ractional
ifferential
alculus

Volume 4, Number 2 (2014), 73-88 doi:10.7153/fdc-04-05

POSITIVE SOLUTIONS OF AN INTEGRODIFFERENTIAL MULTI-POINT
INITIAL VALUE PROBLEM WITH FRACTIONAL ORDER

R. ATMANIA

Abstract. The aim of this paper is to obtain existence results for a nonlinear integrodifferential
multi-point initial value problem of fractional order by using fractional calculus and fixed point
theory. Then, we study the positivity of the obtained solution.

1. Introduction

Fractional differential equations play an important role in describing many phe-
nomena and processes with memory and hereditary properties in science and engineer-
ing such as in viscoelasticity, electrochemistry, control. This subject is gaining much
attention caused by development of the theory of fractional calculus itself and its dif-
ferent applications. For more details about this theory, see the books by A. Kilbas et
al. [10] and by Podlubny [12].

Recently, many authors investigated the existence of solutions for fractional differ-
ential problems in Banach spaces involving Riemann-Liouville or Caputo derivatives;
subject to initial, nonlocal or boundary conditions, using fixed point concept sometimes
combined with other concepts such as cone theoretic techniques [9, 11], contraction
mapping principle [1, 2, 14], technique of measures of noncompactness [4, 11]. For
examples and details, see [1]-[14] and the references therein.

This paper is concerned with the following nonlinear integrodifferential equation
of fractional order 1 < a < 2,

t

DY, x(1) = F z,x(z),x’(t),/h(t,s,x(s),x’(s))ds L 1e0,7]; (1)
0

subject to multi-point initial conditions:
x(0)+Ax(n) =0; ¥ (0)+px'(n) =0; )

where “Dff, denotes the Caputo fractional derivative of order o, t € [0,T]; 7 is fixed
in [0,7], A and B are real constants, F : [0,7] x R? = R and h : Ax R?> — R where
A={(t,s):0<s <t <T}.
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In [6], Byszewski initiated the work on nonlocal initial value problems. He proved
the existence and uniqueness of mild, strong and classical solution of first order initial
value problem with nonlocal condition of the following form

x(0)+g(t,....tp,x(.)) = x0. 3)
The symbol g (t1,...,2p,x(.)) means that in the place of “”” we can substitute only
elements of the set {tl, tp} . The nonlocal condition can give better results

than the usual initial condition glven alone x(0) = x¢ because it has more information
from the beginning of the desired solution. For its importance in different fields we
refer to [6] and the references therein.

Multi-point boundary value problems, initiated by IL'in and Moiseev [8], have
been considered for the fractionnal order in Banach spaces by many authors [1, 3, 13].
Including for example the work of B. Ahmad [1] where he obtained existence results
for the multi-point boundary value problem of nonlinear fractional differential equation

{ ‘Dix(r)=f(t,x(r), 0<r<1,1<q<2,
0x(0)

=B (0) =nix(m);  opx(1)+ B2y (1) = 12x(m2);

where f:]0,1] xX — X, X is aBanach space. While for the initial value problems, the
researchers [2, 7, 14] used nonlocal condition under a more general form x (0) 4 g (x) =
xo where g 1is a given function. For instance, J. Wu and Y. Liu established in [14]
existence and uniqueness of solutions for fractional integrodifferential problem with
nonlocal condition

Dy x(t)=f (t,x(t),ftk(t,s x(s)) ) €[0,1],0<q<1,
x(0)+g(x) =xo

where f:[0,1]xX xX — X, g:C(I,X) — X and k: A} x X — X such that A| =
{(t,s):0<s<tr<1}, X isaBanach space.

In the present paper, we use a multi-point condition for an initial value problem
of fractional integrodifferential equation which apparently has not yet been addressed
by other authors. The multi-point conditions (2) is a special case of (3). Remark that
if n =T we are concerned by a boundary problem. If moreover, A = 3 = —1, the
problem is periodic.

This paper is organized as follows. In Section 2, we present necessary definitions
and notations of fractional calculus with some basic properties. In Section 3, we es-
tablish two existence results for fractional integrodifferential equation (1) subject to
two-point initial conditions (2), respectively based on Banach fixed point theorem and
Krasnoselskii fixed point theorem. Then, we investigate the positivity of the obtained
solutions. Finally, we give an example that illustrates the first result.



