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EXISTENCE OF MILD SOLUTIONS FOR IMPULSIVE FRACTIONAL
FUNCTIONAL INTEGRO-DIFFERENTIAL EQUATIONS

GANGA RAM GAUTAM AND JAYDEV DABAS

Abstract. In this investigation, our aim is to develop the definition of mild solutions for impulsive
fractional differential equations of order o € (1,2) and obtain some sufficient conditions for
existence of mild solutions using the analytic operator functions and fixed point theorems. We
also verify the existence result with an example involving partial derivative.

1. Introduction

The main objective of this work is to develop the definition of mild solutions and
study the existence of mild solutions for following problem

D%u(r) = Au(r) +f(t )
1
+/ p(t —s)h(s,up(su,))ds, t € (siytir1) CJ,i=0,1,...,N, (1.1)
0

u(t) = ¢(t), u'(t) = (1), t € [~d,0], (1.2)
u(t) = gi(t,ut)), u'(t) = qi(t,u(t)), t € (ti,si], i=1,2,...,N, (1.3)

where D¢ denotes the Caputo’s fractional derivative of order o € (1,2) for the state
u(t) belong to a Banach space (X, ||-|lx) and A: D(A) C X — X is a sectorial operator
defined on X. Functions f;h:JXPCy—X; p:J —X; p:JXxPCy— [—d,T]; T <oo
are appropriate and J = (0, 7] is an operational interval with 0 =7y =59 <1} < s <
th < --- <ty <SSy <tyy1 =T are pre-fixed numbers named as impulsive points. The
history function u, : [—d,0] — X is element of PCy = C([—d,0],X) and defined as
u(6) =u(t+6), 0 € [—d,0]. The maps ¢(r),(r) belong to PCy and v/ () is the
ordinary derivative of u(r) with respect to 7. The nonlinear functions g;,q; belong to
C((ti,s:] x X;X) forall i =1,2,...,N, respectively.

Dynamical systems, which have evolutionary processes characterized by abrupt
changes in the state at certain moments known as an impulse system. These changes
appear due to disturbances, changing operation conditions and component failures, of
the state. For example, biological and mechanical model subject to shock. For further
details of impulsive effects, see the papers [8, 9, 10, 11, 12].
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However, it seems that the dynamical systems with evolutionary processes cannot
be characterized by instantaneous impulses in pharmacotherapy [20]. Such a situation
should be characterized by a new type of impulsive action, which starts at an arbitrary
fixed point and stays active on a finite time interval which is known as a non instanta-
neous impulse. For example, consider the hemodynamic equilibrium of a person; the
injection of drugs in the bloodstream and the consequent absorption of the body are
gradual and continuous processes. For more information about such an impulse see
[3, 20, 22].

The subject of fractional calculus is an interesting and important field of research.
Fractional differential equations play an important role in describing memory and hered-
itary properties of many materials and processes. Fractional calculus has extensive
applications in the engineering and scientific disciplines such as physics, chemistry,
biophysics, control theory, aerodynamics, nonlinear oscillation of earthquake, polymer
rheology, regular variation in thermodynamics, economics, etc. Further details can be
found in the papers [4, 21, 23, 24, 25, 26, 27] and the references therein.

Functional differential equations with non integer order are those in which the time
evolution of the state variable can depend on the past in some arbitrary way. Specific
type of functional differential equations, namely delay differential equations with state
dependent delay often appear in most important areas such as classical electrodynamics,
populations models, model of price fluctuations, model of blood cell productions etc.
For further details and some recent important contribution one can see the papers [1, 2,
5,6,7,13,14, 15,16, 17, 18, 19] and the references therein.

In this survey, mainly we describe that the several author’s study the existence
results of solutions for impulsive fractional differential equations. Shu et al. [27] gave
the definition of mild solution for fractional differential equations of order a € (1,2)
of the following form

DEu(t) = Ault) + f(t,u()) + /O "gt — )g(s,u(s))ds, 1 € [0,T],
u(0) +m(u) = up € X, u'(0) +n(u) =u; €X,

and established the existence of mild solutions using the Krasnoselskii theorem and
analytic operator theory.

