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OPIAL TYPE INTEGRAL INEQUALITIES

FOR FRACTIONAL DERIVATIVES II

G. FARID AND J. PEČARIĆ

Abstract. A certain class of functions is used to apply results related to opial type inequalities.
Also applications of Riemann-Liouville fractional integral and Caputo fractional derivative with
respect to this class of functions are given.

1. Introduction and preliminaries

In [2] we gave applications of Riemann-Liouville fractional integral, Caputo frac-
tional derivative and integral representation of Riemann-Liouville fractional derivative
[6], on opial type inequalities considering a particular class of functions. Here we prove
similar results by using another class U(v,K) of functions u : [a,b]→ R which admits
representation [5, p. 238],

u(x) =
∫ b

x
K(x,t)v(t)dt. (1.1)

where v is a continuous function and K is an arbitrary non-negative kernal such that
v(x) > 0 implies u(x) > 0 for every x ∈ [a,b].

We can observe that the following result holds for the class of functions U(v,K).

THEOREM 1. Let φ : [0,∞) → R be a differentiable function such that for q > 1

the function φ(x
1
q ) is convex and φ(0) = 0 . Let u ∈U(v,K) where

(∫ b

x
(K(x,t))pdt

) 1
p

� M, p−1 +q−1 = 1.

Then

∫ b

a
| u(x) |1−q φ ′(| u(x) |) | v(x) |q dx � q

Mq φ
(
M
(∫ b

a
| v(x) |q dx)

1
q
)
. (1.2)

If the function φ(x
1
q ) is concave, then the reverse of the inequality in (1.2) holds.
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Proof. Proof is on the same lines as the proof of such theorem in [7], (see also
theorem 8.15 in [5, p. 237, 238]). �

To prove exponential-convexity of a class of certain functions the following Defi-
nition and Proposition [3], help us.

DEFINITION 1. A function h : (a,b) → R is exponentially convex if it is contin-
uous and

n

∑
i, j=1

uiu jh(xi + x j) � 0,

for all n ∈N and all choices ui ∈ R , i = 1,2, ...,n and xi ∈ (a,b), such that xi + x j ∈
(a,b) , 1 � i, j � n.

PROPOSITION 1. Let h : (a,b) → R. The followings are equivalent.
(i) h is exponentially convex.
(ii) h is continuous and

n

∑
i, j=1

uiu jh

(
xi + x j

2

)
� 0,

for every ui ∈ R and every xi,x j ∈ (a,b) , 1 � i, j � n.
(iii) h is continuous and for every xi ∈ (a,b) , i = 1,2, ...,n,

det

[
h

(
xi + x j

2

)]k

i, j=1
� 0, k = 1,2, ...,n.

In [3] we also have the following corollary.

COROLLARY 1. If h : (a,b)→ (0,∞) is exponentially convex function then h is a
log-convex function:

We present the paper in such a way that section 2 contains mean value theorems,
exponential convexity, Cauchy’s means for a class of linear functionals. In section
3 we give theorems for Riemann-Liouville fractional integral and Caputo fractional
derivative.

2. Preparatory inequalities

DEFINITION. Let h : [0,∞) → R be the function with assumptions of Theorem 1.
We define the linear functional βh(u,v) as:

βh(u,v) =
q

Mq h
(
M
(∫ b

a
| v(x) |q dx

) 1
q
)
−
∫ b

a
| u(x) |1−q h′(| u(x) |) | v(x) |q dx. (2.1)

We have proved the following Lemma in [2].
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LEMMA 1. Let h ∈C2(I) I ⊆ (0,∞) , and g(x) = xq , q > 1 with

m′ � ξh′′(ξ )− (q−1)h′(ξ )
q2ξ 2q−1 � M′ for all ξ ∈ I.

Then the functions φ1,φ2 defined as:

φ1(x) =
M′x2q

2
−h(x), φ2(x) = h(x)− m′x2q

2
,

are convex functions with respect to g(x) = xq, that is φi(x
1
q ) , i = 1,2, are convex.

THEOREM 2. Let h : [0,∞) → R be the function with assumptions of Theorem 1.
If h∈C2(I), where I ⊆ (0,∞) is compact interval, then there exists ξ ∈ I such that the
following equality holds

βh(u,v) =
ξh′′(ξ )−(q−1)h′(ξ )

2q2ξ 2q−1

(
Mq
(∫ b

a
| v(x) |q dx

)2

−2
∫ b

a
| u(x) |q| v(x) |q dx

)
.

(2.2)

Proof. Suppose that min y∈I(ψ(y)) = m1 and max y∈I(ψ(y)) = M1 where

ψ(y) =
yh′′(y)− (q−1)h′(y)

q2y2q−1 .

