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FRACTIONAL DIFFERENCE INEQUALITIES OF

OPIAL TYPE AND INITIAL VALUE PROBLEM

G. V. S. R. DEEKSHITULU AND J. JAGAN MOHAN

Abstract. In this paper some discrete Opial type inequalities of fractional order are established
and using these inequalities of Opial type, a bound to the solution of a fractional initial value
problem is obtained.

1. Introduction

The notions of fractional calculus may be traced back to the works of Euler, but
the idea of fractional difference is very recent. Diaz and Osler [5] defined the fractional
difference by the rather natural approach of allowing the index of differencing, in the
standard expression for the n th difference, to be any real or complex number. Later,
Hirota [8], defined the difference operator ∇α as the first n terms of the Taylor series
of [ 1−B

ε ]α where ε is interval length. Deekshitulu, G. V. S. R. and Jagan Mohan, J.
[3] modified the definition of Atsushi Nagai [1] for 0 < α � 1 in such a way that the
expression for ∇α does not involve any difference operator.

The inequalities which provide explicit bounds on unknown functions play a fun-
damental role in the development of the theory of differential, integral and finite differ-
ence equations. The landmark 1955 paper of Fan, Taussky and Todd [6] has brought
about a lively interest in discrete inequalities. Many discrete inequalities involving
functions and their sums and diferences have been found. Although some results in the
discrete case are similar to those already known in the continuous case, the adaptation
from continuous to discrete is not always direct, but often requires special devices. Dis-
crete analogues of Opial-type inequalities started in 1967-69 with the papers of Lasota
[9], Wong [16], Lee [12] and Beesack [2], which provided discrete versions of Opial’s
original inequality. Opial’s inequality and its several generalizations, extensions and
discretizations, play a fundamental role in establishing the existence and uniqueness of
initial and boundary value problems for ordinary and partial differential equations as
well as difference equations.

In this paper we obtain some discrete Opial type inequalities of fractional order.
Further, we find a bound to the solution of a fractional initial value problem using the
fractional difference inequalities of Opial type.
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2. Preliminaries

Let un be any function defined for n ∈ N
+
0 where N

+
a = {a,a+ 1,a+ 2, ....} for

a∈ Z . Hirota [8] took the first n terms of Taylor series of Δα−n = ε−α(1−B)α and gave
the following definition.

DEFINITION 2.1. Let α ∈ R . Then difference operator of order α is defined by

Δα
−nun =

⎧⎨
⎩

ε−α ∑n−1
j=0

(α
j

)
(−1) jun− j, α �= 1,2,....

ε−m ∑m
j=0

(m
j

)
(−1) jun− j, α = m ∈ Z>0.

(2.1)

Here
(a
n

)
, (a ∈ R,n ∈ Z) stands for a binomial coefficient defined by

(
a
n

)
=

⎧⎪⎪⎨
⎪⎪⎩

Γ(a+1)
Γ(a−n+1)Γ(n+1) n > 0

1 n = 0

0 n < 0.

(2.2)

In 2002, Atsushi Nagai [1] introduced another definition of fractional difference which
is a slight modification of Hirota’s fractional difference operator.

DEFINITION 2.2. Let α ∈ R and m be an integer such that m−1 < α � m . The
difference operator Δ∗,−n of order α is defined as

Δα
∗,−nun = Δα−m

−n Δm
−nun = εm−α

n−1

∑
j=0

(
α −m

j

)
(−1) jΔm

−(n− j)un− j. (2.3)

Deekshitulu, G. V. S. R. and Jagan Mohan, J. [3] gave the following definition.

DEFINITION 2.3. Let α ∈ R such that 0 < α � 1. The difference operator ∇ of
order α is defined as

∇αun =
n−1

∑
j=0

(
j−α

j

)
∇un− j. (2.4)

REMARK 1. For any α ∈ R (0 < α � 1) ,

∇−αun =
n−1

∑
j=0

(
j + α

j

)
∇un− j. (2.5)

Further ∇αun and ∇−αun can be expressed in the terms of the arguments of un

as, for any α ∈ R (0 < α � 1) ,

∇αun = un−
(

n−1−α
n−1

)
u0−α

n−1

∑
j=1

1
( j−α)

(
j−α

j

)
un− j (2.6)
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and

∇−αun = un−
(

n−1+ α
n−1

)
u0 + α

n−1

∑
j=1

1
( j + α)

(
j + α

j

)
un− j (2.7)

i.e. ∇−αun =
n

∑
j=1

(
n− j + α −1

n− j

)
u j −

(
n−1+ α

n−1

)
u0. (2.8)

REMARK 2. The difference operator ∇ of order α satisfies the following proper-
ties.

