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TIME–FRACTIONAL DIFFUSION EQUATION

WITH DYNAMICAL BOUNDARY CONDITION

MYKOLA KRASNOSCHOK

(Communicated by N. Vasylyeva)

Abstract. We establish the unique solvability in Hölder spaces for an initial-boundary problem
for fractional diffusion equation with fractional dynamic boundary condition.

1. Introduction

Let Dα∗,t (0 < α < 1) be the Caputo derivative of order α

Dα
∗,tu(x,t) =

1
Γ(1−α)

∂
∂ t

∫ t

0
(t− τ)−α(u(x,τ)−u(x,0))dτ,

here Γ is Euler ′ s Gamma function (see [5]).
Let Ω be a bounded domain in R

n with C2+θ -boundary Σ (θ ∈ (0,1) . Denote
ΩT = Ω× (0,T ] , ΣT = Σ× (0,T ] , T > 0.

We need to find the function u(x,t) , satisfying the equation

Dα
∗,tu(x,t)−A

(
x,t,

∂
∂x

)
u(x,t) = f (x,t), (x,t) ∈ ΩT , (1)

with initial
u(x,0) = u0(x), x ∈ Ω, (2)

and dynamical boundary conditions

Dα
∗,tu(x,t)+B

(
x,t,

∂
∂x

)
u(x,t) = ψ(x, t), (x,t) ∈ ΣT , (3)

where

A

(
x, t,

∂
∂x

)
=

n

∑
i, j=1

ai j(x,t)
∂ 2

∂xi∂x j
−

n

∑
i=1

ai(x,t)
∂

∂xi
−a0(x,t),

B

(
x,t,

∂
∂x

)
=

n

∑
i=1

bi(x,t)
∂

∂xi
+b0(x,t).
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We assume that the inequalities

νξ 2 �
n

∑
i, j=1

ai j(x,t)ξiξ j � μξ 2, for all (x, t) ∈ ΩT , (4)

n

∑
i=1

bi(x,t)ni(x) � −δ < 0, for all (x, t) ∈ ΣT , (5)

are valid (here n(x) is the unit outward normal to Σ at the point x ) and compatibility
condition

ψ(x,0)−B

(
x,0,

∂
∂x

)
u0(x) = A

(
x,0,

∂
∂x

)
u0(x)+ f (x,0), x ∈ Σ (6)

is fulfilled.
This problem is obtained from the standard one (see, for exaple, [1, 3, 7, 9, 27]) for

a second-order parabolic equation with dynamical boundary condition by replacing the
first-order time derivatives with the Caputo derivatives of order α . We refer the reader
also to [8] for an extensive derivation and physical interpretation of dynamic boundary
condition for the heat equation.

Fractional partial differential equations received much attention in the literature
because of numerous applications in physics, chemistry, hydrology and engineering
([10, 20, 21, 23, 30]).

As for equation (1), S. D. Eidelman and A. N. Kochubei constructed and inves-
tigated in [6] the fundamental solution in R

n . Ph. Clément, S.-O. Londen and G. Si-
monett obtained in [4] existence, uniqueness and continuation on abstract quasilinear
parabolic equation with time-fractional derivative. In [25] A. V. Pskhu construct a
fundamental solution of a diffusion-wave equation with Dzhrbashyan-Nersesyan frac-
tional differentiation operator with respect to the time variable. He give a solution of the
Cauchy problem and prove the uniqueness theorem in the class of functions satisfying
an analogue of Tychonoff’s condition.

Other results regarding to solvability of initial-boundary problems to fractional
diffusion equation can be found in [11, 13, 14, 18, 22, 24, 26, 28] and literature therein.

As for mathematical treatment of condition (3), M. Kirane, N. Tatar in [12] have
analyzed the issue of local and global solutions for elliptic systems with nonlinear frac-
tional dynamic boundary condition. N. Vasylyeva obtained in [31, 32, 33] coercive
estimates of the solution to the Poisson equation with a boundary condition comprising
the fractional derivative in time and prove the existence and uniqueness of the classical
solution for corresponding moving boundary problems locally in time.

In this paper we prove the well-posedness and regularity of the solution to problem
(1)–(3). Here we extend the results of [16], where this problem (1)–(3) was considered
in one-dimensional case. In our analysis we follow very closely the approach of G. I.
Bizhanova and V. A. Solonnikov (see [3]).

Below constants (always independent on x and t ) will be denoted by the same
letter C , even if they may vary from line to line. Sometimes we write, e.g., C(p,q) ,
when we want to emphasize the dependence of C on particular parameters p , q .
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2. Functional spaces and main result

Let θ ∈ (0,1) , x′ = (x1, . . . ,xn−1) throughout this paper. Let Q be a domain in
R

n , QT = Q× (0,T ] .
We shall use the following notations Dl

x = ∂ |l|

∂x
l1
1 ...∂xln

n
, l = (l1, . . . , ln) , li � 0, i =

1, . . . ,n , |l| = l1 + . . .+ ln .
We define Ck+θ (Q) , (k ∈ N∪{0}) , as the space of functions f (x) , x ∈ Q , with

the norm
| f |(k+θ)

Q = | f |(k)Q +[ f ](k+θ)
Q ,

here

| f |(k)Q = ∑
|l|�k

|Dl
x f |Q, | f |Q = sup

x∈Q
| f (x)|,

[w](k+θ)
Q = ∑

|l|=k

sup
x,y∈Q

|Dl
x f (x)−Dl

x f (y)| |x− y|−θ .

By Cθ
α(QT ) we denote the set of functions f (x,t) having a finite norm

| f |(θ)
α ,QT

= | f |QT +[ f ](θ)
α ,QT

,

where

| f |QT = sup
t∈(0,T )

sup
x∈Q

| f (x,t)|,

[ f ](θ)
α ,QT

= 〈 f 〉(θ)
x,QT

+ 〈 f 〉(θ
α
2 )

t,QT

〈 f 〉(θ)
x,QT

= sup
t∈(0,T )

sup
x,y∈Q

| f (x,t)− f (y,t)||x− y|−θ ,

〈 f 〉(θ)
t,QT

= sup
t,τ∈(0,T )

sup
x∈Q

| f (x,t)− f (x,τ)||t − τ|−θ .

By definition, the space Ck+θ
α (QT ) , k ∈ N consists of functions f (x,t) with a finite

norm

| f |(k+θ)
α ,QT

= ∑
|l|+2m�k

|(Dα
∗,t)

mDl
x f |QT +[ f ](k+θ)

α ,QT
,

[ f ](k+θ)
α ,QT

= 〈 f 〉(k+θ)
α ,QT

+ 〈 f 〉((k+θ) α
2 )

t,QT

〈 f 〉(k+θ)
α ,QT

= ∑
|l|+2m=k

〈(Dα
∗,t)

mDl
x f 〉(θ)

α ,QT
,

〈 f 〉((k+θ) α
2 )

t,QT
= ∑

|l|+2m=k−1

〈(Dα
∗,t)

mDl
x f 〉((1+θ) α

2 )
t,QT

.

The symbol Ck+θ
α ,0 (QT ) denotes the subspace of Ck+θ

α (QT ) , whose elements f (x,t)
have the property (Dα∗,t)m f |t=0 = 0, where m = 0, . . . ,

[
k+θ

2

]
. With the help of local

coordinates and partition of unity, all these spaces can be introduced on manifold ΣT .
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REMARK 1. We emphasize that in definition of Ck+θ
α (QT ) we use “repeated”

derivative (Dα∗,t)m rather then “multiple” one (Dαm∗,t ) . Our choice is explained by the
following example. As is well-known (see for instance [28]) Fourier method for frac-
tional diffusion equation is based on the application of the Mittag-Leffler functions

Ea,b(z) =
∞
∑

k=0

zk

Γ(ak+b) . By the definition of the Caputo derivative we have

Dα
∗,t(D

α
∗,tEα ,1(λ tα)) = λ 2Eα ,1(λ tα)

and (for example α < 1/2)

D2α
∗,t Eα ,1(λ tα) =

λ t−α

Γ(1−2α)
+ λ 2Eα ,1(λ tα),

i.e. (Dα∗,t)2Eα ,1(λ tα) is smooth, but in the contrary D2α∗,t Eα ,1(λ tα) is singular at the
point t = 0.

