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MULTIPLE POSITIVE SOLUTIONS FOR NONLINEAR
FRACTIONAL DIFFERENTIAL SYSTEMS

NEMAT NYAMORADI AND TAHEREH BASHIRI

Abstract. In this paper, we study the existence of positive solutions to boundary value problem
for fractional differential system

D u(t) + fi(t,u(t),v(t)) =0, t€(0,1),
Dgv(t) + fa(t,u(t),v(t)) =0, 1t€(0,1), 1<a<2,
u(0) =0, DL u(1)—mDEu(m)=h,
v(0)=0, DPv(1)— Dl v(m) =%, 0<P <1,
where Dg‘+ is the Riemann-Liouville fractional derivative of order . By using the Leggett-

Williams fixed point theorem in a cone, the existence of three positive solutions for nonlinear
singular boundary value problems is obtained.

1. Introduction

The purpose of this paper is to study the existence of positive solutions for the
following boundary value problem for fractional differential system

D& u(t) + fi(t,u(t),v(1)) =0, 1€(0,1),
D v(t)+ folt,u(t),v(t)) =0, te€(0,1), 1<a<?2, W
0) =0, Df.u(1) — wiDf u(m) = A,

v(0)=0, DFv(1)— Dl vim) =2, 0<B <1,

where D{, is the Riemann-Liouville fractional derivative of order o, 1; € (0, 1) and
u; €10, W) are arbitrary constants, A; is a paramerer, f; : [0,1] x [0,400) x [0, +o0)

— [0,+e0) is continuous, i = 1,2. Also, in this paper, we assume that H; n; B2

1-B.

Fractional differential equations have been of great interest recently. This is be-
cause of both the intensive development of the theory of fractional calculus itself and
the applications of such constructions in various scientific fields such as physics, me-
chanics, chemistry, engineering, etc. For details, see [1, 2, 3] and the references therein.

The existence of solutions of initial value problems for fractional order differential
equations have been studied in the literature [4, 5, 6, 7] and the references therein.

Mathematics subject classification (2010): 34K15.
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Abdelkader Saadi, Maamar Benbachir [8] considered the following boundary value
problem

2

{D8‘+u(t)—|—a(t)g(u(t)):0, te(0,1), 2<a<3,
u(0)=u'(0)=0, u'(1)—pu'(n)=2,

where 1 € (0,1), u € {0, #) are two arbitrary constants. They applied the Guo-

Krasnosel’skii fixed point theorem and Schauder’s fixed point theorem to establish
some results on the existence, nonexistence and uniqueness of positive solutions (2).

Li, Luo and Zhou [9] considered the following boundary value problem of frac-
tional order

{D8‘+u(t)+f(t7u(t)):0, te(0,1), I<a<2, )

w(0)=0, DB u(1)=aDl u(g),

where DS‘+ is the Riemann-Liouville fractional derivative of order .

Motivated by the works mentioned above, our purpose in this paper is to show the
existence and multiplicity of positive solutions to the problem (1) by using the Leggett-
Williams fixed point theorem.

The rest of the article is organized as follows: in Section 2, we present some
preliminaries that will be used in Section 3. The main result and proof will be given in
Section 3. Finally, in Section 4, an example is given to demonstrate the application of
our main result.

2. Preliminaries

In this section, we present some notations and preliminary lemmas that will be
used in the proof of the main result.
First, we define

1
L'([0,1]) := {u :10,1] — R; u is measurable on [0, 1] and / |u(x)|dx < oo}7
0
c(]o,1]) := {u :[0,1] — R; u is a continuous function on [0, 1}}
It is obvious that, C([0,1]), is a Banach space.

DEFINITION 1. Let X be a real Banach space. A non-empty closed set P C X is
called a cone of X if it satisfies the following conditions:

(1) xe P,u >0 implies ux € P,

(2) x € P,—x € P implies x =0.

DEFINITION 2. ([4]) The Riemann-Liouville fractional integral operator of order
o > 0, of function f € L'([0,1]) is defined as

B 0) = g ) = 0

where T'(+) is the Euler gamma function.
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DEFINITION 3. ([4]) The Riemann-Liouville fractional derivative of order o > 0
of a continuous function f : [0,1] — R is defined as

D§10) = s (5 [ =57 sy,

where n = [of] + 1.
LEMMA 1. ([10]) The equality D0+ 0+f( )= f(t), y> 0 holdsfor f € L'([0,1]).
LEMMA 2. ([10]) Let o > 0. Then the differential equation
D0+u =0

has a unique solution u(t) = c1t* ' +cot®* 2+ 4 ct® ™", c; €R, i=1,...,n, there
n—l<a<n, uelL(]0,1]).

