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GLOBAL EXISTENCE AND UNIQUENESS FOR IMPLICIT
DIFFERENTIAL EQUATION OF ARBITRARY ORDER

SAGAR T. SUTAR AND KISHOR D. KUCCHE

Abstract. The aim of this paper is to establish the existence result for implicit differential equa-
tion of fractional (arbitrary) order via topological transversality theorem known as Leray-Schauder
alternative. Further we prove the uniqueness results. The Grownwall’s lemma for singular ker-
nels play an important role to prove our results. We verify our results by providing an example.

1. Introduction

It is well known that behavior of many physical systems can be properly described
by using the various forms of fractional differential and hence the theory of fractional
differential has a great importance. Detail basic theory of fractional calculus, fractional
differential equations and its applications, can found in the monographs [5, 9, 12, 15].
We mention few papers [1, 2, 6, 10, 11] in which the interesting theory results of frac-
tional differential equations has been investigated.

Recently, in papers [4, 13] the existence, uniqueness and other properties of so-
Iutions for implicit fractional differential equations with initial conditions have been
established by using the technique of fixed point theorems and approximated methods.

Inspired by the works of [4, 13] here we study the existence and uniqueness of
solution of initial value problem for implicit differential equation of fractional order
with Caputo fractional derivative given in the form:

‘D%x(t) = f(t,x(r),°D%(r)), t€[0,b],b>0,n—1<a<n, (1.1)
HKO0)=xeR", k=0,1,---,n—1, (1.2)

where f:[0,b] x R" x R" — R" is a nonlinear continuous function, x : [0,b] — R" and
¢D% denotes the Caputo fractional derivative of order c.

The initial value problem (1.1)—(1.2) and their special forms have been studied
[3, 4, 13] by using different approaches.

The method which we have used here gives existence as well as the maximal in-
terval of existence. Further, the uniqueness result is obtained with the same assumption
of existence result.

We organize this paper as follows: Preliminaries, the basic definitions of fractional
calculus, and the theorems which are required in this paper are given in Section 2. In
Section 3, we establish existence and uniqueness theorems for problem (1.1)—(1.2). We
present an example to illustrate the theorem in Section 3.
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2. Preliminaries

Let R” is an Euclidean n-space with the norm || - || and denote by B=C([0,b], R")
— the Banach space of all continuous functions from [0,5] into R" with the suprimum
norm [|x{|5 = sup{[|x(1)]| - € [0,5]}.

Let Cla,b] denotes the space of all continuous functions defined over [a,b] and
C"[a,b] be the set of all real valued functions on [a,b] having n'* order continuous
derivatives.

Here we give some basic definitions and the results [5, 9, 12, 15] which are re-
quired throughout this paper.

DEFINITION 2.1. Let f € C[0,b] and o > 0 then Riemann-Liouville fractional
integral of order o of a function f is defined as

(1) = / "= )% f(s)ds,

1
') Jo
provided the integral exists. Note that, I°f(r) = f ().

DEFINITION 2.2. For a function f € C"[0,b], the Caputo derivative of order « is
defined as

1

t
7/ (t—s)""* M (5)ds, n—1<a<n.
o) Jo

D) =

LEMMA 2.3. Let f € C"[0,b], and o > 0, then

A p (] — © f*0)
1%[°D f(t)}_f(t)—kgbr(k+l)tk, n—1<a<n.

LEMMA 2.4. Let f(1) =P, where B=0andlet n—1<oa<n, neN, then

cDa o 0 lfﬁe{o7l7an_l}
FO) =9 ra+s) p-o N B> N L
-’ ifBeN,B>nor B¢N, B>n—1.

