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CANONICAL REPRESENTATION OF THIRD-ORDER
DELAY DYNAMIC EQUATIONS ON TIME SCALES

JOHN R. GRAEF* AND IRENA JADLOVSKA

(Communicated by A. Zafer)

Abstract. The authors show that any semicanonical or noncanonical third-order linear delay dy-
namic equation on a time scale can be written in canonical form without imposing any additional
conditions on the coefficient functions. Since this is true for any time scale, this means it holds
for differential and difference equations. The implication of this is the significant result that any
set of conditions which show that a related equation in canonical form is oscillatory will guaran-
tee that the semicanonical or noncanonical equation is also oscillatory. Several examples of the
application of the results are incorporated into the paper.

1. Introduction

Consider the third-order delay dynamic equation

A
(az(l‘) (al(t)yA(t)>A> +q)y(t(t)) =0, 1€ tg,°)T, (E)

where T is a time scale with 7y > 0, supT = oo, [fy,0)1 = [t9,2) N T, ai, az, q €
Cra([to,o°)T,(0,00)), T € Cry([to,°)T,T), 7(¢) < t, and limy_e 7(¢) = o. The usual
notation and terminology for time scales as can be found in Bohner and Peterson [7]
will be used throughout. A solution y of (E) is said to be oscillatory if it is neither
eventually positive nor eventually negative, and it is said to be nonoscillatory otherwise.
An equation is said to be oscillatory if all of its solutions are oscillatory.

A wide literature has been devoted to the investigation of asymptotic and oscil-
latory properties of solutions to (E), often accomplished by dividing the set of all
nonoscillatory solutions into particular classes. To introduce such a classification, it
is convenient to describe the operator

ty= (o ()"
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2 J. R. GRAEF AND 1. JADLOVSKA

on the basis of convergence or divergence of the improper integrals

Sal |
Ar) = | ——ns, i=1,2.
W= ahs

We say that the operator L (and consequently, the equation (£)) is in canonical form if
Ay (to) = As(tg) = oo ©

and it is in noncanonical form if

Ai(tg) < oo, Ax(ty) < oo. (N)
If either

Aq(tg) < oo, Aj(tg) =00 (S1)
or

Aq(tg) = o0, As(tg) < oo, (S2)

then L is in semicanonical form. Generally, the set .4~ of all nontrivial nonoscillatory
solutions of (E) can be divided into the following four classes for ¢ > T, for some

T, > 19:
A
J{)_{ye,/i/ yy <0y(alyA> >0}
A
</V2:{y6,/1/ yy >0y(alyA> >0}
A
JV*z{yeJV e y(alyA) <0}
A
N = {ye«/V yy <OY<01YA> <0}
This means:
©) = N = MUy
(S)) = N = MUMNUN; .
($2) = AN =MUMSULL

In view of the above, the obvious advantage of examining equations in canonical form
is that it results in the smallest possible number of classes of nonoscillatory solutions
that result from applying the famous Kiguradze lemma [16, Lemma 1]. Recall that in
the case where T = R, the operator L can be written in an essentially unique canonical
form due to the classical result of Trench [19, Theorem 1]. For a discrete analogue
for the case T = Z, we refer the reader to [14, Theorem 1]. Explicit closed-form
canonical representations of third-order semicanonical and noncanonical differential
operators resulting from the application of Trench’s Lemma 1 and Lemma 2 in [19] can
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be found in [8]. Employing useful identities, less complicated canonical representations
of noncanonical differential operators were presented in [3].

In the recent paper [12] by the first author, it was shown that the semicanonical
dynamic equation (E) with either (S;) or (S7) holding can be rewritten, under certain
integral conditions, in an equivalent canonical form. This work reflected a growing
interest in establishing relations between canonical, semicanonical, and noncanonical
equations separately for the case T = R corresponding to differential equations [3, &,
10, 17] and for the case T = Z corresponding to difference equations [2, 18].

