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BOUNDED AND UNBOUNDED POSITIVE SOLUTIONS FOR
SINGULAR ¢-LAPLACIANS COUPLED SYSTEM ON THE
HALF-LINE WITH FIRST-ORDER DERIVATIVE DEPENDENCE

KAMAL BACHOUCHE, DHEHBIYA BELAL AND ABDELHAMID BENMEZAT*

(Communicated by C. Goodrich)

Abstract. In this paper we prove by means of expansion and compression of a cone principle,
the existence of a positive solution to the second order boundary value problem

= (91()) (1) = ar(¢) fi (e u(e) v(e) ' (1) V' (1)) 1> 0,
- (¢'2 V’))/ (t) = ( )fz(t,u(l) ( ),u’(t),v’(t)) r> 07
u(0) =v(0) = rLToo W' (t)=0 rBToov (r) =0,
where for i = 1,2, ¢;: R — R is an increasing homeomorphism such that ¢;(0) =0, a; is

a measurable function with ¢;(f) > 0 a.e. ¢ in some interval of (0,+cc) and the nonlinearity
fi: RT x(0,400)* — R* is continuous, and may exhibit singular at u+v=0 and «'+v' = 0.

1. Introduction and main results

Over the past three decades, boundary value problems for ordinary differential
equations have become a rapidly growing branch of applied mathematics. The study of
these types of problems is driven by the theoretical interest as well as by the fact that
several phenomena in engineering and the life sciences are modeled by such problems.
Boundary value problems associated with second-order ordinary differential equations
posed on the half line arise in many real world applications, such is the case when
modeling nonlinear diffusion generated by nonlinear sources, thermal ignition of gases,
and concentration in chemical and biological problems, see [1], [2], [3], [9], [12] and
[15].

The case of these kind of problems involving the second-order differential operator
(¢(u)) are commonly called ¢-Laplacian boundary value problems and they have
been the subject of many interesting papers, see [8], [16], [17], [21], [23] and [24].
Recall that the typical case where ¢ (x) = |x|” *x with p > 1 corresponds to the so-
called one-dimensional p-Laplacian. Such a class of equations arise in different areas
of physics, mechanics, and more generally in applied mathematics and the unknown
variable u in (1.1) may refer to a density, temperature, etc.... This why the study of
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the existence and multiplicity of positive solutions for such problems have become an
important area of investigation in recent years; see [4], [5], [6], [10], [11], [13], [14],
[18], [19], [20], [22] and references therein.

This paper concerns the existence of positive solutions to the second order bound-
ary value problem (bvp for short)

V(1)) >0, (1.1)

where for i = 1,2, ¢;: R — R is an increasing homeomorphism such that ¢;(0) = 0,
a; is a measurable function with a;(r) > 0 a.e. ¢ in some interval of (0,+c0) and
the nonlinearity f;: R x (0,+o0)* — R¥ is continuous, and may exhibit singular at
u+v=0and v/ +v =0.

By a positive solution to the bvp (1.1), we mean a pair of functions (u,v) such
that u,v € C' ([0,4+),R) u >0, v>0 in (0,+c) and ¢(u'), (V') are absolutely
continuous on compact intervals of [0, +eo), satisfying all equations in (1.1).

Throughout this paper, we set y;: = (Z)fl and we suppose that a;, ¢;, and f;
satisfy the following conditions:

there exists o > 0 such that for all 7 € [0, 1]
(1.2)
andu € RT, ¢y (tu) > 1%¢y (u),
there exists § > 0 such that for all 7 € [0, 1] (L.3)
andu € RY, ¢ (tu) = P (u), '
o0
ali= [ a(r)dr <o (14)
0

