ractional
ifferential
alculus
Volume 6, Number 2 (2016), 233-248 " doi:10.7153/fdc-06-15

TWO-WEIGHTED INEQUALITY FOR (p,q)-ADMISSIBLE
By ,—~POTENTIAL OPERATORS IN WEIGHTED LEBESGUE SPACES

S. K. ABDULLAYEV, E. A. GADJIEVA AND F. A. ISAYEV

(Communicated by V. S. Guliyev)

Abstract. In this paper, we study the boundedness of (p,q) admissible potential operators, asso-
ciated with the Laplace-Bessel differential operator By, = 2 a2 + 2 r, ax ((p,q) -admissible

By, -potential operators) on a weighted Lebesgue spaces L,,ﬁwﬁy(R et ) including their weak
versions. These conditions are satisfied by most of the operators in harmonic analysis, such
as the By, -fractional maximal operator, By ,-potential integral operators and so on. Suffi-
cient conditions on weighted functions @ and @; are given so that (p,q)-admissible By, -
potential operators are bounded from Ly, o y(R} ) to Ly, y(R} ) for 1 < p < g <o and weak

(p,q)-admissible By, -potential operators are bounded from L, y(R} ) to WLgw y(R} )
for < p<q<eo.

1. Introduction and preliminaries

The singular integral operators that have been considered S. Mihlin [23] and A.
Calderon and A. Zygmund [7] are playing an important role in the theory of Har-
monic Analysis and in the theory of partial differential equations. M. Klyuchantsev
[22] and I. Kipriyanov and M. Klyuchantsev [21] have firstly introduced and investi-
gated the boundedness in L), -spaces of multidimensional singular integrals, generated
by the B; ,-Laplace-Bessel differential operator (B ,-singular integrals), where
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L, -spaces with radial and general weights consequently. The maximal functions, sin-
gular integrals, potentials and related topics associated with the Laplace-Bessel dif-
ferential operator By ,-which is known as an important differential operator in analy-
sis and its applications, have been the research areas many mathematicans such as I
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Suppose that R”" is the n-dimensional Euclidean space, x = (x1,...,x,), & =
(&1,...,&) are vectors in R", (x,&) =x1& + ...+ x.&, x| =/ (x,x), x= (K, x"),
¥=(x1x0), ¥ = (gt xn) . Let R, = {xeRF: x; >0...,x5 >0}, RY, =
{x=(x1,.0x0) t x,x0,..,x >0}, 1 <k<n, Si 4= {)CE]RZJr D x| =1}

For x € R} , and >0, we denote by E(x,r) ={y € R} _ : [x—y| <r} the open
ball centered at x of radius r, and by ‘ (x,r) =Ry , \ E(x,r) denote its complement,
EW,n={/eR : |¥-y|<r}, 0ok (x,r) =R\ E'(¥,r). For measurable set
E CR}, let |[E|y= [p(x')?dx, then [E(0,r)|y = o(n,y)r M, where y= (v1...,%).
V=% +...+ % () =x"...x* and o(n,y) =|E(0,1)|y.

An almost everywhere positive and locally integrable function @ : R} | — R will

be called a weight. We shall denote by L, (R} , ) the set of all measurable functions
S on Ry such that the norm

I/p
1 pyzg ) = 1oy, = ( L, |f<x>Pw<x><x’>de) . 1<p<e

k4

is finite. For @ = 1 the space L, (R} , ) is denoted by L, (R} , ), and the norm

1Ly ) O 171, 0 -

The operator of generahzed shift (B, -shift operator) is defined by the following
way (see [15], [27]):

T f(x) c%/ / A —y")dv(P),

where

k k .
C)/,k = ﬂ:iiril <|2ﬂ> l:Ilr(vlTH)’ (x/ay/)ﬁ = ((xlayl)ﬁl~~~(xkayk)ﬁk)7(xi7yi)ﬁi = (xlz -

k
2xyicos Bi+y) V2 1< i<k, dv(B) = _Hlsin””ﬁidﬁl...dﬁk.
u

Note that this shift operator is closely_connected with By, -Laplace-Bessel singu-
lar differential operators (see [15], [27], in the case n =1 see also [24]).
The translation operator T generated the corresponding By, -convolution