Hernandez et al. [20] used the first time not instantaneous impulsive condition for
the following abstract problem

u/(t) :Au(t>+f(t’u(t))7 re (Si7ti+l}7 i:O717"'7N7
M(Z) :gi(t7u(t))7 re (tiasi]7 = 1727"'7N7 M(O) = X0,

where A : D(A) C X — X is the generator of a Cp-semigroup of bounded operators
(T(1));>0 defined on a Banach space X. In [20], authors introduced the concepts of
mild and classical solutions and established the existence results for these types of
problems by using fixed point theorems.

Recently, Kumar et al. [22] studied the following fractional order problem with
not instantaneous impulse

CD?“(I) +AM(I) :f(t7u(t)’g(u(t)))7 re (Si,ti+1], = Oa la"'aNa (14)
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I/L(l) :gi(t7u(t))7 re (ti7si]7 i=12,...,N, M(O) =ug € H, (1.5)

and by using the Banach fixed point theorem and condensing map they established the
existence and uniqueness results.

Motivated by the above literature [20, 22, 27], we develop the definition of mild
solution for the impulsive fractional differential equation of order o € (1,2) and obtain
the existence results for the problem (1.1)—(1.3).

Rest of this paper is organized in four sections. Second section provides some
basic definitions, notations and propositions. We obtain the existence of the mild solu-
tions of problem (1.1)—(1.3) in the third section and fourth section is concerned with an
example.

2. Preliminaries
Let (X, - ||x) denote a complex Banach space of functions with the norm

l|lullx = sup{|u(t)|:u € X}.
teJ

Let L(X) the space of bounded linear operators from X into X endowed with the norm
of operators denoted by || - || (x)-

As usual, PCy = C([—d,0],X) (with [—d,0] C R) is the space formed by all the
continuous functions defined from [—d,0] into X, endowed with the norm

lu(®)llpcy = sup lu(t)]lx-
re[—d 0]

In case of impulse conditions, let
PC, =PC([—d,1];X),0<r < T,

be a Banach space of all functions u : [—d,#] — X, which are continuous every where
except for a finite number of points #; € (0,T), i = 1,2,...,N, at which u(#;") and
u(t;") = u(t;) exist and endowed with the norm

lullpe, = sup {Jju(r)]lx,u € PG}
te[—d,T|

For a function u € PC; and i € {0, 1,...,N}, we introduce the function u; € C([t;,#;11];X)
as

) = {u(t), for t € (t;,ti11],

u(t;"), for t =t;.

1

Further, let
PC! = PC([—d,1];X), 0<t < T,
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be a Banach space of all functions u : [—d,T] — X, which are continuously differen-
tiable every where except for a finite number of points #; € (0,7), i = 1,2,...,N, at
which «/(¢;") and «'(t;") = u/(1;) exist and endowed with the norm

lllpey = sup {llu(®)llx, [l (t)llx,u € PG}
te[—d.T]

For a function u € PC} and i € {0, 1,...,N}, we introduce the function it; € C!([t;,t;11]; X)
as

_ (1), for t € (t;,ti11],
ailt) = {u’(t*) for t =1.

1

DEFINITION 2.1. Caputo’s derivative of order o > 0 with lower limit a, for a
function f : [@,o0) — R such that f € C"([a,),X) is defined as

1 Ot) /a’(t — s)"—a—lf(n)(s)ds =, Jrn_af(")(t),

an‘f(t)zl_(T

where n—1l<oa<n,a>0, neN.

DEFINITION 2.2. The Riemann-Liouville fractional integral operator of order o >
0 with lower limit a, for a function f € L} ([a,),X) is defined by

loc
1 t
0 _ o _ _ no-—1
Q) = 0, I 0) = oy [ =9 s, 1> 0
where a > 0, n € N and T'(+) is the Euler gamma function.

DEFINITION 2.3. A two parameter function of the Mittag-Lefller type is defined
by the series expansion
o 1% Pet

E S e du, o, B>0,yeC,
ap(y) kgg)l“(ak—i—ﬂ) 2wt Je u* —y W, o p Y

. . . . 1
where ¢ is a contour which starts and ends at —eo and encircles the disc |u| < |y|«
counter clockwise. The Laplace integral of this function given by

Bl o reP 1
/o e MPTEy g(0t®)dt = P ReA > oo, o> 0.
DEFINITION 2.4. Let A: D(A) C X — X be aclosed linear operator and o, 3 > 0.
We say that A is the generator of (o, 3) operator function if there exist @ > 0 and a
strongly continuous function W, g : R* — L(X) such that {1%* : ReA > w} C p(A)
and .
A9 BET—A) :/O MW, (t)udt, Red. > o, u € X.