For all R > 0 there exists a decreasing function

Wi g : (0,400) — (0,4-o0) such that

filt,(1+0)u, (1 +1)v,w,z) < Pir(u+v), (1.5)
for all ,u,v,w,z > O withu+v< Randw+z > 0,

and [o"a;(t)Wir (rp(t))dt < oo forall r € (0,R]

where
P _ frifrefo,1]
p(t)_l+l and p(t)_{%leZL
. +o°
lim 1y ([ ai(r)ﬁ(r,l,u7§77’l)d7) = oo (1.6)

uniformly for A, u &, 1 in compact intervals of (0, 4-co).
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For all R > 0 there exists a function

XiR : (0,400) — (0,4-e0) such that

Jilt, (L4 2)u, (1+1)v,w,2) < xir (), (1.7)
forall t,u,vyw,z > 0Owithu+v<Rand w+z >0,

and 5" yi ([} ai(t) (o) dr) di < .

Notice that Hypothesis (1.2) is equivalent to

there exists o > 0 such that for all 7 € [0, 1]
(1.8)
and u € RT, 1y (u) > i (t%),
then to
there exists o > 0 such that for all 7 € [0, 1] 1.9)
and u € R*, i (tu) <17y (u). '

Our approach in this work is based on a fixed point formulation and since the
weight a and the nonlinearity f will supposed to be nonnegative functions, we will use
in this work an adapted version of the Guo-Krasnoselskii’s expansion and compression
of a cone principle. Because of the singular nature of the nonlinearity f as well as
its dependance on the first derivative and the boundary conditions in (1.1), we look for
solutions in the cone of nonnegative and concave function belonging to the linear space
E of all functions u € C' ([0, +<0)), satisfying u(0) = tEToou/(t) =0.

Notice that functions « in E can be bounded, such is the case for uy(r) = ILH, or
unbounded as () = In(1+17). we provide in this study conditions which guarantee
the boundedness or the unboundedness of the obtained solution. The main assumption
giving existence of a positive solution to the bvp (1.1) looks like that in [6]. Under
assumptions on the behavior of the ratio f(r,u)/¢(u) at 0 and oo, authors in [6]
use the Guo-Krasnosel’skii’s fixed point theorem to prove existence of at least one
unbounded positive solution.

The statement of the main result in this paper needs to introduce the following
notations. For 8 > 1, o € (0,1) and n € [0,1] set Iy = [1/6,6],

( ﬁ(t,(l—kt)u,(l—i—t)v,w,z))’

fl-O = limsup sup
[(utv,w+z)|—0 \7>0 (Z)l(u +v+w+ Z)

fio= limsup (supfi(t’(l+t>”7(1+I)V7W»Z))7

vtz ot \120 QiU+ Vw2

(@) = g (e L)

[(utv,w+z)[—0 \ 7€lp Oi(u+v)
- . ﬁ(t7(l+t)u7(l+t)v,w7Z)>
i (0) = 1 f ,
fie(6) = Jiminf (?;}2 FYPERY
—apa 20 0 -1 o -1
01(0.m) =1 “0“(1402 ([{a(r)dr) . Tilo)=oal;’,

0x(0.m) = (1-m) P 8140 ([far(riar) . Ta(o)=(1-0) lasfy ",
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where |(w,z)| = sup (Jw],|z]).

THEOREM 1. Assume that Hypotheses (1.2)—(1.5) hold and there exists 6 > 1,
o € (0,1) and n € [0,1] such that one of the following conditions

2 <Ti(o) and ©;(6,1) < fiw(0) for i=1and i=2 (1.10)
and
7 <Ti(o) and ©;(0,n) < fio(0) fori=1and i=2, (1.11)

is satisfied. Then the bvp (1.1) has at least one positive solution (u,v). Moreover, if
Hypothesis (1.7) holds then the solution (u,v) is bounded and if Hypothesis (1.6) holds,
then the solution (u,v) is unbounded (i.e. ,hT (u,v)(t) = +o0).

