σ+1

∏
j=1

v j

∥∥∥∥∥
H1

6/5

� C
2σ+1

∑
j=1

‖v j‖H1
6

∥∥∥∥∥∏
μ �= j

v j

∥∥∥∥∥
L3/2

and ∥∥∥∥∥2σ+1

∏
j=1

v j

∥∥∥∥∥
A1

6/5(t)

� C
2σ+1

∑
j=1

‖v j‖A1
6(t)

∥∥∥∥∥∏
μ �= j

v j

∥∥∥∥∥
L3/2

.
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From this inequalities and the critical Sobolev inequality (2.1) in Lemma 2, we esti-
mate∥∥∥∥∥
(

L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
])

(t)

∥∥∥∥∥
H1

6/5∩A1
6/5(t)

� ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

∥∥∥∥∥2σ+1

∏
j=1

(
Klj Jβ j u(t)

)[ε j ]
∥∥∥∥∥

H1
6/5∩A1

6/5(t)

� C ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

(
2σ+1

∑
j=1

∥∥∥Klj Jβ j u
∥∥∥

H1
6∩A1

6(t)

∥∥∥∥∥∏
μ �= j

Klμ Jβμ u

∥∥∥∥∥
L3/2

)

� C ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

×
(

2σ+1

∑
j=1

∥∥∥Klj Jβ j u(t)
∥∥∥

H1
6∩A1

6(t)
∏

μ∈Λ j

∥∥∥Klμ Jβμ u(t)
∥∥∥

L6 ∏
ν∈Ωσ \(Λ j∪{ j})

∥∥∥Klν Jβν u(t)
∥∥∥

L2(2σ−1)

)

� C(2(2σ −1))σ−1/2 ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

×
(

2σ+1

∑
j=1

∥∥∥Klj Jβ j u(t)
∥∥∥

H1
6∩A1

6(t)
∏

μ∈Λ j

∥∥∥Klμ Jβμ u(t)
∥∥∥

L6 ∏
ν∈Ωσ \(Λ j∪{ j})

∥∥∥Klν Jβν u(t)
∥∥∥

H1

)

for |t|< 1, and by using the critical Sobolev inequality (2.2) in Lemma 2, we estimate∥∥∥∥∥
(

L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
])

(t)

∥∥∥∥∥
H1

6/5∩A1
6/5(t)

� C(2(2σ −1))σ−1/2|t|−2σ+2 ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

×
(

2σ+1

∑
j=1

∥∥∥Klj Jβ j u(t)
∥∥∥

A1
6(t)∩H1

6
∏

μ∈Λ j

∥∥∥Klμ Jβμ u(t)
∥∥∥

L6 ∏
ν∈Ωσ \(Λ j∪{ j})

∥∥∥Klν Jβν u(t)
∥∥∥

A1
2(t)

)

for |t| � 1. Therefore by the above estimates with (3.1) and inequality

‖ψ‖
L3
(
I;L6
) � ‖ψ‖(2+ε)/3

L2+ε
(
I;L2+4/ε

)‖ψ‖1−(2+ε)/3

L∞
(
I;L2
) ,

we have∥∥∥∥∥Rk2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L3/2
(
[−1,1];H1

6/5∩A1
6/5

)
=

∥∥∥∥∥χKσ (k2)R
k2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L3/2
(
[−1,1];H1

6/5∩A1
6/5

)
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� C(2(2σ −1))σ−1/2(4σ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

χKσ (k2)
2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

X1/2([−1,1])∩X1/2([−1,1])

� C(2(2σ −1))σ−1/2(4σ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

X1([−1,1])∩X1([−1,1])

and ∥∥∥∥∥Rk2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L3/2
(

R\[−1,1];H1
6/5∩A1

6/5

)
=

∥∥∥∥∥χKσ (k2)R
k2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L3/2
(

R\[−1,1];H1
6/5∩A1

6/5

)
� C(2(2σ −1))σ−1/2(4σ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

X1(R\[−1,1])∩X1(R\[−1,1])

� C(2(2σ −1))σ−1/2(4σ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

X1(R\[−1,1])∩X1(R\[−1,1])

where we have used the estimates∣∣∣Rk2
σ (t)

∣∣∣� 2k2(4σ −1)k2 for |t| < 1

and ∣∣∣Rk2
σ (t)

∣∣∣� 2k2(4σ −1)k2 |t|2σ−2 for |t| � 1.