Using φ1 from Lemma 1 instead of φ in (1.2) we get

q
Mq h

(
M
(∫ b

a
| v(x) |q dx

) 1
q
)
−
∫ b

a
| u(x) |1−q h′(| u(x) |) | v(x) |q dx

� qM1

2

(
Mq
(∫ b

a
| v(x) |q dx

)2

−2
∫ b

a
| u(x) |q| v(x) |q dx

)
.

(2.3)

Similarly, using φ2 from Lemma 1 instead of φ in (1.2) we get

q
Mq h

(
M
(∫ b

a
| v(x) |q dx

) 1
q
)
−
∫ b

a
| u(x) |1−q h′(| u(x) |) | v(x) |q dx

� qm1

2

(
Mq
(∫ b

a
| v(x) |q dx

)2

−2
∫ b

a
| u(x) |q| v(x) |q dx

)
.

(2.4)

By combining the above two inequalities and using the fact that

m � yh′′(y)− (q−1)h′(y)
q2y2q−1 � M

there exist ξ ∈ I such that we get (2.2). �
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THEOREM 3. Let h1,h2 : [0,∞) → R be the functions with assumptions of Theo-
rem 1. If h1,h2 ∈C2(I), where I ⊆ (0,∞) is compact interval and

Mq
(∫ b

a
| v(x) |q dx

)2

−2
∫ b

a
| u(x) |q| v(x) |q dx �= 0.

Then there exists ξ ∈ I such that

βh1(u,v)
βh2(u,v)

=
ξh′′1(ξ )− (q−1)h′1(ξ )
ξh′′2(ξ )− (q−1)h′2(ξ )

,

provided the denominators are not equal to zero.

Proof. The proof is similar to the proof of such theorems for example see in
[4]. �

Throughout the paper we frequently use the following family of convex functions
with respect to g(x) = xq (q > 1) on (0,∞).

ϕs(x) =

⎧⎪⎪⎨
⎪⎪⎩

q2

s(s−q)x
s, s �= 0,q;

−q logx, s = 0;

qxq logx, s = q.

(2.5)

In the following we use Λϕs(u,v) in the place of βϕs(u,v), when we put h = ϕs in
equation (2.1), that is

Λϕs(u,v) =⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

q2

Mqs(s−q)

(
qMs(

∫ b
a | v(x) |q dx)

s
q − sMq ∫ b

a | u(x) |s−q| v(x) |q dx
)

, s �= 0,q;
q

Mq

(
−q log(M(

∫ b
a | v(x) |q dx)

1
q )+Mq ∫ b

a | u(x) |−q| v(x) |q dx
)

, s = 0;
q2

Mq

(
Mq ∫ b

a | v(x) |q log(M(
∫ b
a | v(x) |q dx)

1
q +
∫ b
a (1+q log | u(x) |) | v(x) |q dx

)
,

s = q.

(2.6)

THEOREM 4. For Λϕs(u,v) defined above we have

a) for every n ∈ N and pi ∈ R the matrix A =
[

Λϕ pi+p j
2

(u,v)
]n

i, j=1

, is a positive

semi-definite matrix.
b) the function s �→ Λϕs(u,v), s ∈ R is exponentially convex.
c) if Λϕs(u,v) is positive, then the function s �→ Λϕs(u,v), s ∈ R is log-convex.

Proof. a) Define the function f (x) = ∑n
i, j=1 uiu jϕpi j(x) , where pi j = pi+p j

2 .
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Set

F(x) = f (x
1
q ) =

n

∑
i, j=1

uiu jϕpi j(x
1
q ).

Then

F ′′(x) =

(
n

∑
i=1

uix
pi−2q

2q

)2

� 0.

This implies that f is convex with respect to g(x) = xq , and also f (0) = 0. So using
this f in the place of h in (2.1) we have

n

∑
i, j=1

uiu jΛϕpi j
(u,v) � 0. (2.7)

Hence the matrix, A =
[

Λϕ pi+p j
2

(u,v)
]

n×n

is positive semi-definite.

b) Since after some computation we have lims→0 Λϕs(u,v) = Λϕ0(u,v) and also
lims→q Λϕs(u,v) = Λϕq(u,v), so Λϕs(u,v) is continuous, then by (2.7) and Proposi-
tion 1 we have s �→ Λϕs(u,v) is exponentially convex.

c) As Λϕs(u,v) is positive and exponentially convex so by Corollary 1, Λϕs(u,v)
is log-convex. �

If we put h1 = ϕ(s) ; h2 = ϕr in Theorem 3, then we have a mean defined as:

N[q]
s,r (u,v) =

(
βϕs(u,v)
βϕr(u,v)