(fog) / FONT ()] () 7y,

for which the Young inequality holds:

1 1 1
If@ell,, <Ifl,, I8l 1<p,gr<es, ) o= 5‘1‘ L.
The following generalized Hardy inequalities have an important role in proofs of
our main results see [9], Chapter 1 (see also [1, 8, 20]).
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LEMMA 1.1. Suppose that 1 < p < g< o, p'=p/(p—1) and o(x) and v(x)
are positive functions defined on R".
1. For the n-dimensional Hardy inequality

: ) 0w ar) - <c @) u(x) d v
R [v[<|xl/2 A

with a constant Cs, independent on f, to hold, it is necessary and sufficient that the
following condition be satisfied:

1/q , 1/
sup (/ o(x) dx) (/ v (x) dx) < oo,
>0 \/[x[>2r |x|<r

2. For the n-dimensional (dual) Hardy inequality

: o) owar) <o )Y (x) d v
/R /|y|>2|x| /]R

with a constant Cg, independent on f, to hold, it is necessary and sufficient that the
following condition be satisfied:

1/q , /v
sup (/ o(x) dx) (/ VTP (x) dx) < oo,
>0 \/|x[<r |[x[>2r

This lemma could be directly deduced from results proved by P. Drabek, H. Heinig
and A. Kufner (see Theorem 2.1, p. 4 and Theorem 2.2, p. 7 in [18]).
In this paper we study the boundedness of (p,q)-admissible potential operators,

associated with the Laplace-Bessel differential operator By, = Z el + 2 5 8x

((p,q)-admissible By , -potential operators) on a weighted Lebesgue spaces Lp@’Y(R tt)
including their weak versions. These conditions are satisfied by most of the operators i'n
harmonic analysis, such as the By, -fractional maximal operator, By , -potential integral
operators and so on. Sufficient conditions on weighted functions @ and ; are given
so that (p,q)-admissible By ,-potential operators are bounded from L oy(R} ) to
Ly 7R} ) for 1 < p < g < e and weak (p,q)-admissible By ,-potential operators
are bounded from Ly, o (R} , ) to WLy w, (R} ;) for 1 <p < g <eo.

2. Main results

The operator T is called sublinear, if for all A, > 0 and for all f and g in the
domain of T

T(Af +ug)(X) < AITf(x)|+ulTg(x)[-

DEFINITION 2.1. (p-admissible By ,-singular operator). Let 1 < p < eo. A sub-
linear operator 7), will be called p-admissible By, -singular operator, if:
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1) T, satisfies the size condition of the form

%E(x‘r) (Z)

Ty <f% RY \E(x2r) ) (2)

< (e (2) /IR s )Tywx\*"*'y‘ £ )y @.1)
Tt X,2r

for x € R} n and r > 0, where g is the characteristic function of the set E;
2) Ty is bounded in L, y(R} ).

DEFINITION 2.2. (weak p-admissible By ,-singular operator). Let 1 < p < oo.
A sublinear operator 7, will be called the weak p-admissible By ,-singular operator,
if:

1) T, satisfies the size condition (2.1).

2) Ty is bounded from L, ,(R} ) to the weak WL, y(R} ).

DEFINITION 2.3. ((p,q)-admissible By, -potential operator). Let 1 < p < oo. A
sublinear operator Ty, y, 0 < ot < n+|y| will be called (p,q)-admissible By, -potential
operator, if:

1) Ty,y satisfies the size condition of the form

T‘”<f XRZ#\E(x‘zr)) (2)

Ctuy @ [, R0 0y e2)
ft \E(x,2r

%E(x‘r) (Z)

forxe R}, and r>0;
2) Tg.y is bounded from L, (R} | ) to Ly (R} ).

