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EXISTENCE AND MULTIPLICITY RESULTS FOR
THE BOUNDARY VALUE PROBLEM OF NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS

L1JUN PAN

Abstract. In this paper, we devote to investigation of the existence of positive solutions for the
boundary value problem of nonlinear fractional differential equations

Dg+u(t) + f(ru(t))=0, 0<r<1,
u(0) = 1/ (0) =+ u"=2(0) = DY, u(1),

where Dg‘+ s Dg ., are the standard Riemann-Liouville fractional derivative, n —1 < o0 < n,

n—2< B <n—1, n>3. By means of constructing an exact cone of the Banach space and fixed-
point theorem, some new multiplicity results for the boundary value problem are obtained. The
interest is that we establish the theorems of the existence of infinitely many positive solutions.

1. Introduction

In this paper, we are concerned with positive solutions for the boundary value
problem of nonlinear fractional differential equations

D u(t) + f(t,ut)) =0, 0<t <1,

u(0) = 1/(0) = -u=2)(0) = Df.u(1), -y
where D, , Dg+ are the standard Riemann-Liouville fractional derivative, n — 1 < o <
n,n=2<pf<n—1,n=3,and f:[0,1] x [0,00) — [0,00) is continuous.

Fractional differential equations are mathematical apparatus for simulation of pro-
cess and phenomena observed in the fields of control theory, physics, chemistry, biotech-
nologies, industrial robotics, engineering, etc. So there have been quite a few results
on properties of their solutions [1-3, 7-8, 10-11, 13]. Recently, there are some papers
investigating the existence and multiplicity of solutions for boundary value problem
of fractional differential equations [4-6, 9, 12, 14, 16-18]. For example, in [5], Bai
and Lu investigated the boundary value problem of the following fractional dierential
equations

Dg.u(t) + f(t,ut)) =0, 0<t <1, 1<a<2,

u(0) =u(l) =0,
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where D, is the standard Riemann-Liouville fractional derivative. Jiang and Yuan
generalized the results of the above equation [16].

In [14], Kaufmann and Mboumi studied the existence of positive solutions of non-
linear fractional boundary value problem

D§.u(t) +a(t)f(u(t)) =0, 0<t<1,1<a<2,
u(0)=14'(1) =0,

In [18], Liang and Zhang used lower and upper solution method and fixed point
theorem to show the existence and non-existence of positive solutions of nonlinear frac-
tional boundary value problem

ng(t) +a(t)f(u(t))=0, 0<r<1,3<a<4,
u(0) =4'(0) =u"(0) =u'(1) = 0.

In the present paper, we derive the corresponding Green function. Consequently
BVP (1.1) is reduced to an equivalent Fredholm integral equation. Next, applying the
properties of Green function, we construct the exact cone of the Banach space. Finally,
by using fixed-point theorems, existence and multiplicity results for the BVP (1.1) are
obtained. The interest is that we establish the theorems of the existence of infinitely

many positive solutions. Meanwhile, some examples are given to illustrate the effect of
these theorems.

2. Preliminary results

DEFINITION 2.1. ([7]) The fractional integral of order o > 0 of a function y :
(0,00) — R is given by

B30 = g [ =97 s

provided the right integral converges.

DEFINITION 2.2. ([7]) The standard Riemann-Liouville fractional derivative of
order o0 > 0 of a continuous function y : (0,e0) — R is given by

DE.y(1) = ﬁ (%)n /0 sy (s)ds

where n = [at] 4 1, provided the right integral converges.

LEMMA 2.1. ([7]) Assume that u € C(0,1)NL(0,1) with a fractional derivative
of order o, > 0 that belongs to C(0,1)NL(0,1). Then

IE.DSu(t) = u(t) + Cit* '+ Cot* 2 -+ Ot *

for some C; € R, i=1,2,...,N, where N is the smallest integer greater than or equal
to .
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LEMMA 2.2. Assume that g(t) € L[0,1] and o, are two constants such that
a>n—1>F>n—2,n>3. Then
B ! o—1 F(O() /t o—p—1
D t—s s)ds = ————— t—s s)ds
b ) =0 etoas = g, T [P et
The proof of Lemma 2.2 is similar to that of Lemma 2,2 in [18], here we omit it.
LEMMA 2.3. Let g(t) € L[0,1] and n—1<a<n, n—2<B<n—1,n2>3, the
unique solution of