The purpose of the present work is to complement the results in [12] by provid-
ing an equivalent canonical representation of L in noncanonical form () and both
semicanonical forms (S;) and (S,), without requiring any additional conditions. The
newly obtained classification scheme enables us to apply known oscillation criteria for
the canonical case (C) to give oscillation criteria for equations in the noncanonical and
semicanonical cases, and thus contributes to the general study of oscillation theory of
canonical dynamic equations on time scales, and by default for ordinary differential and
difference equations.

2. Notation and auxiliary results

We will use the usual time scale notation that for a function f, by f° we mean
f(o(t)) for t € T, where o is the usual forward jump operator. Let

= ]
A,-(t):/ — As, i=12,
W

ai(s)
An0%=[m2%5Aﬂ$A&
Ajp (t) = /too ﬁA?(S)AS,

provided that the improper integrals are well defined.
In the sequel, we will use the following extended notation:

A
M[bo, by, br]y = by (bl (bo)’)A)
and
AA)*
Mbo,bi,ba,baly = by ( b (b1 (box)*) ) .1

i.e.,
b3 (M[bo, b1, bz])’)A ;

M{bo,by,ba, bsly =
b basbsly {M[b17b27b3](boy)A7

where b; € Cy([to,)T,R), i =0,1,2,3. Therefore, we can rewrite L as
L=M]|1,a;,az,1].

The following auxiliary result will be repeatedly used in our proofs.
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LEMMA 1. The second-order noncanonical dynamic operator M[bo,by,bs] with

< 1
Bi(t) = ——As < oo
1(0) o bl(S) S

can be rewritten in canonical form

b b
Mibo,by1,bs) = M | —2,b1B B, —= | , (2.2)
B, BS

such that .

o BOBIEBI)

Proof. The equivalence in (2.2) can be shown by straightforward differentiation
as in the proof of [12, Theorem 2.1]. A simple computation yields

A 1 1
As = lim —— — — oo,
) i—=By(t) Bilto)

0 1 et 1
A b1<s>Bl<s>Bf<s>AS:/to (Bms)

which completes the proof of the lemma. [

REMARK 1. Inthe case T =R, Lemma 1 coincides with Trench’s original result
[19, Lemma 1].

Next, we present a couple of useful identities holding in the noncanonical case
(V).

LEMMA 2. Let (N) hold. Then

A1Ay = A+ Az (2.3)
o Az (5) Anl)
« 21(s 12(f

As = . 2.4

| aomome ™ o 24

Proof. Integrating the identity

Ay AC
(AA)A =2 L (2.5)
aj ap

from # to oo gives

A(DAL (1) = /m %(S)Az(s)AH— /tw %(S)Af(S)AS =Ap(t) +Axu(),

t

which proves (2.3).
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To prove (2.4), we first show that the integral on the left-hand side is well-defined.
First, notice that by I’Hospital’s rule, we have

. Ap() B
,hj,lo MORE ,IE?OA2(I) =0. (2.6)

From (2.3) and (2.6), we see that

A (1) Ay ()Ax(7) —Ana(t)

tlgg Al(t) ZIILI?O Al(t) 2.7
L Ap() . B
= th_)rgAz(t) — A1) = tlLlZlQAz(t) —Ay(r)=0. (2.8)

Using the integration by parts formula on time scales ([7, Theorem 1.77]), (N), and
(2.7), we obtain

[ aoneme AT ) As‘/o“” ( >)A“

Ayt
Al(l)

< 1
+ ——As < oo. (2.9)
o fo a2( )

Now, from (2.3), we have
> Auls) _ An()
| aonome ™ w0
_ An() —Ai(0)A@)
Aq(t)

s0 (2.4) holds, and this completes the proof of the lemma. [J

App(t)
Ag(t)’

+A (1) =

3. Canonical representation of L

In this section, we provide closed-form canononical representations for the opera-
tor L in the cases where (S)), (S2), and (V) hold, respectively. Our first result applies to
the operator L in the semicanonical form (S), and it extends [12, Theorem 2.1] to the
case Ay (tg) < oo.