LEMMA 3. ([10]) Let o > 0. Then the following equality holds for u € L'([0,1]),
D% ue 11([0,1);

18.DSu(t) = u(t) +cit® " Heat® 2 et
GER,i=1,....,n,theren—1<oa<n

In the following, we present the Green function of fractional differential equation
boundary value problem.

LEMMA 4. Suppose that A; =1 — W; 0, B=1 £ 0. Ler y(r) € C[0,1], then the
boundary value problem

DE.u(r) +¥(1) =0, 1€ (0,1), )
i o “)
u(0) =0, D0+u( ) — M 0+u(n1) =
has a unique solution
AT (a0 —B)e*!
Gi( s)ds + —————— 5
/ £s)y(s)ds + S =p s 5)
where
wles Ivlthi,-lr((ni)ﬂ)(HH S 0 <s<min{z,n;} <1,
19 (1-5)* P py (1) ! .
Gilt,s) = 51T Osmsssrst
N o1 (1 S)a l-“ila I(TJ )a A1 0<tr< X 1
AT(0) SIrsss<nNi <1,
o—1 s a—p—1
L (All_r‘(fx) max{r,n;} <s< 1.

(6)
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Proof. In view of Lemma 3 and equation (4), we have

1 ! a—1 -1 -2
HN=——— [ (t— ds —c1t%7 —cpt® 7
)=~y fo € v s e e, ™
for some arbitrary constants cj,c; € R.
The boundary condition #(0) = 0 implies that ¢; = 0. Thus

1

u(t):—m/ot (t—5)% Vy(s)ds — 1 1%L

On the other hand, by relations Dﬁ %= %t“‘ﬁ D I u(t) = u(t) and Ij I u(t

=1;""u(t) for mn >0, u e L! (0, 1), we have
Dg+u(t) = DgJO u(t) — chgJO‘ !
= DngJg‘ Pu(t) — DB 1o
—Iy+ ﬁu( )—chgJO‘ !

:—71 )/Ot(t—s)aﬁ1y(s)ds—clirr(a) 1B

I'o—p (c—p)
: . B _uDP N — A
In view of the boundary condition Dy, u(1) — ;D u(n;) = A;, we conclude that
1 1 _p—
o = ——A_/ (1-5)" Py (5)ds
lJ'l n' oc B-1 _ Al (o — )
o)A / y8)ds = ey

Substituting the values of ¢¢ and c¢; in (7), we obtain the solution (4) as follow

1

u([):_/ot( yo-1 §ds +/1t0‘ I ) B- J(s)ds

i u-t"‘ 1<nz-—s>°‘ ! M(a B!
- T(a)A; R CT
- AT (0 — B!
/ Gi(t,s)y(s)ds+ T(@)A; ,

where G;(t,s) is given in (6). Therefore, the proof is completed. I

LEMMA 5. ([9]) The function G;(t,s), in lemma 4 satisfies the following condi-
tions

(i) Gi(t,s) is continuous on [0,

(ii) Gi(t,s) >0, forany t € (0,

| x[0,1],

1
1).
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LEMMA 6. ([9]) Assume that ;0% P-2<1— B. Then the function G,(t,s) sat-
isfies the following conditions
(l) Gi(t7s) < Gi(S7S),fOI" RS [071];
(ii) there exists a positive function ¥(s) € C[0,1] such that
i . > . — .
HQ;EIGZ(Z’S) = %(S)OIgtaé(l Gl(t7s) %(S)GL(S7S)7 for 0<s<1.
Now, we consider the system (1). Obviously, (u,v) € C(0,1) x C(0,1) is asolution
1

of the system (1) if and only if (u,v) € C[0,1] x C[0,1] is a solution of the following
nonlinear system:

Ml (o= B)eo-!
I A ’
M(a(f)ﬁ)ltafl (8)
F(OC) A2 '

1
u(t) = /O Gr(t,5)1 (s, u(s), v(s))ds +
W(t) = /O1 Ga(t,5) fa (s, u(s), v(s))ds +

To establish the existence three positive solutions of system (1), we will employ
the following Leggett-Williams fixed point theorem.

For the convenience of the reader, we present here the Leggett-Williams fixed point
theorem [11].

Given a cone K in a real Banach space E, a map « is said to be a nonnegative
continuous concave (resp. convex) functional on K provided that o : K — [0, 40) is
continuous and

oftx+ (1 —1)y)
(resp. a(tx+ (1 —1)y)

10(x) + (1 =) ex(y),
to(x) + (1 =r)a(y)),

N\

forall x,y € K and € [0,1].
Let 0 < a < b be given and let o be a nonnegative continuous concave functional
on K. Define the convex sets P and P(c,a,b) by

P, ={xeK]||x| <r},

and
P(a,a,b) = {x € K|a < o(x),||x|| < b}.