INTEGRODIFFERENTIAL MULTI-POINT INITIAL VALUE PROBLEM 75

2. Preliminaries

First, we will give necessary definitions and properties from fractional calculus.

DEFINITION 1. [10] The Riemann-Liouville fractional integral operator of order
o > 0 for a given function f on [0,7] is defined by

191 (1) = ﬁ/(z—s)“—lf(s)ds; for >0
0

I' (o) is the classical Euler’s gamma function.

DEFINITION 2. [10] The Caputo fractional derivative of order o > 0 for a given
function f (¢) on [0,7] is defined by

DEf (1) =Dg | £ (1) = X — )

k=0

S <o>tk]

where n =[] + 1, [ot] means the integer part of o and D, is the Riemann-Liouville
fractional derivative operator of order o > 0 defined by

t
1 d"
gy ] )P Wds = DS (), fore >0
o

0

D8‘+f(t) =

Note that fractional integrals and derivatives exist provided that the integral parts
in each of their definitions are finite for “sufficiently good” functions. For example
the fractional integral [, f (¢) exists and is bounded for f(¢) € L,(0,T), 1 <p < oo
or for t7f(¢t) € C[0,T] W1th 0 <y < 1. The Caputo fractional derivative “Df, f ()
exists for f(r) belonging to the space C"[0,T] and if f(¢) is in the space AC" [0,T]
of functions which have continuous derivatives up to order (n— 1) on [0, 7] such that
f=1 € AC[0,T], the space of absolutely continuous functions, then ‘D, f (t) exists
and can be defined by

Dg. f (1) / ) (s)ds = 114D f (1), fort > 0.

0

More details on fractional calculus can be found in [10, 12].
We derive these useful lemmas directly from results in [10].

LEMMA 3. For f € C""1(0,T] with a Caputo fractional derivative of order o
that belongs to C[0,T]

DS F(t)=ft)+coteit+otenit" s G ER, i=0,.n—1,  (5)
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LEMMA 4. Let f € C"[0,T] then ‘D I f(t) = f(t). Also, let f € C"[0,T],
then the Caputo fractional derivatives “D{, f (t) is continuous on [0,T].

Moreover, DI, f (t) =15 f (t) with m €N, “D8+f(t) =f(1), Ig+f(t) =f(z)
and Dy, f (1) = " (1).

Our results are based on the well known Banach contraction theorem and the
following Krasnoselskii theorem.

THEOREM 5. (Krasnoselskii theorem) Let M be a closed, bounded, convex and
nonempty subset of a Banach space E. Let A,B be operators such that

(i) Ax+ By € M whenever x;y € M, (ii) A is compact and continuous, (iii) B is
a contraction mapping.

Then, there exists z € M such that z = Az+ Bz.

C'([0,T],R) denotes the Banach space of all continuously differentiable func-
tions from [0,7] into R, endowed with the norm ||x||; = ||x|| + ||x/|| where |x|| =

sup [x(z)].
t€[0.7]

Let us give the following definition.

DEFINITION 6. A function x € C!([0,T],R) with its a— fractional derivative
existing on [0,7T] for 1 < a < 2, is said to be a solution of (1)-(2) if x satisfies the
equation (1) for 7 € [0,7] and the multi-point conditions (2).

3. Main results

We set the following assumptions:

(A1) F:]0,T] xR® — R is continuous for each ¢ € [0, T], strongly measurable
forall x,y,z € R.

(A2) There exist constants M;,M, > 0, such that for each r € [0,7] and all
xi,vi,zi € R, i =1,2 we have

|F(t,x1,y1,21) — F(t,x2,2,22)| < My [|x1 —x2| + |y1 — y2| + |21 — 22]];
and M = sup

t
F (t,0,0,fh(t,s,0,0)ds) '
1€[0,7] 0

(A3) h: AxR?> — R is continuous for (¢,s) € A and there exists constant L > 0,
such that for each (¢,s) € A and all x;,y; € R, i=1,2 we have

|h(t,s,x1,y1) = h(t,8,%2,y2]) < L[|x1 — 22|+ [y1 — y2l]-

Let us define for each 7 € [0,T], x € C' ([0,T],R) the operator F by

Fli,x(t) =F | 1,x() % (t),/h(z,s,x(s),x’ (s)) ds
0

and note that the fractional integrals I% F (z,x(r)) and I$'F(r,x(t)) exist with 1 <
o<2.
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LEMMA 7. Let assumptions (A1)—(A3) be satisfied. Then for each t € [0,T] and
all x1,x; € C'([0,T],R) there exists a positive constant Q such that

f F(t,x1 () —F(t,x2 (t))} <Q|x1—x2 - (6)