Thus we have

∑
(k,α)∈Z

1+2
�0

a(k,α)

(k,α)!

∥∥∥KkJα(|u|2σu
)∥∥∥

L3/2
(

R;H1
6/5∩A1

6/5

)
� ∑

(k,α)∈Z
1+2
�0

∑
k1+k2=k

k2�1

∑
β1+β2+···+β2σ+1=α

{
a0

k

k1!k2!
a1

α1

β1!β2! · · ·β2σ+1!

×
∥∥∥∥∥χKσ (k2)R

k2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L3/2
(

R;H1
6/5∩A1

6/5

)
}
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+ ∑
(k,α)∈Z

1+2
�0

∑
β1+β2+···+β2σ+1=α

{
a0

k

k!
a1

α

β1!β2! · · ·β2σ+1!

×
∥∥∥∥∥L k

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L3/2
(

R;H1
6/5∩A1

6/5

)
}

� C(2(2σ −1))σ−1/2

× ∑
(k,α)∈Z

1+2
�0

∑
k1+k2=k

k2�1

∑
β1+β2+···+β2σ+1=α

∑
l1+l2+···+l2σ+1=k1

{
(2a0(4σ −1))k2

k2!

× χKσ (k2)
a1

α

β1!β2! · · ·β2σ+1!
a0

k1

l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥KljJβ j u
∥∥∥

X1(R)∩X1(R)

}
+C(2(2σ −1))σ−1/2

× ∑
(k,α)∈Z

1+2
�0

∑
β1+β2+···+β2σ+1=α

∑
l1+l2+···+l2σ+1=k

{
a1

α

β1!β2! · · ·β2σ+1!
a0

k

l1!l2! · · · l2σ+1!

×
2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

X1(R)∩X1(R)

}

� (2(2σ −1))σ−1/2

(
∞

∑
k2=1

(2a0(4σ −1))k2

k2!
χKσ (k2)+1

)
‖u‖2σ+1

Ga(R)

� C(2(2σ −1))σ−1/2e2a0(4σ−1)‖u‖2σ+1
Ga(R)

� C(2(2σ −1))σ−1/2e2a0(4σ−1)R2σ+1

= C(4σ −2)σ−1/2e2a0(4σ−1)R2(σ−1)R3

and

∞

∑
σ=1

|λ |σ
σ ! ∑

(k,α)∈Z
1+2
�0

a(k,α)

(k,α)!

∥∥∥KkJα(|u|2σu
)∥∥∥

L3/2
(

R;H1
6/5∩A1

6/5

) � CF(R)R3

where

F(R) =
∞

∑
σ=1

|λ |σ
σ !

(4σ −2)σ−1/2e2a0(4σ−1)R2(σ−1)

converges for

0 < R < (4e4a0+1|λ |)−1/2

by the d’Alembert ratio test. Similarly we obtain

d(Φu,Φv) � CF(R)R2d(u,v).



Differ. Equ. Appl. 15, No. 1 (2023), 73–90. 85

Therefore we have

‖Φu‖Ga(R) � Cρ +CF(R)R3, d(Φu,Φv) � CF(R)R2d(u,v).

Then we obtain the unique global solution

u = Φu

as a fixed point of Φ : Ba
R → Ba

R with R and ρ which satisfy

CF(R)R2 � 1
2
, 0 < R < (4e4a0+1|λ |)−1/2

and

ρ =
R
2C

.