Since for all ¢,u,v,w,z >0
Silt, A+ 0u, (A +0)viwiz) _ file, (L4 )u, (14 1)v,w,2)
Gi(utvtwrz) 9i(u+v)

we have

fl-o < ff+ = limsup
' u+v—0

Su
ey iUt v w2)

( f,-(t7(l+t)u7(l+t)v,w7z)>

3 o ) filt, 1 +0)u, (1 +1)v,w,z)
fia(0) > i (0) = timing (_ing SO Dlrons))

( fi(t7(l+t)u7(l+t)v,w7z)>

i< f[’"+ = limsup
U+vy—oo

Su
b Gt vt wtz)

B L . filt,(L+D)u, (1 +1)v,w,2)
fie= (8) > fiee ()= ulJlrIngE{o <zelel7rgz>0 Gi(u+v) ) .

Moreover, notice that if the following hypothesis
for all R > 0 there exists a function ;g : (0, 4e0) — (0,4-c0)
such that f;(z,u,v,w,z) > @ g (t) forall #,u,v,w,z > 0 withu+v <R (1.12)
and [Lilfmﬂlfi ()i ai(t)oig (1) dT) = +oo,

holds, then the nonlinearity f; satisfies (1.6).
The above remarks and Theorem 1 lead to the following corollary:

COROLLARY 1. Assume that Hypotheses (1.2)—(1.5) hold and there exists 6 > 1
such that one of the following conditions

£y <Ti(o) and ©;(0.n) < f,..(0) for i=1landi=2
and
7 <Ti(0) and ©,(6,n) < f;(0) for i=1andi=2,

is satisfied. Then the bvp (1.1) has at least one positive solution (u,v). Moreover, if
Hypothesis (1.7) holds then the solution (u,v) is bounded and if Hypothesis (1.6) holds,
then the solution (u,v) is unbounded.
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2. Abstract background

Let X be alinear space and let ||-||; and p be respectively a norm and a semi-norm
on X such that (X,||-||) is a Banach space, where for x € X, ||x|| = max (||x||y,p(x)).
Let K be a conein X, thatis: K is nonempty closed and covex such that KN (—K) =0
and tK C K for all # > 0. The main result of this work will be proved by means of the
following theorem:

THEOREM 2. ([21], Thegrem 2.8) Let ry,ry be two positive real numbers such
that ry <rp andlet T: KN(Qy Q1) — K be a compact mapping where for i = 1,2,
Q; ={u€E,|u|n <r}. If one of the following conditions

(a) || Tul| < ||u|| for ue KNIQy and ||Tul|y = ||u||y for u € KN oy,
(b) ||Tu||ly = |lul|n for ue KNAQy and ||Tu|| < ||u|| for u € KNIQ,.
is satisfied, then T has at least a fixed point in K1 (Qy\ Q).

The above theorem is a new version of expansion and compression of a cone prin-
cipal in a Banach space. Its improvement consists in the fact that it does not require
bounded sets.

3. Fixed point formulation

Let F be the linear space defined by

F = {u e CY(RT,R): lim /(1) = 0}

t——o0

u(t)

By the mean value theorem for all u € F, we have ) liT 157 = 0. Therefore, equiped
with the norm ||.||, where for u € F, ||u|| = max {||u|,,|/u|,}, where |ju|/, = sup%

>
and ||ul| = sup|e/(¢)|, F becomes a Banach space.
=0

Let E be the subspace of F defined by E: = {u € F, u(0) = 0}. By the mean
value theorem for all u € E and ¢ > 0, we have

u)| _ )] _ u) ~u(0)] _
141 S t B t :‘u (Tl)|

for some 1 € (0,7). This shows that for all u € E, we have |lul|, < ||u||, and |u|| =
||lu||,. Hence, (E, ||lu||,) is a Banach space. Let the Banach space ¥ = E x E endowed
with the sup-norm

[, ) || = max({] (e, v) |1 [ (e, v) [2),

where
[ G, v) |11 = el + [v][1 and [[(u,v)[|2 = [[ull2 + [[v[]2
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Since |Ju||; < ||u||2, then
G, )= Nl + (V]2

Thus
[, v)[| = [Jul| + [Pv[| = llall2 + V]2,

As usually the use of the fixed point theory needs a compactness criterion. The fol-
lowing lemma is an adapted version to the case of the space E of Corduneanu’s com-
pactness criterion ([7], p. 62). It will be used in this work to prove that the operator
associated with the fixed point formulation of the bvp (1.1) is completely continuous.