1. For any real numbers α and β , ∇α ∇β un = ∇α+β un .

2. For any constant ’c’, ∇α [cun + vn] = c∇αun + ∇αvn where vn be any function
defined for n ∈ N

+
0 .

3. For α ∈ R , ∇α(unvn)∑n−1
m=0

(α
m

)
[∇α−mun−m][∇mvm] .

4. ∇αu0 = 0 and ∇αu1 = u1−u0 = ∇u1 .

5. ∇α ∇−αun = ∇−α ∇αun = un−u0 .

6. ∇α ∇−α(un−u0) = ∇−α ∇α(un−u0) = un−u0 .

REMARK 3. The following inequalities of discrete calculus will be used in prov-
ing main results.

1. Let xn be any non negative function defined for n ∈ N
+
0 and γ be any non nega-

tive real number then, for 0 � γ � 1,

nγ−1
n

∑
i=1

xγ
i �

( n

∑
i=1

xi

)γ
�

n

∑
i=1

xγ
i (2.9)

and for γ � 1,
n

∑
i=1

xγ
i �

( n

∑
i=1

xi

)γ
� nγ−1

n

∑
i=1

xγ
i . (2.10)

2. Let {xi}n
i=0 and {yi}n

i=0 be sequences of numbers, then the following inequalities
holds ( n

∑
i=1

xiyi

)
�

( n

∑
i=1

xi

)( n

∑
i=1

yi

)
(2.11)

and

xiyi �
1
2
[(xi)2 +(yi)2]. (2.12)

3. (Youngs’s Inequality) If a and b are nonnegative real numbers and p and q are
positive real numbers such that 1/p+1/q = 1 then we have

ab � ap

p
+

bq

q
. (2.13)

Equality holds if and only if ap = bq .
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4. (Inequality of arithmetic and geometric means) If a , b , p and q are any non-
negative real numbers then we have

ap bq � pa+qb. (2.14)

THEOREM 2.1. (Discrete Gronwall’s Inequality) Let yn , an and bn be any three
nonnegative functions defined for n ∈ N

+
0 . If for n ∈ N

+
0 ,

yn+1 � y0 +
n

∑
j=0

[a jy j +b j]

then

yn � y0 exp
[n−1

∑
j=0

a j

]
+

n−1

∑
j=0

b j exp
[ n−1

∑
k= j+1

ak

]
.

THEOREM 2.2. Let {xi}n
i=0 be a sequence of non negative numbers, and x0 = 0.

Then, for l � 1 , the following inequalities holds

n

∑
i=1

[
xi(

i

∑
j=1

x j)l
]

� (n+1)l

l +1

n

∑
i=1

xl+1
i (2.15)

and
n

∑
i=1

[
xi(

i−1

∑
j=0

x j)l
]

� nl

l +1

n

∑
i=0

xl+1
i . (2.16)

Henry L Gray and Nien fan Zhang [7] gave the following definition:

DEFINITION 2.4. For any complex numbers α and β , let (α)β be defined as
follows.

(α)β =

⎧⎪⎪⎨
⎪⎪⎩

Γ(α+β )
Γ(α) when α and α + β are neither zero nor negative integers,

1 when α = β = 0,
0 when α = 0, β is neither zero nor negative integer,
unde f ined otherwise.

REMARK 4. For any complex numbers α and β , when α , β and α + β are
neither zero nor negative integers,

(α + β )n =
n

∑
k=0

(
n
k

)
(α)n−k(β )k (2.17)

for any positive integer n .
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3. Main Results

In this section we prove some fractional difference inequalities of Opial type.