D u(t) +g(t)=0, 0<t <1,
{ u(0) = u'(0) = ---u2(0) = DP u(1) = 0, @D
is .
u(t) = A G(t,s)g(s)ds,
where
; T g <s <,
(t,8) = 1 (_gyap-1 (2.2)

(o)
Proof. Applying Lemma 2.1, the Eq. (2.1) is equivalent to the integral equation
u(t) = —I&u(t) +Crt* '+ Cot* 24 4 Ct* "

forsome C; € R, i =1,2,...,n. Consequently, the general solution of Eq. (2.1) is

l !
u(t) = ——/ (1 — )% Lg(s)ds+Crt% ' +Cot® 2 oo 4 Cut® "
I'le) Jo
From u(0) = /(0) = ---u"~2)(0) :D§+u(1), we get C; =--- =C,. Thus
1 1
)= ——— [ (t—5)"g(s)ds+Ct*".
lt) = gy 9" sWds €
From Lemma 2.2, we get
By 1 /’ a—p-1 (@) op
Diu(t)=——=—— [ (t—s s)ds +Cj ———t .
In view of the boundary condition Dg+u(1) =0, we conclude that

1
C = ﬁ/o (1—5)% B~ 1g(s)ds.

Therefore, the unique solution of BVP (2.1) is

t 1
ule) =~y o =" P e+ o [0 =07 P g )

:/()1G(t7s)g(s)ds. O
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LEMMA 2.4. The function G(t,s) satisfies the following conditions

(i) G(z,s) is continuous on [0,1] x [0,1];

(ii) G(t,s) > 0 for any s, t €[0,1];

(iii) For any s,t € [0,1], ° E )( 9 < G(t,s) < l[V((;)), where w(s) = (1 —s)*B-1_
(1—s)%1,

Proof. 1t is easy to check that (i) holds. So we will prove that (ii) and (iii) hold. If
0<s<r<1,let h(t,s) = (1 —5)*P~1—(1-2£)%1 then G(1,5) = f”}l(’;f;=5> . Since
‘”’g"x) =—(o—1)(1-5H% 2 4% <0, so h(t,s) is decreasing on [s, 1] with respect to
t. Then h(t,s) > h(1,s) = (1 —s)o‘ B=1 (1 —5)*"! > 0. Which implies (ii) holds.
Furthermore, we have for 0 <s <7 <1

a—1 a-lpq a-111 — o—B-1_ 1 —g)a-1 a—1
Glo.s) = T R8) (L) (1) (=9 19 twis)

I'a) I'a) I'a) I'a)
IfO<r <s< 1. Itis easy to see that

(1 —9)% P - (1)

G(t,s) >

On the other hand, If 0 < s <7 < 1, we get

(1—15)22 _
dG(1,s) _ (0= D 2(1—5)* B (=)@ _ (@ Dlgpr — (=97
e (o) B o)
-2
(o= D[y — (1 =5)*7)
(o)
Then G(z,s) is increasing with respectto # for 0 < s <7< 1. So

—s) Bl (gl (s
G(t,s) <G(1,s) < (1=5) F(a)(l ) = l"(((x))'

= 0.

fOo<r<s<1,wealso get
sL=9) P -9 =5 P 1= (1 -9 -5 P
I'(a) I'(a) N I'(a)
(1 _s)oc—/i—l _ (1 _s)oc—l
I(a) '
Thus, we conclude that (iii) holds. [

G(t,s) <

LEMMA 2.5. ([15]) Let Q be a cone of a Banach space E, and Q, Q' are open
subsets of E with 0 € Q C Q C Q. Suppose that A : Q — Q is a completely continuous
operator such that one of the following two conditions is satisfied:

(i) ||Ax|| < ||x|| for x € QN IQ and ||Ax| = ||x|| for x € QNIY.

(ii) ||Ax|| = ||x|| for x € QN IQ and ||Ax|| < ||x|| for x€ QNI .

Then, A has a fixed point x € QN \ Q.
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2. Main results

In this section, we establish the theorems of positive solutions for BVP (1.1). For
convenience, let us list the following assumptions.
H)) 0< lim su (t")<M,whereM max [ G(t,s)ds] ™" ;
(H)) < Jim, sup 7 I 1= [ pmax fo G(z,5)ds]

(H,) There exists y € [0, %] such that METNt ei[r)lfl] flen) %‘%ﬁ) . where

=

2 220{2 oa—p
Mo, p) = B~

2 2 . . f(hu) F( )( ﬁ) )
) 3(13—[3—2] SuCh that MEIg+ tel{)l/fl] p < % :

