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HERMITE-HADAMARD TYPE INEQUALITIES
FOR RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS OF (a,m)-CONVEX FUNCTIONS

DE-PING SHI, BO-YAN XI AND FENG QI

Abstract. In the paper, the authors establish some new Hermite-Hadamard type inequalities for
Riemann-Liouville fractional integrals of functions whose derivatives in absolute value are of
(or,m) -convexity.

1. Introduction
The following definition is well known in the literature.

DEFINITION 1.1. A function f:1 C R = (—eo,00) — R is said to be convex if

fAx+(1=2A)y) SAf(x)+(1=A)f(y) (1.1)

holds for all x,y € I and A € [0,1]. If the inequality (1.1) reverses, then f is said to be
concave on /.

Hermite-Hadamard inequality asserts that for every convex function f:/ C R —

R, we have ) )
a+b —|—f
f(z) ba/f , (12)

where a,b € I with a < b. Both inequalities hold in reversed direction if f is concave.

DEFINITION 1.2. ([13]) A function f: [0,5] — R is said to be m-convex if

fx+m(1=1)y) <1f(x)+m(1=1)f(y) (1.3)
holds for all x,y € [0,b] and 7 € [0, 1] and for some m € (0,1].

DEFINITION 1.3. ([9]) Let f:[0,b] — R and (a,m) € (0,1] x (0,1]. If

flx+m(1=1)y) <t f(x) +m(1—1%)f(y) (1.4)
is valid for all x,y € [0,b] and ¢ € [0, 1], then we say that f(x) is a (o, m)-convex
function on [0,5].
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In recent decades, a lot of inequalities of Hermite-Hadamard type for various kinds
of (o,m)-convex functions have been established. Some of them may be recited as
follows.

THEOREM 1.1. ([5, Theorem 2] and [6]) Let f : Ry = [0,00) — R be m-convex
and m € (0,1]. If f € L([a,b]) for 0 < a < b < o, then

o /ab PRT— { ) i (bjm) mftajm) 1) } s

THEOREM 1.2. ([3, Theorem 3.1]) Let I O Ry be an open real interval and let
f:1— R be adifferentiable function on I such that ' € L([a,b]) for 0 < a < b < oo.
If |f'19 is (ot,m)-convex on [a,b] for some given numbers o,m € (0,1] and q > 1,

then
fla)+fb) 1 b—a (1)
' 2 _b—a/a fl)dx < = (E)
1/
1" ol (2)
m

! <—b )
m
where

v —71 a—l—i and vy = ! a2+a+2_L
"o+ D) (a+2) 20 T (at D(a+2) 2 2e )

For more information on Hermite-Hadamard type inequalities for (o¢,m)-convex
functions, please refer to [1, 2, 4, 8, 10, 11, 12, 14, 15] and closely related references
therein.

q 1/q
xmin{[vlf’(a)q—l—vzm +v1f’(b)‘1} }7 (1.6)

DEFINITION 1.4. ([7]) Let f € L([a,b]) and a > 0. Riemann-Liouville integrals
JZ f(x) and Ji* f(x) of order o > 0 are defined by

Jgaf(x):ﬁ [a=0erwar, x>a (1.7)
and | )
J;j‘,f(x)zm/x (t—x)*"'f(t)dr, x<b (1.8)

respectively, where T is the classical Euler gamma function which may be defined for
R(z) > 0 by

I'(z) = / wle ™ du. (1.9)
0
Moreover, assume that J, f(x) =J) f(x) = f(x).