LEMMA 1. ([16]) A nonempty subset M of E is relatively compact if the follow-
ing conditions hold:

(a) M is bounded in E,
(b) the sets {u tu(t) = T(—Q, xe M} and {u:u(t) =x'(r), x e M} are almost
equicontinuous on R, that is, equicontinuous on every compact interval of R™,

(c) the sets {u Tu(r) = )16(_427 xXe M} and {u u(t)=x (), x € M} are equicon-
x(t)  x(te)

1+ JER

vergent at +oo, that is, given € >0, there corresponds T (g) > 0 such that
<€ and |X (1) — X (t)| < € forany t > T(€) and x € M.

Throughout this paper P is the cone of Y defined by
P={(u,v) €Y,u>0,v>=0o0n (0,4) and u, v are concave in (0,+e)}  (3.1)
LEMMA 2. Forall (u,v) € P and t > 0, we have

u(t) +v(e) = p () || (w,v)]l; -

Proof. Let (u,v) € P, h(t) = “2 and 6 > 1. Since h(0) = lim A(t) = 0. &

achieves its maximum at some 7y > 0. Because that u is concave on (0, +ec), we have

" l . 0—1+ 061 1 n to
0) 0+061ry 6—-1+06019 06+ 061

>9—1—|—91‘0u 1 n 1 (1)
R 0—1+66) 0+01 °
>lu(fo)
01+1

1
= ) [Juel] -

1 1
"\ 9 25\\"”1-

For t > 0 we distinguish the following cases:

Similarly,
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1. =0, in this case we have u(0) =0 = p(0) |ju||, and v(0) =0=p(0)|]v[;,

2. t > 1, since u,v are nondecreasing we have in this case

1 1
Hzul-|=2- ;
o zu(7) > luly

1 1
t)yzv| - ) =2- ;
v02v(3) = by

uO)+(0)> 7@l

and

Then

3. 0 <t <1, wehave in this case

[aally = el -

<

=

Il

<
VR
~l=| =
N———

\Y%
—

1
1

and
1 1
v(t)=v (T) =1l =tlvll;-
i I
Then

ut) +v(e) =t (u,v)l; -

The claim of the lemma is proved. [

LEMMA 3. Assume that (1.4) and (1.5) hold, then there exists a continuous oper-
ator T : P~.{(0,0)} — P such that fixed points of T are positive solutions to the bvp

(1.1).

Proof. Let (u,v) € P~ {(0,0)} and R = ||(u,v)||, For all s > 0, we have by
hypothesis (1.5)

AT O RICRICI:

_/+°° (14 17) +> (1+r)1f>1 W (1) (1))dt

< /0 ai(T)W: 2 (RP (1))d < oo

Therefore, forall t > 0
/0 " ( / " ) f,-(T,u(T),v(r),u’(r),v’(r))dr) ds
o
< 1y ( /0 a,-(r)qf,-ﬂ(Rﬁ(r))dr) <
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and set

wi(t) = /Ot i ([erai(r)f,-(ﬁu(r),v(r),u’(r),v’(r))di’) ds.