) 1
s−r

, s �= r (2.8)

that is

N[q]
s,r (u,v) =

(
r(r−q)
s(s−q)

qMs(
∫ b
a | v(x) |q dx)

s
q − sMq ∫ b

a | u(x) |s−q| v(x) |q dx

qMr(
∫ b
a | v(x) |q dx)

r
q − rMq

∫ b
a | u(x) |r−q| v(x) |q dx

) 1
s−r

,

s,r �= q, s �= r. (2.9)

In limiting cases we have:
When s goes to r

N[q]
r,r (u,v) = exp

(
A
B
− 2r−q

r(r−q)

)
, r �= q, (2.10)

where

A = qMr(
∫ b

a
| v(x) |q dx)

r
q log(M(

∫ b

a
| v(x) |q dx)

1
q )

−Mq(
∫ b

a
| u(x) |r−q| v(x) |q dx+ r

∫ b

a
| u(x) |r−q log(| u(x) |) | v(x) |q dx,

and

B = qMr(
∫ b

a
| v(x) |q dx)

r
q − rMq

∫ b

a
| u(x) |r−q| v(x) |q dx.
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In (2.10) when r goes to q we get

N[q]
s,q(u,v) = N[q]

q,s(u,v)

=

(
q(qMs(

∫ b
a | v(x) |q dx)

s
q − sMq ∫ b

a | u(x) |s−q| v(x) |q dx)

s(s−q)Mq(q
∫ b
a | v(x) |q dx log(M(

∫ b
a | v(x) |q dx)

1
q )−λ )

) 1
s−q

s �= q , (2.11)

where λ =
∫ b
a | v(x) |q dx+q

∫ b
a log(| u(x) |) | v(x) |q dx.

When s goes to q we have

N[q]
q,q(u,v) = exp

(
1
2

(
P
Q
− 2

q

))
, (2.12)

where

P = qMq(q
∫ b

a
| v(x) |q dx(log(M(

∫ b

a
| v(x) |q dx)

1
q ))2

−(2
∫ b

a
log | u(x) || v(x) |q dx+q

∫ b

a
(log | u(x) |)2 | v(x) |q dx)),

and

Q = qMq(q
∫ b

a
| v(x) |q dx log(M(

∫ b

a
| v(x) |q dx)

1
q )

−(
∫ b

a
| v(x) |q dx+q

∫ b

a
log | u(x) || v(x) |q dx)).

Now we prove monotonicity of means N[q]
s,r (u,v) .

THEOREM 5. Let t,s, l,m ∈ R+ such that t � l,s � m. Then

N[q]
t,s (u,v) � N[q]

l,m(u,v).

Proof. The following inequality holds for convex function ϕ see in [5, p. 4]

ϕ(x2)−ϕ(x1)
x2 − x1

� ϕ(y2)−ϕ(y1)
y2 − y1

, (2.13)

where x1 � y1 , x2 � y2 , x1 �= x2 , y1 �= y2.
Since by Theorem 4, Λϕs(u,v) is log-convex, we can put in (2.14):

ϕ = logΛϕs(u,v), x1 = s, x2 = t, y1 = l, y2 = m.

We get

logΛϕt (u,v)− logΛϕs(u,v)
t− s

� logΛϕm(u,v)− logΛϕl (u,v)
m− l

s �= t, l �= m,
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therefore we get

(
Λϕt (u,v)
Λϕs(u,v)

) 1
t−s

�
(

Λϕm(u,v)
Λϕl (u,v)

) 1
m−l

, s �= t, l �= m. (2.14)

From (2.15) we get our result for t �= s , l �= m and for t = s , l = m ; t �= s , l = m ;
t = s , l �= m we can consider limiting cases. �

3. Inequalities for fractional integrals and derivatives

As we are interested for the class U(v,K) of functions u : [a,b] → R having rep-
resentation (1.1) so we use the following definition of Riemann-Liouville fractional
integral.

DEFINITION 2. Let α > 0. For any f ∈ L(a,b) the Riemann-Liouville fractional
integral of f of order α is defined by

Iα
b f (x) =

1
Γ(α)

∫ b

x
(x− t)α−1 f (t)dt, x ∈ [a,b]. (3.1)

THEOREM 6. Let h : [0,∞) → R be the function with assumptions of Theorem 1.
If h ∈ C2(I), where I ⊆ (0,∞) is compact interval and let v ∈ C[a,b], has Riemann-
Liouville fractional integral of order α , α > 1

q .