(H4) There exist a number » > 0 and a function A(¢) € C(0,1) such that for
t€0,1],0<u<r, f(t,u) <h(r), and Orga<xlf01 G(t,5)h(s)ds < r;
<<

(Hs) There exists y € [0

(Hs) 0< lim sup (';”) <My;
U=t 4e(0,1]
(He) There exists y € [0 ,—3062?[_5%2} such that for # € [y, 1], Y* " 'v<u<v, f(t,u) >
L(a)(a=P)v
M(aB) *
Let the Banach space E = CJ0, 1] be endowed norm u = sup |u(t)|. For Vc > 0,
0<r<1

we define Q. = {u€E: |jul <c}.LethbetheconePy:ueE'u() 0,1€]0,1],
Ti£1u(t) > y* Yju||}, where y€ [0 ,W} Suppose that u is a solution of BVP
SIS

(1.1), then
t
:/O G(t,5)f(s,u(s))ds, 0<1<1.

Dene an operator A : P, — E as follows

- /O " G(t,) (5, u(s))ds.

Clearly, the fixed points of the operator A are the solutions of the BVP (1.1).

LEMMA 3.1. The operator A is defined by (3.1). Then A(Py) C Py and A is
completely continuous.

Proof. Tt follows from Lemma 2.4 that

1 1
44l < gy w5 uts))as,

o

\_/

—

o—1
(A0 > o [ wlons(s.u()ds

(a

.1

Then

min (Au)(t) > 7" 1| Aul|.

y<i<l

So we have A(py) C P,. Next, in view of nonnegativeness of G(z,s), f(z,u) and con-
tinuity of f(r,u) with respect to u, we can see that A : P, — Py is continuous. Let
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Q € Py. Itis easy to show that A(2) is uniformly bounded and is equicontinuity. Thus,
the operator A is completely continuous. [

THEOREM 3.1. Suppose that (Hy), (Ha) hold. Then BVP (1.1) has at least one
positive solution.

Proof. We first prove that there exist y € [0,1] and Ry, > 0 such that for u €
Pyn 391{},0

[[Aul| = [u]]-
Since condition (H) holds, there exist € > 0 and N > 0 such that for 7 € [y, 1] and
u>N
I(o) (e —B)
Flt,u) > <7+£ u. 3.2
002\ " Mo, B) 52
Choose Ry > ),or —&1 - For u € PyN 8QR7, we obtain
min (Au)(6) > ¥~ lull = ¥*"'Ry > N. (3.3)
yai<l

Then, it follows from (3.2) and (3.3) that for u € PyN 8QRV

= [ 6 us)ds > [ Gra) s uts))as
0

it

> it 7 Plu.
Thus
Aul > < N Plull, ue PN, (3.4)
Let @(y) = y**2(1—7y)%" ﬁ. It follows that when y=y = % , ©(%) = max ¢(y)

0<y<l

= M(o,3). Then taking y = ¥, we have
JAul| > [lull, u € PyNOQe, .

In view of (H;), we know that there exist € € (0,M;) and 0 < r; < Ry, such that for
te[0,1],0<u<n

ftu) < (M) —€)u,
Then for u € Py, NJQ,,

1 t
:/ G(y,9)f (s, u(s))ds < (Ml—s)rl/ Glt,s)ds < (Ml—s)]% <=l
0 0 1
So, we have
JAull < llull, e Py N9,

Consequently, by Lemma 2.5, BVP (1.1) has at least one positive solution in Py, N
(QVO \er ) .
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THEOREM 3.2. Suppose that (H3), (Hs) hold. Then BVP (1.1) has at least one
positive solution.

Proof. Similar to the proof of Theorem 3.1, we now show that there exist y €
[0,1] and < ry, <r such that for u € Py, N9,

1A = [lu].

Indeed, since condition (H3) holds, there exist € > 0 and L > 0 such that

fltu) > (%4—8) u, 0<u<L.

Choosing ry = min{%,L}, for u € P,Nd<Q,,, we have min u(t) > y“’lry, u(t) <

Ty»
yai<l

ry < L. It follows that

)= /01 G(7,5)f(s,u(s))ds > / 1 G(v,8)f(s,u(s))ds

> (F(a)(a—ﬁ)+£> Y 2/)/(1—s)a_l3_1ds

M(a,B) (o)
7 Pr,
Thus
4> 3o P =D P, we oy,

Taking y =y = wzfﬁ we have

lAul| > ull, u€ PyNIQ, .

