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EXISTENCE OF GLOBAL SOLUTIONS OF IMPULSIVE IVPS OF
SINGULAR FRACTIONAL DIFFERENTIAL SYSTEMS ON HALF LINE

YuJi Liu

Abstract. A impulsive boundary value problem of fractional differential equation is proposed.
By constructing a novel transformation, the considered impulsive system is convert into a con-
tinuous system. We construct a weighted function space, by employing a fixed point theorem,
we establish existence results for global solutions for a system of impulsive singular fractional
differential equations. Am example is presented to illustrate the efficiency of the results obtained.

1. Introduction

Fractional differential equation is a generalization of ordinary differential equation
to arbitrary non-integer orders. The origin of fractional calculus goes back to Newton
and Leibniz in the seventeenth century. Recent investigations have shown that many
physical systems can be represented more accurately through fractional derivative for-
mulation [17]. Fractional differential equations therefore find numerous applications in
different branches of physics, chemistry and biological sciences such as visco-elasticity,
feed back amplifiers, electrical circuits, electro analytical chemistry, fractional multi-
poles and neuron modelling [20]. The reader may refer to the books and monographs
[7, 18, 19, 21] for fractional calculus and developments on fractional differential and
fractional integro-differential equations with applications.

On the other hand, the theory of impulsive differential equations describes pro-
cesses which experience a sudden change of their state at certain moments. Processes
with such characteristics arise naturally and often, for example, phenomena studied
in physics, chemical technology, population dynamics, biotechnology and economics.
For an introduction of the basic theory of impulsive differential equation, we refer the
reader to [14].

Recently, the authors in papers [1, 3, 4, 5, 8, 22, 23] and the survey paper [2] stud-
ied the existence of solutions for different initial value problems involving impulsive
fractional differential equations. In [6], Furati and Tatar studied the following family of
fractional differential problems of weighted Cauchy type

D () =f(t,u(t))—|—/01g(t,s,u(s))ds, >0, w)
' %u(t) o = b
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where 0 < x < 1, b€ IR, f and g are continuous functions. DS‘+ denotes the Riemann-
Liouville fractional derivative of order ¢. Using Schauder fixed point theorem, it is
proved that (1.1) admits at least one solution on a sufficiently small interval under some
assumptions imposed on f and g. Further, in [16, 17] the authors investigated the
initial value problem for the fractional differential equation

{Dgaum — f(tu), 1€ (0.7,

ll_au(t)|,:() = ug.

(1.2)

Using the monotone iterative method, the existence and uniqueness of solution of (1.2)
is established under the existence of upper and lower solutions of (1.2).

In recent paper [10], Liu studied the existence of solutions of a initial value prob-
lem of singular impulsive fractional differential system on half line involving the Ca-
puto type fractional derivative with a single starting point. While in [11, 12], existence
of solutions of periodic type BVPs for singular fractional differential systems imposed
impulse effects (single and multiple impulse points respectively) involving Riemann-
Liouville type fractional derivatives with multiple starting points were investigated.

We note that there has been no paper concerned with solvability of singular frac-
tional differential system involving Riemann-Liouville type fractional derivatives with
a single starting point and with infinitely many impulse effect points.

Motivated by mentioned papers and reason, in this paper, we discuss the following
initial value problem of nonlinear singular impulsive fractional differential system on
half line

D u(t) =m(t)f(t,u(t),v(t)), t€(0,+e), t#15,5s=0,1,2,--,

DB v(t) = n(0)g(t,ut),v(1)), 1€ (0,40), 1 #15, s=0,1,2,--,
time'~Cu(t) = [ o6 v(s))ds,
tims! Py(r) = /O w(s)G(s,u(s), v(s))ds, (1.3)

lim (1 — 1) " %u(t) = I(t,u(ty),v(ts)), s = 1,2,
lim (1 — 1) " Pv(t) = T (15, u(ts), v(5)), s =1,2,--

1ty

where

(a) 0<a,B<l, Dg, and Dg+ are the Riemann-Liouville fractional derivatives of
orders o and B respectively with single starting point 0,

b)) O0=rn<tp<--+ <ty <--- with lim t; = oo,
§—>00

(¢) m,n:(0,+e0) — IR satisfy m|( ;1> 1., € C(tg,t541] (s=0,1,2,---), both
m and n may be singular at = 0, there exist constants Li,L; >0 and k,[l > —1
such that

im(t)| < Lit*  and  |n(r)| < Lot', 1€ (0,+00),
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(d) ¢,y :(0,+) — IR satisfy ¢,y € L' (0,+<0), and

(e) f, g, F, G are Carathéodory functions defined on (0,+) x R X IR, I, J are
discrete Carathéodory functions defined on {z;:s=1,2,---} x R X IR.