An important role in the investigation of problem (1)–(3) is played by the estimates
of the following model problem in R

n
+ = {xn > 0} :

Dα
∗,tw(x,t)−Δw(x,t) = 0, (x, t) ∈ R

n
+,T , (7)

w(x,0) = 0, x ∈ R
n
+, (8)

w(x,t) → 0, |x| → ∞, (9)

Dα
∗,tw(x,t)+

n

∑
i=1

hi
∂w
∂xi

(x,t) = ϕ(x′,t), xn = 0. (10)

We assume that constants hi , (i = 1, . . . ,n) and the function ϕ are such that

ϕ ∈Ck+θ
α ,0 (Rn−1

T ), k ∈ N, (11)

ϕ(x,t) = 0, |x′| > R0, hn � −δ0, |h′| � M0 (12)

for some fixed positive parameters R0 , δ0 , M0 .
The main results of this paper are the following.

THEOREM 1. Suppose that assumptions (11)–(12) hold. Then model problem (7)–
(10) has a unique solution w ∈ Ck+1+θ

α ,0 (Rn
+,T ) , Dα∗,tw|xn=0 ∈ Ck+θ

α ,0 (Rn−1
T ) , satisfying

estimate
|w|(k+1+θ)

α ,Rn
+,T

+ |Dα
∗,tw|xn=0|(k+θ)

α ,Rn−1
T

� C(T )|ϕ |(k+θ)
α ,Rn−1

T
. (13)

THEOREM 2. Suppose that

Σ ∈C2+θ , ai j,ai,a0 ∈Cθ
α(ΩT ), bi,b0 ∈C1+θ

α (ΣT ), i, j = 1, . . . ,n (14)

and assumptions (4), (5), (6) hold. Then for every functions u0 ∈ C2+θ (Ω) , f ∈
Cθ

α(ΩT ) , ψ ∈C1+θ
α (ΣT ) , problem (1)–(3) has a unique solution u ∈C2+θ

α (ΩT ) , satis-
fying the estimate

|u|(2+θ)
α ,ΩT

+ |Dα
∗,tu|(1+θ)

α ,ΣT
� C(T )

(
|u0|(2+θ)

Ω + | f |(θ)
α ,ΩT

+ |ψ |(1+θ)
α ,ΣT

)
. (15)
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REMARK 2. Assumptions of this theorem implies (see (6))

A

(
x,0,

∂
∂x

)
u0(x)+ f (x,0) ∈C1+θ (Σ). (16)

3. Model problem

3.1. Preliminaries

First of all we present some definitions and results concerning with fractional cal-
culus that will be used in the sequel. For more information see [5, 26, 29].

Let ν ∈ R+ . The Riemann-Liouville fractional integral is defined by

Jν
t f (t) =

1
Γ(ν)

∫ t

0
(t− τ)ν−1 f (τ)dτ

The Riemann-Liouville fractional derivative is defined by

Dν
t f (t) = Dm

t Jm−ν
t f (t), m = [ν]+1.

For ν = 0 we set J0
t f (t) = f (t) , D0

t f (t) = f (t) . It easy to see that

Dν
t f (t) = Dν

∗,t f (t), if f (0) = 0, ν ∈ (0,1). (17)

Below we use the Wright functions (see [25, 26])

φ(−α,δ ;z) =
∞

∑
k=0

zk

k!Γ(δ −αk)
,

with properties (see [25, 26, 15]) (z > 0)

|φ(−α,−γ,−z)| � c exp(−σz
1

1−α )
{

1, if γ /∈ N∪0,
z, if γ ∈ N∪0.

(18)

Dν
y yδ−1φ(−α,δ ,−cy−α) = yδ−ν−1φ(−α,δ −ν,−cy−α),

Jν
y yδ−1φ(−α,δ ,−cy−α) = yδ+ν−1φ(−α,δ + ν,−cy−α),

d
dz

φ(−α,δ ,−z) = −φ(−α,δ −α,−z)

(19)

and
φ(−α,0,−z) = αzφ(−α,1−α,−z)

∫ ∞

0
φ(−α,1−α,−z)dz = 1. (20)

We remind that the fundamental solution Γα to the Cauchy problem for the equa-
tion Dα∗,t u(x, t)−Δu(x,t) = f (x,t) in R

n × (0,T ] can be represented in the form (see
[15])

Γα(x, t) = (4π)−n/2
∫ ∞

0
λ−n/2 exp(−|x2|

4λ
)t−1φ(−α,0,−λ t−α)dλ

=
∫ ∞

0
Γ1(x,λ )t−1φ(−α,0,−λ t−α)dλ ,

(21)
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where Γ1(x, t) = (4π)−n/2t−n/2 exp(−|x2|
4t ) ia the fundamental solution for the heat

equation. It is easy to check

Dα
∗,tΓα(x,t)−ΔΓα(x,t) = 0, x 	= 0, t 	= 0. (22)

Besides we use the inequality (see (3.27) in [15])

n

∑
i=1

(xi −hiλ )2 � C(
n−1

∑
i=1

x2
i + λ 2)+ x2

n, (23)

here xn , λ � 0 and C depends on δ0 , M0 from (12).

3.2. Representation of Green function G and solution w

We take the Fourier transform on the tangent spatial variables x′ and the Laplace
transform on t

F[v] =
∫

Rn−1
v(x′,xn,t)exp(−ix′ ·ξ )dx, ξ = (ξ1, ..,ξn−1),

L[v] =
∫ ∞

0
v(x,t)exp(−pt)dt.

Problem (7)–(10) reduces then to the ordinary differential equation (w̃ = F [L[w]])

pα w̃(ξ ,xn, p)+ |ξ |2w̃(ξ ,xn, p)− w̃xnxn(ξ ,xn, p) = 0, xn > 0,

with the boundary conditions

(pαw̃+hnw̃xn + ih′ ·ξ w̃)|xn=0 = ϕ̃(ξ , p), w̃ → 0, xn → ∞.

Assumption (12) allows us to write

w̃(ξ ,xn, p) =
exp(−

√
pα + |ξ |2xn)

pα −hn

√
pα + |ξ |2 + ih′ ·ξ ϕ̃(ξ , p)

=
∫ ∞

0
exp(−

√
pα + |ξ |2(xn −hnλ )− ih′ ·ξ λ − pαλ )dλ ϕ̃(ξ , p)

≡ G̃(ξ ,xn, p)ϕ̃(ξ , p).

Since (see formula (3.2.7) in [26]) L[t−1φ(−α,0,−λ t−α)] = exp(−pα) and (see

[15]) L−1F ′−1[exp(−√
pα + |ξ |2xn) = −2 ∂Γα (x,t)

∂xn
, we get similar to [3]

G(x, t) = −2

(
∂Γα

∂xn
∗ t−1φ(−α,0, ·)

)
1
(x,t)

≡−2

t∫
0

dτ
∞∫

0

∂Γα(x−hλ ,t− τ)
∂xn

τ−1φ(−α,0,−λ τ−α)dλ ,

(24)
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and

w(x, t) = (G∗ϕ)(x,t) ≡
t∫

0

dτ
∫

Rn−1

G(x′ − y′,xn,t− τ)ϕ(y′,τ)dy′. (25)

Besides we remark that the change of variables λ → σ = λ τ−α leads to

G(x, t) = −2

t∫
0

dτ
∞∫

0

∂Γα (x−hστα ,t − τ)
∂xn

τα−1φ(−α,0,−σ)dσ . (26)

3.3. Properties of Green function G

LEMMA 1. The following identities are valid

Dα
t G(x,t)+

n

∑
i=1

hi
∂G
∂xi

(x,t) = −2
∂Γα
∂xn

(x, t), (27)

∂G
∂xn

(x, t) = −2Γα(x,t)

+2
n

∑
i=1

t∫
0

dτ
∞∫

0

hi
∂Γα (x−hη ,τ)

∂xi
(t− τ)−1φ(−α,0,−η(t− τ)−α)dη

+2Δ′
t∫

0

dτ
∞∫

0

Γα(x−hη ,τ)(t− τ)−1φ(−α,0,−η(t− τ)−α)dη ,

(28)

here Δ′ =
n
∑
i=1

∂ 2

∂x2
i
.