LEMMA 2.5. [8] Suppose 6 >0, o > 0 and a(t) is a nonnegative function lo-
cally integrable on 0 <t < T (some T < o), and suppose u(t) is nonnegative and
locally integrable on 0 <t < T with

u(t) < alt) + 5/(:(z—s)°‘*1u(s)ds

on this interval; then

u(t) < alt) + e/(: EL(0(—s5))a(s)ds, 0<t<T,
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1o 1

d _
na+1) El( ) d_zEa( ) E/( ) m as
as z— oo (and E(2) ~

where 0 = (51"(06))%, Eq(z) =2 That1)

7— 0T, E/() é

e e asz— o). If a(t) = a, constant,
then u(t) < aEq(61).

1,2
o

DEFINITION 2.6. If f € C(]0,b] x R" x R",R"), then x € B given by

n—1 1

= al t —5)%7 f(s,x(s), D%x(s) )ds
0= 3 ey e ) ) DU, 1€ (0.,

is the solution of implicit fractional differential equation (1.1)—(1.2).

To prove the existence result, we use the topological transversality theorem known as
Leray-Schauder alternative given below.

LEMMA 2.7.([7]) Let S be a convex subset of a normed linear space E and
assume that 0 € S. Let F : S — S be a completely continuous operator, and let

eF)={xeS:x=AFx, 0<A<1}.
Then either €(F) is unbounded or F has a fixed point in S.
Study of integer order differential equations via topological transversality can be

found in [14] and the references therein.

3. Existence and uniqueness of solution

THEOREM 3.1. (Existence) Ler f:[0,b] x R" x R" — R" be a continuous func-
tion that satisfies the conditions:

(H1) [lf (2 9)|| < p(o)|lxcll + Lllyll, 7 € [0,b] and x,y € R", where p(t) : [0,b] —
(0,00) is continuous function and 0 < L < 1.

(H2) There exist constants M > 0, 0 < N < 1 such that

1£ (%) = (&, % 7)| < Mllx—¥[[+Nlly=yll, 2 €[0,b], x,%,y,y € R".

Then the initial-value problem for implicit fractional differential equation (1.1)—(1.2)
has at least one solution on [0,b].

Proof. Firstly we establish the priori bounds on the solutions of implicit fractional
differential equation of the form:

‘D% (t) = Af(t,x(t),D%x(1)), t€[0,b], b>0,n—1<a<n, 3.1
HKO0)=xeR", k=0,1,---,n—1, (3.2)

for 1 € (0,1).
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Let x(z) be the solution of (3.1)-(3.2) then it is equivalent to integral equation

n—1 Xp . A

x(t)zlgz)r(k+1)t +F(a)/0(t—s)o‘_lf(s7x(s),cDo‘x(s))ds.

Then for any 7 € [0,b] we have

IO < S, Fayr+ gy =97 00 D) s

<3 ‘L"i”l s [ OO+ LD s 33)

From (3.1) and the hypothesis (H1) for any ¢ € [0,b] we have,
1°D*x(1)]| < p(t)[lx(0) ]| + LI|*D*x(2)],

and hence [|*D%x(1)]| < % ||lx(¢)]]. Thus for any ¢ € [0,5], (3.3) gives

n—1 X 1
5011 < S, s+ gy =9 (P o+ T )

n—1

<X ‘chj—nl v 1"(105) /Ol<f—5>°‘*‘%||x<s>uds

As p(r) 1 [0,b] — (0,0) is continuous on compact set [0, b] there exist constant P such
that p(r) < P < oo, t € [0,b]. Therefore,

n—1

lx(2) \\2 ‘chﬂl bk 4 (l_f)r(a)/Ot(t—s)a71||x(s)Hds. t €1[0,b].