Here Wy, g(¢) is called the operator function generated by A.
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PROPOSITION. Let Wy, g (t) be a operator function on X with generator A. Then,
we have

(a) Wy p(t)D(A) C D(A) and AW, g(t)u =W, g(t)Au for all u € D(A),t > 0.

(b) Let ue D(A),t > 0. Then Waﬁ( )u—ui-ﬁ l—i—fo 1- AWal;( s)uds.

(c) Let ue X,t >0. Then fo AWaﬁ( s)uds € D(A) and

B- 1 ()01
Wa,[}(l)uzult_,(ﬁ>—|—A/O (tl"((l) We, g (s)uds.

REMARK 2.5. The operator function W, g() is general case of ¢ -resolvent fam-
ily and solution operator. In case 8 = 1, operator function correspond to solution
operator Sg (¢) (definition 2.1 in [2]), whereas in the case 3 = ¢, operator function
correspond to o -resolvent family 7i,(¢) (definition (2.3) in [4]) and operator function
correspond to Ky (#) in case B =2 (see [27]).

DEFINITION 2.6. ([27]) Let A: D(A) C X — X be a closed linear operator. A is
said to be sectorial of the type (M,0,a,u) if there exist u € R, 6 € (§,7m), M >0,
such that such that the o-resolvent of A exists outside the sector and following two
conditions are satisfied:

() u+Se={u+1*:1€C, |Arg(—1%)| < 6},
@) 1A%~ A) o) < g A & 1+ Se,

where X is the complex Banach space with norm denoted by || - ||x

LEMMA 2.7. Let f satisfies the uniform Holder condition with exponent B €
(0,1] and A is a sectorial operator. Then Cauchy problem of order a. € (1,2)

D%(t) = Au(t) + f(t), t € J = (a,T], a >0, (2.1)
u(a) = ug, u'(a) = u, (2.2)

has a solution u(t) € C([a,T],R) if it satisfies the following integral equation
t
u(t) = Sult — @+ Kolt — aur + [ Tolt = 5)f()ds

where So(1),Ko (t),To (1) generated by A and defined as

_ 1 Atyoa—17q o 1 I/At a—2/q 0 1
Sa(t) = Zm/ 2N A0T = A) A Ka(1) = 5 A% (A% —A)~ldA,
_ 1 At(qoy A —1
Ta(t)—zm,/re (A®T—A)"'dA,

and T is a suitable path such that A* & u+Sg for A €T.
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Proof. Let t =w+ a, then the problem (2.1)—(2.2) translated into the form

D%i(w) = Aii(w) + f(w), (2.3)
@(0) = ug, @' (0) = u;. (2.4)

Taking the Riemann-Liouville fractional integral operator on Eq. (2.3), we get

i) = oot [ pagyag + [T Fag,
using the initial condition given in Eq. (2.4), we get
a(w )—uo+u1w+/ (S)) d§+/ f(&)dé. (.5)

Applying the Laplace transformation on Eq. (2.5), we have

L{a(w)} = 3+ 55+ AL% ")) L{J;(a g (2.6)

by algebraic estimate, Eq. (2.6) become

A0y, n A2y, L{f(w)}

Law)t = —g— +7a— 3+ Je 2.7)
Now, taking the laplace inverse, on Eq. (2.7), we obtain
() = Soc(W)tto + Ko (W)ut1 + /0 To(w— ) (s)ds 2.8)

By replacing w =t —a in Eq. (2.8) then we get

1
() = Salt — @Yo + Kot — a)ur + / Tt — 5)/(s)ds.
a
Which is required result. [

LEMMA 2.8. Let f satisfies the uniform Holder condition with exponent B €
(0,1] and A is a sectorial operator. Then the following integral equation

Sa(t)(9(0)) + Ko (1) (@(0)) + Jo Toc (£ = ) f (5, Up(5,) )l
+Jo Ta(t =) Jo a(s = E)n(E  up ) dE ds, t€(0,n],

ult) = Se(t — si)gi(si,u(si)) + Ko (t — s7)qi(si, u(si))
+f5tl. Ty (l - S)f(‘svup(s,ux))ds
+ 5 Tat =) [y q(s — SIS up (g up))dS s, t € (siytit1],

is the solution of the problem (1.1)—(1.3).
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Proof. Let t € (0,11], we have following problem