Case 2: n � 3
Let n � 3. By the Kato–Ponce inequality we have ([4, 16, 17])∥∥∥∥∥2σ+1

∏
j=1

v j

∥∥∥∥∥
H

n/2
2n/(n+2)

� C
2σ+1

∑
j=1

‖v j‖H
n/2
2n/(n−2)

∥∥∥∥∥∏
μ �= j

v j

∥∥∥∥∥
Ln/2

and ∥∥∥∥∥2σ+1

∏
j=1

v j

∥∥∥∥∥
A

n/2
2n/(n+2)(t)

� C
2σ+1

∑
j=1

‖v j‖A
n/2
2n/(n−2)(t)

∥∥∥∥∥∏
μ �= j

v j

∥∥∥∥∥
Ln/2

.

From this inequalities and the critical Sobolev inequality (2.1) in Lemma 2, we esti-
mate∥∥∥∥∥

(
L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
])

(t)

∥∥∥∥∥
H

n/2
2n/(n+2)∩A

n/2
2n/(n+2)(t)

� ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

∥∥∥∥∥2σ+1

∏
j=1

(
Klj Jβ j u(t)

)[ε j ]
∥∥∥∥∥

H
n/2
2n/(n+2)∩A

n/2
2n/(n+2)(t)

� C ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

×
(

2σ+1

∑
j=1

∥∥∥Klj Jβ j u
∥∥∥

H
n/2
2n/(n−2)∩A

n/2
2n/(n−2)(t)

∥∥∥∥∥∏
μ �= j

Klμ Jβμ u

∥∥∥∥∥
Ln/2

)

� C ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

×
(

2σ+1

∑
j=1

∥∥∥Klj Jβ j u(t)
∥∥∥

Hn/2
2n/(n−2)∩An/2

2n/(n−2)(t)
∏
μ �= j

∥∥∥Klμ Jβμ u(t)
∥∥∥

Lnσ

)
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� C(nσ)σ ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

×
(

2β+1

∑
j=1

∥∥∥Klj Jβ j u(t)
∥∥∥

H
n/2
2n/(n−2)∩A

n/2
2n/(n−2)(t)

∏
μ �= j

∥∥∥Klμ Jβμ u(t)
∥∥∥

Hn/2

)

for |t| � 1, and by using the critical Sobolev inequality (2) in Lemma 2, we estimate∥∥∥∥∥
(

L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
])

(t)

∥∥∥∥∥
Hn/2

2n/(n+2)∩An/2
2n/(n+2)(t)

� C(nσ)σ |t|−nσ+2 ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

×
(

2σ+1

∑
j=1

∥∥∥Klj Jβ j u(t)
∥∥∥

H
n/2
2n/(n−2)∩A

n/2
2n/(n−2)(t)

∏
μ �= j

∥∥∥Klμ Jβμ u(t)
∥∥∥

A
n/2
2 (t)

)

for |t| � 1. Therefore by the above estimates with (3.1), we have∥∥∥∥∥Rk2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L2
(
[−1,1];Hn/2

2n/(n+2)∩A
n/2
2n/(n+2)

)
=

∥∥∥∥∥χKσ (k2)R
k2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L2
(
[−1,1];Hn/2

2n/(n+2)∩An/2
2n/(n+2)

)
� C(nσ)σ (2nσ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

χKσ (k2)
2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

Xn/2([−1,1])∩Xn/2([−1,1])

� C(nσ)σ (2nσ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

Xn/2([−1,1])∩Xn/2([−1,1])

and ∥∥∥∥∥Rk2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L2
(

R\[−1,1];Hn/2
2n/(n+2)∩A

n/2
2n/(n+2)

)
=

∥∥∥∥∥χKσ (k2)R
k2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L2
(

R\[−1,1];Hn/2
2n/(n+2)∩A

n/2
2n/(n+2)

)
� C(nσ)σ (2nσ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

Xn/2(R\[−1,1])∩Xn/2(R\[−1,1])
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� C(nσ)σ (2nσ −1)k22k2 χKσ (k2)

× ∑
l1+l2+···+l2σ+1=k1

k1!
l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

Xn/2(R\[−1,1])∩Xn/2(R\[−1,1])

where we have used the estimates∣∣∣Rk2
σ (t)

∣∣∣� 2k2(2nσ −1)k2 for |t| < 1

and ∣∣∣Rk2
σ (t)

∣∣∣� 2k2(2nσ −1)k2 |t|nσ−2 for |t| � 1.