A pair of functions (x,y) with x: (0,4e) — IR and y: (0,+e) — IR is said to be
a global solution of (1.3) if

x|(ts.,t3+1]a y‘(t_§7ts+1] € Co(t-\'ats-‘rlL s=0,1,2,---,

lim (1 — ) " %u(t), lim (1 — 1) "Pv(r) are finite, s = 0,1,2, - -,
t—ty 1=ty

D§, x is o0 — integrable on (0, +o), , Dg+y is B — integrable on (0, +<o)

and (x,y) satisfies all equations in (1.3).

We shall construct a weighted Banach space and apply the Leray-Schauder nonlin-
ear alternative to obtain the existence of at least one global solution of (1.3). Our results
are new and naturally complement the literature on fractional differential equations.

The paper is outlined as follows. Section 2 contains some preliminary results. The
main results are presented in Section 3. Finally, in Section 4 we give an example to
illustrate the efficiency of the results obtained.

2. Preliminaries

For convenience of readers, we state some necessary definitions from fractional
calculus theory.

For ¢ € L!(0,+<0), denote ||¢][1 = [, " |¢(s)|ds. Let the Gamma and Beta func-
tions T'(or) and B(p,q) be defined by

oo 1
(o) :/ x* e dx, B(p,q) :/ XN (1 —x)7 lax.
0 0

DEFINITION 2.1. [21] The Riemann-Liouville fractional integral of order o, > 0
of a function g : (0,4e0) — IR is given by

Iy80) = gy | =9 s(6)as.

provided that the right-hand side exists.

DEFINITION 2.2. [21] The Riemann-Liouville fractional derivative of order o >
0 of a continuous function g : (0,+e) — IR is given by

Lan gl
Dy-8() = 70— W/o (=)

where n — 1 < a < n, provided that the right-hand side exists.
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DEFINITION 2.3. [9] An odd homeomorphism @ of the real line IR onto itself is
called a sup-multiplicative-like function if there exists a homeomorphism @ of [0, +oo)
onto itself which supports @ in the sense that for all v{,v, > 0,

D(vivy) = 0(v))D(v2). (2.1)

w is called the supporting function of @.

REMARK 2.1. Note that any sup-multiplicative function is sup-multiplicative-
like function. Also any function of the form

k
D(u) = Ecj|u\fu, uelR
=0

is sup-multiplicative-like, provided that ¢; > 0. Here a supporting function is defined
by o(u) := min{e*T! u}, u>0.

REMARK 2.2. TItis clear that a sup-multiplicative-like function @ and any corre-
sponding supporting function @ are increasing functions vanishing at zero. Moreover,
their inverses ®~! and v respectively are increasing and such that for all wy,w, >0,

O L wiwa) < v(w))@ ! (wa). (2.2)

v is called the supporting function of ®~!.
In this paper we always suppose that @ is a sup-multiplicative-like function with
its supporting function . The inverse function ®~! has its supporting function v.
Let 6 >k+ 1 and § >+ 1. Denote

1-o
P(t):(ffl’ﬁﬂ, , L€ (tytr1], s=0,1,2,---,,

1B
Q(Z):(tltj,i)ﬂ?’ ZG(ZS,I_Y+1]7 s=0,1,2,---.

DEFINITION 2.4. We say K : (0,4o0) x IR> — IR is a Carathéodory function if it
satisfies the following:

P’ ofn)
(x,y) € IR? there exist the limits

. x oy
mK (f, ——, =), s=0,1,2,--;
1=t ( p(t) Q(U)

(i) (x,y) —K (t, %, %) is continuous on IR? for all ¢ € (0, +o0);

i t— K<t7 - L) is continuous on (ts,%41] (s = 0,1,2,---), and for any

(iii) for each r > O there exists a constant A, > 0 such that

X Y
K b, —, —= <AI’7 re 07+°°7 X1y 1Y <r
(v 55 7). O
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DEFINITION 2.5. L: {t;} x IR? is called a discrete Carathéodory function if
i) (x,y)—L (ts, ﬁ, ﬁ) is continuous on IR? forall s =1,2,---;

(ii) for each r > 0 there exists A,; > 0 such that

x oy
L ts7 o\ gAr..\‘a SZI,Z,"', X[, 1y gr
(o s )| < s

and
o0
2 Ar,s < oo,

s=1

DEFINITION 2.6. Let 6 > 0. h:(0,4o0) — R is called a 6—integral on (0, +eo)
if [§(t—s)91h(s)ds is well defined on (0, +o).
To obtain the main results, we need the Leray-Schauder nonlinear alternative.

LEMMA 2.1. (Leray-Schauder Nonlinear Alternative) [16] Let X be a Banach
space and T : X — X be a completely continuous operator. Suppose € is a nonempty
open subset of X centered at zero. Then, either there exists x € dQ and A € (0,1) such
that x = ATx, or there exists x € Q such that x = Tx.

3. Main results

In this section we shall establish the existence of at least one solution of system
(1.3). Throughout, we assume that the functions and parameters in (1.3) satisfy (a)—(e)
(stated in Section 1).