DEFINITION 2.4. (weak (p,q)-admissible By ,-potential operator). Let 1 < p <
g < eo. A sublinear operator Ty, 0 < ot < n+|y| will be called the weak (p,q)-
admissible By, -potential operator, if:

1) Ty, satisfies the size condition (2.2).

2) Ta,y is bounded from L, (R} | ) to the weak WLy, (R} ).

REMARK 2.1. Note that p-admissible singular operators were introduced and
studied their boundedness on vanishing generalized Morrey spaces in [28]. Also ®-
admissible singular operators and weak ®-admissible singular operators was intro-
duced and studied the boundedness of them on generalized Orlicz-Morrey spaces in
[16, 19]. Also, p-admissible singular operators, associated with the Laplace-Bessel
differential operator By, were introduced and studied their boundedness on weighted
Lebesgue spaces in [17], see also [29].
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DEFINITION 2.5. A function k defined on Rz 4 »is said to be By, -singular kernel
in the space R} if

i) ke C“(RZHF) ;

ii) k(rx) = r""Wk(x) foreach r >0, x e R} ;

iii) [g,  k(x)x’do(x) =0, where do is the element of area of the Sk -

The By, -fractional maximal function (see [12, 13, 15]) is defined by

Tdy, 0<
Marf (@) =sup oo [ PUYW] 0y 0< ety

and the By ,-Riesz potential (see [4, 12, 13, 15]) is defined by

lagf@) = [ T f6) )y, 0<a<nt

k,+
Note that, My = M y is the By ,-maximal function.

Let k is a By, -singular kernel and Ky be the By ,-singular integral operator (see
[5, 10, 11, 17, 21, 22, 26, 27])

Kyf(x) pv/ T k(x) f(y) ()7dy.

REMARK 2.2. Note that, the conditions p-admissible By , -singular operators and
(p,q)-admissible By ,-potential operators are satisfied by many interesting operators
in harmonic analysis, such as the By ,-maximal operator, the By ,-fractional maximal
operator, By ,-potential operators, By , -singular integral operators and so on.

First, we establish the boundedness from weighted L, (R} ) to weighted Lq (R} )
for a wide class of (p,q)-admissible By ,-potential operator.

THEOREM 2.1. Let 1 < p < g <oo and Tyy, 0 < a <n+|y| bea (p,q)-
admissible By ,-potential operator.

Moreover, let ®(x), (x) be weight functions on R} , and the following three
conditions are satisfied:
(a) there exist b > 0 such that

sup o ()Y <box)/P forae xe R 4,

1l/8<Iy| <8
1/q Ly
(b) o =sup / o1 (x) x|~ M= (Y Vi /wl—l”(x)(x')mx <oo,
i E(0.2r)
1/q 1y
(€) #=sup /a)l(x)(x/)ydx / o' () x| I (Y | <oo,
-~

E(0,r) E(0.2r)
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Then there exists a constant c, independent of f, such that for all f & Lp’w,y(Rz +)

1/q
( L, ITaf(X)lqwl(x)(X’)ydx> <e ( L.

k,+ k,+

1/p
f(x>|Pw(x)(x'>mx> . (23)

Moreover, condition (a) can be replaced by the condition
(d') there exist b > 0 such that

|
w; (x)'/4 sup ——— | <b forae xcR},.
/81y <sl @) 1/P a

Similarly we can prove the following weak variant of the Theorem 2.1.

THEOREM 2.2. Let 1 < p<g<eeandlet Ty y, 0< ot <n+|y| beaweak (p,q)-
admissible By, -potential operators. Moreover, let ®(x), m;(x) be weight functions on
R} . and conditions (a), (b), (c) be satisfied.

