ractional
ifferential
alculus

Volume 2, Number 1 (2012), 71-85 doi:10.7153/fdc-02-05

FRACTIONAL DIFFERENCE INEQUALITIES OF
OPIAL TYPE AND INITIAL VALUE PROBLEM

G. V. S. R. DEEKSHITULU AND J. JAGAN MOHAN

Abstract. In this paper some discrete Opial type inequalities of fractional order are established
and using these inequalities of Opial type, a bound to the solution of a fractional initial value
problem is obtained.

1. Introduction

The notions of fractional calculus may be traced back to the works of Euler, but
the idea of fractional difference is very recent. Diaz and Osler [5] defined the fractional
difference by the rather natural approach of allowing the index of differencing, in the
standard expression for the n’" difference, to be any real or complex number. Later,
Hirota [8], defined the difference operator V* as the first n terms of the Taylor series
of [%}a where € is interval length. Deekshitulu, G. V. S. R. and Jagan Mohan, J.
[3] modified the definition of Atsushi Nagai [1] for 0 < or < 1 in such a way that the
expression for V* does not involve any difference operator.

The inequalities which provide explicit bounds on unknown functions play a fun-
damental role in the development of the theory of differential, integral and finite differ-
ence equations. The landmark 1955 paper of Fan, Taussky and Todd [6] has brought
about a lively interest in discrete inequalities. Many discrete inequalities involving
functions and their sums and diferences have been found. Although some results in the
discrete case are similar to those already known in the continuous case, the adaptation
from continuous to discrete is not always direct, but often requires special devices. Dis-
crete analogues of Opial-type inequalities started in 1967-69 with the papers of Lasota
[9], Wong [16], Lee [12] and Beesack [2], which provided discrete versions of Opial’s
original inequality. Opial’s inequality and its several generalizations, extensions and
discretizations, play a fundamental role in establishing the existence and uniqueness of
initial and boundary value problems for ordinary and partial differential equations as
well as difference equations.

In this paper we obtain some discrete Opial type inequalities of fractional order.
Further, we find a bound to the solution of a fractional initial value problem using the
fractional difference inequalities of Opial type.
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2. Preliminaries

Let u, be any function defined for n € N where N} = {a,a+1,a+2,....} for
a € 7. Hirota [8] took the first n terms of Taylor series of A%, =&~ %(1 —B)% and gave
the following definition.

DEFINITION 2.1. Let o € R. Then difference operator of order « is defined by

e Y5 (D unj, 00 # 1.2,
Aaitn = ' @.1)

D Y ('7) (=D/un—j, ¢ =m € L.

Here (¢), (a € R,n € Z) stands for a binomial coefficient defined by

I'(a+1)
F(ufnfl)l"(nJrl) n>0

(a) ={ n=0 2.2)
n

0 n<0.

In 2002, Atsushi Nagai [1] introduced another definition of fractional difference which
is a slight modification of Hirota’s fractional difference operator.

DEFINITION 2.2. Let o € R and m be an integer such that m — 1 < o« < m. The
difference operator A, _, of order ¢ is defined as

A% ity = A% A"y = €M “2(“ m) DA™t (23)

Deekshitulu, G. V. S. R. and Jagan Mohan, J. [3] gave the following definition.

DEFINITION 2.3. Let o € R such that 0 < o < 1. The difference operator V of
order « is defined as

n—1
Veu, =y (J O‘) Vity_j. (2.4)
REMARK 1. Forany ¢ e R (0 < < 1),

n—1 .
_ +a
VU, = (J . )Vu,,_j. (2.5)

=0\ J

Further V*u, and V~%u, can be expressed in the terms of the arguments of u,
as,forany c € R (0<a<1),

—1— n-1 i
Vou, =u, — (n n_la)uo—az - (j .a)unj (2.6)

j=1 (j—o) J
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and

_ n—1+4+ao jt+a
V=% = u, — n—j (2.7
e ( n—1 )”0”2 J+O‘< j )” ;e

ie. V—aun _ Z (n—]—i—a— 1>u,_ (l’l—1+a>u0' 2.8)

= n—j n—1

REMARK 2. The difference operator V of order o satisfies the following proper-
ties.