Let

x|(fx7fs+l] € Co(ts7t5+1] (S =0,1,2,- ')7
X={x:(0,00) > R: there exist the limits linl(t —1)"7%(1) (s=0,1,2,--),

t—ty

tlir+n p(¢)x(z) is finite,

and

y|(ts.,t3+1] € CO(tS7tS+1] (S = Oa 1,2, o ')7
Y=y (0,00) — IR : there exist the limits lim (1 —1,)!"Py(r) (s = 0,1,2, ),

t—lg
lim p(r)y(z) is finite

t——o0

For x € X and y € Y, define the norms by

[x[[=llxllx = sup p@)x(®)] and |y =Iylly = sup o()[y()[-
1€(0,40) 1€(0,+e0)
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It is easy to show that X and Y are real Banach spaces. Thus, (X xY,]|-||) is a Banach
space with the norm defined by

[ e[l = max {[[x|lx, [I¥llv}, (x,y) €XxY.
Let x € X and y € Y. Then, there exists r > 0 such that

[yll= sup [y(®)|o(t)<r and  |[[x]|= sup |x(t)|o(t) <r (3.1)
1€(0,4-0) 1€(0,+0)

From (A), f is a Carathéodory function, thus there exists A, > 0 such that
p(t)x(t) o)y(t)
ft7XI7yt :f<t7 5
£ 0.3(0),3(0))| 0 o)

Similarly, since F' is a Carathéodory function and / a discrete Carathéodory function,
there exist positive constants A/. and A, (s =1,2,---) such that

|F(6,x(1),y(1))] <A}, 1 €(0,420),

<Ay, 1€ (0,400). (3.2)

- (3.3)
|I(t57x(ts)ay(ts))| <Ar7s (S = 1727"')7 zlAr,s < oo,
§=

Likewise, g, G and J are also Carathéodory functions and discrete Carathéodory func-
tion, so there exist positive constants B, B, and B, (s =1,2,---) such that

g (t,x(2),y(1))| < Br,  [G(t,x(1),y(1))| <Bj, 1€(0,0),

34
| (ts, x(t5),9(ts))| < Brs (s =1,2,--+), ZB,,S < oo, (34)
LEMMA 3.1. Suppose that x € X and 'y €Y. Then, u € X is a solution of
D0+u() m(t)f(t X(l) y(t))7 l€(07+°°)7l7él575‘:l727---7
linétlfau / o(s ,v(s))ds, (3.5)
11—
limtﬁt;r(t t“) u( )_I(IH (\),y(t~)),s:1,2,~~~
if and only if u satisfies the integral equation
t (t _ s)ocfl
u(t)= | ——————ml(s)f(s,x(s),y(s))ds
0= [} ey (5:x(9),5(5)
0 [ (s )55+ 30— (307,560,
j=1
t€ (titiv1], i=0,1,2,---. (3.6)

Proof. Let u € X be a solution of (3.5). We firstly prove that there exists numbers
c¢j € IR such that for # € (#;,¢;11] (i=0,1,2,---)

u(t)zﬁ/ot(t—s)aflm(s)f(s x(s),v(s))ds + Ecj —t;)* Y

t € (titir1], i=0,1,2,---. (3.7)
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In fact, for 7 € (19,#], we have from u € X that

Iym(2) f(1,x(2), (1))
=I§, Dy x(t) = ﬁ/ot(t —s)aflﬁ [/Ol\(s— v)au(v)dv] ds

al"l(oc) Uot(t _S)aﬁ (/()S(S—V)O‘u(")d\/)/ds]/

1 | s o !
:m[(t—s) m/o(s—v) u(v)dv

—|—Oc/0[(t - s)aflﬁ /Os(s - v)au(v)dvds}

t

oT (@) {"am —gylim lim | (= v)"u(v)dv

0

/

t ot 1 !
+O£/O [ (t—s)a_lm(s—v)_adsu(v)dv} .
Since 1im+t1‘°‘u(t) = A exists, for € >0, we have A —¢& <t!"%u(t) < A+¢ for
t—0
sufficiently small 7 € (79,1,]. So

(A —8)/01(1 —w) "W ldw

=(A—e¢) /Ot (t—v)" %% lav < /t(t —v) " %u(v)dv

0
<@+e) [y ta= e [ (1= w) e,

It follows that
1
(A— 8)/ (1—w) %w* law
0

lim ! —o afld < lim ! —o d
\m/o(t—v) v v< lim O(t—v) u(v)dv

1
< (A—l—e)/ (1—w)~ % w* dw.
0
Then £ — 0 implies that lim Jo(t—v)~“v* 1@y = A exists. Hence
t—0

I8 m(t) f(t,x(1),y(2))
1 o 1 ¢ gt . 1 » ,
ol (or) {_t ot e L g dsu(v)dv}
1 o 1 t ol " 1 » ’
- ol () {_t (1 —a)A +OC/O /o (1—w) lmw dwu(v)dv}

= —cot* 4 ur).
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Thus

l !
u(t) = —/ (t —5) 'm(s) f(5,x(s),y(s))ds + cot®* ™, 1€ (tg,11].
I'le) Jo
We find that (3.7) holds for i = 0. Now we suppose that (3.7) holds for i =0,1,2,---,n
We will prove that (3.7) holds for i = n+ 1. By mathematical induction method, we
complete the proof of (3.7).