Then then there exists ξ ∈ I such that we have

βh(Iα
b v,v) =

ξh′′(ξ )− (q−1)h′(ξ )
2q2ξ 2q−1

(
(b−a)qα−1

Γq(α)(pα − p+1)
q
p

(∫ b

a
| v(x) |q dx

)2

−2
∫ b

a
| Iα

b v(x) |q| v(x) |q dx

)
. (3.2)

Proof. From Theorem 2, we have

βh(u,v)=
ξh′′(ξ )− (q−1)h′(ξ )

2q2ξ 2q−1

(
Mq
(∫ b

a
| v(x) |q dx

)2

−2
∫ b

a
| u(x) |q| v(x) |q dx

)
,

(3.3)
for some ξ ∈ I and v has Riemann-Liouville fractional integral of order α, so

u(x) = Iα
b v(x) =

1
Γ(α)

∫ b

x
(t− x)α−1v(t)dt, x ∈ [a,b].

Here

K(x,t) =
{ 1

Γ(α) (t − x)α−1, x � t � b;
0, a < t � x.
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Let

U(x) =
(∫ b

x
(K(x,t))pdt

) 1
p

=
(b− x)α− 1

q

Γ(α)(pα − p+1)
1
p

U ′(x) = −
(α − 1

q)(b− x)(α− 1
q−1)

Γ(α)(pα − p+1)
1
p

� 0, for α >
1
q
, x ∈ [a,b].

U(x) is decreasing in [a,b], therefore

max
x∈[a,b]

(U(x)) =
(b−a)α− 1

q

Γ(α)(pα − p+1)
1
p

, for α >
1
q
.

That is (∫ b

x
K(x,t)p

) 1
p

� (b−a)α− 1
q

Γ(α)(pα − p+1)
1
p

,

so here M = (b−a)α− 1
q

Γ(α)(pα−p+1)
1
p
, and by putting the values of u(x) and M in (3.3) we get

βh(Iα
b v,v) as required in (3.2). �

THEOREM 7. Let h1,h2 : [0,∞)→R be the function with assumptions of Theorem
1. If h1 , h2 ∈ C2(I), where I ⊆ (0,∞) is compact interval and let v ∈ C[a,b], has
Riemann-Liouville fractional integral of order α , α > 1

q .

Then then there exists ξ ∈ I such that we have

βh1(I
α
b v,v)

βh2(I
α
b v,v)

=
ξh′′1(ξ )− (q−1)h′1(ξ )
ξh′′2(ξ )− (q−1)h′2(ξ )

, (3.4)

provided the denominators are not equal to zero.

Proof. By Theorem 3 we have

βh1(u,v)
βh2(u,v)

=
ξh′′1(ξ )− (q−1)h′1(ξ )
ξh′′2(ξ )− (q−1)h′2(ξ )

,

for some ξ ∈ I and from the proof of Theorem 6, we can easily get (3.4) with required
conditions. �



OPIAL TYPE INTEGRAL INEQUALITIES FOR FRACTIONAL DERIVATIVES II 147

If v has Riemann-Liouville fractional integral of order α, α > 1
q . Then (2.7)

becomes

Λϕs(I
α
b v,v) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q2

s(s−q)

(
q (b−a)(s−q)(α− 1

q )
D

s
q

Γs−q(α)(pα−p+1)
s−q
p

− s
∫ b
a | Iα

b v(x) |s−q| v(x) |q dx

)
, s �= 0,q;

q

(
−qΓq(α)(pα−p+1)

q
p

(b−a)qα−1 log( (b−a)α− 1
q D

1
q

Γ(α)(pα−p+1)
1
p
)+

∫ b
a | Iα

b v(x) |−q| v(x) |q dx

)
, s = 0;

q2

(
D log( (b−a)α− 1

q D
1
q

Γ(α)(pα−p+1)
1
p
)+ Γq(α)(pα−p+1)

q
p

(b−a)qα−1

∫ b
a (1+q log | Iα

b v(x) |) | v(x) |q dx

)
,

s = q,

(3.5)

where D =
∫ b
a | v(x) |q dx.

THEOREM 8. For Λϕs(I
α
b v,v) defined above we have

a) for every n∈N and pi ∈R the matrix A =
[

Λϕ pi+p j
2

(Iα
b v,v)

]n

i, j=1

, is a positive

semi-definite matrix.
b) the function s �→ Λϕs(I

α
b v,v) , s ∈ R is exponentially convex.

c) if Λϕs(I
α
b v,v) is positive, then the function s �→Λϕs(I

α
b v,v) , s∈R is log-convex.