Proof. From (24) and change the order of integration we obtain (see (24))

J1−α
t G = −2

(
∂Γα
∂xn

∗ J1−α
t (t−1φ(−α,0, ·))

)
1
.

Then we use (19) and change the corresponding variables to set

J1−α
t G(x, t) = −2

t∫
0

ds

∞∫
0

∂Γα
∂xn

(x−h(t− s)ασ ,s)φ(−α,1−α,−σ)dσ .

(compare with (26)).
By definition Dα

t G(x,t) = Dt(J1−α
t G(x,t)) . Relations (20) lead to

Dα
t G(x, t) = −2

∂Γα
∂xn

(x,t)

+
n

∑
i=1

2

t∫
0

ds

∞∫
0

∂ 2Γα
∂xnxi

(x−h(t− s)ασ ,s)(t − s)α−1φ(−α,0,−σ)dσ .

(29)
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Clearly from (26) we have

n

∑
i=1

hi
∂G
∂xi

(x, t) = −2
n

∑
i=1

t∫
0

dτ
∞∫

0

hi
∂ 2Γα
∂xnxi

(x−hτα σ ,t− τ)τα−1φ(−α,0,−σ)dσ . (30)

Comparing (29) and (30), we get (27).
By (24), (22), we obtain

Gxn(x, t) = −2

t∫
0

dτ
∞∫

0

∂ 2Γα
∂x2

n
(x−hλ ,τ)(t− τ)−1φ(−α,0,−λ (t− τ)−αdλ

= 2

t∫
0

dτ
∞∫

0

Δ′Γα(x−hλ ,τ)(t− τ)−1φ(−α,0,−λ (t− τ)−α)dλ

−2

t∫
0

dτ
∞∫

0

Dα
τ Γα (x−hλ ,τ)(t− τ)−1φ(−α,0,−λ (t− τ)−α)dλ

≡ G1(x,t)+G2(x,t).

In view of (21), (19) we see Dα
t Γα = Dt(J1−α

t Γα ) = J1−α
t (DtΓα) . The rule of frac-

tional integration by parts (see [26]) and (19) yield

G2(x, t) = −2

t∫
0

dτ
∞∫

0

Γα ,τ(x−hλ ,τ)(t− τ)−αφ(−α,1−α,−λ (t− τ)−α)dλ .

First we integrate by parts with respect with respect to τ . The estimates of Γα , obtained
in [15], and second identity in (20) lead to

G2(x, t)=−2Γα(x, t)+2

t∫
0

dτ
∞∫

0

Γα(x−hλ ,τ)Ds(τ−α φ(−α,1−α,−λ s−α))|s=t−τdλ .

(31)
Then we apply

d
dλ

(τ−1φ(−α,0,−λ τ−α)) = Dτ(τ−α φ(−α,1−α,−λ τ−α))

(see (19)) and integrate by parts with respect to λ in (31). In this way we established
(28) from (29), (31). �

LEMMA 2. The function G satisfies the following estimates∫ ∞

0
|Dl

xG(x,t)|dt � C|x|2−(n+|l|), n+ |l|> 2, (32)∫
Rn−1

|Dk
t G(x,t)|dx′ � Ctα−1−k, k = 0,1, (33)



TIME-FRACTIONAL DIFFUSION EQUATION 159∫
Rn−1

|Dk
t J

1−α
t G(x,t)|dx′ � Ct−k, k = 0,1,2, (34)

∫
Rn−1

|Dk
t Gzi(z

′,xn,t)|z′|θ dz′ � Ct
αθ
2 −1−k, k = 0,1, i = 1, ..,n−1, (35)

Proof. In accordance with definition of G we have

Il =
∫ ∞

0
|Dl

xG(x,t)|dt

� C

∞∫
0

dt

t∫
0

dτ
∞∫

0

dμ
∞∫

0

|Dl
xΓ1,xn(x−hη ,μ)|

× τ−1|φ(−α,0,−μτ−α)|(t − τ)−1|φ(−α,0,−η(t− τ)−α)|dη ,

Formula (20), changes of the variable t → ζ = η
(t−τ)α and the order of integration lead

to the inequalities

Il � C

∞∫
0

dτ
∞∫

τ

dt

∞∫
0

dμ
∞∫

0

|Dl
xΓ1,xn(x−hη ,μ)|

× τ−1|φ(−α,0,−μτ−α)| η
(t− τ)1+α |φ(−α,1−α,−η(t− τ)−α)|dη

� C

∞∫
0

dτ
∞∫

0

dμ
∞∫

0

|Dl
xΓ1,xn(x−hη ,μ)|τ−1|φ(−α,0,−μτ−α)|dη .

(36)

The classical estimate

|Dk
t D

l
xΓ1(x,t)| � Ct−

2k+|l|+n
2 exp

(
−C

|x|2
t

)
(37)

and (23) with the change of variables η → z = η
μ1/2 gives

Il � C

∞∫
0

dτ
∞∫

0

dμ
∞∫

0

μ− |l|+n+1
2 exp

(
−C

|x|2 + η2

μ

)
τ−1|φ(−α,0,−μτ−α)|dη

� C

∞∫
0

dτ
∞∫

0

μ− |l|+n
2 exp

(
−C

|x|2
μ

)
τ−1|φ(−α,0,−μτ−α)|dμ .

We use (18), (20), change of variables τ → ρ = μ
τα and then μ → ζ = |x|2

μ to deduce

Il � C|x|2−(n+|l|)
∞∫

0

ζ n+|l|−3 exp(−Cζ 2)dζ � C|x|2−(n+|l|),
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when n+ j−3 > 1. This proves (32).
Since ∫

Rn−1

|Γ1,xn(x−bμ ,t)|dx′ � C
xn−bμ

μ3/2
exp

(
−C

|x|2
μ

)
,

we have

I =
∫

Rn−1

|G(x,t)|dx′

� C
∫

Rn−1

dx′
t∫

0

dτ
∞∫

0

dμ
∞∫

0

xn−bμ
μ3/2

exp
(
−C

|x−bμ |2
μ

)
(t− τ)−1

×
∣∣∣φ(

−α,0,− μ
(t− τ)α

)∣∣∣τ−1
∣∣∣φ(

−α,0,− η
τα

)∣∣∣dη .

We divide an integral over (0,T ) into the ones on the intervals (0,t/2) and (t/2,t) .
We denote corresponding integrals by I′ and I′′ .

We have

I′ � C
t

t/2∫
0

τα−1dτ
∞∫

0

∣∣∣φ(
−α,0,− η

τα

)∣∣∣dη
τα

∞∫
0

xn−bμ
μ3/2

exp
(
−C

|x−bμ |2
μ

)
dμ

� C
t

t/2∫
0

τα−1dτ � Ctα−1,

(38)

here we change the variables η → ζ = η
τα , μ → ξ = x−bμ

μ1/2 and use estimate (18). In

I′′ we apply again (18) to estimate Wright functions

I′′ � C
t

t∫
t/2

dτ
∞∫

0

dμ
∞∫

0

xn −bμ
μ3/2

exp
(
−C

|x−bμ |2
μ

)

× (t− τ)−1
∣∣∣φ(

−α,0,− μ
(t− τ)α

)∣∣∣exp
(
−C

( η
tα

) 1
1−α

)
dη

� Ctα−1

∞∫
0

exp
(
−C

( η
tα

) 1
1−α

) η
tα

∞∫
0

xn −bμ
μ3/2

exp
(
−C

|x−bμ |2
μ

)
dμ

×
∞∫

0

∣∣∣φ(
−α,1−α,− μ

σα

)∣∣∣ μ
σ1+α dσ � Ctα−1

(39)

Summing up (38), (39) we obtain (33) for k = 0.