1. For any real numbers o and f, VOVPy, = Vethy,

2. For any constant "¢’, V%[cu, + vy] = ¢V%u, + V%, where v, be any function
defined for n € Nj .

For x € R, V“(unvn)zz’;lo (Z) VO "y [V Vi)
V%o =0 and V% = uy —ug = Vu,.
VOV~ %, =V V%%, = u, — ug.

VOV~ (uy —up) = V7OV (uy — up) = up — up.

S

REMARK 3. The following inequalities of discrete calculus will be used in prov-
ing main results.

1. Let x,, be any non negative function defined for n € N(‘{ and Y be any non nega-
tive real number then, for 0 <y < 1,

n n Y n
n?'! ley < ( x,-) < Exly (2.9)
i=1 i=1 i-1
andfor y> 1,
(2.10)

g/

=
i
N
I =

&
~——
N

S

%2
"M

2. Let {x;}"_, and {y;}}_, be sequences of numbers, then the following inequalities

holds i ) )
(;xiyi) < (;xl) (giyl) @.11)

and
X < 1)+ 09)?) .12

3. (Youngs’s Inequality) If a and b are nonnegative real numbers and p and g are
positive real numbers such that 1/p+1/g =1 then we have
P
ab< L+ (2.13)
p q

Equality holds if and only if a” = b9.
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4. (Inequality of arithmetic and geometric means) If a, b, p and g are any non-
negative real numbers then we have

a? b1 < pa+ gb. (2.14)

THEOREM 2.1. (Discrete Gronwall’s Inequality) Let y,, a, and b, be any three
nonnegative functions defined for n € Nar Afforne Nar ,

n
Y1 <yo+ X [ajyj+bj]

j=0
then
n—1 n—1 n—1
Vn < Vo exp [Za,} —l—ijexp [ Z ak}.
j=0 J=0 k=j+1

THEOREM 2.2. Let {x;}!_, be a sequence of non negative numbers, and xo = 0.
Then, for | > 1, the following inequalities holds

n i (n+1)l n 141
x( Y x) < P (2.15)
EI[ ,; / ] I+1 Z;
and
n i—1 ; nl n 41
> (T )] < g 2t (2.16)
i=1 j=0 i=0

Henry L Gray and Nien fan Zhang [7] gave the following definition:

DEFINITION 2.4. For any complex numbers o and 3, let (ct)g be defined as
follows.

I'o+p)

a) when o and o + 3 are neither zero nor negative integers,
((X) _ 1 whena:ﬁ :0,
P 0 when oo = 0, B is neither zero nor negative integer,

undefined  otherwise.

REMARK 4. For any complex numbers o and 3, when o, § and o+ 3 are
neither zero nor negative integers,

w8, = 3 () @, B @)

k=0

for any positive integer n.
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3. Main Results

In this section we prove some fractional difference inequalities of Opial type.

z —jto—1 -1+

Z(" re >=<" i ) G.1)
. n—j n—1

Lo (jto—1 o

3 (/T = ("), (32)
4 j—1 n—1

THEOREM 3.2. Let {x;}", be a sequence of numbers and xo = 0. Then, the
following inequality holds

LEMMA 3.1.

and

n +1
|x,-V°‘x,-| < 1
—1 2

("“L‘f) 3 Ve (3.3)
i=1

n—

1

where V% is the fractional difference operator of order o, 0 < ot < 1.

Proof. Using (2.8), we have

Ve = 3 [T |- (71 v

j=1 =
Xi—xg = -_1Kl fl_‘;,‘ )(V ,)]:gl[(‘ fi_‘;,‘ )(V xj)} (3.4)
Jj= Jj=

=1 i=J
SO
<3N e

< |<l_]to,‘_l)| Y [V%;| (using (2.11)).
1 =1

Since (i_jit‘;.‘_l) >0 forj=1,2,..1i, |(i_jit‘;F_1)| = (i_jit?_l) . Using Lemma 3.1,

i—1+0a\ ¢
xi|<< i );lwax,. (3.5)
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Now consider
Y % Voxi| < i { imlroa (i |V%x;]) |V°‘x,~\} (using 3.5)
: : i—1 - /