LEMMA 3.1.
n

∑
j=1

(
n− j + α −1

n− j

)
=

(
n−1+ α

n−1

)
(3.1)

and
n

∑
j=1

(
j + α −1

j−1

)
=

(
n+ α
n−1

)
. (3.2)

THEOREM 3.2. Let {xi}n
i=0 be a sequence of numbers and x0 = 0. Then, the

following inequality holds

n

∑
i=1

|xi∇αxi| � n+1
2

(
n+ α
n−1

) n

∑
i=1

|∇αxi|2 (3.3)

where ∇α is the fractional difference operator of order α , 0 < α � 1 .

Proof. Using (2.8), we have

∇−α(∇αxi) =
i

∑
j=1

[(i− j + α −1
i− j

)
(∇αx j)

]
−

(
i−1+ α

i−1

)
(∇αx0)

xi − x0 =
i

∑
j=1

[(i− j + α −1
i− j

)
(∇αx j)

]
=

i

∑
j=1

[(i− j + α −1
i− j

)
(∇αx j)

]
(3.4)

since x0 = 0. Now consider

|xi| = |
i

∑
j=1

[(i− j + α −1
i− j

)
(∇αx j)

]
|

�
i

∑
j=1

[
|
(

i− j + α −1
i− j

)
||∇αx j|

]

�
i

∑
j=1

|
(

i− j + α −1
i− j

)
|

i

∑
j=1

|∇αx j| (using (2.11)).

Since
(i− j+α−1

i− j

)
� 0 for j = 1, 2, ...i, |(i− j+α−1

i− j

)| =
(i− j+α−1

i− j

)
. Using Lemma 3.1,

|xi| �
(

i−1+ α
i−1

) i

∑
j=1

|∇αx j|. (3.5)
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Now consider

n

∑
i=1

|xi∇αxi| �
n

∑
i=1

[(i−1+ α
i−1

)
(

i

∑
j=1

|∇αx j|) |∇αxi|
]

(using 3.5)

�
n

∑
i=1

(
i−1+ α

i−1

) n

∑
i=1

[
|∇αxi| (

i

∑
j=1

|∇αx j|)
]

� n+1
2

(
n+ α
n−1

) n

∑
i=1

|∇αxi|2 (using Lemma 3.1 and (2.15)). �

THEOREM 3.3. Let {xi}n
i=0 be a sequence of numbers and x0 = 0. Then, the

following inequality holds

n−1

∑
i=1

|xi∇αxi+1| � n−1
2

(
n+ α −1

n−2

)n−1

∑
i=0

|∇αxi+1|2. (3.6)

Proof. Using (3.5), we have

|xi| �
(

i−1+ α
i−1

) i

∑
j=1

|∇αx j|.

Take ( j−1) = k , then k varies from 0 to (i−1) . Then

|xi| �
(

i−1+ α
i−1

) i−1

∑
k=0

|∇αxk+1|. (3.7)

Now consider

n−1

∑
i=1

|xi∇αxi+1| �
n−1

∑
i=1

[(i−1+ α
i−1

)
(
i−1

∑
k=0

|∇αxk+1|) |∇αxi+1|
]

(using (3.7))

�
n−1

∑
i=1

(
i−1+ α

i−1

)n−1

∑
i=1

[
|∇αxi+1| (

i−1

∑
k=0

|∇αxk+1|)
]

(using (2.11))

� n−1
2

(
n+ α −1

n−2

)n−1

∑
i=0

|∇αxi+1|2 (using Lemma 3.1 and (2.16)). �

THEOREM 3.4. Let {xi}n
i=0 be a nondecreasing sequence of nonnegative num-

bers and x0 = 0. Then, for l � 1 , the following inequality holds

n

∑
i=1

(xl
i∇

αxi) � (n+1)l

l +1

[(n+ α
n−1

)]l n

∑
i=1

(∇αxi)l+1. (3.8)
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Proof. Using (3.4), (2.11) and Lemma 3.1, we get

xl
i =

[ i

∑
j=1

(
i− j + α −1

i− j

)
(∇αx j)

]l

�
[ i

∑
j=1

(
i− j + α −1

i− j

) i

∑
j=1

(∇αx j)
]l

=
[ i

∑
j=1

(
i− j + α −1

i− j

)]l[ i

∑
j=1

(∇αx j)
]l

=
[(i−1+ α

i−1

)]l[ i

∑
j=1

(∇αx j)
]l

.