TIME-FRACTIONAL DIFFUSION EQUATION 161

Next we calculate Gt , J1−α
t G , Dα

t G , Dα
t G . Similarly [2] we have

Gt(x, t) = −2
∂
∂ t

⎛⎝ t/2∫
0

dτ
∞∫

0

Γα ,xn(x−hη ,t− τ)τ−1φ(−α,0,−ητ−α )dη+

+

t/2∫
0

dτ
∞∫

0

Γα ,xn(x−hη ,τ)(t− τ)−1φ(−α,0,−η(t− τ)−α)dη

⎞⎠
= −4

∞∫
0

Γα ,xn(x−hη ,t/2)(t/2)−1φ(−α,0,−η(t/2)−α)dη

−2

t/2∫
0

dτ
∞∫

0

Γα ,xnt(x−hη ,t− τ)τ−1φ(−α,0,−ητ−α)dη

−2

t/2∫
0

dτ
∞∫

0

Γα ,xn(x−hη ,τ)(t− τ)−2φ(−α,−1,−ητ−α)dη

(40)

By (19) we obtain

Jα
t G(x, t) = −2

t∫
0

dτ
∞∫

0

Γα ,xn(x−hη ,t− τ)τ−α φ(−α,1−α,−ητ−σ)dη . (41)

We rewrite (27) in the form

Dα
t G(x,t) = −

n

∑
i=1

hi
∂G
∂xi

(x,t)−2
∂Γα
∂xn

(x,t), (42)

It follows from (42) that

Dα+1
t G(x,t) = −

n

∑
i=1

hi
∂ 2G

∂xi∂ t
(x,t)−2

∂ 2Γα
∂xn∂ t

(x,t). (43)

Arguing as above we established the rest of estimates in (33), (34) from representations
(40), (41), (42), (43).

By the same reason we restrict our attention in (35) to the case k = 0.
Preliminary we have from (23), (37)∫

Rn−1

∣∣∣∣ ∂ 2Γ1

∂xn∂xi
(x′ − y′ −h′η ,xn−hnη ,μ)

∣∣∣∣ |x′ − y′|θ dy′ � μθ/2−3/2 exp(−Cη2/μ).

Then this estimate yields∫
Rn−1

|Gzi(z
′,xn, t)|z′|θ dz′ � C

t∫
0

dτ
∞∫

0

μθ/2−3/2 exp
(
−Cη2/μ

)
τ−1

∣∣∣φ(
−α,0,− μ

τα

)∣∣∣
× (t− τ)−1

∣∣∣φ(
−α,0,− η

(t− τ)α

)∣∣∣dμ .
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We divide this integral into two ones on the intervals (0,t/2) , (t/2,t) and denote its by
L′ and L′′ . Next we use (18), (20) to obtain

L′ � C

t/2∫
0

dτ
∞∫

0

dμ
∞∫

0

ταθ/2
( μ

τα

)θ/2 η
μ3/2

exp
(
−C

η2

μ

)
× τ−1 exp

(
−C

( μ
τα

) 1
1−α

)
(t− τ)−1−α exp

(
−C

( η
(t− τ)α

) 1
1−α

)
dη

� Ct−1

t/2∫
0

τ
αθ
2 −1dτ

∞∫
0

exp
(
−C

( η
tα

) 1
1−α

)dη
tα

∞∫
0

exp
(
−C

η2

μ

)ηdμ
μ3/2

� Ct
αθ
2 −1,

and

L′′ � C

t/2∫
0

dσ
∞∫

0

dμ
∞∫

0

tαθ/2
( μ

tα

)θ/2
μ−3/2 exp

(
−C

η2

μ

)
× μt−1−α exp

(
−C

( μ
tα

) 1
1−α

)
exp

(
−C

( η
σα

) 1
1−α

) η
σ1+α dη

� Ctαθ/2−1
∫ ∞

0
exp

(
−C

( μ
tα

) 1
1−α

)dμ
tα

∞∫
0

exp
(
−C

η2

μ

) dη
μ1/2

×
∞∫

0

exp
(
−C

( η
σα

) 1
1−α

) η
σ1+α dσ � Ct

αθ
2 −1.

The proof of Lemma is finished. �
Next we study properties of the function

K(x,t) =
∫

Rn−1

Gxn(x,t)dx′.

LEMMA 3. The following inequalities hold

T∫
0

|K(xn,t)|dt � C(T ), (44)

T∫
0

|K(xn,t)−K(zn,t)|dt � C(T,θ )|xn − zn|θ . (45)

Proof. By (28), (24) we have

K(xn,t) = −2
∫

Rn−1

Γα(x,t)dx′ −hn

∫
Rn−1

G(x,t)dx′. (46)
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The first integral is estimated in [15] (see Lemma 3.5)∫
Rn−1

|Γα(x,t)|dx′ � Ctα/2−1,

the second one is estimated in (33). Thus we have

T∫
0

|K(xn,t)|dt � C

⎛⎝ T∫
0

tα/2−1dt +
T∫

0

tα−1dt

⎞⎠ � C(T ). (47)

We use inequalities (hn < 0 by (12))

exp(−C(xn −hnη)2/μ) � exp(−Cx2
n/μ − (δ0η)2/μ),

exp(−Cx2
n/μ) � xθ−1

n μ
1−θ

2
x1−θ
n

μ
1−θ

2

exp(−Cx2
n/μ) � xθ−1

n μ
1−θ

2

and representation (46) to get after routine calculations

T∫
0

|K(xn, t)−K(zn, t)|dt � C

⎛⎝ xn∫
zn

dξ
T∫

0

|Γα ,xn(x
′,ξ ,t)dt|+

xn∫
zn

dξ
T∫

0

|Gxn(x
′,ξ ,t)|dt

⎞⎠
� C

xn∫
zn

dξ
T∫

0

ξ θ−1t
1−θ

2 −1dt � CT
1−θ

2 |xn− zn|θ .

The proof of (45) is finished. �
To this end we need the following result.

LEMMA 4. Let j 	= n, a > 0 , then the estimate is valid

Ia =
∞∫

0

∣∣∣∣∣∣∣
∫

|x′−y′|�a

Gxj (x
′ − y′,xn,t)dy′

∣∣∣∣∣∣∣dt � C, (48)

here the constant C doesn’t depend on a.

Proof. We shall closely follow the line of the paper [3] (see estimate of L3 ).
If n � 3, then we get from (36), (|l| = 0)

Ia =
∞∫

0

∣∣∣∣∣∣∣
∫

|x′−y′|=a

G(x′ − y′,xn,t)dSy′

∣∣∣∣∣∣∣dt � C
∫

|x′−y′|=a

⎛⎝ ∞∫
0

∣∣G(x′ − y′,xn,t)
∣∣dt

⎞⎠dSy′

� C
∫

|x′−y′|=a

dSy′

|x′ − y′|n−2 � C.
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If n = 2, then we denote by C a semicircle C = {z = (z1,z2) ∈ R
2 : (z2

1 + (z2 −
x2)2)1/2 = a, z2 > x2} . By (36), (|l| = 1) we have

Ia =
∞∫

0

|G(−a,x2,t)−G(a,x2,t)|dt =
∞∫

0

∣∣∣∣∣∣
∫
C

∇G(z,t) ·dlz

∣∣∣∣∣∣dt � C
∫
C

|dlz|
|z| � C

The proof is finished. �

3.4. Main estimates of w

LEMMA 5. Suppose that assumption (12) is valid and ϕ ∈C1+θ
α ,0 (Rn−1

T ) . Then the
following estimates hold (i = 1, ..,n)

〈wxi〉(θ)
x,Rn

+,T
� C(T )〈φ〉(θ)

α ,Rn−1
T

, (49)

〈wxi〉
(θ α

2 )
t,Rn

+,T
� C(T )〈φ〉(θ)

α ,Rn−1
T

, (50)