For u € Py, NdQ,, we have 0 < u < r. It follows from condition (Hj,) that

1
= G < G(t, =
| 6rs)fts.uts))ds < min, / $)h(s)ds < r = |u.
That is for u € Py, N0,
JAu] < ul.

So, by Lemma 2.5, BVP (1.1) has at least one positive solution in Py, N (ﬁ% \Q,). O

THEOREM 3.3. Suppose that (Hs), (Hg) hold. Then BVP (1.1) has at least one
positive solution.

Proof. Suppose that (Hg) holds, similar to the proof of the Theorem 3.1, taking
y="9= %,we have for u € Py, N9Q,

1 Aul| = [|ul].
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Since condition (Hs) holds, there exist € € (0,M;) and Ny > 0 such that for u > N;
and 7 € [0,1]
ftu) < (M —€)u. (3.5)
If Orgaglf(t,u) is bounded for u € [0,4-<0), that is to say that for all u € [0,+e0) and
<<
t€10,1]
f(tvu) < L1~

Let v; = max{Ny, v, ]\LTII} For u € Py, NdQy, , from the above inequality, we have

(Au)(1) = /(:G(z,s)f(m(s))ds <L /(: G(y,5)ds < A% <vi=|ull.

If [max (¢,u) is unbounded for u € [0, 4<0), then there exists v, > max{Ny, v} such
<<

that for u € [0, v,] and ¢ € [0, 1]

f(t,u) < max f(z,v,). (3.6)

0<r<1

It follows from (3.5) and (3.6) that

(Au) (1) = /0 (7.5 (5,u(s))ds < /O ' Glt,5) max £(t,va)ds

0<r<1

1
<M —s)v2/ G(t,s)ds < (My — €)= < vy = [lul|.
0 M

Thus, we can see that there exists V 2> v such that for u € Py, N 0Qy
(| Au|| < Jul|-

Applying Lemma 2.5, BVP (1.1) has at least one positive solution in Py, N Qv \
Q). O

THEOREM 3.4. Suppose that (H,) and (H3) hold. Then BVP (1.1) has at least
one positive solutions.

THEOREM 3.5. Suppose that (Hy) and (Hy) hold. Then BVP (1.1) has at least
one positive solutions.

THEOREM 3.6. Suppose that (H,) and (Hg) hold. Then BVP (1.1) has at least
one positive solutions.

THEOREM 3.7. Suppose that (Hz) and (Hs) hold. Then BVP (1.1) has at least
one positive solutions.

THEOREM 3.8. Suppose that (Hy) and (Hg) hold. Then BVP (1.1) has at least
one positive solutions.

Furthermore, from the Theorems 3.1-3.8, we have the multiplicity results for BVP
(1.1) as follows:
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THEOREM 3.9. Suppose that (H,), (H3) and (Hy) hold. Then BVP (1.1) has at
least two positive solutions.

Proof. Suppose that (H3) and (H4) hold, by Theorem 3.2, we see that BVP (1.1)
has at least one positive solution in Py, N (Q ry \€2). Since (M) and (Hy) hold,
according to the proof of Theorem 3.1 and theorem 3.2, we conclude that BVP (1.1)
has at least one positive solution in Py, N (ﬁRyo \ Q, ). Hence, BVP (1.1) has at least

two positive solutions in Py, N (Qg, \ Q)N (Qr \ Q). O

THEOREM 3.10. Suppose that (Hz), (Hs) and (Hs) hold. Then BVP (1.1) has
at least two positive solutions.

THEOREM 3.11. Suppose that (Hy), (Hs) and (Hg) hold, and y*~'R > r. Then
BVP (1.1) has at least two positive solutions.

THEOREM 3.12. Suppose that (H,), (H3), (Hy) and (Hg) hold, and y*~'R > r.
Then BVP (1.1) has at least three positive solutions.

REMARK 3.1. If we replace the condition (H,), (H3) with (Hj liT i[nf] ! (;,u)
u—teorely,l

= oo, (H3 lim inf £ (u u) — = oo, then the conclusions of the above theorems 3.2-3.5,
u—0tr€y,1]

3,7,3.9-3.10, 3.12 are valid.

REMARK 3.2. We often take ¥y = % = 3 33532 to show the effect of the above
theorems in practice.

Finally, we obtain the following two theorems of infinitely many positive solutions
for BVP (1.1).