THEOREM 1. Let (S1) hold. The operator Ly can be written in the canonical form

A
A A
D aa49 (L if Ao (t9) = oo
A(l)- 14147 A1 ) 210

Ly = Ay A\ A

1 an alAlAG y .

— [ =4,,45, L= R TUORS
Agl A?‘ 21 21( A21 Al lf 21(0)

3.1)
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Proof. Since Aj(1y) < oo, applying Lemma 1, we can rewrite the operator L as

Ly =M][l,ay,az,1]y
M[Lal,@]y)A
M

=(

1 : 3.2

:( |:Al a1A1A17AG]y> ( . )
1

=M A—17a]A1A17AG,1 y

with

“ o0 A
[ ammemas =l (am) =

Hence, if Ay1(fy) = oo, then the operator (3.1) is in canonical form. If Ay (fp) < oo, we
again apply Lemma 1 to obtain

1 a [ y\4
M| — aAlAT, = 1|y=M |a1A AT 11—
|:Alaa1 1 1,A?’ :|y ayAg 17Ag7 :|<A1>

o A
Yy alA1A1 arAr1A3, L:| (l) 3.3)

L A T AT TAS | \A
(1 a1A1AS arAyAS, 1
=M 7 ! 9 o 217_0— y
_Al A21 Al A21
with
oo 1 Ac(s) o 1 A
1 As:/ ( ) As = o0
1o A21(s)AS; (s) ax(s) 0 \A2(s)
Since

w—AZI(S) S = - A 1 : ")
| amawmm =], ><A1<s>> A

< 1
> / L As=o,
0 ax(s)

the operator (3.1) is in canonical form. The proof is now complete. [

Our second result applies to the operator L in the semicanonical form (S5); it
extends [12, Theorem 3.1] to the case Aj»(zp) < .
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THEOREM 2. Let (S;) hold. The operator Ly can be written in the canonical form

A
1 ar A A .
A_g (azAzAg <A_2y ) ; if Aa(to) = oo,
=y A\ A (3.4)
a2A2A5 y .
— ApAS L if Anlt) <
A9 A9, <A2 12 <A12) ) if Aia(to)

Proof. Since A;(y) < oo, we can rewrite Ly using Lemma 1 as

Ly = M[17a17a27 lb}
= Mlay,az, 1)y*

1
=M ArA A
{Az arAn 2’A‘2’}y
ay o 1
=M |1, —,arArAS, —
|:7A27a2 2 27A(2)-:|y
with

o 1
— As=
/m a2(5)A2(5)A (s)
Hence, if A12(7)) = oo, then the operator (3.4) is in canonical form.
If Ajx(#p) < oo, we again apply Lemma 1 to obtain

A
ag 1 1 ag
M|1,— arAAS, — | y=— (M |1,—,a,A,AS
|: 7A2’a2 2 27Ag:|y Ag( |: 7A2aa2 2 2:|y>

with

- Ax(s) o
/to 1(s )A12(5)A12( )AS— .

oo 0' A
I <>i§2 T, ARG ( >) .
:AIZ()
A2(l)

by (S2), so (3.4) is in canonical form, and this completes the proof. [J

Finally,

1

As = oo

_|_
fo T aj (S)

Our third result applies to the operator L if it is in noncanonical form (N). The
particular case T = R can be found in [3, Theorem 2.1].



8 J. R. GRAEF AND 1. JADLOVSKA

THEOREM 3. Let (N) hold. The operator Ly can be written in the canonical form

A
fy— L [@Au4s (adnAf (L)A
Agl A(fz Azl A1

Proof. Since Aj(1y) < o=, by (3.2),
1
Ly=M A a1A1A17A6,1 y.