Proof. The proof is similar to the proof of Theorem 4. �
If we put h1 = ϕ(s) ; h2 = ϕ(r) in Theorem 7, then we have a mean defined as:

∏[q]
s,r(I

α
b v,v) =

(
βϕs(I

α
b v,v)

βϕr(Iα
b v,v)

) 1
s−r

, s �= r (3.6)

that is

∏[q]
s,r(I

α
b v,v) =

(
r(r−q)
s(s−q)

qΓq−s(α)(pα−p+1)
q−s
p (b−a)(s−q)(α− 1

q )D
s
q−s

∫ b
a | Iα

b v(x) |s−q| v(x) |q dx

qΓq−r(α)(pα−p+1)
q−r
p (b−a)(r−q)(α− 1

q )D
r
q−r

∫ b
a | Iα

b v(x) |r−q| v(x) |q dx

) 1
s−r

,

s,r �= q, s �= r. (3.7)

In limiting cases we have:

∏[q]
r,r(I

α
b v,v) = exp

(
A1

B1
− 2r−q

r(r−q)

)
, r �= q, (3.8)

∏[q]
s,q(I

α
b v,v) = ∏[q]

q,s(I
α
b v,v) =



148 G. FARID AND J. PEČARIĆ

⎛
⎝ q

(
Γq−s(α)(pα − p+1)

q−s
p (b−a)(s−q)(α− 1

q )D
s
q−s

∫ b
a | Iα

b v(x) |s−q| v(x) |q dx
)

s(s−q)
(
(logD−1)D−q log(Γ(α)(pα−p+1)

1
p (b−a)−(α− 1

q ))−q
∫ b
a log | Iα

b v(x) ||v(x) |q dx
)
⎞
⎠

1
s−q

,

s �= q. (3.9)

∏[q]
q,q(I

α
b v,v) = exp

(
1
2

(
P1

Q1
− 2

q

))
, (3.10)

where A1,B1,P1,Q1 are as follows:

A1 = Γq−r(α)(pα − p+1)
q−r
p (b−a)(r−q)(α− 1

q )D
r
q logD

−q log(Γ(α)(pα − p+1)
1
p (b−a)−(α− 1

q ))Γq−r(α)(pα − p+1)
q−r
p

× (b−a)(r−q)(α− 1
q )D

r
q −

∫ b

a
| Iα

b v(x) |r−q| v(x) |q dx

− r
∫ b

a
| Iα

b v(x) |r−q log | Iα
b v(x) || v(x) |q dx,

B1 = qΓq−r(α)(pα − p+1)
q−r
p (b−a)(r−q)(α− 1

q )D
r
q − r

∫ b

a
| Iα

b v(x) |r−q| v(x) |q dx,

P1 =
D(logD)2

q
−D logD log(Γ(α)(pα − p+1)

1
p (b−a)−(α− 1

q ))

+q(log(Γ(α)(pα − p+1)
1
p (b−a)−(α− 1

q )))2 −2
∫ b

a
log | Iα

b v(x) || v(x) |q dx

−q
∫ b

a
(log | Iα

b v(x) |)2 | v(x) |q dx,

Q1 = (logD−1)D−q log
(

Γ(α)(pα − p+1)
1
p (b−a)−(α− 1

q )
)

−q
∫ b

a
log | Iα

b v(x) || v(x) |q dx.

Further we prove monotonicity of above means.

THEOREM 9. Let t,s, l,m ∈ R+ such that t � l , s � m.
Then

∏[q]
t,s(I

α
b v,v) � ∏[q]

l,m(Iα
b v,v).

Proof. The following inequality holds for convex function ϕ see in [5, p. 4],

ϕ(x2)−ϕ(x1)
x2 − x1

� ϕ(y2)−ϕ(y1)
y2 − y1

, (3.11)

where x1 � y1 , x2 � y2 , x1 �= x2 , y1 �= y2.
Since by Theorem 8, Λs(Iα

b v,v) is log-convex, we can put in (3.11):

ϕ = logΛϕs(I
α
b v,v), x1 = s, x2 = t, y1 = l, y2 = m,
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we get for s �= t , l �= m

logΛϕt (I
α
b v,v)− logΛϕs(I

α
b v,v)

t− s
� logΛϕm(Iα

b v,v)− logΛϕl (I
α
b v,v)

m− l
,

therefore we have

(
Λϕt (I

α
b v,v)

Λϕs(I
α
b v,v)

) 1
t−s

�
(

Λϕm(Iα
b v,v)

Λϕl (I
α
b v,v)

) 1
m−l

. (3.12)

From (3.12), we get our result for t �= s , l �= m and for t = s , l = m ; t �= s , l = m ;
t = s , l �= m we can consider limiting cases. �

To give more results we apply the following definition of Caputo fractional deriva-
tive (see [6, p. 92]).