In this paper, motivated by the above mentioned results, we will establish a Riemann-
Liouville fractional integral identity including a differentiable mapping and then find
some new Hermite-Hadamard type inequalities for Riemann-Liouville fractional inte-
grals of functions whose derivatives in absolute value are of (¢, m)-convexity.
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2. A Riemann-Liouville fractional integral identity

Let f:[a,b] CR — R and a > 0 and Qq(a,b) be defined by

Qa(a,b):%[f(a);rf(b) +f<a42rb)]_4“(;r_(j;1) [ a+f<3a+b)

a+b a+3b
+J[(Ec3a+b)/4]+f< 2 )+J[(E(a+b)/2]+f< 4 >+J[(Z(a+3b)/4]+f(b)} - @D

It is easy to see that
_ 1[fla)+ f(b) a+b 1 b
Ql(a,b)—z[ 5 +f< 5 )}—b_a/a f(x)dux. (2.2)

LEMMA 2.1. Let f :[a,b] CR — R be a differentiable function on (a,b) such
that ' € L(|a,b]). Then

Oula,b) = b1_6“{/01(1_ta)f/<3“4_+bt+(1—t)“;b) dr

1 3a+b 1 3b
—/ t“f’<az+(1—t) “: )dt+/ (1—:“)f’<%z+(1—r)b>dt
0
b 3b
/ f<a+ (1—t)a+ )dl}.
4
Proof. Letting u=at + (1 — )3“”’ and integrating by parts yield

a b—a [, 3a+b
L= T Otf at+(1—1) ) dr

:% [f(a) - (x/olf<at+(1 —t)3“:b) a_ldt]

o4l a 3a+b  \*!
g [0 ()

- 41T (o + 1) 3a+b
—Zf(a)—w a+f< )

(2.3)

Similarly, we obtain

b—a (! 3a+b a+b
L2 L—oy | 222 1—
222 [y (2 a0 5 e

a+b\ 4 T(a+1) a+b
:Zf< 2 )‘ B—ay e\ 727 )

b— 1 b 3b
22 [ it+(1—t)a+ dt
0 2 4

16
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1 (a+b\ 4 'T(a+1) a-+3b
:Zf< 2 >_ (b_a)a J[(E(u+b)/2]+f< 4 )7
ab—a ' o (a+3b B
el t /0(1 f (S (-0b ) ar

41T (0 + 1)
fb) = #’ (as30) a1+ ().

Adding the above quantities leads to the identity (2.3). The proof of Lemma 2.1 is
complete. [l

REMARK 2.1. Under conditions of Lemma 2.1, if o« = 1, then

01(a,b) = bl_6a{/01(1—t)f’<3a:bt+(l—t)a;b> dr

_/Oltf/<at+(1—t)3a:b>dt+/ol(1—t)f/<a—;3bt+(1—t)b>dt
L (a+b a+3b
—/0 i (Tt—l-(l—t) - )dt}.

3. Hermite-Hadamard type inequalities for Riemann-Liouville fractional
integrals

(2.4)

Now we start out to establish Hermite-Hadamard type inequalities for Riemann-
Liouville fractional integrals of functions whose derivatives in absolute value are of
(or,m)-convexity.

THEOREM 3.1. Let f: Ry — R be differentiable on Ry and f’ € L([a,D]) for
0<a<band a>0.If|f'|9is (o, m)-convex function on |0, %] for some (a,m) €
(0,1] x (0,1] and g > 1, then

b—a

| 1/q
|Qa(a7b)‘ < 16(a+1) |:(a1+1)(06+a1+1):|

X K(aﬂ)(al+1)|f’(a)|q+ma1(a1+1)
f,<3a:—b)
()
f,<a+3b) 1

4

q)l/q
q>1/q
q) 1/q
51)1/51]

()
()
()
()

q
+moy (o +a+2)

+a<(a+1)

q
+moy (o + 1)

+ (((x+1)((x1+1)

+a<(a+l) +moy (o + o0 +2)
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Proof. From Lemma 2.1 and by the power mean inequality and the (ay,m)-

convexity of [f’|? on [0, 2], we obtain

b 1 3 b
0ula,b)] < 16“{/0 e f’(at+(1—t) ot )\dz
<3a+bt+(l_t)a—2|—b)