Then there exists a constant c, independent of f, suchthatforall f € Ly ¢ 4(R} )

c

1/q 1/p
<~/{xeR’,§5+:Taf(x)>A} 1 (x)(x )de> < o </]R’,§+ |f ()| o(x)(x )ydx> . (2.4

Note that, the operators My, and Iy, are (p,q)-admissible By ,-potential op-
erator for 1 < p<g<e, 0<a<n+|yl and 1/p—1/q=a/(n+]y|]) and weak
(p,q)-admissible By ,-potential operators for 1 < p < g < e, 0 < o0 <n+|y| and
1/p—1/qg=0o/(n+|y]). Thus, we have

COROLLARY 2.1. Let I <p<g<e,0<a<n+|y|and 1/p—1/qg=0a/(n+
|71). Moreover, let ®(x), (x) be weight functions on R} . and conditions (a), (b),
(c) be satisfied. Then the operators My y and loy are bounded from L o (R} ) to

Lyo #(RZ,+) .

COROLLARY 2.2. Let 1 <p<g<e, 0<o<n+|yland 1/p—1/q=0/(n+
|71). Moreover, let o(x), 1(x) be weight functions on R} . and conditions (a), (b),
(c) be satisfied. Then the operators My y and loy are bounded from Ly o (R} ) to

WL!IU)IY(RZ-&-) .

THEOREM 2.3. Let 1 < p < q <o and Tyy, 0 <a <n+|y| be a (p.q)-
admissible By ,-potential operator.

Moreover, let ®(x'), @ (x') be aweight functions on RX . and the following three
conditions be satisfied
(a1) there exists a constant b > 0 such that

sup (o (Y)Y <bo)P forae ¥ € RE,,
x| /8<[y'|<8]x'|



INEQUALITY FOR (p,q) -ADMISSIBLE By, -POTENTIAL OPERATORS 239

/ 1/q
(by) = igg (fBE’(O,zr) o) (x’)|x’|("*k)(1+£1/17)*("Jrl)'\*a)q(x/))’dx/)

, /p
x ( / el (x’)(x’)mx’> < oo,
E (0,r)

(c1) 2B =sup (f N (x’)(x’)”dx’)l/q
r>0 E(0r)

1/p
% (/B wlp’(x/)|x/((nk)(l/q+1/17’)"|7+a)(1p’)(x/)7dx’) ' < o,
E'(0,2r)

Then there exists a constant c, independent of f, such that for all f € Lp7w(RZ7 +)

1/q
(/R Taf<x>lqw1<x’><x’>YdX> <</R

k,+ k,+

1/p
f(X)I”w(X’)(X’)de> .23

Moreover; condition (a) can be replaced by the condition
(a1") there exists a constant b > 0 such that

1
w (x)4 sup ———— | <b forae X eRk,.
|/8<ly|<glv| @()1/P o

Similarly we can prove the following weak variant of the Theorem 2.3.

THEOREM 2.4. Let 1 < p <g<eeandlet Ty y, 0< ot <n+|y| beaweak (p,q)-
admissible By ,-potential operators. Moreover, let ®(x), ®;(x') be weight functions
on RX . and conditions (a1), (b1), (c1) be satisfied.

Then there exists a constant c, independent of f, such that forall f € L MVGRZ, +)

1/q . 1/p
wl(x’)(x’)de> ST ( /R f (x>|”w(x’)(x’)7dx> :
v (2.6)

</{XERZ,+ : \Taf(X)\>7L}

COROLLARY 2.3. Let 1 <p<g<eo, 0<o<n+|yland 1/p—1/q=0/(n+
|7]). Moreover, let @(x'), @;(x') be weight functions on RX_ and the following three
conditions be satisfied (ay),

1/q
! x|~ ) (=a/ (ntYDa (VY gy
SO | (J C (02 @1 ¥ ) (rax)

, /v
x ( / ot (x’)(x’)mx’> < oo,
E (0,r)
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1/q
c1) su / o (XY (X 7dx
( 1) Dlg (fE (0,r) 1( )( ) )

1
X </ 0)17 ( )|x ‘ (k7)) (1—et/ (n+|y]))(1— )(x/)ydx/) P < oo,
,(02r)

Then the operators Mo y and 1oy are bounded from Ly, (R} ) t0 Ly o y(R} ).

COROLLARY 2.4. Let 1< p<g<o, 0<a<n+|yland 1/p—1/g=0/(n+
7). Moreover, let w(x'), o1(x') be weight functions on R} , and conditions (ay),
(b1)', (c1) be satisfied. Then the operators My, and 1o are boundedfrom Lpoy(RE )
10 WL y(RE ).