DEFINITION 3. Let α > 0 and α �∈ {1,2, ...}. The Caputo fractional derivative
of order α for a function f : [a,b] → R belonging to the space ACn[a,b] of absolutely
continuous functions is defined by

Dα
b f (x) =

(−1)n

Γ(n−α)

b∫
x

f (n)(s)
(x− s)α−n+1 ds, (3.13)

where n = [α]+1, and [α] stands for the largest integer not greater than α.

THEOREM 10. Let h : [0,∞)→R be the function with assumptions of Theorem 1.
If h ∈C2(I) with h(0) = 0 , where I ⊆ (0,∞) is compact interval and let v ∈ ACn[a,b]
for even n, has Caputo fractional derivative of order α , α �∈ {1,2,3, ...} and, 0 <
α − [α] < 1

p , then there exists ξ ∈ I such that the following equality holds

βh(Dα
b v,v(n)) =

ξh′′(ξ )− (q−1)h′(ξ )
2q2ξ 2q−1

(
(b−a)q([α ]−α+ 1

p )

Γq([α]−α +1)(p([α]−α)+1)
q
p

×
(∫ b

a
| v(n)(x) |q dx

)2

−2
∫ b

a
| Dα

b v(x) |q| v(n)(x) |q dx

)
. (3.14)

Proof. From Theorem 2 we have

βh(u,v) =
ξh′′(ξ )−(q−1)h′(ξ )

2q2ξ 2q−1

(
Mq
(∫ b

a
| v(x) |q dx

)2

−2
∫ b

a
| u(x) |q| v(x) |q dx

)
,

(3.15)
and v ∈ ACn[a,b], has Caputo fractional derivative of order α, and n is even so

u(x) = Dα
b v(x) =

1
Γ(n−α)

∫ b

x
(t − x)n−α−1v(n)(t)dt.
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Here

K(x,t) =
{ 1

Γ(n−α) (t− x)n−α−1, x � t � b;

0, a � t < x.

Let

V (x) =
(∫ b

x
(K(x,t))pdt

) 1
p

=
(b− x)n−α− 1

q

Γ(n−α)(p(n−α)− p+1)
1
p

, n = [α]+1

V ′(x) = − (p([α]−α)+1)
1
q (b− x)(n−α− 1

q−1)

pΓ([α]−α +1)
� 0,

for 0 < α − [α] < 1
p , x ∈ [a,b] . V (x) is decreasing in [a,b].

Therefore, max
x∈[a,b]

(V (x)) = (b−a)[α]−α+ 1
p

Γ([α ]−α+1)(p([α ]−α)+1)
1
p

, for 0 < α − [α] < 1
p .

That is

(∫ b

x
K(x, t)p

) 1
p

� (b−a)[α ]−α+ 1
p

Γ([α]−α +1)(p([α]−α)+1)
1
p

, 0 < α − [α] <
1
p
,

so here M = (b−a)[α]−α+ 1
p

Γ([α ]−α+1)(p([α ]−α)+1)
1
p

, for 0 < α − [α] < 1
p .

Therefore by putting v = vn and the values of u(x) and M in (3.15) we get
βh(Dα

b v,v(n)) as required in (3.14). �

THEOREM 11. Let h1 , h2 : [0,∞) → R be the function with assumptions of The-
orem 1. If h1 , h2 ∈ C2(I) such that h1(0) = h2(0) = 0 , where I ⊆ (0,∞) is compact
interval and let v ∈ ACn[a,b] for even n, has Caputo fractional derivative of order α ,
α �∈ {1,2,3, ...} and, 0 < α − [α] < 1

p , then there exists ξ ∈ I such that the following
equality holds

βh1(D
α
b v,v(n))

βh2(D
α
b v,v(n))

=
ξh′′1(ξ )− (q−1)h′1(ξ )
ξh′′2(ξ )− (q−1)h′2(ξ )

, (3.16)

Proof. By Theorem 3 we have

βh1(u,v)
βh2(u,v)

=
ξh′′1(ξ )− (q−1)h′1(ξ )
ξh′′2(ξ )− (q−1)h′2(ξ )

,

and from the proof of Theorem 10, we get (3.16) with required condition. �

If v ∈ ACn[a,b] for even n , has Caputo fractional derivative of order α , α �∈
{1,2,3, ...} and, 0 < α − [α] < 1

p . Then (2.7) becomes
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Λϕs(D
α
b v,v(n)) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q2

s(s−q)

(
q(b−a)(s−q)([α]−α+ 1

p )
E

s
q

Γs−q([α ]−α+1)(p([α ]−α)+1)
s−q
p

− s
∫ b
a | Dα

b v(x) |s−q| v(n)(x) |q dx

)
, s �= 0,q;

q

(
−qΓq([α ]−α+1)(p([α ]−α)+1)

q
p

(b−a)q([α]−α+ 1
p )

log

(
(b−a)[α]−α+ 1

p E
1
q

Γ([α ]−α+1)(p([α ]−α)+1)
1
p

)

+
∫ b
a | Dα

b v(x) |s−q| v(n)(x) |q dx

)
, s = 0;

q2

(
E log

(
(b−a)[α]−α+ 1

p E
1
q

Γ([α ]−α+1)(p([α ]−α)+1)
1
p

)
+ (b−a)q([α]−α+ 1

p )

Γq([α ]−α+1)(p([α ]−α)+1)
q
p

×∫ b
a (1+q log | Dα

b v(x) |) | v(n)(x) |q dx

)
, s = q,

(3.17)

where E =
∫ b
a | v(n)(x) |q dx.