“fu-
+/ ,<a+b l_t)a4;3b)‘dt
dt}

+/ ,<a+3b (l—t)b)
<b1;6“{(/olzadt>l I/q[/()lz“(z“'|f’<a>|q+m<1—t“l)
’(32219) q) dt] 1/q+ [/01(1 —ta)dt] o [/01(1 —1%)
) e (]
+ (/Olt“dt>1_l/q [/Olt“ (t“‘ f’(aTer) q+m(1 —1)

X f’(ainjb> q) dt]l/quUOl(l—t“)dt}ll/q [/01(1 —1%)
(e (2 ol ()]}

Substituting [} 1*ds = —1- and
q
) dr

+m(1—1*)
o+1
1
[ (s @ ma -
,(3a+Db
( 4m

()
~ (ot 1)(Ocl+ o+ 1) <(O‘+ DIf(a)|?+ oym

f(%) ’
,<3a:b) q

fo=el (5]
q) dr

“ ((a+1)
)

dt

+m(1—1M)

)
dt

+m(1—1%)

+moy (o + oy +2)
1
/ 1 (t“l
0
1

T (a+D(oa+o+1)

T (o Do+ D(ato+1)
r(5) q>7

<(oc+1)

,(a+3b
()

,(a+b\|?
2

+moy

)
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oo () ()

o a+3b\|?
= a+1)|f
(a+1)(a1+1)(a+(x1+1)<( )f< 4 )
A
m
into the above inequality and simplifying result in the required inequality. The proof of
Theorem 3.1 is complete. [J

+m(1—1%)

q
)dt

+moy (o + oy +2)

COROLLARY 3.1. Under conditions of Theorem 3.1,
1. if g=1, then
b—a
16(o+1)(ag+ 1) (o4 o0q+1

3a+b
) 4m

Qula.b)| < >[<a+1><a1+1>|f< )

,(3a+b
()
,(a+b
(45°)
,(a+3b
(=)

+moy (o +1)

>’+aa+l)

2m

a:jb>'+a( +1)

(
+moy (o + a+2) f’<a+b)‘+(a+1)(al+1)
(

f/

+moy (o +1)

+moy (0 + o +2) f’<£> H

2. ifm=1, then

b—a 1 1/a
16(a+1) [(a1+1)(a+a1+l)]

Qu(a,b)| <

,(3a+b\ |\
)

X K(a+ (o + 1)[f'(@)|?+ou(oq +1)
(=) sasasal (7))
(a2

3b q 1/‘1
f’(‘lt1 ) +a1(oc1+oc+2)|f’(b)‘1) ];
3. ifm=a=o0 =1, then

eni <52 (3) [ (i~

+a<(a+1) +on(on +a+2)

+oq(ag+1)

+ ((a+1)(a1+1)

+a<((x+1)

51)1/51

,(3a+b
(55)
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3a+b\|? a+b\ |1\ a+b\|?
/ ! /
(G (52)1)+ (57
a+3b\|7\ "4 a+3b 1/a
+ ( 7 ) ) +( | T>|‘f+2f’(b>|” SNERY

4. ifm=a=0y=qg=1, then
3a+b
/
r(45))

,(a+b
(57|
THEOREM 3.2. Let f: Ry — R be differentiable on Ry and f’ € L([a,D]) for

0<a<band a>0.If|f'|9is (a,m)-convex function on [0 7m] for some (ay,m) €
(0,1] x (0,1] and for g > 1 and q > r > 0, then

b—a g—1 1=1/q 1 ,
< - - q
[Cala,b)l < 16 {(Oc(q—r)—i—q—l) [ar+a1+l|f(a)|
mog

,(3a+b\|? 1/a
+ (ar+1)(or4+o0q+1) ! ( 4m ) }
f,<3a—|—b)

o) e =R
2
)