Notice that w; is continuously differentiable on R™ and

WiE) = i ( /, ™ o) f,-(r,u(r),v(T),u’(T),v’(T))dT) . (3.2)

Moreover, we have w;(0) =0, w;(¢) > 0 for all 7 > 0 and from (3.2), we see that w/ is
nonincreasing, that is w; is concave, and

Wi < v ( /t +°°a,-(r)\lf,,,e(zeﬁ(r))c@ o 0ast — oo,

All the above show that (wy,w,) € P and the operator T; : P~ {(0,0)} — P where for
(u,v) € P~{(0,0)}

Ti(u) (1) = | v ( / +°°az-<r>fi<au<r>,v<r>,u’(r)w’(r))dr) ds

is well defined.
In order to prove that 7; is continuous, let (u,,vn), C P~ {(0,0)} be such that
lim  (up,vn) = (u,v) in Y with (u,v) € P\ {(0,0)}. Let 0 <R <R be such that

R< H(un,vn)H < R, forall n > 1. We have

sup | [,7 ai(7) Fin (un (1), va (7)) dT — [ ai(0)F; (u(7),v(1)) dt| <[5 gin(T)dT

s=0

where
Fin (un(T),vn(T)) :ﬁ(T7u"(T>7vn(1)7u;(1)7V;(T))a
Fi(u(),()) = fi(r,u(2), (1), 4/ (£),/(x))
and
gi,n(T) =a,(7) |Fim (un(T), Vn(T)) - F,-(u(”L’), V(T)) ’

Clearly, fora.e. 7> 0, g;,(7) — 0 and
8in(7) < 2ai(7) ¥, 5 (RP(7))

where W, 5 is the function given by Hypothesis (1.5). Since [, “a ¥z #(Rp(1))dt
< oo, we coclude by Lebesgue dominated convergence theorem that

[+Nai(r)ﬁ(rv un(T),Vn (’L’),u;(r),v; (T))dT

converge uniformly to ;" a;(7) fi(t,u(t),v(1),u (1), (1))dx.
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Therefore, the uniform continuity of y; on compact intervals leads to
T |72, ) = T, v) | = T [, v) = Tiw, )
= hm n (supy= | (T, vn))' (5) = (Tiu,v))' (s)]) = 0.

Itis easy to see thatif (u,v) € P~ {(0,0)} is a fixed point of 7, then (u,v) is a positive
solution to the bvp (1.1), Ending the proof. [J

LEMMA 4. Assume that (1.4) and (1.5) hold, then for all Ry,R, with 0 < R; < R»,
T (Bg, r,) is relatively compact in Y , where B, g, = {(u,v) € P, Ry < ||(u,v)||1 <Rz}

Proof. Let Ri,R; be such that 0 < R; < R and let ®; be the function defined by

D;(t) = a;i(t)¥ir, (R1p(r)), where ¥; g, is the function given by Hypothesis (1.5) for
R =R;. Therefore, for all (u,v) € Bg, g, and ¢ > 0, we have

ai(e) file,u(e) V(1) (1), (1)) < (1)

el = ) < v ([ @u(erar) <

Proving that T;(Bg,r,) is bounded.
Let A> 0 and 1, 1, € [0,A] with #; <7,. We have
1 1

Ti(u,v)(2)  Ti(u,v)(t1) | .
_ = '(1+l2)_(1—|—t1) /0 lVl( : q),'(”l,')d‘[)ds

(l+l2) (1+l1)
1 tr oo
+(1+t2)/zl 14/,-( : (D,-(‘L')d’l.') ds

< @ifty — 1| +gi (r2) — gi (1),

and

and
|0i ((Ti(w,v))') (11) = 01 ((Ti(u,v))') (22) | < Jhi(t2) = i),

where

Let € > 0. Since the functions g, & and y are continuous, there exists § > 0

such that
|gi(s) —gi(t)| < €/2 for [s—1|<é,

lwi(s) — yi(1)| < € for |s— 1| <&y,
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and there exists & > 0 such that
|hi (s) —hi (r)| < &1 for |s—r| < 8.
Therefore, for |, — 1| < inf (8, 8,,€/2®;) , we have
(Ti(u,v)) (1) — (Ti(u,v)) ()| < &.

At this stage, for all (u,v) € Bg,r, we have

+.><, (D,-(‘L')d’l.')