Proof. By using (A3) we get for each ¢ € [0, 7] and all x1,x; € C* ([0,7],R)

to use in

[F(t,x1 (1)~ Flt.2 (1))
< My (e (6) =2 (0)] + [ (1) = 25 (1))
+M1L< sup |xy (1) —x2 (1) + sup |x} (1) —x) (t)’)t
1€[0,7] 1€[0,T]
< Qlxp —x2f -
where Q:=M;[1+LT]. O
Now, we give the integral equation satisfied by the solution of the problem (1)—(2).
LEMMA 8. Assume that (Al) is satisfied and A # —1, B #—1, 0<n <T.

Then, x € C' ([0,T],R) is a solution of the problem (1)~(2) if and only if it satisfies the
following integral equation, for each t € [0,T)

n t
1 —
—r(a—)zAz,ﬁ,,,@,s)F(s 4 (1=9)""'F (s,x(s))ds, (D
where
_ —A a— A Bla—1) o—
w9+ (=) G -] @

Proof. First we prove the necessity. By applying [, to (1) and from (5) we get
foreach 1 € [0,T]

t

x(t)+co+eit =I5 F (1,x(1)) = ﬁ/ (t—s5)* 'F (s,x(s)) ds. )
0
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Putting alternately # = 0 and r = 1) in (9), we obtain from condition (2)
{ n
co=Ax(n) = /1—/ (0 — )%V F (s,x(s)) ds — Aco — Acin.
I'(a)
0
In addition, the differentiation of (9) gives

X () +er =15 F (t,x(t

ﬂQ

] t—s)* s5,x(s))ds,
0

\/H

OC

likewise, from (2) we get ¢c; = Bx’ (1) . Also, by putting = 1 in (11) we have

n
_ 1‘1‘(_—0‘;/(” — )" 2F (s,x(s)) ds — 1.
0
it follows
n
“= %/ (=) 2F (5.4(s)) ds.

Substituting (13) in (10) gives

A w1 _Bla—1) =
mﬁ(”‘” 1—”lm(n—w 2]F(s,x(s))ds.

co =

(10)

(1)

12)

13)

(14)

Consequently, replacing the constant ¢y and c; respectively by (14) and (13) in the

equation (9) we get

A+1

o oot BE (A e
0

(B+1)

X F (s,x(s))ds+ ﬁ/(t—s)a_lf(s,x(s))ds.
0

According to the notation (8), we remark that x(z) satisfies (7).
For t = 0 we have from (2)

0 n
s

,_.
oY~

n
M (9 F ) dst o= [ —s>“1f<s,x<s>>ds]
0
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— 1 } (n_s)a_l_ ﬁ(a_l) ( _S)OC—Z F(S x(s))ds
IXCIF S IVESY SN EA ’
LT A w1 A Bla—1), ,a]-
=(—{[( =9 e g (=92 F st
n
— (L/Am,1 (0,5)F (s,x(s)) ds;
0

which implies that for # = O the integral equation (7) is satisfied by solution of problem
(H-(2).

On the other sense, remark that x which satisfies (7) belongs to C'([0,T],R)
under (A1), in fact

(=17 B

() = ——— —§)*72F (s.x(s)) ds

Y0 = g {(ﬁﬂ)(n ) F (sx(5)) d (s)
a—lt —
F—a){(t_s s,x(s))ds

Also, its a-fractional derivative exists on (0,7] for 1 < ¢ < 2. Indeed, by applying
‘D¢ to (7) we get

' L n
‘D0+x()—ﬁz(t—s)l ?(r(l { A8 (8:7) (r))dr) ds

P
DG IS (1,x(t)) = F (1,x(1))