+2

010 < 2 17l +

+2

(=) ro]. e

+m<B<r+1,é)—B<r+l Oc1—|—1)> (
—1 1-1/q 1 q
+ - -
(Ov(q—r)Jrq—l) {ar+a1+1 (
. en p(ax3 al/a
(ar+1)(or4+o0q+1) 4m
(g1t HMB AN PR ATk
o g—1 "« o 4
q11/q
+m(3<r+1,l)_3<r+1,“l“)> <2> ] }
o o m

where B(u,v) denotes the well known Beta function which may be defined by

1
B(u,v):/ Y1 —1)""tdr, u,v>0. (3.3)
0

Proof. Using Lemma 2.1, Holder inequality, and the (o, m)-convexity of |f’|4

on [0, 2] gives
b—af (!, 3a+b
Qala,b)] < 2 {/Oz )dt+/ ( —

f’(at+(1—t
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1
+(1—z)“;b> dt+/0 1 f’(%”m(l—r)“:%)‘dz
1
+/(1 o f’(":—%zﬂl—z)b) dt}
0
b—ua 1 1-1/q
< t or tocl / q
e ([aeenranan) L)

1/ 1-1/
(W e
! a+b\l|’ a+b\|7 , 1"
<[ amser (el (o) ema—enlr (52)] ) o

0 4 2m
(o) [
0 0 2

1/q 1-1/q

<“+3b) )dt} +< (1— %) )/(‘1‘1)dt>

+m(1—1")|f

+m(1—1")|f

| ’ b\ |? 1/q
X |:/ (1—1¢ ) ( < ) +m(1 f/<—> )d[] }
0 m
Substituting
/lt“(q*”/(‘f*l)dt _  q-1
’ a(q_r)+q_l’
1 1
/ tO(r+a1 dt: I
’ ortog+1°
1 o
19(1—1t")dr = 1 |
/0 ( ) (ar )(ar+al+l)
/l(l—ta)(q—r)/(q—l)dt 1 M |
0 (X _l 70{ s
1
/ (1—1%) 1% df = lB<r+1,O‘l+1>7
0 p -
and

1 1 1 1 1
/ (1—t*)"(1—t")dr = —B<r+1,—> ——B<r+1, aur )
0 o o o o

into the above inequality and simplifying lead to the required inequality. The proof of
Theorem 3.2 is complete. [J

COROLLARY 3.2. With assumptions in Theorem 3.2,

1. if r=0, then

b—a/ 1 \' g—1 \'"Var
otan < 0 () {(Ghs)
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3a+b\ |11V /1 f2g—1 1\\' V4
/
B -
+ma1f<4m)} +(x g—1’ oc)
e 3a+b\|? 7 a+b\ |19
4 2m
L (_a-! 1=1/q p a+b q+ma p a+3b
oaq+q—1 2 ! 4m
b
/ —_
()

1 (2g—1 IN\'"7V9| , /a+3b\|?
(eo(ia) I (7)

+maoy

q] 1/q

')

+moy

2. if r=gq, then

b—a 1 moy
,b)| < "(a)|?+
[Qaa,b)] 16 {[aq—i—al—i—lf(a)' (ag+1)(og+ oy +1)
3a+b\ |19 o +1 3a+b\ |7
< CER)] (e 25 (357)
1 oy + 1 (a+b\|1
+m<B<q+l,a> B<q+l7 " )) f( . )
+[ 1 f,(a—l—b) 1 moy
og+op+1 2 (ag+1)(ag+oy+1)
q11/q 1
()] [l )

,(a+3b\ |
()
+m<B<q+1,l>—B< t1, a‘“))
o o

@1

3. if o =1, then
ian < () [
1/q
mo
+(r+l r+a1+1 ( ) ] [(HI’OQH)
3a+b 1 (a+b\|7]
1 ,(a+b mo (a+3b\ |14
+[r—|—0€1—|—1f< 2 ) +(r—|—1)(r—|—061+1)f< 4m ) :|

,(a+3b\ |7
()

()

+ [B(r—i— Loy +1)

'}

1
+m<r+1 —B(r+1,o4 +1)>
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4. if a =a; =m=1, we have

0(ab) <2 (Z/q"_—‘l_l) [ 1>f’<a>|q

,3a+bqq+ f,3a—|—b ,(a+b\ |

e
2 4

+[ ’(“231’) q+(r+1)}f’(b)|q]l/q}.