T
“Dfult) = Au(t) + f(t,upu) +/0 Pt —s)h(s,up(su,))ds, (2.9)
u(t) = ¢(1), u'(t) = @(t), 1 € [~d,0]. (2.10)
By using the lemma 2.7 and the initial conditions u#(0) = ¢(0), «/(0) = ¢(0), we have
the solution of system (2.9)—(2.10) in following integral equation

ul6) = Sa()(000)) + Ka)(@(O) + [ Talt ~5)(5tpis) )
—|—/ To(t —5) / q(s —E)n(&,upe Eue) y)d&ds.

Let 7 € (si,141], we have following problem

r
“Dlu(t) = Au(t) + f(t,upu)) +/0 Pt —s)h(s,up(su,))ds, (2.11)

u(t) = gi(t,u(r)), u'(r) = qi(t,u(t)), 1 € (4, (2.12)

Again by using the lemma 2.7 and the impulsive conditions u(s;) = g;(si,u(s;)), u'(s;) =
qi(si,u(s;)), we have the solution of system (2.11)—(2.12) in following integral equation

u(t) = So(t — si)gi(si,u(s:)) + Ko (t — 5i)qi(si, ulsi)) +[ To(t — ) f (5 Up(5.,)) s

—|—/ Tat—s/qs— h(&,up e Eue) ))d&ds,

This completes the proof. [l
Now, we state the definition of mild solution of the problem (1.1)—(1.3).
DEFINITION 2.9. A function u : [-d,T] — X s.t. u € PC} is called a mild so-
lution of the problem (1.1)—(1.3) if u(0) = ¢(0), u/(0) = ¢(0), u(t) = g;(t,u(t)),

W' (t) = qj(t,u(r)) for t € (tj,s;] and each j=1,2,... N, satisfies the following inte-
gral equation

Sa(t)(9(0) + Ko (1) (¢ (0 ))+foTa( $)S(8,up(s,u,))ds
+ o Ta(t =) Jo a(s — E)(E up(e ) )dEds, t€(0,n],

”(t) = Sa(t_si)gi(Sh ( l))"’ (t )611(51, ( l))
+I\; TOC(t )f(S up SuY ) s
+ [ Ta(t = 9) Jo a(s = E)(E up g uy) )dEds, 1€ (sistivi],

forevery i=1,2,...,N.

THEOREM 2.10. (Schaefer’s fixed point theorem[12]) Let X be a Banach spaces
and P : X — X be a completely continuous operator. If the set

E(F)={u€ X :u=APuforsome A € [0,1]}

is bounded, then P has at least a fixed point.
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3. Existence results

‘We impose the following restrictions on problem (1.1)—(1.3) to prove the existence
results. If A: D(A) C X — X is sectorial operator then strongly continuous functions
Sa(t);Kq(t) and Ty (r) generated by A are bounded as ||Sq(7)]| < M; ||Ky(2)|| < M,
| T (2)|| < M. To obtain first result via Banach fixed point theorem, we need the fol-
lowing assumptions.

(Hi) There exist positive constants Lz, L, such that
1£(.9) — 1.8 lx < Lello — Ellpcys (. 0) —h(t.E)x < Lullo — Elec,

forallr €J, ¢,& € PCy.

(H>) There exist positive constants L,,,L,, such that
lgit,y) = it 2)lIx < Lgilly = zllxs [lgi(t,y) = qi(t,2)|Ix < Lgilly = zlx,
forallt € J;y,z€e X andi=1,2,...N.
THEOREM 3.1. Let the assumptions (Hy) — (Hy) hold and there exists a constant
A=C+MTL;+MTLyg" < 1.

Then there exists a unique mild solution u(t) on J of the problem (1.1)—(1.3).