(171 —
since 32 ( Mo )f A8 (8,7 F (r,x(r))dr) = 0. To check the first initial condition,
0

we set £ =0 in (7) and obtain

n
x(0) = %a)zl\gp 7 (0,5) F (s,x(s)) ds
Tl A (A \BlaD), o]
:F—oo{[(Ml)("_s) l+<(x+1>") By (1) 7| Flsx(s))ds
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Then we set + =1 in (7) and get

= sl [ B (o]

n
_ 1 -
XF (s,x(s))ds + —— —s F (s,x(s))ds
(5,2(5)) (a){(n (5.x(5))
LT[ Bla—1) (-n)
= =/ N —s)* ! a2
C T(o )/[l—kl(n ) Ty B+1) A+ (Tl 5) ]F(s,x(s))ds.
It follows by simple calculus that x (0) = —Ax (1) . For the second initial condition, we

put # = 0 then = 1 in (15) and obtain respectively

, 1T Bla—1) wol e
X<°>=r(a>ﬂ— =2 Pt as

i —
{{ B+1 _s)az] F (s,x(s))ds
06;7 (s,x(s)) ds
i 0
vl 5
0

This gives x’' (0) = —Bx’ (1) which leads to the second initial condition. This completes
the proof. [J

Q

(o —

)% 2F (5,x(s)) ds.

THEOREM 9. The function Ay g (t,s) defined by (8) satisfies the following prop-
erties: Aj g n(t,s) is continuous for each (t,s) € [0,T] x [0,n) and there exist two
positive constants A1, Ay such that

oA t,
sup f}AM;nts|ds—A1 and  sup f“+(s)

t€(0,7) 0 t€(0,7) 0

ds = A2.

Proof. 1t’s clear that Aj g , (,s) is a continuous function for each (z,s) € [0, 7] x
[0,1) and we have

*‘((Aiwn‘t)%

(n- s)a72 ds

ot — 3
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T)|-——[n%l.
‘A+1 o <'7L+1 + )‘[3+1'n
A |n® A B
| _ T = 0671.
+<'l+l n )‘BH‘"

A+1] o
By differentiation of Ay (¢,s) we have

3A)L’[37n (t,s) _ _ﬁ (06— l) (T] s
ot (B+1)

Thus, A :=

)&—2

b

and it’s easy to get

n
3Awn (t,5) B (o 02 B
—s ds < | ——|n® 1.
4 /’ RS ’ ) ‘BH 1
Then A, := %‘n“‘l.This completes the proof. [

Now, give the existence and uniqueness result obtained via the Banach fixed point
theorem.

THEOREM 10. Assume that (Al)—(A3) are satisfied. If

Q T
— (A A+ — 4T <1 (16)
I'la) o

then the initial value problem (1)—(2) has a unique solution in C' ([0,T],R).

Proof. First, define the operator @ by

n t
/A;Lﬁ n (t,8)F (s,x(s))ds + ﬁ/(r—s)ailf(s,x(s))ds (17)
0

0

where Ay (,s) is defined by (8). Under (A1) ® maps clearly C! ([0,7],R) into itself.
We have to show that @ is a contraction. Let x,y € C' ([0,T],R), then for each ¢ €
[0,T] we have by virtue of (6)

|Ox (1) — Dy (1) ] < |A,1ﬁnts||st $))—F (s |ds

o\:

(_

+L/(t—s)°‘*l 7 (s,x(s)) — F (s

0 / }ds
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n t
Qllx —
< Qlx=yl, /|A,1 B.n (t,s)}ds—i—/(t—s)a*lds
F(OC) P
0 0
< oo s T ey
< —— — | lx=l-
T | ' « Yl
After differentiation of (®x(r)

|(@x(t) — @y (1))

— @y(r)) we get for each ¢ € [0, T]

INy g (t,s)
ot

ds+ (o — 1)/(t—s)a_2ds
0

In view of theorem 9, we have

(@x() =0y ()| < Fzr [A2+ 7] el
Thus

T® -~
|@x — Dy|, < At Agt 4T =yl -

Q
I'(a)
Consequently, @ is a contraction together with the condition (16). We conclude
that @ has unique fixed point in C!([0,7],R) which is the unique solution of the
problem (1)—(2). The proofis complete. [l

In the second existence result based on Krasnoselskii theorem, we reduce the con-
dition (16) but we lose the uniqueness of the solution.