Suppose that
1 ! o— o—
u(t):m/o(t—s) Um(s) f(s,x(s),y(s) ds—|—126c i(t—1)) 'L o@),
t € (tar1,tnr2)- ()
Then
m(t)f(t,x(1),y(t))

= Dl u(t) = ﬁ [/Ot (1 _S)au(s)ds]/

~Ta l_ o) { éo/t:”l (t—s5)"" <ﬁ /OS(S = )% m(v) f (v x(v),y(v))dv
1

X els—t)* s+ [ -9 (s [ 6= )00

j:O Int1

+§6Cj(s —1))% 4 @(s))ds]/

1 1 —a 1 s o
:ﬁ{/o“”) s [ 59 ) 520050 s

tv+1 4
/ (t—s)~ Z i(s—1;)%" Lds
ty

j=0

l n 5 /
+—/ (r— —1))% lds + t—s) %D (s)d
Ma) ), s)” Z s—1j) s (t—y) (s) s]

Tnt1

—p* q>(:)+ﬁ[/ot[(z—s)*a L (5 ) L dsm(v) £ (v, x(v), y(v))dv

n+1 F(O()
vjrlt J /
+ 2 ch/v y J W) oy,,0— ldW—l— Z /+l awa—ldw]
v=0 ;=0 =T nr i
= D[‘}H (1) + - —wo‘_1dwm(v)f(v,x(v)7y(v))dv

yp17t

+2cj2/,vf,;t" (1—w)~ W 1a’w+ 2 /M,

n
J=0  v=j77=;

=m(t)f(t,x(1),y(t)).

/
O(wafldw:|
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It follows that D% ®(r) = 0. Then similarly to (+) we know that there exists ¢,+1 € R
n+l

such that ®(¢) = ¢, 1(t —t,.1)* . Hence

u(t) = gy Jo(t =) 'm(s) f(s,x(5),y(s))ds + Z cj(t=1)*", 1€ (tner,tusa).
Jj=
(%)
Thus (3.7) holds for i = n+ 1. This completes the proof of (3.7).
From lin&tl""u(t) = 5 O (s)F (s,x(s),¥(s))ds, we get
11—

= [ " O(5)F (s,x(s), y(s))ds.

From lim (t —#;)'~%u(t) = I1(t;,x(t;),y(t;)) , we have

[*)ti

ci = 1(t:,x(t;),y(t;))-

On substituting ¢; into (3.7), we obtain for 7 € (#;,1;11] (i=0,1,2,---),
t (t _s)ocfl wl
u(t) = [ o m5) £ sm(s),y(5)ds+ 15 [ 9P (s.x(5),5(5))ds
i
2 t_tJ tJ’ (tJ)’y(tl))v te(ti7ti+1}7 i2071727"'

which is simply the same as (3.6).

Moreover, since x € X and y € Y, we have (3.1)—~(3.3) which will lead to the
expression of u in (3.6) is well defined on (0,+c0). We will prove that u € X and u
satisfies (3.5).

In fact, by (3.1)—(3.3) and (c), we have

t(r —g)21
s <ArL1/ 7( ) skds
o T(a)

L (1 —w)o! s
:ALt‘”k/i fdw by =
N A IR

B(o,k+1)
= ALt
rk1 F(OC)

We have

P (s)F (s,x(s),y(s))ds

1+1°

1-o t _sa—l
tim p(eyu(t) = - [ 05,100, (s + 12

t—0t 141t Jo

- /()N¢(S)F(s7x(S),y(S))dS
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and for s =1,2,---, we have

_ l—o ¢t —g o—1
tim p(oue) = L [ ) 65400) (0
1= 1) S O (5)F (s.5(5).3(5)ds
1419
(=117 3 (6= 1) (15, 5(1),3()))
j=1
+ 1+1¢°
= I(’S7X(IS)aY(t-\'))~

One can get for ¢ € (#;,%;41] that

/

M=o :/Ot(t—s)—au(s)ds}
ci—1 [+1
:F(ll—a).nib/t,, ds—|—/t $)"%u(s)d s

1 riml et o s(s_v)afl
=t X (] e m )

oo

5% [ oW (o) y v+ 3 (5 1) (1 3(07), ¥(17)) ) ds

0 , 1

t s (g— )0l
# [[a=o e [ S ) )

451 [ Q)P0 y v+ 3 (5 - 1)% 11y.5(1),9(6)) ) |

Jj=1

! S (s—v)e!
) r(ll—a){/o(t_s)ia/o ( r(gc) m(v)f(v,m(v),y(v))dvds

o (t— s)_o‘so‘_lds/owq)(v)F(v,x(v),y(v))dv
+2/[“ (s 1)%dsI(1,x(17), (1))
—|—/ (1—s)"%* 1a’s/ o(v