Now consider

n

∑
i=1

(xl
i∇

αxi) �
n

∑
i=1

[[(i−1+ α
i−1

)]l[ i

∑
j=1

∇αx j

]l
(∇αxi)

]

�
n

∑
i=1

[(i−1+ α
i−1

)]l n

∑
i=1

[
(

i

∑
j=1

∇αx j)l (∇αxi)
]

(using (2.11))

�
[ n

∑
i=1

(
i−1+ α

i−1

)]l n

∑
i=1

[
(∇αxi) (

i

∑
j=1

∇αx j)l
]

(using (2.10))

�
[(n+ α

n−1

)]l (n+1)l

l +1

n

∑
i=1

(∇αxi)l+1 (using Lemma 3.1 and (2.15)). �

THEOREM 3.5. Let {xi}n
i=0 be a sequence of numbers and x0 = 0. Then, for

l � 1 , the following inequality holds

n

∑
i=1

|xl
i∇

αxi| � (n+1)l

l +1

[(n+ α
n−1

)]l n

∑
i=1

|∇αxi|l+1. (3.9)

REMARK 5. It is clear from Theorem 3.5 that

(i) The inequality (3.8) does not hold for l < 1 except at l = 0. It is sufficient to
consider l = 1

2 ,n = 1,x0 = 0 and x1 = 1.

(ii) For all l > 1, strict inequality holds in (3.8).

(iii) For α = 1 and l = 0, equality holds in (3.8).
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THEOREM 3.6. Let {xi}n
i=0 be a nondecreasing sequence of nonnegative num-

bers and x0 = 0. Then,

(i) if l > 0 , m > 0 , l +m � 1 or l < 0 , m < 0 ,

n

∑
i=1

xl
i(∇

αxi)
m � Kn

n

∑
i=1

(∇αxi)l+m, (3.10)

where K0 = mp, p = (l +m)−1 , and for n = 1, 2, ....

Kn = max {Kn−1 + l p
[(n+α−1

n−1

)]l
nl−1,mp

[(n+α
n

)]l
(n+1)l} .

(ii) if l > 0 , m < 0 , l +m � 1 , l +m �= 0 or l < 0 , m > 0 , l +m � 1 ,

n

∑
i=1

xl
i(∇

αxi)
m � Cn

n

∑
i=1

(∇αxi)l+m, (3.11)

where C0 = mp, and for n = 1, 2, ....

Cn = min {Cn−1 + l p
[(n+α−1

n−1

)]l
nl−1,mp

[(n+α
n

)]l
(n+1)l} .

Proof. Let yi = (∇αxi)l+m for i = 1, 2, ... n, l +m �= 0, so that ymp
i = (∇αxi)m .

Using (3.5), we have

xi �
(

i−1+ α
i−1

) i

∑
j=1

yp
j .

By using (2.9), if l +m � 1 i.e. p � 1,

xi � i1−p
(

i−1+ α
i−1

)
[

i

∑
j=1

y j]p

i.e. xi � zi, where zi = i1−p
(

i−1+ α
i−1

)
[

i

∑
j=1

y j]p

and xi � zi , if l +m < 0 or 0 < l +m � 1. Therefore, xl
i � zl

i and hence

n

∑
i=1

xl
i(∇

αxi)
m �

n

∑
i=1

zl
iy

mp
i (3.12)

if l > 0, m > 0, l +m � 1 or l < 0, m < 0. Similarly xl
i � zl

i and hence

n

∑
i=1

xl
i(∇αxi)

m �
n

∑
i=1

zl
iy

mp
i (3.13)

if l > 0, m < 0, l +m � 1, l +m �= 0 or l < 0, m > 0, l +m � 1. In order to prove
(3.10) and (3.11) it is enough to prove

n

∑
i=1

zl
iy

mp
i � Kn

n

∑
i=1

yi f or lm > 0, (3.14)
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n

∑
i=1

zl
iy

mp
i � Cn

n

∑
i=1

yi f or lm < 0. (3.15)

Now we prove (3.14) by using mathematical induction on n. Since z1 = yp
1 and K1 � 1,

it holds for n = 1. Assume that (3.14) holds for n = s. Then

s

∑
i=1

zl
iy

mp
i � Ks

s

∑
i=1

yi.