THEOREM 11. Assume that (Al)—(A3) are satisfied. If
A A <, 18
o) [A1+ A7) (13)
then the problem (1)—(2) has at least one solution in C' ([0,T],R).

Proof. Let us define the operators ®; : C! ([0,7],R) — C' ([0,T],R), i=1,2 by

n
Dyx(r / 1.8, (&,8) F (s,x(s)) ds (19)
0
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and

Do (1) = ﬁ / (t — )%V F (s,x(s)) ds. 20)

Set Mg = {xeC'([0,T],R) : ||x||, <0}, a bounded, closed and convex subset of
C'([0,T],R), where 6 is some positive constant such that

Ko T
T(a) [A1+A2+—+Ta 1} <9,

with Kp = max sup |F (t,x(t))| := Q6 + M,, from the fact that for each € [0,T]
lIxll1 <6:e0,7]

and all x € C' ([0,T],R)

|F(t,x(1))| < |F(t,x(t)) = F(t,0)| + |F(£,0)]

<
< Q] +Ma.

For all x,y € Mg and each 1 € [0,T], we get

By the same arguments we get for all x,y € My and each 7 € [0, 7]

I(CDM( )+ @2y (1))']

t

i[5 e |—/mw|
0
[Pt o
< %[Az‘i'Ta .
Thus,

[|[@1x+ Dayl|; <
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This shows that ®x+ D,y € My for all x,y € My . To prove that @, is a contraction,
let x,y € My, then we get for each 7 € [0,T]

n
<F @ { 1.0 (49)][F (5.3() = F s,3()) | ds
< Fgh =l

n
d S) | = F
Sr(la){ Al?%?(t | [F (5.406)) - F 51306 ds
<%A2||X sl

From the previous we deduce

Q
Oix—d <——|A1+A — .
|| X 1y||1 F(OC)[ 1+ 2H|x yHl
In view of (18), we conclude that @, is a contraction.
Now, we will show that @, is compact and continuous. Let {x,},>; be a se-
quence in My such that x, (1) — x(t), x,, (t) — ¥’ (¢) in My, foreach ¢ € [0,T]. Then,
we have ||x, —x||; — 0 when n — oo. We infer that for each 7 € [0,T]

| @y (1) — P (1) |

1 ! o—1 |7 _

< m/o (t—s5)*" |F(s,xn(s))) _F(S,X(S))’ds
Q / "

S m”xn—x\\l/o (t—s)*ds

< QT* T

Sal(a) ™ 1

and after differentiation of (®,x;, (1) — Px (7)) we have for each ¢ € [0, 7]

(@2, (1) — Dox(1))']

o—1 ! P —

< m/O (t = )% 2|F (5,20(5)) — F (5,x(s)) | ds
Q C

< g Mol @ 1) [ =9 2as

< T ]

o

—
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Consequently,

o
2 —+T°‘—1} T~

The term in the right-hand side of the previous inequality tends clearly, to zero when
n — e, which means that @, is continuous. ®,x(¢) is uniformly bounded in My from
the fact that

D1 (1) < FK—g)za—s)“ s < r’((g)%“
and .
i Ky (O(—l) o Kq o—
@x()| < 57 {( )< e
Hence,

To show that ®,x(¢) is equicontinuous, let 0 < 7} < 7, < T, then we have

|D2x(T2) — Dox(71)

<%/ (12— )% VF (s, x(s ))ds—/orl (11— 5)%VF (s,x(s)) ds
F;(X)/Tl 7, —s)* (t—s)* 1} ’F S, X |ds
1 o
—|— @) /Tl (n—9)" " |F |ds
I"(Zt /01 T —s)* = (1 —s)* l]ds—F/ 7 —5)" 'ds
[ n-u)" LBt (mon) ]
o « o
< aF(Oc) (r' —7). 1)
Also, we get
[(@2x(12)) — (@2x(m))'|
< ?(—_(x; A {(’L’z—s) (11 —5)* 2] |F (s,x(s))| ds
_1 T
4—%/11 (=) |F | ds
< Ko (gt quny, (22)
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Thanks to (21)—(22) it follows

Ko [1

[@2x(72) — Pox(T1)||; < rala

(78 — )+ (5 =)
which tends to zero when 7, — 7;. So, ®;(Mjy) is relatively compact and together
with Arzela-Ascoli theorem @, is compact.