In view of (N), clearly Aj;(#p) < oo, and so we arrive at (3.3), i.e.,

Ly=M|:i LllAlA? a2A21A‘271 L]y
A’ Ay A? 7Ag1

with o
~ 1 A7 (s)

Since by (2.4),
As < oo

A1a(19) :/°° Az (s)
Ai(to) iy ai(s)A1(s)AT(s)

(see (2.9)), we then apply Lemma 1 to obtain

M|:L alAlA‘f a2A21A(2)-1 L]
A’ Ay A? ’Agl

_ L (M [L a1A1AY a2A21Agl] y>A
ag \M A Ay Ay

1 1 a1ARAS, arAyAS, A
_ (M[ 12 2|,

A\ (AR’ Ay A
_M|: 1 a1A12A‘172 a2A21A‘271 1 :|
A’ Ay AT, TAS

with

o Aoy (S) .
/to ai(s)A12(s)A, (s) A=

Using (2.3) and integration by parts ([7, Theorem 1.77]), we see that

“ AP (s) G- = A7 (s)AS (s) — AF| (s) s
I NOTOTACk =% (VA ()45, (5)

oo 1 . _; s
=y (A{l(s)) A0 A
Ay |

—= oo
)

_ 2
A21 (t) fo

(3.5)
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where by I’Hospital’s rule,

. AQ(Z) .
1 = 1 = oo,
e Ay (1) = AS(D)

since A;(t) — 0 as t — oo. This proves the theorem. [J

In a recent work [11], the authors pointed out that in the continuous case T =
R, the noncanonical operator can be rewritten in a simplified canonical form without
needing to compute the integrals Aj> and A, if the functions a; are of the same type,
e.g., they are both of the form % or exp(at). In the sequel, we provide an analogue of
this observation on a time scale T.

COROLLARY 1. Let (N) hold and

ax(t)Ax(t)
ai(1)A7 (1)

Then the operator Ly can be written in the canonical form

AN A
1 y

Ly=—— ALA ATAS | ——

Y ATAS @ 2<a1 1 <A1A2> )

Proof. Tt suffices to note that using (3.6) in (2.5) and integrating gives

=/ forsomelcR. (3.6)

l 1
Ajp=——A1Arand Ay = ——AA;.
12 1+£12an 2= A

In view of Theorem 3, the conclusion is immediate. [

4. Applications

The simplest way to illustrate our results is to begin with the continuous case
T =R, where (1) =1, y*(1) =y'(t) and [” f(1)Ar = [ f(t)dt.

EXAMPLE 1. Consider the third-order differential operator

Ly(t) = (eﬁ’ (emy’(t))/>/7 teR, o,BeR. (4.1)

Notice that if o < 0 and 8 <0, then L is already in canonical form. Hence, it makes
sense to consider the following three cases.

If ¢ >0 and B <0, then L is in the semicanonical form (S), and by Theorem 1,
it can be written in the canonical form

(e(aJrﬁ)l (e*ott (ewy(t))/)/>/, if OH—ﬁ <o,

Ly(t) =
®) elo+B)r (e—(oc+l3)t (eﬁt (ewy(t))/)/>/» if a+p>0.
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If ¢ <0 and B > 0, then L is in the semicanonical form (S5), and by Theorem 2,
it can be written in the canonical form

!/
Bt (eﬁr <e(a+ﬁ)ly/(l)>/> , if a+p<0,
IN !
P (eoct (e—(oc+li)t <e(a+ﬁ)ty(z)>/) ) , if a+pB>0.

If o« >0 and B > 0, then L is in noncanonical form (N), and by Theorem 3, it
can be written in the canonical form

1y() = e (e (&0 (e<a+ﬁ>ty<t>)’)’)/.

It should be noted that the semicanonical cases with o + 3 > 0 as well as the
noncanonical case are not covered by the previous results in [12].