Ti(uy)(n)  Ti(uy)(1)
(1+12) (1+11)

(T ) (1) < wi (

t

and L’Hopital’s rule leads to

tﬁ+w% _tHTw( (I/L V)) (t) < tBl.Poo Vi ( +Nq)i(T)dT> =

In view of Lemma 1, T;(Bg,r,) is relatively compact in ¥, ending the proof. [

4. Proof of Theorem 1

Step 1. Existence in the case where (1.10) holds
Let £ >0 be such that (f +€) < T (o). For such a positive real number €, there
exists R; > 0 such that

L, (L+)u, (L+)vw,2) < (P +e)gi(u+v+w+z)
for all u,v,w,z with sup(|ju+v|,|w+z|) <R;.

Thus, for all (u,v) € PNIQ;, where Q) = {(u,v) €Y, ||(u,v)|l1 <R:}, the fol-
lowing estimates hold

173Gl = TG
= sup v ([ ACe (e 0 (21 (8

<wn (a0 e (UL i) 4o ) ar)

14
1 (laly (FY +€)91 (1,11 + | (,v)[]2))
1(\a|1F1( ) &1 (1] (e, v)11))
1 () or ([l (w,0)]))
(
(

< <

INCIN NN
<

1(91(a [ (w,v)[1)
[ v)][-

Similarly, we obtain for all (u,v) € PNdJQy,

1T (u,v) | = T2, ) < (1= o) [|(u,v)]] -

I
a <
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Thus, for all (u,v) € PNJQ; we have
||T(u,v)H = ||(T1(u,v),T2(u,v))||
= [T (u, )| + | T2 (w, )|
< o[+ (1 =0)|[(uv)]
= [l

Now let € > 0 be such that (f;~ (0)—€) > 0;(8,n). There exists R, > R; such that
{fi(t,(l +0u,(1+1)v,w,2) > (fi (0) — €)i(u+v)

forallu4+v >Ry, t € Igand w,z >0

Let
Q= {(u,v) €Y :||(u,v)||; <O(1+6)R}.
For all (u,v) € PNJdQ;,, we have from (1.8),
Ti(u,v)(1/0) , 6 1
ELASAPAST PN _
1+ (1/6) ~ " 1+9T1(”’V)<9>
) 0 1/6

“wilg ), ([ a@AEo @@ @) a

T3 (u V)] >

2 6

1/6 0
"M ied v </1/e“1<f>f1<T»u<f>7v<r>7u’<r>,v/<r>>df) ®

0
=i gw ([ a0 0 () )

o 0
T o OAE (@) (1) ()

1/6

(

Z Ny < 1 no(; /6 al(T)(fLw(e)_s)d)l(M)dT)
(
(

)¢ J1/6 1+7

n o (e, v) |
g | @ (0) - (gL Yar)
o 0
g @06 o (] as )
n* 0
= (0l )01 (0. g s [ r(lae)
= w1 (01 ([[(,)[[)n%) = ny (91 ([, v)1) = 0 [l v)]; -
Similarly, we obtain for all (u,v) € PNdQy,
[ T2(u, )] = (L=n) [ (u,v)]]; -
Thus, for all (u,v) € PNJQ, we have
HT(qu)” = H(Tl(uvv)7T2(uvv))H
= 171 (u,v) | + | T2 (u, )|
Z N[ wv) ||+ @ =n) ()] = [l (u,v)]-
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Therfore, we deduce from Theorem 2, that 7' admits a fixed point (u,v) € P with
Ry < ||(u,v)]]1 < (14 6)R, which is, by Lemma 3 a positive solution to the bvp (1.1).