THEOREM 1. ([11]) Let A : P. — P. be a completely continuous operator and let
o be a nonnegative continuous concave functional on K such that o.(x) < ||x|| for all
x € P.. Suppose there exist 0 < a < b < d < ¢ such that

(Al) {x € P(e,b,d)|oc(x) > b} # 0, and ot(Ax) > b for x € P(a,b,d),

(A2) ||Ax|| < a for ||x|| € a, and

(A3) ot(Ax) > b for x € P(a,b,c) with |Ax|| > d.

Then A has at least three fixed points x1, xa, and x3 and such that ||x1|| < a,b <
o(x2) and ||x3]| > a, with a(x3) < b.
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3. Main result
For convenience, we introduce the following notations. define

T= min{nl7n2}7

soO<T<%.Let

0<i<l1
1
m; = min [/ G(t s)d}
<<l T
Then 0 <m; < M;, i=1,2.
Define
n = min {n(s), 1)} ©)
and let
1
o= Emin{n,zr“—l}. (10

The basic space used in this paper is a real Banach space E = C([0,1],R) x
C([0,1],R) with the norm ||(u,v)]| := [[u|[ +[|v]|, where [|u|| = max,c[o 1 |u(t)].
Then, choose a cone K C E, by

K={(u,v) €E |u(t) >0,v(t) 20, min (u(t)+v(t)) > ol|(u,v)]}.

<<l

Define an operator 7' by
T (u,v)(t) = (A(u,v)(t),B(u,v)(t)), Ve (0,1), (11)
where

A(u,v)(t) = Jo Gi(t,)f1(s,u(s),v(s))ds + %’

a-1 12
B(u,v)(t) = Jy Ga(t,5)fa(s,u(s),v(s))ds + ZHGR—, ()

LEMMA 7. The operator defined in (11) maps K into itself, i.e., T : K — K.
Proof. For any (u,v) € K, it follows from Lemma 6 that
Ml (a—P)

F((X)Al ’

< 2/T G (s,8)f1(s,u(s),v(s))ds+ %,

[|A(u,v)|| /Glssfl(s u(s),v(s))ds +
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This implies that

[/TIGI(S,S)fl (s,u(s),v(s))ds + %] > %HA(H,V)H

Therefore, we can get

min A(u,v)(7)

<<l

— min [/01Gl(t,s)fl(s,u(s),v(s))ds+

<<l

AT (a— B!
F(a)A1 }

_ pyso—1

> [ G s ats)e)as+ DI

' — oa—1
Tl/T G1(s,s)f1(s,u(s),v(s))ds+%

1 —
> min{n,27 "'} [/T Gi(s,5)f1(s,u(s),v(s))ds+ %]
> L min{n. 26"} A (uv))|

= of|A(u,v)]].
In the same way, for any (u,v) € K, we have

B > o||B(u,v)||.
min B(uv)(1) > o|B(uv)|

Therefore

min (Au,v)(r) +B(u,v)(t)) > o||Au,v)|| + o|[B(u,v)|| = ol|(A(u,v), Blu,v))||
From the above, we conclude that T (u,v)(r) = (A(u,v)(t),B(u,v)(t)) € K, that is,
T(K) C K. Therefore, the proof is completed. [J

It is clear that the existence of a positive solution for the system (1) is equivalent
to the existence of a nontrivial fixed point of 7 in K.
Finally, we define the nonnegative continuous concave functional on K by
o(u,v) = min (u(t)+v(t)).
(1) = min (u(r) +v(0))
It is obvious that, for each (u,v) € K, ot(u,v) < ||(u,v)]|.
Throughout this section, we assume that p;, ¢;, i = 1,2, are four positive numbers
 Fus 1 1 L1
satisfying nwtmtatas <'1.
Now, we can state our main result.

THEOREM 2. Assume there exist nonnegative numbers a,b,c such that 0 < a <
b < min{t, -5 Ye, and fi(t,u,v) satisfy the following conditions:

’P1M1 172M2
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(HI) fi(t,u,v) piMi vie[0,1],u+ve

<
(H2) fi(t,u,v) < ﬁﬁl Ve [0,1,u+ve

a
(H3) (i) fi(t,u,v) > mil Vie [t 1,ut+ve [b,%], or
) ol.