Ly(t) =

The following example, which can be seen as a discrete analogue of Example
1, shows how Theorems 1-3 apply in case T = N. In this situation, o(r) =1+1,

A0 = By(1) =y + 1) = y(0). and [ f(0)Ar = 577 £ (D).
EXAMPLE 2. Consider the third-order difference operator
Ly(t)=A(B'A(a'Ay(1))), teN, o,f>0. (4.2)

First note that L is in canonical form if o <1 and f§ < 1.
If > 1 and B < 1, then L is in the semicanonical form (S), and by Theorem 1,
it can be written in the canonical form

Ly(t) {A((aﬁ)fA(a—fA<afy<t>> ). fap<L
(aB) A((B) " ABA(LY())., if B> 1.

If o <1 and B > 1, then L is in the semicanonical form (S5), and by Theorem 2, it
can be written in the canonical form

Ly(e) {B’A(B’A((aﬁ)’Ay(t))), if ap <1,
Ba(eA((@B) " A(aB) (1), if ap > 1.

Finally, if o > 1 and 8 > 1, then L is in noncanonical form (N), and by Theorem 3, it
can be written in the canonical form

Ly(r) = (aB)'Aa " A(BTA((aB)¥(1))))-

Again, we stress that the previous results in [ 12] do not apply in the semicanonical cases
with o3 > 1 nor in the noncanonical case.

Now, let us focus on the noncanonical case (V). It is easy to see that both of the
operators (4.1) and (4.2) satisfy condition (3.6) with £ = o/ and £ = (o —1)/( —
1), respectively, and this allows us to apply Corollary 1 as in the following example.



Differ. Equ. Appl. 16, No. 1 (2024), 1-18. 11

EXAMPLE 3. Consider the third-order dynamic operator

Ly= (ta(t) (ta(t)yA>A)A, reT.

Clearly, L is in noncanonical form since

Although the integrals

Alz(t)z/tmﬁAs and Azl(t):/tmﬁAs

cannot be analytically computed on an arbitrary time scale T, if (3.6) holds, i.e.,

@ =/{ forsome/leR, 4.3)

then L can be explicitly written in the canonical form

) AAA

Notice that condition (4.3) is satisfied for T =R (£ = 1) as well as for the quantum
time scale T = ¢ = {t:1 = ¢,k € N,qg > 1} (£ = g), but it is not satisfied for many
other time scales suchas T=N, T=hZ,, h>0,0or T= N(%.

5. Main results

Based on Theorems 1-3, we can now formulate our main results that we obtain by
rewriting (E) when it is in the semicanonical forms (S) or (5»), or in the noncanonical
form (N) into an equation in canonical form

A

(220) (2r02@)” ) ato1n(50) =0 (Eo

THEOREM 4. Let (S)) hold. Equation (E) has a solution y(t) if and only if the
canonical equation (E¢) with

if Azi(tg) = oo,

if Aai(to) < oo,
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- q(t)A(1(1)), if Ay (to) = oo,
q()A1(T(1)AF) (1), if Axi(to) <

has a solution

_ (@)
x0) = A(r)

THEOREM 5. Let (S») hold. Equation (E) has a solution y(t) if and only if the
canonical equation (E¢) with

ai(r) i -
bi(t) = Az((tt))f; (1)A%, (1) f Aralio) =<
a 12
Ax(t) 2=, if An(n)

if Aa(tg) =

has a solution

® y(l(%) if Apa(to) = oo,
x(t) =< y(t _
An)’ if Apa(to) <

THEOREM 6. Let (N) hold. Equation (E) has a solution y(t) if and only if the
canonical equation (E¢) with

ar(1)A1a(1)AT) (1)

bir) = A (1)
_ap(t)Aa (1)AS (1)
0T
q(t) = q(1)A1a(7(1))A3, (1),
has a solution 0
_
x(t) = Ao

In the noncanonical case (), we can obtain a simplified version of Theorem 6 that
results from applying Corollary 1.