Step 2. Existence in the case where (1.11) holds B
Let € > 0 be such that (f;o(0) —¢€) > 0;(0,n). There exists R; > 0 such that

fit, (A +t)u, (L+1)v,w,z) > (fi0(0) —€)pi(u+v+w+z)
for |(u+v,w+z)| <Rjandr € I

Thus, for all (u,v) € PNJQ,, where

Q= {(u,v) ey ()| < e(1+e)§1}

we have
Tl > D = T )
s [ ([ @At s @ 0 as
>t [ () Ao 0 (e ) s
g ([ a0 0. 0)a)

o 0
> v (—) / /eamm(r,u(r),v<r>,u'<r>,v'<r>>dr)

o 0
>Ny (ﬁ/l/eal(f)(f‘”(e)_g)

X¢l(u(f) +L1-1_+M/(T)+v/(r)>d7>

l+7 1+

0
o 0 ik
m?ieyc/l/eal(r)(fw(e)_gml (%) dT)

> v (e @ (9010m) otz ()

o 0
@(II(W)IIQ@(&H)W /l/em(f)m)

=y (91 ([[(w,v)]1)©1(6.m©1(8,1) ") = 0 [[(,v)]] -
Similarly we obtain for all (u,v) € PNJQ;,

1T (u,v)[| = (1 =n) [, v)] -

=nwy
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Thus, for all (u,v) € PNJQy,

HT(M7V)H1 = H(Tl(u7v)vT2(u7V))H1
= 1T (u, )|y + 1 T2 (e, ) ]
Z 0|, + (=) [, )]y
= @)l

Let € > 0 be such that (f7°+¢) <Ti(0), there exists R; ¢ > 0 such that
filt,(L+0)u, (L+1)v,w,2) < (f7+€)pi(u+v+w+z)+¥ir, (u+v) forall u,v,w,z>0,

where W, g, is the function given by Hypothesis (1.5) for R=R; .
Let

D (1) = Yir, (Riep(1))
o= [ @)@
oy Li@)®ie
Rio =i (n(a)— <f;°+e>)
Notice that for all R > 2R; >,
(f=+e)Ti(0) " ¢i(R/2) + Die < 4i(R/2)

and let R, > max(0(1+ 9)§1,2Ri72,Ri78). Thus for all (u,v) € PNJQ,, where Q) =
{(u,v) ey |(uv)l, <§2}, we have

=l

Jroc
1T e 9)]) = 1T < ( | a1<r>f1(m(r),v<r>,u’<r>,v'<r>>dr)
<w ( [ a ((fi’°+8)¢1 (M e +v’<r>)

I+
g, (M) ) )

<w ( [ @ e <||<u,v>>+d>1,g<r>>dr)

< (U7 + )01 fai], +Bre))

=vi (((FF+8)(0)Ti () a1l ) + e )
<wi ([ +er(0) ™ gi(oll(wv)]) +Pi.e)

< o).

Similarly, we obtain for all (u,v) € PNd€y,

1T2(u,v) | = T2, v) 5 < (1= 0) [|(u,v)]] -
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Thus, for all (u,v) € PNJI,

||T(M7V)H = H(Tl(u7v)vT2(u7v))H
= 171 (u,v) || + || T2 (e, v
< o|(uv)||+ (1 =0o) [ (uv)]

=[G,

We deduce from ii) of Theorem 2 that T admits a fixed point (u,v) € P with
0(1+0)R; < ||(u,v)]]1 < Ry which is, by Lemma 3, a positive solution to the bvp

(1.1).

Step 3. Boundedness of the solution

Let (u,v) be a positive solution of the bvp (1.1) and set Ry = || («,v)]|1. Then for
all # > 0 we have from Hypothesis (1.7)

v(T)
I+

u(t) = /0’ i (/S+ma1(1:)f1(1:,(1+1:) u(® (141 ,u’(r),v’(r))dr) ds

1+7

< /Ot ) <A+Na1(r)xl7R0(r)dr> ds

oo oo
< /0 4] (/ a1 (7)1 r, (r)dr) ds < oo,

0= [ ([ amamarorl,

1 oo
S /0 V2 (/S az(T)Xz,(u,v)l(T)dT> ds
oo oo
< /0 [%%) (/ a2(T)X27H(M7V)H1 (T)d”L’) ds < oo,

v(7)
I+

(1+71) ,u’(r),v’(r))dr) ds

—_

Step 4. Unboundedness of the solution
Let (u,v) € P be a positive solution of the bvp (1.1). We have from, Lemma 3 that