4. Applications

q
+(r+1)

For two positive numbers a > 0 and b > 0, let A(a,b) = “42, H(a,b) = Zf;), and

prtl_ g+l /P
—_— 0,—1and b,
i) o p#otadar
b—a
Lp(a,b): m, p=—1anda7éb,
I(a,b), p=0anda#D,
a, a=bh.

It is well known that A, H, L =L_; and L, are respectively called the arithmetic,
harmonic, logarithmic, and generalized logarithmic means of two positive number a
and b.

THEOREM 4.1. Let b>a >0, g> 1, and p € R.

L. Ifp>land (p—1)g=1,0r p<0 and p # —1, then
A@,b?) + [A(, D))"

—a 1/q
2 _[Lp(a7b)}p < b32 (%)
x { (24D 4 [A(a,A(a,b))] "~V /! 1 ([A(a,A(a,b))] P~V
+2[A(a, ﬂ )”‘f + (2[A(a,0)] PV [A(A(a,b),b)] P~ V) 1 @1
+ ([A(A( )‘1+2b(p—l)q)1/11}.

2. If p=—1, then

‘% {H(‘i”)u(;»b)} (; b)‘ bsza <3> 1/‘1{ (2;24+[A(a,A(1a,b))]2q> :
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1 2 1/a 2
*(mw¢wwm%+kumw> +<M@ﬁwq

! Va 1 7\ Va
) B e =) M

3 Ifg=1land p>=2,0rq=1and —1# p <0, then

- ~[Lp(a )| < 22

+2[A(a,b))P + [A(A(a,b),b)P + b1} (43)

‘A(ap,bp) +[A(a,b)] < L‘W{al’—l +[A(a,A(a, b))

4. If p=—1and qg=1, then

—_

‘E {H(;,b) +A(c:,b)] - L(al,b)‘
2 1

b—a 1 1
5 WA s e e ) 40

N

Proof Let f(x) =x” for x>0 and p # 0,1. Then f'(x) = pxP~L, |f'(x)|4 =
PP, and (£ (x)|7)" = [pl*(p — Dal(p— 1)g — 1xP~D4=21f p > 1 and (p—
1)g =1, or p <0, the function |f'(x)|? = |p|?xP~1)¢ is convex on [a,b]. By (3.1), we
obtain (4.1) and (4.2). The proof of Theorem 4.1 is complete. [

THEOREM 4.2. Letb>a>0,g>1,q>r>0,and p € R.

L. Ifp>land (p—1)g=1,0r p<0and p# —1, then

b—a qg—1 1=1/q
< R —
16 <2q—r—l>

x [ 5 ]l/q{[(r4-1>a<P1>q4-L4<aﬂ4<a,b>ﬂ<Plﬁﬂl/q
+ (lA(

AL RODE ey

r+1)(r+2
a,A(a,b))) P 4 (r+ 1)[A(a,5)] P~ D9) 1 4 [(r4 1)[A(a, b)] P4
+[A(A(a,b), b)]< DY 1 ([A(A(a,b), b)) P94 (r 4 1)p(P~ D) 7Y

2. If p=—1, then

[ 1 1 1 b—a/ q—1 \'
- + - <
2| H(a,b) A(a,b)| L(a,b) 16 \2g—r—1

g [(r+ 1)(r+2)] 1/’1{ [r;ql i [A(mA(la»b))]zq] :
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1 re1 Y4
- [[A<a,A<a,b>>12q - [A(a,bM

rt1 1 Y 1 r11"
*[wawﬁ[A(A(a,w,b)]zq} *[[A(A(a,w,b)]zﬁbzq] }

Proof. This follows from putting f(x) =x” for x>0 and p#0,1 in (3.4). O
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