〈Dα
∗,tw〉(γ)

t,Rn
+,T

� C(T )〈φ〉(γ)
t,Rn−1

T
, γ ∈ (0,1). (51)

Proof. We construct the solution w of (7)–(10) in the form (25).
We get

wxj = (Gxj ∗ϕ), j = 1, . . . ,n. (52)

First we estimate the Hölder constant 〈wxk 〉(θ)
x,Rn

+,T
. We consider the difference

(ρ = |x− z|)

wxj (x, t)−wzj(z, t)

=
t∫

0

dτ
∫

|x′−z′|�2ρ

Gxj (x
′ − y′,xn,t − τ)ϕ(y′,τ)dy′

−
t∫

0

dτ
∫

|x′−z′|�2ρ

Gzj(z
′ − y′,zn,t− τ)ϕ(y′,τ)dy′

=
t∫

0

dτ
∫

|x′−z′|�2ρ

Gxj (x
′ − y′,xn,t − τ)(ϕ(y′,τ)−ϕ(x′,τ))dy′

−
t∫

0

dτ
∫

|x′−z′|�2ρ

Gzj(z
′ − y′,zn,t− τ)(ϕ(y′,τ)−ϕ(z′,τ))dy′

+
t∫

0

(ϕ(x′,τ)−ϕ(z′,τ))dτ
∫

|x′−z′|�2ρ

Gzj(x
′ − y′,xn,t − τ)dy′
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+
t∫

0

dτ
∫

|x−z|�2ρ

(Gxj (x
′ − y′,xn,t− τ)−Gzj(z

′ − y′,zn, t − τ))(ϕ(y′,τ)−ϕ(z′,τ))dy′

+
t∫

0

ϕ(z′,τ)dτ
∫

Rn−1

(Gxj (x
′ − y′,xn,t− τ)−Gzj(z

′ − y′,zn,t − τ))dy′

=
5

∑
i=1

Ii.

By (32), we obtain

|I1|+ |I2| � C〈ϕ〉(θ)
x,Rn−1

T

( ∫
|x′−y′|�2ρ

|x′ − y′|θ−n+1dy′ +
∫

|x′−y′|�3ρ

|x′ − y′|θ−n+1dy′
)

� C〈ϕ〉(θ)
x,Rn−1

T
ρθ .

(53)
If j 	= n then we use (48)

|I3| � C〈ϕ〉(θ)
x,Rn−1

T
ρθ . (54)

Let j = n in I3 . By (28) we have

Gxn(x,t) = −2Γα(x,t)−2hnG(x,t)+2
n−1

∑
i=1

∂
∂xi

G̃i(x,t) (55)

here

G̃i(x, t) =
t∫

0

dτ
∞∫

0

(
hiΓα(x−hη ,τ)+

∂Γα
∂xi

(x−hη ,τ)
)

×(t− τ)−1φ(−α,0,−η(t − τ)−α)dη ,

(compare the last expression with (24)). It is easy to show

∞∫
0

|G̃i(x,t)|dt � C|x|2−n, n > 2, (56)

∞∫
0

|G̃i,xm(x,t)|dt � C|x|−1, n = 2, m < n (57)

in a similar manner as estimate (32).
The estimate

t∫
0

∣∣∣∣∣∣∣
∫

|y′|�2ρ

Gxn(y
′,xn,t)dy′

∣∣∣∣∣∣∣dτ � C(T ) (58)
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follows from (48). We consider each term in (55) separately. From (47) and (33) we
have

t∫
0

dτ
∫

|y′|�2ρ

|Γα(y′,xn,t)|dy′ � C

t∫
0

τα/2−1dτ � CT α/2 (59)

and
t∫

0

dτ
∫

|y′|�2ρ

|G(y′,xn,t)|dy′ � C

t∫
0

τα−1dτ � CT α . (60)

The proof of inequality

t∫
0

∣∣∣∣∣∣∣
∫

|y′|�2ρ

|∂ G̃i

∂xm
(y′,xn,t)|dy′

∣∣∣∣∣∣∣dτ � C, m 	= n (61)

parallels that of integral (48) in view (56), (57). Inequalities (59), (60), (61) follows
from (58) and consequently (54) for j = n .

For I4 we have

I4 =
t∫

0

dτ
∫

|x−z|�2ρ

(ϕ(y′,τ)−ϕ(z′,τ))dy′

×
∞∫

0

1∫
0

n

∑
m=1

Gxjxm(z′ + λ (x′ − z′)− y′,zn + λ (xn− zn),t − τ)(zm − xm)dλ .

Estimate (32) gives

|I4|�C|x−z|
1∫

0

dλ
∫

|x−z|�2ρ

|y′ −z′|θ
(

(z′ −y′+λ (x′−z′))2 +(zn +λ (xn−zn))2
)− n

2

dy′

(62)
Routine calculations show

|x− z|� |z′ + λ (x′ − z′)− y′|, |z′ − y′| � 2|z′ + λ (x′ − z′)− y′|. (63)

We denote ζ = z+ λ (x− z) . With the help of (63) we can continue (62)

|I4| � C|x− z|
1∫

0

dλ
∫

|ζ ′−y′|�|x−z|

(2|ζ ′ − y′|)θ

|ζ ′ − y′|n dy′

� C|x− z|
1∫

0

dλ
∫

|ζ ′−y′|�|x−z|
|ζ ′ − y′|θ−ndy′ � C|x− z|ρθ−1 � Cρθ .

(64)
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One can easily observe that
I5 = 0, i f j 	= n. (65)

If j = n , then we have

|I5|=
∣∣∣∣∣∣

t∫
0

ϕ(z′,τ)(K(xn,t− τ)−K(zn,t− τ))dτ

∣∣∣∣∣∣ �C(T )T θ α
2 〈ϕ〉θ α

2

t,Rn−1
T

|xn−zn|θ , (66)

here we used (45).
Summing up (53), (54), (64), (66) we establish (49).
Next we estimate (h = t− t > 0)

wxj (x, t)−wxi(x,t) =
t∫

t−2h

dτ
∫

Rn−1

Gxj (x
′ − y′,xn,t− τ)(ϕ(y′,τ)−ϕ(x′,τ))dy′

−
t−h∫

t−2h

dτ
∫

Rn−1

Gxj (x
′ − y′,xn,t −h− τ)(ϕ(y′,τ)−ϕ(x′,τ))dy′

+
t∫

0

dτ
∫

Rn−1

(Gxj (x
′ − y′,xn,t− τ)−Gxj(x

′ − y′,xn,t −h− τ))

× (ϕ(y′,τ)−ϕ(x′,τ))dy′

+
[ t∫

0

ϕ(x′,τ)dτ
∫

Rn−1

Gxj (x
′ − y′,xn,t− τ)dy′

−
t∫

0

ϕ(x′,τ)dτ
∫

Rn−1

Gxj (x
′ − y′,xn,t−h− τ)dy′

]
=

4

∑
i=1

Ii.

Estimate (35) gives

|I1|+ |I2|�C〈ϕ〉θ
x,Rn−1

T

( t∫
t−2h

(t−τ)θ α
2 −1dτ +

t−h∫
t−2h

(t−h−τ)θ α
2 −1dτ

)
�C〈ϕ〉θ

x,Rn−1
T

hθ α
2

(67)
By (35) we get

|I3| � C〈ϕ〉θ
x,Rn−1

T

t−2h∫
−∞

dτ
t−τ∫

t−h−τ

ηθ α
2 −2dη = C〈ϕ〉θ

x,Rn−1
T

t−2h∫
−∞

dτ
h∫

0

(t − τ − s)θ α
2 −2ds

= C〈ϕ〉θ
x,Rn−1

T

h∫
0

ds

t−2h∫
−∞

(t− τ − s)θ α
2 −2dτ (68)

� C〈ϕ〉θ
x,Rn−1

T

h∫
0

(2h− s)θ α
2 −1ds � C〈ϕ〉θ

x,Rn−1
T

hθ α
2 .
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It is obvious that
I4 = 0, j 	= n (69)

If j = n , then

I4 =
t∫

0

ϕ(x′,τ)K(xn,t− τ)dτ −
t−h∫
0

ϕ(x′,τ)K(xn,t−h− τ)dτ

=
t∫

0

ϕ(x′,τ)K(xn,t− τ)dτ −
t−h∫
−h

ϕ(x′,τ)K(xn,t−h− τ)dτ

=
t∫

0

(ϕ(x′,τ)−ϕ(x′,τ −h))K(xn,t − τ)dτ.