By an application of Lemma 2.5, with a(t) = ¥}, F‘(‘,fﬂ)bk, a constant, and 0 =

“_[W,Weobtain
S P @
k & o
x(1)|] < b"E —— T(o t
50l < 3, s a<[(l_m(a) @) )
S
= b"E — |t
,ZE)F(kJrl) ¢ [I—L}
<&, 1€10,b],

where £ is some nonnegative constant. Therefore ||x||p < &. This proves the solution
of (3.1)—(3.2) is bounded.
Now let y € B and define

k=n—1

Y

k=0

T(k+ l)tk—|—y([), t €1[0,b].
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Then y(z) satisfies

y(t) = ﬁ/ol(t—@“*lf (37 ) r(kxil)sk”(s)’cl)a <sz> r(/jk+1)sk+y(s)>> ds

_ L/Ot(z—s)“flf (s, al Sk+)’(5)cha3’(S)> ds

[(er)

if and only if x(z) satisfies

by t )
x(t) = ;ZE) F(kj— l)tk—i- F(loz) /0 (t —5)* 1 f(s,x(s), D*x(s))ds, t € [0,b]

Denote By = {y € B: y¥)(0) =0, k=0,1,...,n — 1} then clearly By is a convex subset
of the space B and 0 € By. Define an operator F : By — By by:

n—1

(F3)0) =gy [ =91 ( iy D >> ds.

Let y, — y in By. Then using (H2) for any ¢ € [0,b] we have

ol )
f <S7 Z, F(Til)sk—kyn(SL CDa}’n@))

P3O = (E3)O < g [ =9

I'lo

( Z k+1s+y<>CD“<>)

(— =) (M=) ()| +ND* (yu = y)(5) ) ds

ds

\/

But (H1) gives

D%~ 9O < L0~ )@ 1€ 0.8]

Therefore
IF3)0) = ENON < s [ 0= (416, =361+ T2 10,00 ) as

(1-L)+NP a—
m/0 (=) | —)(5)1ds
(M(1—L)+NP)b*

S (1-L(a+1)

ﬂ
8

”yn_yHBv re [Ovb]'

It follows that

(M(1—L)+ NP)b™

0—Dr@g1) Pl

|Fyn—Fyllp <
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Thus Fy, — Fy in By whenever y, — y in By. This proves F' is continuous on By.
Next, we show that F is completely continuous. Let {u,} be a bounded sequence

in By.Then there exists a constant K > 0 such that ||u,| < K Vn.
Using the definition of F and the hypothesis (H1), for any 7 € [0,5], we obtain
1 !
Fu,))| € =— / t—s
[ (Fun) @) I ¢

7 cNo
) < ]; k+1 Kk tu,(s),°D un(s)>
S /"( PR ()1 ) + LD (5) 1) s
S T(a) Jo T(k+1) " "
Lo Il & Lp(s)
S OTAG { ( O a1 | + 32 ()1 s
Lot e ) Il e, PK
<r(a)/o(t ) {sz;)r(kﬂ)b T
b 'l e, PK
S a1 {Pgor(kﬂ)b L
This proves the set {(Fuy,)(z) : ||ua||p < K,0 <t < b} is uniformly bounded in R”".

Next aim is to show that the sequence {Fu,} is equicontinuous. Let any #1,7,
€ [0,b]. By definition of F, assumption (H1) and letting 0 < #; <1, < b, we have

[(Fun)(11) = (Fun ) (22)|
1 1 o n—1 Xk

X m ’/0 (ll _S) lf (S7 kgb F(k—l—l)
h o— o Ak cno

—/0 (ty—s)* L f (s7 /;)mSk+un(S)7 D u,l(s)> ds

<L
)

1) n—1
_/r (ty—s)* 1 f (s, Y F(kxj— l)sk—O—un(s), CD“u,,(s)) ds
i =0

ds

I'(k+1)

K+ un(s), “D%uy, (s)) ds

n—1

/oh (=) = (=" If (s, go F(kxj- ) 4 un(s), “D%uy (s)) ds

L n aa—1 _aa-l = Xk k O
(@) Jo [(t1 —s) (t2—s) f(s7kzbl"(k+l)s +un(s), “D%uy(s) ||| ds
1 'ty n—1 Xi . ]
+—/ th—s) ! s, S+ un(s), “D%uy (s ds. 3.4
@ Jy 7 f( A TE+1) ) () 34
Noting that,