Thus we have

∑
(k,α)∈Z

1+n
�0

a(k,α)

(k,α)!

∥∥∥KkJα(|u|2σu
)∥∥∥

L2
(

R;Hn/2
2n/(n+2)∩A

n/2
2n/(n+2)

)
� ∑

(k,α)∈Z
1+n
�0

∑
k1+k2=k

k2�1

∑
β1+β2+···+β2σ+1=α

{
a0

k

k1!k2!
a1

α1

β1!β2! · · ·β2σ+1!

×
∥∥∥∥∥χKσ (k2)R

k2
σ L k1

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L2
(

R;Hn/2
2n/(n+2)∩A

n/2
2n/(n+2)

)
}

+ ∑
(k,α)∈Z

1+n
�0

∑
β1+β2+···+β2σ+1=α

{
a0

k

k!
a1

α

β1!β2! · · ·β2σ+1!

×
∥∥∥∥∥L k

[
2σ+1

∏
j=1

(
Jβ j u

)[ε j ]
]∥∥∥∥∥

L2
(

R;Hn/2
2n/(n+2)∩An/2

2n/(n+2)

)
}

� C(nσ)σ

∑
(k,α)∈Z

1+n
�0

∑
k1+k2=k

k2�1

∑
β1+β2+···+β2σ+1=α

∑
l1+l2+···+l2σ+1=k1

{
(2a0(2nσ −1))k2

k2!
χKσ (k2)

× a1
α

β1!β2! · · ·β2σ+1!
a0

k1

l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥Klj Jβ j u
∥∥∥

Xn/2(R)∩Xn/2(R)

}

+C(nσ)σ ∑
(k,α)∈Z

1+n
�0

∑
β1+β2+···+β2σ+1=α

∑
l1+l2+···+l2σ+1=k

{
a1

α

β1!β2! · · ·β2σ+1!

× a0
k

l1!l2! · · · l2σ+1!

2σ+1

∏
j=1

∥∥∥KljJβ j u
∥∥∥

Xn/2(R)∩Xn/2(R)

}

� (nσ)σ

(
∞

∑
k2=1

(2a0(2nσ −1))k2

k2!
χKσ (k2)+1

)∥∥∥u∥∥∥2σ+1

Ga(R)
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� C(nσ)σ e2a0(2nσ−1)‖u‖2σ+1
Ga(R)

� C(nσ)σ e2a0(2nσ−1)R2σ+1

= C(nσ)σ e2a0(2nσ−1)R2(σ−1)R3

and

∞

∑
σ=1

|λ |σ
σ ! ∑

(k,α)∈Z
1+n
�0

a(k,α)

(k,α)!

∥∥∥KkJα(|u|2σu)
∥∥∥

L2
(

R;Hn/2
2n/(n+2)∩A

n/2
2n/(n+2)

) � CF(R)R3

where

F(R) =
∞

∑
σ=1

|λ |σ
σ !

(nσ)σ e2a0(2nσ−1)R2(σ−1)

converges for

0 < R < (ne4a0n+1|λ |)−1/2

by the d’Alembert ratio test. Similarly we obtain

d(Φu,Φv) � CF(R)R2d(u,v).

Therefore we have

‖Φu‖Ga(R) � Cρ +CF(R)R3, d(Φu,Φv) � CF(R)R2d(u,v).

Then we obtain the unique global solution

u = Φu

as a fixed point of Φ : Ba
R → Ba

R with R and ρ satisfying

CF(R)R2 � 1
2
, 0 < R < (ne4a0n+1|λ |)−1/2

and

ρ =
R
2C

.

This completes the proof of Theorem 1. �
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