3 (15

i=1 j=1

n
cntl <n+a> > [V%xi|* (using Lemma 3.1 and (2.15)). O
i=1

THEOREM 3.3. Let {x;}!_, be a sequence of numbers and xo = 0. Then, the
following inequality holds

n—1 n—1
Y Vx| < —( ) 3 Vx| (3.6)
i=1 2 n-2 )5
Proof. Using (3.5), we have
i—1+a\
x| < ( i1 ) N (Vo).
J=1
Take (j— 1) =k, then k varies from O to (i —1). Then
i—1+a\ 'S
< () Sl 6)
L= k=0

Now consider

n—1 n—1 .
i—1+o
Y xiVExi| < Z [( i1

i=1 i=1
1

i—1 n—1 i—1
< (l . +°‘>2 Vo1 (3 1V )| - (using 2.11)
1 i k=0

i—1
)(Zvaxk+1) |V°‘x,~+1\} (using (3.7))
k=0

) 2 V41> (using Lemma 3.1 and (2.16)). O

THEOREM 3.4. Let {x;}!_, be a nondecreasing sequence of nonnegative num-
bers and xy = 0. Then, for | > 1, the following inequality holds

i(vaaxi) < (n+1)! [(n-I— a)yi(vaxi)Hl. (3.8)

Far} I+1 n—1 =
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Proof. Using (3.4), (2.11) and Lemma 3.1, we get

VA
D
|
~
+
Q
|
M-
<
Q
<

Now consider

1 1 I n
<’;_‘D] (';H) 3 (Vo) (using Lemma 3.1 and (2.15)). [
i=1

THEOREM 3.5. Let {x;}"_, be a sequence of numbers and xo = 0. Then, for
[ > 1, the following inequality holds

: (D' 1+ gay i
V%] < |Vox; |+ (3.9)
i; I+1 [ n—1 } ZI

REMARK 5. Itis clear from Theorem 3.5 that

(i) The inequality (3.8) does not hold for [ < 1 except at [ = 0. It is sufficient to
consider [ = %,n =1,xp=0and x; = 1.

(ii) Forall [ > 1, strict inequality holds in (3.8).

(ili) For oo =1 and [ = 0, equality holds in (3.8).
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THEOREM 3.6. Let {x;}"_, be a nondecreasing sequence of nonnegative num-
bers and xy = 0. Then,

@ ifl>0,m>0,l+m=>10rl<0,m<O,

A (V)" < Ky Y (Vo) (3.10)
i= i=1
where Ko =mp, p= (1+m)~!, andforn =1, 2, ...
1 1
K, = max {K, 1—|—lp[("+a 1)] nt=! mp{("“x)] (n+1)}.

() if I>0, m<0,l4+m<1,l+m#00rl<0, m>0,l+m>1

(V%) (3.11)

n

n
S (V)" = Cy
i=1

i=1

where Co =mp, andforn=1, 2, ....
! 1
Cy = min {C,— 1—|—lp[("+a 1)} nl’l,mp[("za)} (n+1)}.

Proof. Let y; = (V%)™ fori=1,2, .. n, [+m#0, so that y|"" = (V%x;)"

Using (3.5), we have
S R AR
;< P
p ( . )Zly,
j=
By using (2.9),if [+m>11ie. p<1,

14+«
11—
X < p( i1 )2)’1

. depfi—1+ 0\
i.e.x; < zi, where z; = i' p( i—1 )Z

and x; > z;,if [+m <0 or 0 <I+m < 1. Therefore, x} <z} and hence

>’ (3.12)

n
Z (Vaxl "<
i=1 =1

ifl>0,m>0,l+m>1orl<0,m<O0. Slmﬂarlyx z and hence

zf P (3.13)

M=

n
z (Vaxl "z
i=1 =1

ifl>0,m<0,l+m<1,l+m#0o0rl<0,m>0,l+m=>=1. Inorder to prove
(3.10) and (3.11) it is enough to prove

N 2y < Ky Y yi forlm >0, (3.14)
i=1 i=1
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n
m
Zzl P> G, Y i forim <0, (3.15)
i=1

Now we prove (3.14) by using mathematical induction on n. Since z; =y} and K; > 1
it holds for n = 1. Assume that (3.14) holds for n = s. Then