Now consider

s+1

∑
i=1

zl
iy

mp
i =

s

∑
i=1

zl
iy

mp
i + zl

s+1y
mp
s+1 � Ks

s

∑
i=1

yi + zl
s+1y

mp
s+1.

Since yi � 0 for i � 1 and l p+mp = 1, by the inequality of arithmetic and geometric
means, for l p > 0, we obtain

zl
s+1y

mp
s+1 =

[(s+ α
s

)]l
(s+1)l−l p

[ s+1

∑
j=1

y j

]l p
ymp
s+1

= (s+1)l
[(s+ α

s

)]l[ 1
s+1

s+1

∑
j=1

y j

]l p
ymp
s+1

� (s+1)l
[(s+ α

s

)]l[
l p

1
s+1

s+1

∑
j=1

y j +mpys+1

]
= ws+1.

Thus

s+1

∑
i=1

zl
iy

mp
i � Ks

s

∑
i=1

yi +(s+1)l
[(s+ α

s

)]l[
l p

1
s+1

s+1

∑
j=1

y j +mpys+1

]
.

Since Ks � mp(s+1)l
[(s+α

s

)]l
and Ks+1 � Ks + l p(s+1)l−1

[(s+α
s

)]l
,

s+1

∑
i=1

zl
iy

mp
i � Ks

s

∑
i=1

yi +Ksys+1 + l p(s+1)l−1
[(s+ α

s

)]l s+1

∑
j=1

y j

= Ks

s+1

∑
i=1

yi + l p(s+1)l−1
[(s+ α

s

)]l s+1

∑
i=1

yi

� Ks+1

s+1

∑
i=1

yi.

The statement (3.14) is true for n = s+1. Hence by mathematical induction, (3.14) is
true for every n ∈ Z+ . For l p < 0, we get zl

s+1y
mp
s+1 � ws+1 and the proof of (3.15) is

similar to that of (3.14). Hence the proof. �
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REMARK 6. The case (i) of Theorem (3.6) covers Theorem (3.5). Moreover,
while inequality (3.10) holds even for 0 < l < 1 and m = 1, the inequality (3.8) for
this case fails.

COROLLARY 1. Let {xi}n
i=0 be a sequence of numbers, and x0 = 0. Then,

(i) if l > 0 , m > 0 , l +m � 1 or l < 0 , m < 0 ,

n

∑
i=1

|xi|l |∇αxi|m � Kn

n

∑
i=1

|∇αxi|l+m, (3.16)

where K0 = mp, p = (l +m)−1 , and for n = 1, 2, ....

Kn = max {Kn−1 + l p
[(n+α−1

n−1

)]l
nl−1,mp

[(n+α
n

)]l
(n+1)l} .

(ii) if l > 0 , m < 0 , l +m � 1 , l +m �= 0 or l < 0 , m > 0 , l +m � 1 ,

n

∑
i=1

|xi|l|∇αxi|m � Cn

n

∑
i=1

|∇αxi|l+m, (3.17)

where C0 = mp, and for n = 1, 2, ....

Cn = min {Cn−1 + l p
[(n+α−1

n−1

)]l
nl−1,mp

[(n+α
n

)]l
(n+1)l} .

THEOREM 3.7. Let {xi}n
i=0 and {yi}n

i=0 be sequences of numbers, and x0 = y0

= 0. Then, the following inequality holds

n

∑
i=1

|xi∇αyi + yi∇αxi| � n+1
2

(
n+ α
n−1

) n

∑
i=1

[
(∇αxi)2 +(∇αyi)2

]
.

Proof. Using (3.5), we have

|xi| �
(

i−1+ α
i−1

) i

∑
j=1

|∇αx j|.