So from (44) we see

|I4| � C〈ϕ〉(θ
α
2 )

R
n−1
T

hθ α
2 . (70)

Inequalities (67), (68), (69), (70) prove estimate (50).
The derivative Dα∗,tw(x,t) is represented as

Dα
∗,tw(x, t) =

t∫
0

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)(ϕ(y′,t− τ)−ϕ(y′,t))dy′

+
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)ϕ(y′,t)dy′ ≡ v1(x,t)+ v2(x,t).

(71)

In fact we have

ŵ0(x, t) ≡ J1−α
t (G∗ϕ)(x,t) =

t∫
0

dτ
∫

Rn−1

J1−α
σ G(x′ − y′,xn,σ)|σ=t−τϕ(y′,τ)dy′.

We use (17). Then we differentiate with respect to t the function

ŵδ (x, t) =
t−δ∫
0

dτ
∫

Rn−1

J1−α
σ G(x′ − y′,xn,σ)|σ=t−τϕ(y′,τ)dy′

and get

∂
∂ t

ŵδ (x, t) =
t−δ∫
0

dτ
∫

Rn−1

Dα
σ G(x′ − y′,xn,σ)|σ=t−τ ϕ(y′,τ)dy′

+
∫

Rn−1

J1−α
σ G(x′ − y′,xn,σ)|σ=δ ϕ(y′,t− δ )dy′
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=
t∫

δ

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)ϕ(y′,t − τ)dy′

+
∫

Rn−1

(J1−α
σ G(x′ − y′,xn,σ)|σ=δ − J1−α

t G(x′ − y′,xn,t))ϕ(y′,t− δ )dy′

+
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)ϕ(y′,t − δ )dy′

=
t∫

δ

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)ϕ(y′,t − τ)dy′

−
t∫

δ

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)ϕ(y′,t− δ )dy′

+
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)ϕ(y′,t − δ )dy′

=
t∫

δ

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)(ϕ(y′,t− τ)−ϕ(y′,t − δ ))dy′

+
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)ϕ(y′,t − δ )dy′.

Letting δ → 0, we derive (71).
Let 0 < t < t . Denote h = t− t . We consider the cases a) h � t

4 ; b) h < t
4 .

First we estimate v2(x,t)− v2(x,t) . In the case a) we apply estimate (34)

|v2(x, t)− v2(x,t)| � |v2(x,t)|+ |v2(x,t)| � C〈ϕ〉γ
t,Rn−1

T
(tγ + tγ) � 〈ϕ〉γ

t,Rn−1
T

hγ . (72)

In the case b) we have

v2(x, t)− v2(x,t) =
∫

Rn−1

(J1−α
t G(x′ − y′,xn,t)− J1−α

t G(x′ − y′,xn,t)ϕ(y′,t)dy′

+
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)(ϕ(y′,t)−ϕ(y′,t))dy′

=
t∫

t

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)ϕ(y′,t)dy′

+
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)(ϕ(y′,t)−ϕ(y′,t))dy′.
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By (34) we get

|v2(x, t)− v2(x,t)| � C〈ϕ〉γ
t,Rn−1

T

⎛⎝tγ
t∫

t

dτ
τ

++|t− t|γ
⎞⎠

� C〈ϕ〉γ
t,Rn−1

T

(
tγ h

t
+hγ

)
� C〈ϕ〉γ

t,Rn−1
T

hγ ,

(73)

since 4h = 4(t− t) < t and 1
t < 4

3t � 4
3tγ (4h)1−γ .

In the case a) first term v1 are estimated as follows (see (34))

|v1(x,t)| � C〈ϕ〉γ
t,Rn−1

T

t∫
0

(t − τ)γ−1dτ � C〈ϕ〉γ
t,Rn−1

T
tγ

and

|v1(x, t)− v1(x,t)| � |v1(x,t)|+ |v1(x,t)| � C〈ϕ〉γ
t,Rn−1

T
(tγ + tγ) � 〈ϕ〉γ

t,Rn−1
T

hγ . (74)

In the case b) we evaluate the difference v1(x,t)− v1(x,t) in this way

v1(x,t)− v1(x,t) =
t∫

t−2h

dτ
∫

Rn−1

Dα
σ G(x′ − y′,xn,σ)|σ=t−τ (ϕ(y′,τ)−ϕ(y′,t))dy′

−
t−h∫

t−2h

dτ
∫

Rn−1

Dα
σ G(x′−y′,xn,σ)|σ=t−h−τ(ϕ(y′,τ)−ϕ(y′, t−h))dy′

+
t−2h∫
0

dτ
∫

Rn−1

Dα
σ G(x′−y′,xn,σ)|σ=t−h−τ(ϕ(y′,t)−ϕ(y′,t−h))dy′

+
t−2h∫
0

dτ
∫

Rn−1

(Dα
σ G(x′−y′,xn,σ)|σ=t−τ−Dα

σ G(x′−y′,xn,σ)|σ=t−h−τ)

× (ϕ(y′,τ)−ϕ(y′,t−h))dy′ =
4

∑
i=1

Ii.

Besides in I3 we integrate with respect to τ

I3 =
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)(ϕ(y′,t)−ϕ(y′,t −h))dy′

−
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)|t=h(ϕ(y′,t)−ϕ(y′,t−h))dy′
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Estimate (34) yields
|I1|+ |I2|+ |I3| � C〈ϕ〉γ

t,Rn−1
T

hγ . (75)

We observe that t −2h > t
2 in the case b) and get

I4 = I′4 + I′′4 =

t/2∫
0

dτ
t−τ∫

t−h−τ

dζ
∫

Rn−1

Dα+1
ζ G(x′ − y′,xn,ζ )(ϕ(y′,τ)−ϕ(y′,t))dy′

+
t−2h∫
t/2

dτ
t−τ∫

t−h−τ

dζ
∫

Rn−1

Dα+1
ζ G(x′ − y′,xn,ζ )(ϕ(y′,τ)−ϕ(y′,t))dy′.

We employ (34) again

|I′4| � C〈ϕ〉γ
t,Rn−1

T

t/2∫
0

dτ
t−τ∫

t−h−τ

ζ−2(t − τ)γdζ � C〈ϕ〉γ
t,Rn−1

T
tγ

t/2∫
0

dτ
t−τ∫

t−h−τ

ζ−2dζ

= C〈ϕ〉γ
t,Rn−1

T
tγ

t/2∫
0

hdτ
(t− τ)(t−h− τ)

� C〈ϕ〉γ
t,Rn−1

T
tγh

t/2
t/2(t/2−h)

� C〈ϕ〉γ
t,Rn−1

T
tγ−1h � C〈ϕ〉γ

t,Rn−1
T

hγ ,

(76)

since h < t/4 in the case b). Then we estimate I′′4 as follows

|I′′4 | � C〈ϕ〉γ
t,Rn−1

T

t−2h∫
t/2

dτ
t−τ∫

t−h−τ

t− τγζ−2dζ � C〈ϕ〉γ
t,Rn−1

T
h

t−2h∫
t/2

(t− τ)γ−2dτ

� C〈ϕ〉γ
t,Rn−1

T
h(hγ−1 +(t/2)γ−1) � C〈ϕ〉γ

t,Rn−1
T

hγ ,

(77)

Inequality (51) follows from (72), (73), (74), (75), (76), (77). �

3.5. Proof of Theorem 1

We need estimates of the Hölder constants

〈w〉(k+1+θ)
α ,Rn

+,T
, 〈w〉((k+1+θ) α

2 )
t,Rn

+,T
.