S S
> <K Y v
i=1 i=1

Now consider

s+1
i
ZZ i = Zzyz +Zs+ly\+l K; Eyt+zs+1y\+1~
i=1 i=1

Since y; > 0 for i > 1 and Ip+mp = 1, by the inequality of arithmetic and geometric
means, for [p > 0, we obtain

Z§+1y§nflz{<sta)} s+ 1) lp{i } Vst
ot [ [ Sl

s+1

s+o\1! 1
<(S+1)l[< s )}[ +12yj+mpys+l]—wx+l

Thus

s+1 s+1

m s+ o\t 1
Ezfyl P <K Eyz +(s+1) {( s )} {lps—i-—l Zyj+mpys+l]~
= =1

Since K, > mp(s+ 1)/ [(”“)]l and K1 > K, +p(s+1)- 1[(”0’)}17

o N RS
2y <K X yit Koysrr +1p(s +1) K s N 2
i— i=1 /=

s+1 s+1
rfs+o\7!
:Ksziyi—klp(s—kl)l 1{( s )} ziyi
1= 1=
s+1

< Kyp1 ) vie
i=1

The statement (3.14) is true for n = s+1. Hence by mathematical induction, (3.14) is
true for every n € Z*. For Ip <0, we get 2, v’} > wy,1 and the proof of (3.15) is
similar to that of (3.14). Hence the proof. [
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REMARK 6. The case (i) of Theorem (3.6) covers Theorem (3.5). Moreover,
while inequality (3.10) holds even for 0 </ < 1 and m = 1, the inequality (3.8) for
this case fails.

COROLLARY 1. Let {x;}}_, be a sequence of numbers, and xo = 0. Then,
@ ifl>0,m>0,l+m=>=10rl<0,m<O,

n n
Sl V3" < K Y [V (3.16)
i=1 i=1

where Ko =mp, p= (1+m)~!, andforn=1, 2, ...

1 I

K, = max {K,— 1+lp[("+a 1)} n'=! mp{("“x)} (n+1)1}.

) if >0, m<0,l+m<1,l+m#0o0rl<0, m>0,l+m>1,
2|x,-|’\V°‘x,-\m ZCHZ|Vaxi|l+m, (3.17)
i=1 i=1

where Cy =mp, and forn =1, 2, .
1 I
Cy, = min {C,— 1+lp[("+a 1)} nl mp{("”‘)} (n+1)}.

THEOREM 3.7. Let {x;}!", and {y;}!_, be sequences of numbers, and xo = yg
= 0. Then, the following inequality holds

i |xivayi+yivaxl'| < n;-l <n+ (X) i [ Vaxl Vayt)2]~

i—1 n—1/,5

Proof. Using (3.5), we have

i—1+a)
x,-|<< i1 >2|V0‘xj.

Consider

E\x,V yi +yiV%xi|
Z —1+a
= —1
i—1+o
= i—1

(n . a) {2 2 V%1Vl + 2 )Y \V“yjl\V“xi\} (using Lemma 3.1)

n—1 i=1j=1 i=1j=1

E\V“x,\ ) IVl ( zww ]

Mx

> Z\V“x;l ) IVl +( ZIV"‘y, Veul]  (using 2.11)
i=1 " j=1 j=1
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< ;<n+a) [ig“vasz‘Hvayiz)

i=1

+

ZE(WQY 2+ |V )} (using (2.12))

=1j=1

n+06) [Z iqvax ‘2+|Vax‘ +ii(|vayj‘2+‘vayi‘2)]

Il
N =
N

n—1)L3 = i=1j=1
_nt+ln+a\ [ vo. 2 o
) (n 1)[;%V %“+;§‘V il
_on+1/nta)\ o o
-2 (n_l)i:1[(v )+ (V). D

THEOREM 3.8. Let {x;}!", and {y;}!_, be sequences of numbers, and xo = y
= 0. Then, the following inequality holds

—1(nt+oa-1\"d
2 Vi1 +yiVixig| < 2 ( ) > [ (V%i1)*+ (Vi11)? . (3.18)
i=1 i=1

Proof. Using (3.7), we have

1+«
x| < ( ) 2 V%]