Proof. We transform problem (1.1)—(1.3) into a fixed point problem. Consider the
space PCr ={u € PC,I, (0)=¢(0),u'(0) = @(0) }. Define an operator P : PCr — PCr
by Pu(t) = gi(t,u(r)) : Pu'(t) = qi(t,u(t) for t € (#;,s;], where

(0

Sa(t)(9(0)) + Ko (1) (9(0) + fo Tes(t = ) f (5, tp s ) )l
+ J5 Talt —5) J5 q(s — E)R(E, up(57u§))d§ds, forall ¢ € (0,1],

So(t — 5i)gi(si,u(si)) + Ko (1 — 5:)qi(si,u(si)) + [5, Tou(t — 5) (5, 1p(5.,) s
—|—ffl To(t—s) o q(s—E&)n ig',up(;;?ug))déds, forall ¢ € (s;,t141]-

Let u(t),u(t)* € PCr for t € (0,#;]. Then we have
[1Pu(z) = Pult)"||x
!
< Tl = 5) ) sy = 503 s

[Tl = )1 [ s = EIAE it ) — E e ) s
< (MTLy+MTLug")||u(t) —u(t)*||pc, -

/\\_/

Pu(t) =

,\/_\

For ¢ € (si,t;+1], we have
[|Pu(t) — Pu(t)"||x
< Sa(t = i)l L) llgi(sisulsi)) — gilsiyu” (si))[|x
+HKa(f—S)HLxqu(Su (s1)) — qi(si,u” (s:)) [ x
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t
1l =5 L5t ) = 521

[Tl =3) iy a5 A )~ & ) s
< (MLgi+MLg;+MTLy+MTLyq")||u(t) — u(t)*|| pc, -
For ¢ € (#;, 5], we have
IPule) ~ Pute) | < L) ~ o)y | P e) = Pl 0) i = Laite) = ()"

Let C = max{MLg; +MLq;,Lg;,Lg;, ¥Vi=1,2,...,N}. Then, for each 1 € [0,T], we
have

[Pu(z) = Pu(t)"||lx < (C+MTLg+MTLyg")lu(t) —u(t)"|lpc,

Allu(t) = u(t) |l pe; -
Since A < 1, therefore the operator P is a contraction and hence there exists a unique

fixed point which is the mild solution of problem (1.1)—(1.3). This completes the
proof. [

<
<

To obtain an existence result via Schaefer’s fixed point theorem, we need the fol-
lowing assumptions.

(H3) f,h are continuous functions and there exist functions mg(t),my(t) € L' (J,R™)
such that

1F @ @)lx <mp@)l@llpey: 12, @)llx < mi(@)ll@llpc,
forall t € J, ¢ € PCy.
(H4) g,q are continuous functions and there exist positive constants M,, M, such that
lgi(r,7)l1x < Mg llgi(t,y)lx < Mg,

forall t €J and y € X.
THEOREM 3.2. Let the assumptions (H3) — (Hs) hold and
M(mylpggey +Ma*mn(s)ll ey <1

Then problem (1.1)—(1.3) has at least one mild solution u(t) on J.

Proof. Consider the operator P defined in theorem 3.1. With out loss of generality
we show our result for 7 € (s;,7;41]. We show P has atleast one fixed point. Consider a
sequence u" — u in PCr, so that
[P (2) = Pu(t)||x
< [Sa(t = si)llnixllgiCsi, u (si)) — gi(si, u(si)) || x
1Ko (1 = i)l x Nl gi (i (si)) — qiCsi, ulsi)) || x
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+/Wuar—suLﬂu<,psw>—f@up“,wxw
[ 1Tl 9lacr [ s = EVIE tpie ) — G it ).

Since function f,h,g,q are continuous, so ||Pu”(t) — Pu(t)||x — O as n — oo. This
shows that P is continuous. Consider space %, = {u € PCr : ||u|| < r}, itis clear that
A, is a bounded, closed and convex subset in PCr. If u € 4,, then we have

[Pu(t)llx < [[Se(t —si)llLex)llgi(sisulsi)|lx + |Ke(t — si) | Lcx)l1gi(siy u(si)) [ x

+/Huo—wm@wwwm%mum

[T =9 iy 5= E)IAE ) s
= MMg + MMy +Mr|mgl 1 gy +Mrq*[ma(s)l| 1 g+ < C

This implies that P maps bounded set into bounded set in %,. Next, we show P is a
family of equi-continuous functions in %,. Let l1,l» € (s;,#i+1] be such that [} < I,.
Then