+/z 5)” zi‘,s 1) dsI(17,x(t7),y(t7))

/

1 : s—v a—1
- F(l—a) [ ot r(ci) dsm(v)f (v.m(v),y(v))dv
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i—1 il
" —w) % g y(v)dv
+3 ), 0w | 00IF(x(r).50))
i=1 Ll
F N oy W)t (1,x(07),5(07)
n=0j=1""7=;
1 w
+ (l—w)_o‘wo‘_ldw/O O (V)F (v, x(v),y(v))dv

i
i

i 1 ,
+jz'1/t,i,tj(l_W)a O‘*ldwl(tj, (tj),y(zj))}

—a

W)f (v,m(v),y(v))dv

+2/tnt (1—w) "w*™ 1dw/ O(V)F (v, x(v),y(v))dv

Jj=0n=j" 71
1 o
+ t_(l—w) %ol gy A O(V)F (v,x(v),y(v))dv
+i ,ill(l—w) ol (15,x(43), (1)) |

o—1

/ / avlz(a)dwm(")f("’m(v),y(\/))dv

_|_/0 (1—w) *awafldw/o O(V)F (v, x(v),y(v))dv

i—1 1
+j§6/0 (1 —w)~*w* Yawl(t;,x(t;),¥(t;))

1 /
+ /O (1— W)*O‘W“*‘dwl(thx(ti%y(ti))}

:m(t)f(tax(t)vy(t))v te(tiati-&-l]’ i=0,1,2,---.

45

It is easy to see that ul, .. | € C°(f;,2;11] and lim p(¢)u(r) exists forall i=1,2,---

1t

Furthermore, we have for 7 € (#;,1;11] that

p(0)|u(®)] <

— g\l (p gyl
e [ o) (s ()

loc
e [0 (sy2(5) (5Dl

e 1+1°
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(t—ti)l_a i w1
e X ) (), (25)
j=1
(t—1;)'¢ /f (t—s)*t .
<AL d
ri1 1—|—l‘6 0 F(OC) s as
—i—A/( l 10 1 |¢ |d _|_( )1 ai(r—t')aflA ,
"o1+10 1+ &~ J rj
j=
(t_ti)l_a a+kB(a7k+1) , 1 /N L&
<AL t d i
SN T () T o [0t i

J=1

It follows that ,lhf p(t)u(r) =0. So u € X and u is a solution of (3.5). The proof is

complete. [J

LEMMA 3.2. Supposethat x € X andy €Y. Then, v €Y is a solution of

Dv(t) = n(0)g(t,x(1),3(1)), 1€ (0,4+00), 1 £, =12+,

tlijall_ﬁv(l) =/ v (5)G(s,x(s),y(s))ds, (3.8)
lim (¢ — 1) By(r) = Syt x(1,), y(15)), s = 1,2,

if and only if v satisfies the integral equation

t _SI3—1
)= [ n(5)gls,a(s)0(5))ds

r'(B)
0 [Cuts YDt 3P e x(6), (),
j=1
re (tith»l}? i=0,1,2,---. (3.9)

Proof. The proof is similar to that of Lemma 3.1. [

Now, we define the operator 7 on X x Y by

T(x,y)(1) = (T (x,)(1), T2 (x,y) (1))

where
t(t_s)afl
Ti(x,y)(1) = /0 Wm(s)f(u(s),y(s»ds
w0 [Tots () ds+2 = 1) H.x(07).3(07))

j=
t€ (titir1], i=0,1,2,-- (3.10)
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and

t _Sﬁ—l
Bl = [ %

+lﬁ71 /ON W(S)G(S7X(S)»y(s))ds+ zl,tsﬁilj(thx(tj)»y(tj))v

s=1
t € (titiy1]), i=0,1,2,---. (3.11)

n(s)g(s,x(s),y(s))ds

REMARK 3.1. By Lemmas 3.1 and 3.2, (x,y) € X x Y is a solution of system
(1.3) if and only if (x,y) € X x Y is a fixed point of the operator 7T .

LEMMA 3.3. The operator T : X xY — X x Y is well defined and is completely
continuous.

Proof. The proof is long and will be divided into parts. First, we prove that T
is well defined. Next, we show that 7 is continuous, and finally we prove that T is
compact. Hence, T is completely continuous. We omit some of details, one may see
[13].

Step 1. We shall prove that 7 : X x Y — X x Y is well defined. For (x,y) € X x Y,
we have ||(x,y)|| = r > 0. Then, (3.1)-(3.4) hold. We can shown similarly to the proof
of Lemma 3.1 that 7j(x,y) € X. Similarly we can show that 7>(x,y) € Y. Hence,
(T1(x,y), Tr(x,y)) eX xY and T : X XY — X XY is well defined.