)= [ w ( / +°°cu(rm(r,u<r>,v<r>,u’<r>,v’(r))dr) ds
> [w ( / +°°cu(rm(r,u<r>,v<r>,u’<r>,v’(r))dr) ds
Jroo
_— ( / a1<r>f1<r,u<r>,v<r>,u’<r>,v’<r>>dr)
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and

Jroo
/ a2<r>f2<r,u<r>,v<r>,u’<r>,v’<r>>dr)ds
[ ™ (0o (1 (2)v(), 1 (7)), v’(r))dr) ds
— 1y (/[+°°a2(r)f2(r7u(r),v(r),u’(rw(r))dr) .

Suppose that (u,v) is bounded and let (teo, Vo) :tligl (u(2),v(t)) > (0,0); that is

tliEI_I u(t) >0 andtlil_;l_l v(t) > 0. Let & >0 be such that u., —& >0 and ve.. — & > 0.

There exists 7. > 0 such that
u(t) 2ue—=¢e and V() = ve—&, forallt> fe..

Therefore, we obtain from Hypothesis (1.6) and the above inequalities the contradiction

o0
Foo > oy > ;HT ty (/ al(r)fl(r,u(r),u’(r))M) = +oo
T t

and .
Foo > Ve, > tlilll 1y, (/ az(’l.')fz(’l.}u(r),u/(r))dr) = oo,
—too t

The proof of the main theorem is complete.

5. Example

Consider the case of the bvp (1.1) where for i € {1,2} ¢;(x) = |x|"" x4 |x|% %,
ai(t)=1(141)"% and

filt,u,v,w,2) = (Ai(1+t) B,-(u+v))

u+v 1+1¢
w Z . 1+1¢ 1
x(1+——+-——+sin +
I1+w 14z u+v w+z

2<pi<gqi, pi—1>& >4 and A;,B; > 0.

where

Forall x >0, t € [0,1], we have
1471 (x) < @i (1x) <Py (x)

Then o =¢q;— 1 and B =¢,— 1. Forall x >0, s > 1, we have

V4 (sp"_lx) <syi(x) <y (sq"_lx) . (5.1
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We have . & 1)(E-2)
Ail| = 72— \7E Ay Fizi,
“h=EnE2 a0t

forall 6 > 1 .

o _
©;(6) = 471 (1 4 9)>@~D (/1 a,-(r)dr) :
2
where
/ﬁ as(s)ds = 1oes?2-1 1 651
e E-2(1+0)52 &—1(146)5"

For all #,u,v,w,z >0 with u+v <R,
filt,(L+t)u, (L +1)v,w,2)
A; .1+t 1
= <— +B,~(u+v)> 14+ —— 4~ fsin i +
u+v 1+w 14z u+v w+Hz

<o(s5ror)
u+v

=Wir(u+v)

Thus, for all r € (0,R], we have

oo N 4A; [+ sds T sds
()Y ds=— [ = B"R/ (R
/0 ai(s)¥ir (rp(s)) ds r o (1+5)%p(s) * o (1+s)s

Now, we have
=0 fio(0) =+

Let us prove that u and v are unbounded. By (5.1), we have
o0
i ([ s (w000, () )
1

+oo
>mel ammuwnmmwwﬂmmﬂ
<l‘p’ 1 M(ZT)

1+7

+oo0
4Blu+V tpl 1/ %
ro (L)t

<4B, u+v)(1) pi-! )

1+t)5"

leading to

t——+oo

lim £y; ( / " a0 f (1, u(1),9(1) 0 (1), (7)) dr) = foo.
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We conclude from Corollary 1 that the bvp (1.1) admits at least one positive solu-
(u,v) where each of u and v is unbounded.
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