THEOREM 3.13. Suppose that there exist sequences rp,R, > 0 such that
0<r <RI <n<Ry< - <ry<R,<---,
and y‘" ——1tn <R, < rn+1)/g', n=1,2,... satisfy

(Hy) f(t,u) > %Rn fort € [w,1] and yy'Ry < u < Ry.
(Hg) there exist h,,h, € C[0,1] such that

f(v )\hn(t)7 for t€[07’)/0]7 O0<u<r,
f(7 )gﬁn(l‘)a fOV IE[’)/(),I], Yorn S UK Fy,
and |
max / G(t,s)hy(s)ds + max / G(t,5)hy(s)ds < ry,
0<1<y /0 n<r<1

where Y = 3062?[_5%2 . Then BVP (1.1) has innitely many positive solutions.

Proof. Suppose that (H;) holds, from the proof of the above theorems, we have
for u € Py, NdQp,
[[Aull > [u].
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Since (Hg) holds, for u € Py, N JQ,,, we have n<nr<11u(t) > ¥ 'ra,u(t) < ry. Then
W<t

for u € Py, N0JQ,,

1 Y 1
— / G(t,5)f(s,u(s))ds = / Gt,)f(s,u(s))ds+ | G(t,5)f(s,u(s))ds

Y

/ G(t,8)h,(s)ds+ G(t ) (s)ds
10

\max/ G(t,s)h ds+max/Gts <rp = ul|-

0<r<y <<l

Hence, by Lemma 2.5, we see that BVP (1.1) has infinitely many positive solutions. [
THEOREM 3.14. Suppose that there exist sequences rp,R, > 0 such that
O0<rn<RI<nNn<R< - <rn<R,<--,
and ﬁrn <R, < rn+1ygl, n=1,2,... satisfy
(Ho) f(t,u) > "lzbly, for 1 € [10,1] and ¥ ry <u<ry.
(Hyo) there exist h!, 1, € C[0,1] such that

fltu) <hy(t), for 1€0,5], 0<u<Ry,
Sf(t,u) gﬁ;(m for t€w,1], wRy <u<Ry,,
and X
max / G(t,s)h,(s)ds + max / G(t,s)h, (s)ds < Ry,
<1<y Y<t<1

where Y = 3062?[;%2 . Then BVP (1.1) has infinitely many positive solutions.

EXAMPLE 3.1. Consider the problem

5
DZ.u(t)+u*(3sint+1)=0, 0<r <1,

u(0) =u'(0) = D0+u(1) 0.

where a:%,ﬁ:%,f(t,u):uz(%sint—kl) limsup £ ( [y g, hmmff( Y — oo for

M—>0+ U— oo
t € [0, 1]. We see that condition (H;) and condition (H,) hold. Applying Theorem 3.1,
we conclude that BVP (3.7) has at least one solution.

EXAMPLE 3.2. Consider the problem

.
D2 u(t)+ f(t,u) =0, 0<t <1,
felt) + £ 1.0 s

u(0) = /(0) = u’(0) = D3, u(1) = 0.



BOUNDARY VALUE PROBLEM OF NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS 161

where a:%,ﬁ:

[}

bl

B %—|—4u2, (t,u) € [0,1] x [0,1],
f(tvu)_{ z§+u2+u+2’ ([’u)E[O,l]X(17+°°)-

Taking 9 = 2, for t € [2,1], itis easy to see that (H>) and (H3) hold. Choose R = £,
v = 60, we can check that Y*~'v > R and (Hy), (Hg) hold. By Theorem 3.12, BVP
(3.8) has at least three positive solutions.

EXAMPLE 3.3. Consider the problem

7
Dy u(t) +a(t)g(u)=0, 0<r<1,

5 (3.9)
u(0) = u'(0) = u"(0) = D, u(1) =0.

t 5
s L€ 07_7
a)= ) 200 [6}
] 719 se 5,
60 60 ° 6’ )

3
, UE [078702}7

Al o=

3
, UE [8"7/02,8"} ,
3
1080y — 1
—0 -

6(3% —1)
3
60u, uc [3 x 8"y ,3 X 8”] ,

3
(u—8")+ ¢ x8" ue [8", 3><8”7/07]7

3
540 — 4
M0

3
(3x 8" —u)+180x 8", uc [3 x 8”,><8"“y02} n=123,...,
3(8% —3)

Yo =2, f(t,u) =a(t)g(u). Set r, =8", R, =3x8", n=1,2,.... Then

0<r <R <rm<R < <r<R,<--,

and ﬁrn <Ry <ras1%y', n=1,2,.... Itis obvious that (Hy) and (Hs) hold. Thus
by Theorem 3.13, BVP (3.9) has infinitely many positive solutions.
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