Step 2. We shall prove that T is continuous. Let (x,,y,) € X x Y with (x,y,) —
(x0,y0) as n — co. We shall show that T (x,,v,) — T (x,v0) as n — e, i.e., Ty (Xn,yn) —
Ti(x0,y0) and T»(xu,yn) — Ta(x0,y0) as n — oo. The proof is similar to (a) in the proof
of Lemma 10 in [13].

Step 3. We shall prove that T is compact, i.e., for each nonempty open bounded

subset Q of X x Y, we shall prove that T(Q) is relatively compact. For this, we shall

show that 7(Q) is uniformly bounded, equi-continuous on each subinterval [a,b] C
(tistiv1) (i=0,1,2,---), T(Q) is equi-convergentas t — #; (i =0,1,2,---) and t — oo,

Let Q be an open bounded subset of X x Y. There exists r > 0 such that (3.1)
holds for all (x,y) € Q. Hence, (3.2)~(3.4) also hold for all (x,y) € Q. We need to do

the following three substeps similarly to (b) of the proof of Lemma 10 in [13].

Step 3a. We shall show that 7'(2) is uniformly bounded.

Step 3b. We shall prove that 7' (Q) is equi-continuous on each subinterval [a,b] C
(tl'7ti+l} (l = 07 1727 o ) .

Step 3c. We shall show that T'(Q) is equi-convergentas t —#; (i =0,1,2,---) and
1 — oo,

We have established that T(Q) is relatively compact. So T is completely contin-
uous. This completes the proof. [J

We are now ready to present the main theorem.
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THEOREM 3.1. Let(a)—(e) hold, @ : IR — IR be a sup-multiplicative-like function
with supporting function ®, and its inverse function ®~' : IR — IR with supporting
function v. Furthermore, suppose that

(1) there exzst nonnegatzve numbers ¢y by, ap, Cr, Br, Af, Cry, By s and Ay such
that 2 Crys, Z By and Z Ay are convergent, and the following hold for all
=1

s=1 s=1

(U,V)ER? and t € (0,+oo):
u v _

U ~1
F(z, = g@)‘ < Cr+ BrlU| +Ar® ' (V]),

u v
I\ < Crs 4+ BryU| + AL @ ([V]);
(S’ p(t)’ g(@)’ 15+ Brs|U[+A1: 27 (V)

(i1) there exist nonnegative numbers Cg, bg, ag, Cg, Bg, Ag, Cj s, Bys and Ay s such
that Z Cyys, 2 By and Z Ay s are convergent, and the following hold for all

s=1 s=1 s=1

(U,V)eR? and t € (0,00) :

U \%
— i<
g<t7 p(t (t )’\Cg+bgq)(U|)+agV7

U \%4
G<l7 — —>‘ <CG+BG(I)(|UD+AG‘V‘,

)

p(t)" o)
U Vv
J | ts, , < Cjs+ By ®(|U
(v 5ty gty )| <Cos ot
Then, the system (1.3) has at least one solutionin X x Y if
(SR} 2%,
33<1 €] 1 1 3.15
eh P 1—@2V<1—zg>< (3.15)
or . .
<1, @<, : <, (3.16)
1—Z3W<1*92>
20
where

o—k—1( k+1 \*V°B(ak+1) =
©,=L — b B B
=1L (G—k—l) T(0) £+ 10111BF + Y, Brs,

s=1

o—k—1( k+1 \*“V°B(ak+1) =
0y =L, (G_k_l) e ot 19har + X,
S—1—1/ 1+1 \"VOBPB.I+1) - G317)
=1 5 (5—[—1) ng‘f'“ll/“lBG‘FEBJ,s»

s=1

S—1—1( 1+1 "B 1+1) =
=0 S (5—l—1> Wag'f'“ll/“lAG‘FEAj,y

s=1
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Proof. We shall apply Lemma 2.1. From Lemma 3.3 we note that 7 is completely
continuous. Let us consider the operator equation

(x,y) = AT (x,y) (3.18)
where A € (0,1). We shall show that any solution (x,y) of (3.18) satisfies
Iyl <M (3.19)
where M is a constant independent of A. Now, in the context of Lemma 2.1, let
Q={(xy) €XXY:|/(x,y)| <M+1}.

In view of (3.19), it is not possible to have (x,y) € dQ satisfying (x,y) = AT (x,y),
hence we conclude by Lemma 2.1 that there exists (x,y) € Q such that (x,y) = T (x,y),
i.e., the system (1.3) has a solution in X x Y. This completes the proof.