Using (2.11) and Lemma 3.1, we have

3
|
—_

‘X,V Vir1 +yiV xl-&-l‘

3
|
_ -

_1+a o o i—1 o "
< S (TN (B s 199+ (S 1995 l) W |
-1\ 1 k=0 k=0
n—1 i—1+o nfl i—1
<SS () B el 199l (8 ) 5]
i=1

i=1 - k=0 k=0

n+a—1 n—1i—1 o o n—1li—1 o o
<l ,.5 [ 3 IVl Vil + Y, D V%l [V xi+1\}
i=1k=0 i=1 k=0
1 (n+ o o 2 o 2
< ("HENE SOV a9
2\ n-2 i=1 k=0

n—1i-1

+ 3 (Vi P+ |V°‘x1'+1|2)} (using (2.12))
i=1 k=0
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N =

nto— 1\ ot
(" ) [E S v+ )
i=1 k=0

n—1i—

1
(V%1 2+ V51|

+
M

k=

Il
—_ =
o

n

-1 (5wt
( n—1

Z |Vayl+l‘ ]

i=1

n+a—l>§{vx1+l + (V¢ y1+1)]' U

n—1

[\

4. Application

In this section we will find a bound to the solution of a fractional initial value
problem by using opial inequalities.
Consider an initial value problem of the form

VOl = anxn, x(0)=0, (4.1
Where x, and a, be any two functions defined on n € N such that a, # 0 and

Sitolail <M, where M > 0 be any constant. We know that Vx+1 = xi 1 Vxi +
lex,H foreach i =0,1,.....n. Then

M=
Mx

(Va? 1) = 3 (i1 Ve 1 + Vi)

0

0

= |l

= x,%H = Z(x,-HVx,-H +x;Vxit1) (since xo = 0)

i=0

2 n

= x| =1 (g1 Vs + XV )|
i=0
n
<Y i1 Vi + Vi |

i=0
n

S 2[\xi+1in+1| + X Vi)

i=0
) n n
= [ |? < Y i1 Vi |4 Y, [ Vi | (4.2)
i=0 i=0
Replacing x; by V%x; in (4.2), we get

Waan ‘2

n n
<Y Vo VO i [+ Y V2V x|
i=0 i=0

= 2 |aixiVxip1|+ Y |aixiV¥x|  (using 4.1)
i=0

i=0
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n n
= D lailiV*xipa |+ ) fail iVl
i=0 i=0
n n n n
< 2 lail Y 1xiVoxia |+ D Jail Y i Vx| (using (2.11))
i=0 =0 i=0 =0
n n
< MZ V&1 —|—MZ | Vx|
i=0 i=0

n a) 3 Vo P+ M ! <”+ O‘) 3 [Vex[?  (using (3.3) and (3.6))
n— n

n
<M=

2 2 ~

n+1l/n+o
( ) Ve M= <n—1)zw%|2
ny
2

M
i=1

n
2
n+1 n+ao nin+ao
et () g (e
2

n+o\ & nin+ao
- ( )2|V°‘1|2+M2( )|vaxn+1|

n—1) 45

Thus

nin+ao 2n+1 /n+a
-y (1) el < (_sza 2

<o) e )

<n[M2n2+ ( +T)} 2|V°‘xl| (using (2.9))

m+1(n+a 2"1
o )]

2 n—1
Thus
n—1
‘Vaxn+1‘4 < by z ‘waz'-~-l|4
i=0
n—1
< Jxal*+ 6, Y [VExia|* (since x; > 0)
i=0
where

[M2n+1 (n+oc)]2

n—1

= 1 43)
[l M=l l(l’l; 21)]2

exists on n € NJ . Let y; = [V%x;yq[* for i =0,1,2,...n. Then y, < yo+b, X1 i,
where yg = \V“xl |* = |x|* > 0. Using Gronwall’s Inequality,
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n—1
yn < Yo exp(by 2 1)
i=0

lx1|* exp(nby)
|x1| exp[(n — 1)by,—1] 3 4.4)

= |Vaxn+1|4

NN

= |V%x,|

Now using (3.5), for n > 1, we have

n—1+0o) &
S e DL

J=1

< ("0 St exelti - vy,

-1 p=

Hence

[1]
[2]

[3]

[4]

[5]
[6]

[7]
[8]
[9]
[10]
[11]

[12]

[13]

| < Jact | (n o a) i{exp[(j —1)bj]7). (4.5)

n—1 =
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