[Pu(l2) — Pu(li)|[x < [|Salla —si) — Sa(ly = si) | ix)llgi(si ulsi)) ||
+|Ker(l2 = 5i) — Koo (1t — i) | Lx) 1 g (i, u(si)) || x

0
[ 1Talt = 5) = Tults =9l | 5 tp(5) s

I N
el =l [ 0= EIHE ) s

< MgHSa(lz —si) —Sa(ly —Si)”L(X)
+My||Ko (I — 5:) — Ko (I = 50) | 1x)

+”||meLIJR+/ | To(la —5) — Ta(ll—S)HL(X)dS
+rq” [ml g g gy (2 = 11)M

Since Sq(t),Tx(r),Kq(t) are strongly continuous, so limy, ., [[Se(l2 — ) — Sa(l —
$)lzoey s imy, gy [|Ko (i = 5) = Ko (ln = $) L) s limyy g, (| Ta(lz = 5) = Ta(li = ) [[Lx)
equal to 0, which implies that ||P(u)(l,) — P(u)(l;)|[x — O as [, — I;. This proves
that P is a family of equi-continuous functions. Hence by Arzela-Ascoli’s theorem P
is a compact operator. So, we conclude that the operator P is a completely continu-
ous. Finally, we prove that P has a priori bounds in PCr. Consider the set E = {u €
PCr such that u € vPu for some 0 < v < 1}, we show that E is bounded. Let u € E
then u = vPu for some 0 < v < 1. Then for every 7 € (s;,t;11], we have

lu(@)llx < WSe(t = si) o) lgiCsisulsi))llx + [1Ker = si)l[ix) l1gi(si,usi))llx

t
[ 1Tt = 9aix 515 s
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t S
[ 1Tt =9l [ als= E)IME tpie ) lxdds
< MMg+MM11+MH”HX||meLl(J,R+) + H”HXMg*”mh(s)HL'(J,R+)
MM, + MM,
(Ml[mgl[ 1y gry + M |mu(s)ll 1y rt))

Jute)x < = <%

Therefore by the theorem 2.10 there exist atleast one fixed point in PCr. Hence, we
conclude that problem (1.1)—(1.3) has a mild solution «(z) on J. This is completes the
proof. [

4. Application

We consider the following partial integro-differential equation with fractional deriva-
tive

o _ u(t — pi(t)pa([|ull),x)

mu(nx) = 8—y2u(t7x) + 49

+ Ot cos(r — y)u(t—pl(tggg(HuH),x) dy, (t,x) € Uf-il(SiJiJrl] x (0,7], (4.1)
u(t,x) = @(1,x);u (t,x) = @(t,x), 1 € [~d,0], x € (0,7, (4.2)
u(t,x) = Gi(t,x); u'(t,x) = Hi(t,x), t € (t;,5i] (4.3)

where i—i is Caputo’s fractional derivative of order o € (1,2) and ¢, ¢ € PCy, Let
X = L*(0,x] and define the operator A : D(A) C X — X by Aw = w" with the domain
D(A):={we X : w,w are absolutely continuous, w”’ € X,w(0) =0 =w(m)}. Then

Aw="Y n? (w,wp)wn, w € D(A),
n=1
where w,(x) = \/% sin(nx), n € N is the orthogonal set of eigenvectors of A. It is well
known that A is the infinitesimal generator of an analytic semigroup (7'());>0 in X
and is given by
THo=7Y, e*"z’(a),a)n)a)n, forall w € X, and every 7 > 0.

n=1

The subordination principle of solution operator implies that A is the infinitesimal gen-
erator of Ky(t),Sq(f). Since K (r),S¢(t) are strongly continuous on [0,0) by uni-
formly bounded theorem, there exists a constant M > 0 such that ||Sq(7)|| < M, ||Kx(2)]|
< M for t € (0,r]. We assume that p; : [0,00) — [0,00), i = 1,2, are continuous func-
tions.

Setting u(t)(x) = u(t,x), and p(z,¢) = p1(1)p2([|¢(0)[|) we have

F(1,0) = 55 h1.0) = 325 (1) =Gt (1) = File.),
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and the problem (4.1)—(4.2) can be written in the abstract form of problem (1.1)—(1.3).

It is

obvious that map f,h,g,q satisfy the assumptions Hj,H,. Then there exists a

unique mild solution of problem (4.1)—(4.3).
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