Finally, we conclude by Krasnoselskii’s theorem that ® = ®@; 4+ ®, has at least
one fixed pointin My C C' ([0, T],R), which is a solution of (1)~(2). [

REMARK 12. The solution of multipoint-initial value problem (1)—(2) with inte-
ger order o =2, belongs to C2((0,T],R) and satisfies integral equation (7) for o =2.
Morover, the results obtained for non-integer order 1 < o < 2 stay true.

In the sequel, we discuss the positivity of the obtained solution in C' ([0, T],R)
by the Banach fixed point theorem. To this end, we add adequate assumptions and
expound the following theorem.

Note that we mean by a positive solution of the problem (1)—(2) in C' ([0, T],R)
that x(z) > 0 and x'(r) > 0 for each 7 € [0,T].

THEOREM 13. Assume that (A1)—(A3) are fulfilled in Ry such that F :[0,T] x
R =Ry, h:AxR2— R, where A={(t,s):0<s<t<T}.

If (16) is satisfied for —1 <A <0; —1 < 3 <0, then the unique solution in
C'([0,T],R) of the problem (1)~(2) is positive.

Proof. In view of theorem 10 and the fact that for —1 <A <0; —1 < <0, (16)
is a particular case, then (1)~(2) admits a unique solutionin C' ([0,7],R).
Moreover, since 1 < o <2, 0 <71 < T we have for each 1 € [0,T],s € [0,7n)

-2 o . A
(7L+l)(n_s) '>o; ((/1+1)"_t)<0
and B |
% (n —s)a72 > 0.
Thus, for each (z,s) € [0,T] x [0,7)
A)L,ﬁ,n(tas)
_ -1 _ gyl - Bla—1) _ )2
s -9+ () g (-9 >0

and
INwpa(t:s)  Bla—1) (n—s
ot (B+1)
From integration properties it results that x (7) the unique solution of (1)—(2) which

satisfies (7) is positive for each 7 € [0, 7] and the same for x’ () which satisfies (15).
This completes the poof. [

)2 > 0.
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A similar argument is used to provide the positivity of each solution obtained via
Krasnoselskii fixed point theorem.

THEOREM 14. Assume that (A1)—(A3) are fulfilled in Ry such that F :[0,T] x
R:3 =Ry, h:AxR2 =R, where A={(t,s):0<s<t<T}.

If (18)is satisfied for —1 <A <0; —1 < 8 <0 then each solutionin C' ([0,T],R)
of the problem (1)—(2) is positive.

4. Example
Let us consider the following fractional initial value problem

D3/2 (1) = x(t) i X (1)
(t+10)* (14 [x(0)])  (t+10*(1+ ¥ ()]
)

)
st ewery ],
/ o AR

subject to the multi-point initial conditions:

x(O)—I—x(%) =0; X (0)+x (%) =0. (24)

1
-, T=1
2

(23)

Here a:%, A=B=1n=

1 X y ]
F(t,x,y,z) = + +z|,
(6532 (H4m4L+x T+

W53, y) = e [x—i—l y+1]
Y1008 (24 2D

Observe that (A1)-(A3) are satisfied, for all x;,y;,z € R, i=1,2 andeach r €
[0,1] we have

1
[F(t,x1,51,21) — F(t,%2,¥2,22)| < —— [[x1 —x2| + [y1 = 32| + 21 — 2],
(r+10)
1 l—e! l1—e
thus, M| = — and M> = su =
1 104 te[OI,)l] (t+ 10)10 1010
For all x;,y; € R,i=1,2 andeach (z,s) € A we have

-1

e
|h(tasaxlayl) _h(taSaXZayZD < 76”'x1 _x2‘ + ‘}’1 —}’2H7

(r+10)
1

thus, L] = 1_06 .
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Also, condition (16) of theorem 10 is satisfied in accordance with following cal-

culus

[1]

[2

—

[3

—_

[4

=

[5]

[6

—

[7

—

[8]

[9

—

[10]

[11]
[12]

[13]

[14]

1 1
W[1+W] 1 (1227 /11 /1" 1
- +|=l=+141)|=|(= +—=+1
r'(3/2) 2| 3/2 212 21\ 2 3/2
~0.000258001 _
T 0.886226925

Then, there exists a unique solution of (23)—(24) in C' ([0,1],R).
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