COROLLARY 2. Let (N) and (3.6) hold. Equation (E) has a solution y(t) if and
only if the canonical equation (Ec) with
bi(t) = ar(1)AT (1)A3 (1),
by(t) = ax(1)A1(1)A2(1),
q(t) = q(t)A1(t())A2(T(2))AT (1)AZ (1),
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has a solution 0
__
0= Hoa

REMARK 2. The obvious advantage of Corollary 2 over Theorem 6 is that we do
not need to compute the integrals Aj» and Ap;.

It is important to point out that, as an immediate consequence of Theorems 4—
6, any set of conditions that implies the oscillation of all solutions of the canonical
equation (E¢) guarantees the same property for (£) in semicanonical or noncanonical
form. This is true on any unbounded time scale T, including the classical ones T =R
and T = N. In our opinion, this is a highly significant result.

To demonstrate the applicability of our results in this direction, let us recall an
oscillation criterion for the third-order delay differential equation

Kt) +q()x(e(1) =0, 1>1, (Ec)

which is a particular case of (E¢) with T=R and by =by = 1.
THEOREM 7. Let A, :=liminf,_... % and
My =max{-p(p—1)(p—2)AL 2: 1< p<2}.

If
- 0 for Ay =oo
1 2 O ) 5.1
1[[2})(1)1 T ()‘I() {M% for 2,*<°°7 oy

and

15 15 15
fim sup / ) / / G(s)dsdxdu > 1, (5.2)
T(t u X

[—o0

then (Ec) is oscillatory.

Note that condition (5.1) (see [13, Theorem 2.1])) eliminates the solutions belong-
ing to the class .45, and condition (5.2) ensures that the class .4 is empty (see [9,
Theorem 9]). An important observation here is that (5.1) remains sharp for the delay
Euler differential equation

() + il—gx(lt) =0, qo>0, Ae(0,1, =1, (5.3)

as shown in [13, Corollary 2.1]. To the best of our knowledge, a similarly sharp criterion
for the nonexistence of _4(-type solutions has not yet been obtained (see [6] for more
details).

Now, let us consider the case of the simple noncanonical differential equation

(Y (@))) +q)y(r(1)) =0, 1€R, 1>1. ()

By Theorem 6, equation (£) can be written as the canonical equation (E¢) with g(t) =
T72(1)t=2q(t), so that y(t) is a solution of (E) if and only if x(¢) = 2y(¢) is a solution
of (E¢). In view of Theorem 7, the following result is immediate.
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THEOREM 8. Let A, and M, be as in Theorem 7. If

liming40) 5 ] for Au=co, (5.4)
My,  for Ay < oo,

t—o0 1

and

. t t t q(s)
| 1 .
l?ii:lp /T(t)/u /X p= (s)s2 dsdxdu > 1, (5.5)

then (E) is oscillatory.

Notice that the noncanonical delay Euler differential equation
(Y (1)) +qory(A1) =0, qo>0, A€ (0,1], 1>1,

has a nonoscillatory solution y € 4%, if go = M ; this shows that condition (5.4) cannot
be improved.

Next, we formulate a variant of the oscillation criterion for (E¢), which can be
viewed as an extension of Theorem 7. We will use the notation:

ro ' By(s)

= [ ——=ds, i=1,2, and By(t)= ds.
10 bi(s) 12(1) 1o b1(s)

Bi(t)
THEOREM 9. Let

B :=liminf B (1)B12((1))q(1)b2 (1),

A, = liminf ——

ETO)

1—Px
Bl (1) 1 B2 gy
k. = liminf ———0 1)

1= Bio(t) ’

and
1/kp—1
sk

M:max{p(l—p)?t :0<p<1},

where

I—p

By (1) fi B Was

kp= liminf —— 0 bils) ™7
[—00 Blz(t)

If

(5.6)

0, for Ay =o0 or k, =0,
B« >
M, for A, <oo and ki < oo,

and

r 1 r 1 [~
I / —/ / dsdxdu > 1, 5.7
Hrrlsfp (1) b1(u) Ju ba(x) Jx 4(s)dsdvdu S

then equation (E¢) is oscillatory.
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For condition (5.6), we refer the reader to [15, Corollary 3, Corollary 4], while
condition (5.7) is due to [9, Theorem 9]. Notice that again, (5.6) is optimal in that it
remains sharp when applied to the delay Euler differential equation

(tﬁ (t“y’(t))/>/+qot°‘+ﬁ*3y(lt) =0, go>0, A1e€(0,1], r>1.