We shall now proceed to prove (3.19). Let (x,y) be a solution of the operator
equation (3.18). It follows that x = ATj(x,y) and y = AT, (x,y), i.e.,

x(1) = ATi(x,y)(r)

_ t (t _ S)afl
2 RO OROIT

pys /0 " 0(5)F (5,x(s), y(s))ds + zl(t ) (e, x() (1)),
~
te(ti7ti+l]7 i=0,1,2,-- (3.20)

and

() = ATa(x,y)(t)

B Tt — s)ﬁ’1
_y) /0 R8s ) ()

#2070 [T )G 5,x(0) 56+ 30— 1P 10701,
i=1

j=
te(ti7ti+l}7 12071727 (321)
It is easy to see from condition (i) that
7 (t p(t)x(t) Q(t)y(t)) ‘
Cop@) T o)
cr+bp(O)x(1)[ +ar® " ((t)|y(t)])
cr+byllel[+ar@~" (vl (322)

| (2,x(0),y(0))] =

<
<

Similarly, we get
[F(t,x(2),5(t))] < Cr + Br| x| +Ar®@~" (||y]]),

(3.23)
[ (t5,x(t5),¥(t5))| < Crs + Brs | x|+ Ars® " (|[y]])-
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From (3.20), using (3.22) and (3.23), we find for 7 € (#;,1;41] (i=0,1,2,---),

(t—1;)' ¢

p0l0] < O o)
(t—t,-)lfa z(t_s)ocfl
R R A AR LOICEORIO) 2
)i
i [ 106y s6), (5
g\l i
e ) 0. 50)
— g\l e (p gyl
< 0 [ st il 0@ (1)
_ s\l oo
D ot [ o) alCr+ B+ Aro™ (1)
(t—1;)17% o -
+Wj:21(t—tj) '[Cs @~ (|IyID)]
1+k 1 _Woc—l
s T havtes + byl +ar0 (o)

Jroo
+10111 [Cr+Br|1x||[+Ar® " (I[yI)]+ Y [Crs+Brs ||x||+Ar.@ " ([y]])]

j=1
o—k—1( k+1 VOB k+1) X
— L b @_
15 (G_k_1> 7“0‘) e +byllxl[+ar@™ (| Iyl])]

-+ [Cr+Br|lxll+Ar@~" (JIyl))+ ZCLs+BI,.vI\X\|+A1,s¢7l(|\y\l)}-

So
p(1)[x(1)] < ©1 + O] |x]| + O30 (||y]]),
where
o—k—1( k+1 \*V°B(ak+1) >
0, =L A C Crs-
1=Li— (G—k—l) T(0) cr+ 1ol F+S=Z1 1.

It follows that

x| = S(lép )P(I)IX(t)\ <01+ 6, x[| + 030 (|Iyll),
1€(0,00

or equivalently

“HID- (3.24)

Il <

1-0, 1-0
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Similarly, from (3.21) we can show that

2 )Y}
< @ 2
Iyl <€ =+ (1) (325)
where
S—1—1( 1+1 \""VoB@B,I1+1) =
=L ————Cy E 5
! 2 o (5—[—1) F(B) CA"'HV/HICG‘FSZICJ,.

Case 1. Suppose (3.15) holds. Without loss of generality, suppose that
2
x| > @ ( 1). (3.26)
%

Then, using (3.25) in (3.24) as well as (3.26) and (2.2), we get

0O, O; [ X )
< () D

@1 @3 —1 222
< ®
o e ()

(3.27)
(S O3 2%, 1
< o (@
o (5 _23) (@ (1))
(S O3 222
= + v 1]
1-0, 1-6;
From (3.15) we have 12~V ( 12_2,33) < 1, therefore it follows from (3.27) that
@1 O3 2%, !
1 - =W. 3.28
Il < 2[ 1_®2v<1_23)] (3:28)

From the above discussion, we have either ||x|| < W or |jx|| < ®~! (g—;) . Therefore,

z
x| < max{W (i (;) } =M. (3.29)
2
Substituting (3.29) into (3.25) yields
% )%} %
O] W, &~ =M. 3.30
bl < 2t e (max{woet ()} ) = 620

Combining (3.29) and (3.30), we have proved that (3.19) holds with M = max{M;,M,}.
Case 2. Suppose (3.16) holds. Without loss of generality, suppose that

Il >®<%>. (3.31)
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Then, using (3.24) in (3.25) and together with (3.31) and (2.1), we find

% N ( o, 0,

< !
bl < 2 o (o g ® (D)

2 pY)) 203 4
< o (0]
e (e

Z 5 @@ (Iv) (3.32)
-3  1-x o
3 3 W( 2@32>
s b 1
1 + 2

3

-1
Since 15—223 [W(1;@?2>} < 1, it is clear from (3.32) that

-1
5 % 1 ,
1— =W 3.33
=y, 1—23W(1—®z> (3.33)
203

<
[yl 1

From the above discussion, we have either [|y|| < W’ or |ly|| < ® (%) . Hence, we get

(C)
1yl <max{W’7 @(9—2)} = Ms, (3.34)
which on substituting into (3.24) gives
(C) C] C]
x|l < 1—1@2 + 1_3@2qu (max{W, q>(@_;>}> = M,. (3.35)