We claim that
〈w〉((k+1+θ) α

2 )
t,Rn

+,T
� C〈w〉(k+1+θ)

α ,Rn
+,T

. (78)

First we prove (78) for k = 1. We use the identity

w(x,t) = w(x,0)+
1

Γ(α)

t∫
0

(t− τ)α−1Dα
∗,τw(x,τ)dτ,
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and Theorem 2.5 from [5] to obtain

〈w(·,t)−w(·,τ)〉(θ)
x,Rn

+
� C|t− τ|α〈Dα

∗,tw〉(θ)
x,Rn

+,T
(79)

Then the interpolation inequality (see [19])

|uxj |Q � C
(
[u](2+θ)

Q

) 1−θ
2

(
[u](θ)

Q

) 1+θ
2

, j = 1, . . . ,n,

(79) and Young’s inequality give

〈wxj 〉
((1+θ) α

2 )
t,Rn

+,T
� C〈w〉(2+θ)

α ,Rn
+,T

, j = 1, . . . ,n (80)

i.e. (78) for k = 1.
Now we consider derivatives (Dα∗,t)mDl

xw(x,t) , 2m+ |l| = k . Since w is solution
of (7) we have (Dα∗,t)mDl

xw(x,t) = ΔmDl
xw(x,t) . Denote l j = (l1, .., l j − 1, .., ln) . We

deduce

〈w〉((k+1+θ) α
2 )

t,Rn
+,T

= ∑
2m+|l|=k

〈(Dα
∗,t)

mDl
xw〉((1+θ) α

2 )
t,Rn

+,T
= ∑

2m+|l|=k

〈ΔmDl
xw〉(1+θ) α

2
t,Rn

+,T

� C(k) ∑
|l|=k

〈 ∂
∂x j

D
l j
x w

〉((1+θ) α
2 )

t,Rn
+,T

� C(k)
n

∑
j=1

∑
|l|=k

〈Dl j
x w〉((2+θ) α

2 )
α ,Rn

+,T

� C(k)〈w〉(k+1+θ)
α ,Rn

+,T
.

Inequality (78) is proved.

We just estimate 〈w〉(k+1+θ)
α ,R+,T

. We consider derivatives (2m+ |l|= k+1)

(Dα
∗,t)

mDl
xw(x,t) = (Dα

∗,t)
mDl

x(G∗ϕ).

Since the function w satisfies equation (7), one can take ln = 0,1. If l j 	= 0 for some
j ∈ {1, ..,n} , then we have

(Dα
∗,t)

mDl
x(G∗ϕ) =

∂
∂x j

(G∗ (Dα
∗,t)

mD
l j
x ϕ).

By (49), (50) we get[ ∂
∂x j

(G∗ (Dα
∗,t)

mD
l j
x ϕ)

](θ)

α ,Rn
+,T

� C(T )[ϕ ](k+θ)
α ,Rn−1

T
. (81)

If |l| = 0 then 2m = k+1

(Dα
∗,t)

m(G∗ϕ) = Dα
∗,t(G∗ (Dα

∗,t)
m−1ϕ)

By (51) we obtain

〈(Dα
∗,t)

mw〉(θ
α
2 )

t,Rn
+,T

� C(T )[ϕ ](k+θ)
α ,Rn−1

T
. (82)



TIME-FRACTIONAL DIFFUSION EQUATION 173

To this end we estimate the Hölder constant of (Dα∗,t)m(G ∗ϕ) with respect to x . By
analogy with (71) we obtain

(Dα
∗,t)

m(G∗ϕ)(x, t) = Dα
∗,t

t∫
0

dτ
∫

Rn−1

G(x′ − y′,xn,t − τ)(Dα
∗,τ)

m−1ϕ)(y′,τ)dy′

=
t∫

0

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)(Dα

∗,σ )m−1ϕ)(y′,σ)|σ=t−τ dy′

−
t∫

0

dτ
∫

Rn−1

Dα
τ G(x′ − y′,xn,τ)(Dα

∗,t )
m−1ϕ(y′, t)dy′

+
∫

Rn−1

J1−α
t G(x′ − y′,xn,t)(Dα

∗,t)
m−1ϕ(y′,t)dy′.

(83)
We represent Dα

t G from (27) as

Dα
t G(x,t) = −2

∂Γα
∂xn

(x,t)−
n

∑
i=1

hi
∂G
∂xi

(x, t).

Lemma 3.7 from [15] and estimate (49) give bound for the first and second term in (83).
Third term is estimated by (34). Thus we have

〈(Dα
∗,t)

mw〉(θ)
x,Rn

+,T
� C(T )[ϕ ](k+θ)

α ,Rn−1
T

. (84)

The inequalities (81), (82), (84) result in estimate (13).

4. Proof of Theorem 2

4.1. Local in time solvability

We set

u1(x) = f (x,0)+A

(
x,0,

∂
∂x

)
u0(x), x ∈ Ω, (85)

u2(x) = ψ(x,0)−B

(
x,0,

∂
∂x

)
u0(x), x ∈ Σ. (86)

Assumptions of Theorem 2 imply (see (16))

u1 ∈Cθ (Ω), u2 ∈C1+θ (Σ), u1 ∈C1+θ (Σ).

We look for solution of the problem (1), (2), (3) as

u(x,t) = Ṽ (x,t)+ v(x,t),
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where
Ṽ (x,0) = u0(x), Dα

∗,tṼ (x,t)|t=0 = u1(x), x ∈ Ω

Ṽ ∈C2+θ
α (ΩT ), Dα

∗,tṼ ∈C1+θ
α (ΣT )

(87)

and v is the new unknown function such that

Dα
∗,t v−A

(
x, t,

∂
∂x

)
v = f1 ≡ f −Dα

∗,tṼ +A

(
x,t,

∂
∂x

)
Ṽ , (x,t) ∈ ΩT , (88)

v(x,0) = 0, x ∈ Ω, (89)

Dα
∗,tv+B

(
x, t,

∂
∂x

)
v = ψ1 ≡ ψ −Dα

∗,tṼ −B

(
x,t,

∂
∂x

)
Ṽ , (x,t) ∈ ΣT . (90)

It is easy to see
f1 ∈Cθ

α ,0(ΩT ), ψ1 ∈C1+θ
α ,0 (ΣT ) (91)

under conditions that relations (14), (87) are fulfilled.

THEOREM 3. Suppose that assumptions (4), (5), (6), (14), (91) hold. Then for
sufficiently small τ there exists a unique solution v of problem (88), (89), (90): v ∈
C2+θ

0,α (Ωτ) , Dα∗,t v ∈C2+θ
0,α (Στ ) , and

|v|(2+θ)
α ,Ωτ

+ |Dα
∗,tv|(1+θ)

α ,Στ
� C(T )

(
| f1|(θ)

α ,Qτ
+ |ψ1|(1+θ)

α ,Στ

)
. (92)

This theorem can be established by the construction of a regularizer (see §4-§7 from
Chapter IV [17]). This approach is based on freezing the coefficients of the operators
A , B and study of two model problems: problem (7)–(10) and Cauchy problem for
the equation Dα∗,t u−Δu(x,t) = f (x,t) .

As is follows from what will be said below, in order to construct the function Ṽ
we need the function V such that

V (x,0) = 0, Dα
∗,tV (x,t)|t=0 = u2(x), x ∈ Σ

V ∈C2+θ
α (ΣT ), Dα

∗,tV ∈C1+θ
α (ΣT ).

(93)

We use the approach similar to [3] and cover the boundary Σ with balls Bm = {|x−
xm|� d} , (m = 1, . . . ,N) for sufficiently small d . Let Φm be C2+θ -mapping of the set
σm = Σ

⋂
Bm on a domain in R

n−1 . Let η̃m(x) , ηm(x) be the sets of smooth functions
such that

suppηm ⊆ σm, η̃m(x)ηm(x) = ηm(x),
N

∑
m=1

ηm(x) = 1 x ∈ Σ. (94)

We define functions Vm(y,t) as the solutions to Cauchy problem

Dα
∗,tVm(y,t)−ΔVm(y,t) = Fm(y,t), (y,t) ∈ R

n−1
T ,

Vm(y,0) = 0, y ∈ R
n−1,

(95)



TIME-FRACTIONAL DIFFUSION EQUATION 175

where
Fm(y) = (ηmu2)◦Φ−1

m (y) ∈C1+θ
α (Rn−1

T ).