THEOREM 12. For Λϕs(D
α
b v,v(n)) defined above we have:

a) The matrix A =
[

Λϕ pi+p j
2

(Dα
b v,v(n))

]n

i, j=1

, is a positive-semidefinite matrix.

b) The function s �→ Λϕs(D
α
b v,v(n)) is exponentially convex.

c) Λϕs(D
α
b v,v(n)) is log-convex.

Proof. For proof see the proof of Theorem 4. �
If we put h1 = ϕ(s) , h2 = ϕ(r) in Theorem 11, then we have a mean defined as:

Π[q]
s,r(Dα

b v,v(n)) =

(
βϕs(D

α
b v,v(n))

βϕr(D
α
b v,v(n))

) 1
s−r

, s �= r (3.18)

that is

Π[q]
s,r(Dα

b v,v(n)) =(
r(r−q)
s(s−q)

qΓq−s([α]−α+1)(p([α]−α)+1)
q−s
p (b−a)(s−q)([α ]−α+ 1

p )E
s
q −L1

qΓq−r([α]−α+1)(p([α]−α)+1)
q−r
p (b−a)(r−q)([α ]−α+ 1

p )E
r
q −M1

) 1
s−r

,

s,r �= q, s �= r. (3.19)

where

L1 = s
∫ b

a
| Dα

b v(x) |s−q| v(n)(x) |q dx,
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M1 = r
∫ b

a
| Dα

b v(x) |r−q| v(n)(x) |q dx.

In limiting cases we have:

Π[q]
r,r(Dα

b v,v(n)) = exp

(
A2

B2
− 2r−q

r(r−q)

)
, r �= q, (3.20)

Π[q]
s,q(Dα

b v,v(n)) = ϒ[q]
q,s(Dα

b v,v(n)) =⎛
⎝ q

(
Γq−s([α]−α+1)(p([α]−α)+1)

q−s
p (b−a)(s−q)([α ]−α+ 1

p )E
s
q−L1

)
s(s−q)

(
(logE−1)E−q log(Γ([α]−α+1)(p([α]−α)+1)

1
p (b−a)−([α ]−α+ 1

p ))−M2

)
⎞
⎠

1
s−q

;

s �= q, (3.21)

Π[q]
q,q(Dα

b v,v(n)) = exp

(
1
2

(
P2

Q2
− 2

q

))
, (3.22)

where A2 , B2 , M2 , P2 , Q2 are as follows:

A2 = Γq−r([α]−α +1)(p([α]−α)+1)
q−r
p (b−a)(r−q)([α ]−α+ 1

p )E
r
q logE

−q log(Γ([α]−α +1)(p([α]−α)+1)
1
p (b−a)−([α ]−α+ 1

p ))Γq−r([α]−α +1)

× (p([α]−α)+1)
q−r
p (b−a)(r−q)([α ]−α+ 1

p )E
r
q −

∫ b

a
| Dα

b v(x) |r−q| v(n)(x) |q dx

− r
∫ b

a
| Dα

b v(x) |r−q log | Dα
b v(x) || v(n)(x) |q dx,

B2 = qΓq−r([α]−α +1)(p([α]−α)+1)
q−r
p (b−a)(r−q)([α ]−α+ 1

p )E
r
q

− r
∫ b

a
| Dα

b v(x) |r−q| v(n)(x) |q dx,

M2 = q
∫ b

a
log | Dα

b v(x) || v(n)(x) |q dx,

P2 =
E(logE)2

q
−E logE log(Γ([α]−α +1)(p([α]−α)+1)

1
p (b−a)−([α ]−α+ 1

p )

+q(log(Γ([α]−α +1)(p([α]−α)+1)
1
p (b−a)−([α ]−α+ 1

p )))2

−2
∫ b

a
log | Dα

b v(x) || v(x) |q dx−q
∫ b

a
(log | Dα

b v(x) |)2 | v(x) |q dx,

Q2 = (logE −1)E−q log(Γ([α]−α +1)(p([α]−α)+1)
1
p (b−a)−([α ]−α+ 1

p ))

−q
∫ b

a
log | Dα

b v(x) || v(n)(x) |q dx.