Consider

n

∑
i=1

|xi∇αyi + yi∇αxi|

�
n

∑
i=1

(
i−1+ α

i−1

)[
(

i

∑
j=1

|∇αx j|) |∇αyi|+(
i

∑
j=1

|∇αy j|) |∇αxi|
]

�
n

∑
i=1

(
i−1+ α

i−1

) n

∑
i=1

[
(

i

∑
j=1

|∇αx j|) |∇αyi|+(
i

∑
j=1

|∇αy j|) |∇αxi|
]

(using (2.11))

�
(

n+ α
n−1

)[ n

∑
i=1

i

∑
j=1

|∇αx j||∇αyi|+
n

∑
i=1

i

∑
j=1

|∇αy j||∇αxi|
]

(using Lemma 3.1)
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� 1
2

(
n+ α
n−1

)[ n

∑
i=1

i

∑
j=1

(|∇αx j|2 + |∇αyi|2)

+
n

∑
i=1

i

∑
j=1

(|∇αy j|2 + |∇αxi|2)
]

(using (2.12))

=
1
2

(
n+ α
n−1

)[ n

∑
i=1

i

∑
j=1

(|∇αx j|2 + |∇αxi|2)+
n

∑
i=1

i

∑
j=1

(|∇αy j|2 + |∇αyi|2)
]

=
n+1

2

(
n+ α
n−1

)[ n

∑
i=1

|∇αxi|2 +
n

∑
i=1

|∇αyi|2
]

=
n+1

2

(
n+ α
n−1

) n

∑
i=1

[
(∇αxi)2 +(∇αyi)2

]
. �

THEOREM 3.8. Let {xi}n
i=0 and {yi}n

i=0 be sequences of numbers, and x0 = y0

= 0. Then, the following inequality holds

n−1

∑
i=1

|xi∇αyi+1 + yi∇αxi+1|� n−1
2

(
n+ α −1

n−2

)n−1

∑
i=1

[
(∇αxi+1)2 +(∇αyi+1)2

]
. (3.18)

Proof. Using (3.7), we have

|xi| �
(

i−1+ α
i−1

) i−1

∑
k=0

|∇αxk+1|.

Using (2.11) and Lemma 3.1, we have

n−1

∑
i=1

|xi∇αyi+1 + yi∇αxi+1|

�
n−1

∑
i=1

(
i−1+ α

i−1

)[
(
i−1

∑
k=0

|∇αxk+1|) |∇αyi+1|+(
i−1

∑
k=0

|∇αyk+1|) |∇αxi+1|
]

�
n−1

∑
i=1

(
i−1+ α

i−1

) n−1

∑
i=1

[
(
i−1

∑
k=0

|∇αxk+1|) |∇αyi+1|+(
i−1

∑
k=0

|∇αyk+1|) |∇αxi+1|
]

�
(

n+ α −1
n−2

)[ n−1

∑
i=1

i−1

∑
k=0

|∇αxk+1| |∇αyi+1|+
n−1

∑
i=1

i−1

∑
k=0

|∇αyk+1| |∇αxi+1|
]

� 1
2

(
n+ α −1

n−2

)[n−1

∑
i=1

i−1

∑
k=0

(|∇αxk+1|2 + |∇αyi+1|2)

+
n−1

∑
i=1

i−1

∑
k=0

(|∇αyk+1|2 + |∇αxi+1|2)
]

(using (2.12))
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=
1
2

(
n+ α −1

n−2

)[n−1

∑
i=1

i−1

∑
k=0

(|∇αxk+1|2 + |∇αxi+1|2)

+
n−1

∑
i=1

i−1

∑
k=0

(|∇αyk+1|2 + |∇αyi+1|2)
]

=
n−1

2

(
n+ α −1

n−2

)[n−1

∑
i=1

|∇αxi+1|2 +
n−1

∑
i=1

|∇αyi+1|2
]

=
n−1

2

(
n+ α −1

n−2

)n−1

∑
i=1

[
(∇αxi+1)2 +(∇αyi+1)2

]
. �

4. Application

In this section we will find a bound to the solution of a fractional initial value
problem by using opial inequalities.