§ bl PM
<qP b —
{ EO T(k+1) " 1-L

n—1
f (s Y I"(kj—l) s +un(s),cDaun(s)>

from the inequality (3.4) we obtain

n—1 X
1))~ (Fun) )] < s {P e IP—M}[rl 420 -1)°)
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2 ' lwll , PM
< P b+ —— % (tr—1)%. 3.5
r(a+1){ ,Eor(km toop ) (3.5)

From the inequality 3.5 we conclude that {Fu,} is equicontinuous family and hence
by Arzela-Ascoli argument the operator F' is completely continuous.

Finally we see that the set €(F) ={y € Bop:y=AFy,0 <A < 1} is bounded in
B, since for any y € &(F), the function

n—1 tk
x(t) = ]ZE) mxk +y(t), t €10,b],

isa solution of (3.1)—(3.2) for which we have shown that ||x||p < & and hence |y||p <

A
¢ +2k 0 Tk+1) k+1 kaH
Therefore by Lemma 2.7, the operator F' has a fixed point y € By. Then

o _
x(t):kgz)mxk"_y(t)v t€[07b]»

is the solution of (1.1)—(1.2). This completes the proof. [

REMARK 3.1. Note that an application of the topological transversality theorem
(Leray-Schauder alternative) does not guarantee an uniqueness of the solution. With
the same assumption of Theorem 3.1 we have following uniqueness theorem.

THEOREM 3.2. (Uniqueness) Ler f:[0,b] x R" x R" — R" sarisfies the assump-
tions (H1) and (H2). Then the initial-value problem for implicit fractional differential
equation (1.1)—(1.2) has a unique solution.

Proof. Let x1(t) and x,(7) be any two solution of (1.1)—(1.2) then by using (H2)
for any ¢ € [0,b] we have

[l (£) = x2(2)[| < /Ot(t =) (I (s,x1(5), DOx1(9)) || = £ (5,x2(5), D¥x2(5)) | ) s

1

) @/ot(’—”“* (M| (x1 = x2)(s) | + N[ D* (x1 = x2)(s) ) ds

By (H1) forany 7 € [0,0],

D% el < L e~ )01,

Hence for any 7 € [0,b] we have

()

o =)0 < gy [ -9 (M-l + T2 o — )01 ) s

o

M(1—L)+NP [ .
: m/o (1 =) lIGr = x2) () s
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Using Lemma 2.5 and noting that a(¢) = 0 for above inequality , we obtain
(e —x2) (1) = 0, V1 € [0,5].

This proves uniqueness of solutions of (1.1)—(1.2). [

4. Example

In this section, we give an example to illustrate the results.

EXAMPLE. Consider the implicit fractional differential equation

et

l C
oS ()+—sm(|| D2x( M), 1€1[0,b], 0<b < oo 4.1)

DIx(r) =

Define f: [0,b] x R" x R” — R” is given by

!

1
(12000 D30) ) = 555x(0) + 5 sinISDE0)), 1 €10,2)
Then
[ (101 D2x0)) | € o )14+ [sinCIeDE (01|
[

<—— ~|lD3 :

S+ 5 1DE0) |
We see that p(t):e, %5 1 10,6] — (0,0) is a continuous function and L = 5

Further, noting that | sinu—sinv| = |2cos (*3*) sin (“5*) | < |u—v]|, forany u,v €
R, we have

I o050) s 02010

!

%Hx(t) ~50)l+3 \sin(\\cmxo)n —sin(|<DEF()]))

<

HX()—X()H+

DIx(r) —DIx(r)|],

<DEx(r)| - 1°D3 ¥ |

< —

et +5
< Milx(r) — x(0)] + 5

where M > 0 is a constant such that ‘%' <M, te€]0,b].
Since all the assumptions of Theorems 3.1 and 3.2 are satisfied the initial value
problem (4.1) has unique solution on [0,5] forany 0 < b < .
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