Now we prove monotonicity.
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THEOREM 13. Let t,s, l,m ∈ R+ such that t � l , s � m.

Then

Π[q]
t,s(D

α
b v,v(n)) � Π[q]

l,m(Dα
b v,v(n)).

Proof. The following inequality holds for convex function ϕ see in [8, p. 4],

ϕ(x2)−ϕ(x1)
x2 − x1

� ϕ(y2)−ϕ(y1)
y2 − y1

, (3.23)

where x1 � y1 , x2 � y2 , x1 �= x2 , y1 �= y2.

Since by Theorem 12, Λϕs(D
α
b v,v(n)) is log-convex, we can put in (3.23): ϕ =

logΛϕs(D
α
b v,v(n)) , x1 = s , x2 = t , y1 = l , y2 = m. We get for s �= t , l �= m

logΛϕt (D
α
b v,v(n))− logΛϕs(D

α
b v,v(n))

t − s
� logΛϕm(Dα

b v,v(n))− logΛϕl (D
α
b v,v(n))

m− l
,

(3.24)

that is

(
Λϕt (D

α
b v,v(n))

Λϕs(Dα
b v,v(n))

) 1
t−s

�
(

Λϕm(Dα
b v,v(n))

Λϕl (D
α
b v,v(n))

) 1
m−l

, s �= t, l �= m. (3.25)

From (3.24) we get our result for t �= s , l �= m and for t = s , l = m ; t �= s , l = m ;
t = s , l �= m we can consider limiting cases. �

In the following result [1] one can see composition identity for Caputo fractional
derivatives.

LEMMA 2. Let ν > γ � 0 , n = [ν]+1 , m = [γ]+1 and f ∈ ACn([a,b]) . Suppose
that one of the following conditions hold:

(a) ν,γ /∈ N0 and f i(b) = 0 for i = m,m+1, ...,n−1 .

(b) ν ∈ N,γ /∈ N0 and f i(b) = 0 for i = m,m+1, ...,n−2 .

(c) ν /∈ N,γ ∈ N0 and f i(b) = 0 for i = m−1, ...,n−1 .

(d) ν ∈ N,γ ∈ N0 and f i(b) = 0 for i = m−1, ...,n−2 .

Then

Dγ
b f (t) =

1
Γ(ν − γ)

b∫
t

(s− t)ν−γ−1Dν
b f (s)ds. (3.26)
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By using Lemma 2 previous results can be proved, stated as follows:

THEOREM 14. Let φ , q and p be defined as in Theorem 1 , and 0 < γ < ν − 1
q .

If one of the conditions in Lemma 2 is satisfied, then

∫ b

a
| Dγ

bu(x) |1−q φ ′(| Dγ
bu(x) |) | Dν

b v(x) |q dx

� qΓq(ν − γ)(p(ν − γ)− p+1)
q
p

(b−a)q(ν−γ− 1
q )

×φ

(
(b−a)ν−γ− 1

q

Γ(ν − γ)(p(ν − γ)− p+1)
1
p

(∫ b

a
| Dν

b v(x) |q dx
) 1

q

)
,

(3.27)

If the function φ(x
1
q ) is concave, then the reverse of the inequality (3.27) holds.

THEOREM 15. Let h : [0,∞) → R be the function with assumptions of Theorem
1. If h ∈C2(I), where I ⊆ (0,∞) is compact interval, also let 0 < γ < ν − 1

q and one
of the conditions in Lemma 2 is satisfied, then there exists ξ ∈ I such that

αh(D
γ
bv,D

ν
b v) =

ξh′′(ξ )− (q−1)h′(ξ )
2q2ξ 2q−1

(
(b−a)q(ν−γ− 1

q )

Γq(ν − γ)(p(ν − γ)− p+1)
q
p

×
(∫ b

a
| Dν

b v(x) |q dx

)2

−2
∫ b

a
| Dγ

bv(x) |q| Dν
b v(x) |q dx

)
.

THEOREM 16. Let h1,h2 : [0,∞) → R be the functions with assumptions of The-
orem 1. If h1 , h2 ∈C2(I), where I ⊆ (0,∞) is compact interval, let 0 < γ < ν − 1

q and
one of the conditions in Lemma 2 is satisfied, then there exists ξ ∈ I such that

αh1(D
γ
bv,D

ν
b v)

αh2(D
γ
bv,D

ν
b v)

=
ξh′′1(ξ )− (q−1)h′1(ξ )
ξh′′2(ξ )− (q−1)h′2(ξ )

.

provided that denominators are not equal to zero.
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