For our last example in this paper we illustrate our results in this section by con-
sidering the third-order delay differential equation whose coefficients are powers of 7,
namely,

!/
(P (Y0)') +a0y() =0, 1€R, 121> 1. (Ep)
THEOREM 10. Equation (E,) is oscillatory if and only if (Ec) is oscillatory in
each of the following cases.
1. a>1and B <1:

(i) o+ B <2and bi(t) =% by(t) =11, Ge) = 7' *(t)q(1);
(i) o+ B >2 and by(t) =1B, by(r) =13~% B, G(1) = o'~ %(1)> > Bq(r).

2. a<land B>1:
(i) o+ B <2 and by(t) =t*B=1, by(r) =1>B, q(t) =t Pq(r);
(i) oo+ B >2and bi(t) =3B, by(r) =1%, G(t) = > B()'Bq(r).
3 a>1and B >1:
bi(t) =1*B, ba(t) =2, G(t) = 12 B(1) > 2 Py(r).

Proof. We will prove the first case and leave the remaining ones to the reader.
I. If «>1and B <1, then (Ep) is in semicanonical form (S1), i.e., we have

1-o

Al(l‘) = and Ag(to) = oo,

Consequently, two subcases can occur.
(i) If a+ B <2, then Ay (fy) = . Clearly,

t2—oc
(—1)*

Tl_a(t)

balt) = (o= P71 G0 = o=

bi(t) =

q(t).
By Theorem 4, (E,) has a solution y(z) if and only if the canonical equation

(taﬂrl (tzf"‘x’(t))/>/ +1 7% (1)q(n)x(1(1)) =0,

has a solution x(z) = t*~1y(z).
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(ii) If o+ B > 2, then
t27a7ﬁ
(a—1)(x+p-2)

Ay (t) =

and clearly,

o+p—2 e b
O e L e =t

‘L'I*O‘(t)tzfafﬁ

10 = G T

Again by Theorem 4, (E,) has a solution y(¢) if and only if the canonical
equation

(t““* (tﬂx/o))/)/ ()2 Py(n)x(e(r)) =0,

has a solution x(z) = t*~'y(z).

The proofs of the remaining cases are similar and as such we leave the details to the
reader. [J

Combining Theorems 9 and 10, one can easily establish an oscillation criterion for
(Ep).

THEOREM 11. If (5.6) and (5.7) hold with by (t), by(t), and §(t) as in Theorem
10, then (E)) is oscillatory.

Here, we would like to stress that the results in [ 12] do not cover the semicanonical

cases with ot + 8 > 2 nor the noncanonical case discussed in the above example.

REMARK 3. Many other analogous results can be established for equation (E)
using Theorems 4—6 and existing oscillation results for (E¢). The details are left to the
reader.

REMARK 4. It should be clear that we can apply our results here, in particular,
Theorems 4-6, to nonlinear equations such as

AN A
(ax0) (wl0°@)" )+ at7(x0) =
where 7 is the ratio of odd positive integers, as was done in [12].
REMARK 5. To the best of our knowledge, there is no oscillation result for the

delay dynamic equation (E) that would involve sharp oscillation constants known in
the continuous case. This is left as an interesting research problem.
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6. Conclusion

In this paper we show that any semicanonical or noncanonical third-order linear

delay dynamic equation on a time scale can be written in canonical form without im-
posing any additional conditions on the coefficient functions or any restrictions on the
time scale. As a consequence, this is also true for differential and difference equations.
Applications to equations whose coefficients are exponential functions or powers of ¢
are also given.
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