Coupling (3.34) and (3.35), we have shown that (3.19) holds with M = max{M3,M,}.
The proof is complete. []

THEOREM 3.2. Let (a)—(e) hold. Furthermore, suppose that

(i) there exist nonnegative numbers c¢, Cr and Cy s such that Y, Cj is convergent,
s=1

and the following hold for all (U,V) € IR? and t € (0,+o0) :
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(ii) there exist nonnegative numbers c,, Cg and Cj s such that 'y, Cjg is convergent,
8 g , Y 8

§=

and the following hold for all (U,V) € R? and t € (0,e0) :

g(t, %, %)’ < ¢,
G(l‘, W{;), E;))‘ SCG,
J("’ plts)’ M)‘ <G

Then, the system (1.3) has at least one solutionin X x Y.

Proof. In Theorem 3.1, choose ay =a, =by =by =0, Ap =Ag=Br =B5 =0
and A;y =Ajs =Bjs=Bys=0. Itis easy to see that (3.15) and (3.16) hold. We get
Theorem 3.2. The proof is completed. [

4. Examples

To illustrate the usefulness of our main result, we present an example that Theorem
3.1 can readily apply.

EXAMPLE 4.1. Consider the following impulsive boundary value problem

2 1
D&JL(I) =12 [co+ by

(=) (1 —5)%> 3
14123 u(t)+a0(1+t2/3)3 YN
te€(s,s+1], s=0,1,2,--,

3

2 1
3 P!
DO+V(Z)—I 2 C1+b17(1+t2/3)1/3 23

te(s,s+1], s=0,1,2,--,

_ /s ) _§)2/5
Uk AN +a1uv<r>] ,

.3 = o1 (4.1)
}E}'%ISM(Z) :BOA e mu(s)ds,
.2 ® 1 1
= s - 3
}g%”v(t) Bl/o e (1+52/3)1/3(”(5)) ds,
lim (c —s)3u(r) =27, s=1,2,-,
t—s
lim (¢ —5)3v(r) =37, =12,
t—s

where cg, by, ag, c1, b1, ai, Bp and B are constants.
Corresponding to system (1.3) we have

2

(a) a=3,

_3
=3,

b)) 0=fp<h=1<--<tg=s5<--- with lims = oo,

§—r00
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(¢) m(t) =12 =n(r) are singularat t = 0, |m(t)| = |n(r)| < Lyt* = Lot! with L; =
Ly=landk=1I=—

1

2 9

(d) ¢(r) =e" = y(r) satisfy ¢,y € L'(0,e), and
(e) f, g, F, G, I and J are defined by

(t—s)3°

p(I)ZW’ IE(S,S—FI]’ S:0,1,2,~~~

)

(r— s)2/5

—W, IE(S,S+1], s=0,1,2,---

X y X y L
Flo,—~—, 2 )=Byx, G<t7—,—):le3’,
( p(t) Q(Z)> p(t) oft)
y S Yy — S —
z(s,ﬁ,g_x))_z , J(s,—p’(‘_y),—g(_y)>—3 , s=1,2,--.

Choose 0 =6 = % Then, 0 >k+1 and § >+ 1. Itis easy to show that
(A) f, g, F, G are Carathéodory functions,
(B) I and J are discrete Carathéododory functions.

Furthermore, in the context of Theorem 3.1, we have ®~!(x) = x* with supporting
function w(x) = x%, and ®(x) = x3 with supporting function v(x) = x’. It is easy to
see that conditions (i) and (ii) in Theorem 3.1 are satisfied with

cr= |col, by= |bol, afr = |ao,
Cr=0, Br=|Bo|, Ar=0, Crs=2"°, Biy=A;,=0,
cg=leil, bg=b1l, ag=lail,

C6=0, Bg=|Bi|, A¢=0, Cj3=3"° Bj,=A;,=0.

By direct computation, we get

V27B(2/5,1/2)

0, = TW‘%H'BO"
0. — V27 B(2/5,1/2)

3= TWWOL

X = @w\bﬂ‘f'ml\,

4 T(3/5)
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V27 B(3/5,1/2)

3= 1 W\aﬁ

Applying Theorem 3.1, we see that system (4.1) has at least one solution if (3.15) or
(3.16) holds, i.e., if

V27B(3/5,1/2) V27B(2/5,1/2)

BU/5,1/2) Al S/ el o Bo| <1
+ e ISt T Ty st
and
VIS 4| VI BESL EETAE
4
‘/_713 2/25/2-/2 bo| — |Bo 1—7\/2——3(3(/35/;2” 1l
or 1
) 1
AR o+ | [ 1 SRR bl — Bl | © )
1— {*/2*1;(3/51/2)| ‘ \FB(2/51/2)| ‘ . .
I(3/5) r(2/3) 140

REMARK 4.1. Itis easy to see from (4.2) that system (4.1) has at least one solution
for sufficiently small |ao|, |bo|, |ai|, |b1]|, |Bo| and |By|.
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