Consider an initial value problem of the form

∇α+1xn+1 = anxn, x(0) = 0, (4.1)

where xn and an be any two functions defined on n ∈ N
+
0 such that an �= 0 and

∑n
i=0 |ai| � M , where M > 0 be any constant. We know that ∇x2

i+1 = xi+1∇xi+1 +
xi∇xi+1 for each i = 0,1, .....n . Then

n

∑
i=0

(∇x2
i+1) =

n

∑
i=0

(xi+1∇xi+1 + xi∇xi+1)

⇒ x2
n+1 =

n

∑
i=0

(xi+1∇xi+1 + xi∇xi+1) (since x0 = 0)

⇒ |x2
n+1| = |

n

∑
i=0

(xi+1∇xi+1 + xi∇xi+1)|

�
n

∑
i=0

|xi+1∇xi+1 + xi∇xi+1|

�
n

∑
i=0

[|xi+1∇xi+1|+ |xi∇xi+1|]

⇒ |xn+1|2 �
n

∑
i=0

|xi+1∇xi+1|+
n

∑
i=0

|xi∇xi+1|. (4.2)

Replacing xi by ∇αxi in (4.2), we get

|∇αxn+1|2

�
n

∑
i=0

|∇αxi+1∇α+1xi+1|+
n

∑
i=0

|∇αxi∇α+1xi+1|

=
n

∑
i=0

|aixi∇αxi+1|+
n

∑
i=0

|aixi∇αxi| (using 4.1)
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=
n

∑
i=0

|ai||xi∇αxi+1|+
n

∑
i=0

|ai||xi∇αxi|

�
n

∑
i=0

|ai|
n

∑
i=0

|xi∇αxi+1|+
n

∑
i=0

|ai|
n

∑
i=0

|xi∇αxi| (using (2.11))

� M
n

∑
i=0

|xi∇αxi+1|+M
n

∑
i=0

|xi∇αxi|

� M
n
2

(
n+ α
n−1

) n

∑
i=0

|∇αxi+1|2 +M
n+1

2

(
n+ α
n−1

) n

∑
i=1

|∇αxi|2 (using (3.3) and (3.6))

= M
n
2

(
n+ α
n−1

)n+1

∑
i=1

|∇αxi|2 +M
n+1

2

(
n+ α
n−1

) n

∑
i=1

|∇αxi|2

= M

[
n
2

+
n+1

2

](
n+ α
n−1

) n

∑
i=1

|∇αxi|2 +M
n
2

(
n+ α
n−1

)
|∇αxn+1|2

= M
2n+1

2

(
n+ α
n−1

) n

∑
i=1

|∇αxi|2 +M
n
2

(
n+ α
n−1

)
|∇αxn+1|2.

Thus
[
1−M

n
2

(
n+ α
n−1

)]
|∇αxn+1|2 � M

2n+1
2

(
n+ α
n−1

) n

∑
i=1

|∇αxi|2

⇒
[
1−M

n
2

(
n+ α
n−1

)]2

|∇αxn+1|4 �
[
M

2n+1
2

(
n+ α
n−1

)]2

[
n

∑
i=1

|∇αxi|2]2

� n

[
M

2n+1
2

(
n+ α
n−1

)]2

[
n

∑
i=1

|∇αxi|4] (using (2.9))

� n

[
M

2n+1
2

(
n+ α
n−1

)]2

[
n−1

∑
i=0

|∇αxi+1|4].

Thus

|∇αxn+1|4 � bn

n−1

∑
i=0

|∇αxi+1|4

� |x1|4 +bn

n−1

∑
i=0

|∇αxi+1|4 (since x1 � 0)

where

bn =
n[M 2n+1

2

(n+α
n−1

)
]2

[1−Mn−1
2

(n+α−1
n−2

)
]2

(4.3)

exists on n ∈ N
+
0 . Let yi = |∇αxi+1|4 for i = 0,1,2, ....n . Then yn � y0 + bn ∑n−1

i=0 yi ,
where y0 = |∇αx1|4 = |x1|4 � 0. Using Gronwall’s Inequality,
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yn � y0 exp(bn

n−1

∑
i=0

1)

⇒ |∇αxn+1|4 � |x1|4 exp(nbn)

⇒ |∇αxn| � |x1|exp[(n−1)bn−1]
1
4 . (4.4)

Now using (3.5), for n � 1, we have

|xn| �
(

n−1+ α
n−1

) n

∑
j=1

|∇αx j|

�
(

n−1+ α
n−1

) n

∑
j=1

{|x1| exp[( j−1)b j−1]
1
4 }.

Hence

|xn| � |x1|
(

n−1+ α
n−1

) n

∑
j=1

{exp[( j−1)b j−1]
1
4 }. (4.5)
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