By virtue of results [15] we have

|Vm|3+θ
α ,Rn−1

T
� C(T,Σ)|u2|1+θ

α ,Σ . (96)

Now we define V as follows

V (x,t) =
N

∑
m=1

η̃(Vm ◦Φm)(x,t). (97)

In view of (94), (95) the function V satisfies (93). Then we define Ṽ as the solution of
Dirichlet problem

Dα
∗,tṼ −A

(
x,t,

∂
∂x

)
Ṽ = f , (x, t) ∈ ΩT ,

Ṽ (x,0) = u0, x ∈ Ω,

Ṽ = g(x,t) ≡ u0 +V, (x,t) ∈ ΣT .

(98)

From (93), (86),(6) we see that compatibility conditions

g(x,0) = u0(x), x ∈ Σ,

Dα
∗,tg(x,t)|t=0 = A

(
x,0,

∂
∂x

)
u0(x)+ f (x,0), x ∈ Σ

(99)

are fulfilled. Hence by virtue of results [15] there exists unique solution of (98): Ṽ ∈
C2+θ

α (ΩT ) . By (98) we deduce Dα∗,tṼ = Dα∗,tV on ΓT , so that Dα∗,tṼ ∈C1+θ
α (ΣT ) and

|Ṽ |(2+θ)
α ,ΩT

+ |Dα
∗,tṼ |(1+θ)

α ,ΣT
� C(T,Σ)(|u0|(2+θ)

Ω + |u1|(θ)
Ω + |u2|(1+θ)

α ,Σ ). (100)

To this end the statements of Theorem 2 for sufficiently small T follows from estimate
(100) and Theorem 3.

4.2. Solvability on interval (0,T]

Now we extend the obtained solution on interval (τ,T ) .

LEMMA 6. There exist functions W , W̃ such that

W ∈C2+θ
α (ΣT ), Dα

∗,tW ∈C1+θ
α (ΣT ), W (x,t) = v(x,t) (x,t) ∈ Στ , (101)

W̃ ∈C2+θ
α (ΩT ), Dα

∗,tW̃ ∈C1+θ
α (ΣT ), W̃ (x,t) = v(x,t) (x,t) ∈ Ωτ , (102)

here v is the solution of (88), (89), (90).
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Proof. We use the functions Φm , ηm , η̃m again. Define

wm = (ηmv)◦Φ−1
m (103)

and sm as a solution to Dirichlet problem

Δsm = 0, yn > 0,

sm = wm, yn = 0.
(104)

Then we set
gm = Dα

∗,twm − sm,yn (105)

and

g′m(y,t) =

{
gm(y,t) for t ∈ [0,τ),
gm(y,τ) for t ∈ [τ,T ].

(106)

To this end we define (s′m , w′
m) as a solution of the problem

Δsm = 0, yn > 0,

s′m = w′
m, Dα

∗,tw
′
m − s′m,yn

= g′m(y′,t), yn = 0,

w′
m = 0, t = 0, yn = 0.

(107)

Following [33], we conclude that there exists a unique solution of (107) such that w′
m ∈

C2+θ
α (Rn−1

T ) , Dα∗,tw′
m ∈C1+θ

α (Rn−1
T ) . By uniqueness of solution of (107) we see from

(103), (104), (105), (106) that

w′
m(y′,t) = wm(y′,t), t ∈ [0,τ). (108)

It can be shown in a standard way that the function

W =
N

∑
m=1

η̃(w′
m ◦Φm)(x)

satisfies (101). The function W̃ is defined as a solution of the problem

Dα
∗,tW̃ −A

(
x,t,

∂
∂x

)
W̃ = f1(x,t), (x,t) ∈ ΩT

W̃ |t=0 = 0, x ∈ Ω,

W̃ = W, (x,t) ∈ ΣT .

We conclude from results of [15] that W̃ exists and satisfies the estimate

|W̃ |(2+θ)
α ,ΩT

+ |Dα
∗,tW̃ |(1+θ)

α ,ΣT
� C(T )

(
| f1|(θ)

α ,Ωτ
+ |v|(2+θ)

α ,ΩT
+ |Dα

∗,tv|(1+θ)
α ,ΣT

)
. (109)

�
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Once the function W̃ is constructed, we look for the solution of (1), (2), (3), as

u(x,t) = Ṽ (x,t)+ v(x,t),

with
v(x,t) = W̃ (x,t)+w(x, t),

where w(x, t) is the new unknown function

Dα
∗,tw−A

(
x, t,

∂
∂x

)
w = f2 ≡ f1 −Dα

∗,tW̃ +A

(
x,t,

∂
∂x

)
W̃ , (x,t) ∈ ΩT ,

w(x,0) = 0, x ∈ Ω,

Dα
∗,tw+B

(
x, t,

∂
∂x

)
w = ψ2 ≡ ψ1 −Dα

∗,tW̃ −B

(
x, t,

∂
∂x

)
W̃ , (x,t) ∈ ΣT .

(110)

Routine calculations shows

f2 ∈Cθ
α(ΩT ), ψ2 ∈C1+θ

α (ΣT ), (111)

f2,ψ2 = 0, t ∈ [0,τ]. (112)

We apply Theorem 3 to problem (110). In view of (112) and the uniqueness of solution
to (110)

w(x,t) = 0, t ∈ [0,τ].

This identity allows us as in [16] shift variable t → t − τ and apply Theorem 3 on the
segment [τ,2τ] . Then we repeat this procedure to get the solution of (1), (2), (3) on
any interval [0,mτ] , m ∈ N . This ends the proof of Theorem 2.
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[24] R. PONCE, Hölder continuous solutions for fractional differential equations and maximal regularity,

Journal of Differential Equations, 255 (2013), 3284–3304.
[25] A. V. PSKHU, A fundamental solution for a fractional diffusion wave equation, Izvestia RAN, 73

(2009), 141–181.
[26] A. V. PSKHU, Partial differential equation equations of the fractional order, Nauka, Moscow, (2005).
[27] J. F. RODRIGUES, V. A. SOLONNIKOV, F. YI, On a parabolic system with time derivative in the

boundary conditions and related free boundary problems, Math. Ann. 315, (1999), 61–95.
[28] K. SAKAMOTO, M. YAMAMOTO, Initial value boundary value problems for fractional diffusion-wave

equations and applications to some inverse problems, J. Math. Anal. Appl., 382 (2011), 426–447.
[29] S. G. SAMKO, A. A. KILBAS, O. I. MARICHEV, Fractional Integrals and Derivatives: Theory and

Applications, Gordon and Breach, Yverdon (1993).
[30] V. V. UCHAIKIN, Fractional Derivatives for Physicists and Engineers, Springer, Berlin (2013).
[31] N. VASYLYEVA, Local Solvability of a Linear System with a Fractional Derivative in Time in a Boun-

dary Condition, Fractional Calculus and Applied Analysis, 18 (2015), 982–1005.
[32] N. VASYLYEVA, On a local solvability of the multidimensional Muscat problem with a fractional

derivative in time on the boundary condition, Fractional Differential Calculus, 4 (2014), 89–124.
[33] N. VASYLYEVA, L. VYNNYTSKA, On a multidimensional moving boundary problem governed by

anomalous diffusion: analytical and numerical study, Nonlinear Differ. Equ. Appl., 22 (2015), 543–
577.

(Received December 14, 2015) Mykola Krasnoschok
The Division of Applied Problems in Contemporary Analysis

Institute of Mathematics NASU
Slov’yansk, Ukraine

e-mail: iamm012@ukr.net

Fractional Differential Calculus
www.ele-math.com
fdc@ele-math.com