(ii) fa(t,u,v) > m% vt € [t,1],u+ve b,
Then, for
/1.<l Mi—lZ (13)
1 I ql l—‘((x—ﬂ), b b

the system (1) has at least three positive solutions (uy,vy),(u2,v2),(u3,v3) such that
|(u1,v1)]| < a,b<mingg <1 (ua(t)+va(r)), and ||(u3,v3)|| > a, with ming<,<1 (u3(r) +

v3(t)) < b.

Progf. First, we show that 7 : P- — P. is a completely continuous operator. If
(u,v) € P., then ||(u,v)|| < ¢ and by (H1) and (12), we have

T = max |4 B(u,v)(t
IT ()1l = max |A(u,v)(1)| + max |B(u,v)(1)]

_ oa—1
= max {/01Gl(t’s)fl(s’“(s)aV(S))ds+M},

o I(o) Ay

+0I3?<Xl /1Gz(t,S)fz(S,u(s),V(s))dH_ %}
< p_l ﬁlorgfgl / Gi(t,s ds}+7LlF((a)Alﬁ)

+E Eorgagl / Ga(t,s ds}+7LzF(oc)A2[3)

1 1
< —-ct+—- c+— c+— c<ec.
pP1 q1 P2 q2

Therefore, ||T(u,y)|| <c, thatis, T : P. — P.. The operator T is completely continuous
by an application of the Ascoli-Arzela theorem.

In the same way, the condition (H2) implies that the condition (A2) of Theorem
1 is satisfied. We now show that condition (Al) of Theorem 1 is satisfied. Clearly,
{( v) € P(a,b, 2)|ou(u,v) > b} # 0. If (u,v) € P(or,b,2), then b < u(s) +v(s) <
573' S [T, 1] .

By condition (H3)(i), we get

o(T (u,v)(¢)) = min (A(u,v)(r) +B(u,v)(t))

<<l
AT (o — B!
F(OC)AI }

AT (o — B!
F(OC)AQ }

> min / G (t,s)f1(s,u(s),v(s))ds+

<<l

+ min {/T G (t,8) f2(s,u(s),v(s))ds +

T<t<1
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>—m1n /Gltsds

my t<t<1
b
= — ml
mj
Similarly, by (H3)(ii), we get
b
o (T (u,v)(1)) >—m1n / thsds =—-my=>h.

my t<t<l1

Therefore, condition A1 of Theorem 1 is satisfied.
Finally, we show that the condition A3 of Theorem 1 is also satisfied.
If (u,v) € P(a,b,c), and ||T (u,v)| > b , then

o(T (u,v)(¢)) = min (A(u,v)(?) +B(M,V)(I)) 2 o||A(u,v)|[+o|B(u,v)|

<<l

S| Ty >0-2=b

= u,v -—=b.
o

Therefore, the condition A3 of Theorem 1 is also satisfied. By Theorem 1, there
exist three positive solutions (uy,vy), (uz,v2), (u3,v3) such that ||(ug,v1)| < a,b <
ming<<1 (ua(r) +v2(r)), and ||(u3,v3)|| > a, with mingg < (uz(r) +v3(1)) < b. we
have the conclusion.

4. Application
EXAMPLE 3. Consider the following singular boundary value problem:
=0, 1re€(0,1),
0

, te(0,1), (14)

where ,ulz,le:%, 171:1‘]2:% and

e+t v?, re0,1], 0<utv<,

— 1
filt,u,v) = \/11‘)(’—2+10[(u+v) v+, t€[01], 1<utv<2,
i+ 6llog (u+v) + 2+ v)] + g, 1€ [0,1], 2<u+v<d
\/1712+W2+v+59+21m7 1€0,1], 4<u+v< oo,

100
and
—Vlégo”z+4é—0(u+v)2, 10,1, 0<utv<l,
V112 2 1
Pt uy) = oo~ +20[(u+v) = (u+v) + 555, t€[0,1], 1<utv<2,

”1(;(;0[2+8[log2(u+v)+2(u—|—v)]—|—ﬁ7 rel0,1], 2<u+v<4
VY 479+ 10, 1€[0,1], 4 <udv< oo,

1000 +



128

N. NYAMORADI AND T. BASHIRI

Choose T = }P p1 =20, p» =2, q1 =5, g2 =4. Then by direct calculations, we
can obtain that

M, = M, = 0.846500912998,
my = my = 0.427057586114.

So, we choose a =1, b =2, ¢ =1300. It is easy to check that f;, i = 1,2 satisfy
the conditions (H1)-(H3). So, for A; < 201.5655135 and A, < 251.9568919, system
(14) has at least three positive solutions (uy,vy), (u2,v2), (#3,v3) such that ||(u,v1)]] <
1,2< min%@gl(uz(t)—kvz(t)), and ||(u3,v3)|| > 1, with minigt@(w(t)—k\@(t)) <2.
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