REMARK 2.3. Note that, if instead of @(x), w;(x) respectively put o(x'), o (x'),
then from the conditions (a), (b), (c¢) will not follows the conditions (a;), (b1), (c1)
respectively.

3. Proofs of the main results

Proof of the Theorem 2.1. For | € Z we define E; = {x € R} , : 2 < |x| <2/},
El,l = {x S RZ7 |x| <2 l} El2 = {x S R 2l < |x| < 2l+2}, El’3 = {x S
Ry .o x> 2/*2}. Then E;» = E;_ UE, UE;H and the multiplicity of the covering
{Ei2},, is equal to 3.

Given f € Ly o,y(R} , ), we write

|Toof ()] = 3 |Tauf ()|, (x)

leZ
<Y Tofia ()| e, () + 3 | Taefi2 (0| 28, () + X | Tofia (%) | e, (x)
leZ ez ez

=To 1 f(X) + T f(x) + To3f(x),

where xg, is the characteristic function of the set £}, fi; = fxg,,, i=1,2,3.
First we shall estimate ||Ta.1f||qu .- Note that for x € E;, y € E;; we have
, 01, :

ly] <271 < |x|/2. Moreover, E;Nsuppf;; =@ and |x—y| > |x|/2. Hence, by (2.1)

Tq, 1f(x) < co 2 (/n
lez K+
<af =yt )] Oy
E(0,]x[/2)

<ot [ )] 0y
E(0,]x[/2)

77 |x| %17 fz,l(y)|(y/)ydy> XE,
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for any x € E;. Then we have

1/q
(/R” |Tor,1 f ()] 01 (x) (x/)ydx>

k,+

q 1/q
! x|~ (ntlrl=a) ) () dx '
</E(07|x|/2) el (y)de) o (x) )7d>

< oo, (/
R

Since o/ < oo, the Hardy inequality

()

k,+

n
k,+

1/q

q
ool ([ )] 00y ) <x’>7dx>

<C</Rn

k,+

1/p
|f ()] @(x) (x’)de>

holds and C < ¢’/ , where ¢’ depends only on n and p. In fact the condition &7 < oo
is necessary and sufficient for the validity of this inequality (see [1], [8]). Hence, we
obtain

1/q 1/p
(/R  Tarf@len ) <x’>de) <o (/ FWlPe <x’>de) RER

k,+ k,+

where ¢ is independent of f.
Next we estimate HTa,BfHLq oy As is easy to verify, for x € E;, y € E; 3 we have
[v| > 2|x| and |x—y| > |y|/2. Since E;Nsuppfi3 =D, for x € E; by (2.1) we obtain

Tasf() <o fy o TWE W) 0y

E(0,2]x]

<oy [ L)l )y
£(0,2[x])

<orioey [ )b )y,
£(0,2[x])

Hence we have

1/q
( L Maat)7an) <x’>wx>

k,+

p 1/q
< rHit-ag, ( Lo (g FOI 09y} () (x’)ydx> ~

k,+
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Since A < oo, the Hardy inequality

q 1/q
X o—n—ly| (/ )V dx
( L o (o OB ray) >Yd)

) I/p
<c ( [, rerew (x’)%c)

holds and C < ¢/%, where ¢’ depends only on n and p. In fact the condition B < oo
is necessary and sufficient for the validity of this inequality (see [1], [8]). Hence, we
obtain

(,

k,+

1/q
T f ()| 9001 (x) (x’)de> <o ( /

where ¢; is independent of f.
Finally, we estimate [T > f]| Lowy" By the Ly, y(R} ,) — Lgy(R] | ) boundedness

1/p
1/ (x)|P o (x) (x’)de> . (32

n
k,+

of Ty,y and condition (a) we have

(f,

7+ q l/q
— (/ <Z|Tafl2 |xE, ) o (x) (x/)ydx>
k+ \l€Z
1/q
B </R (2 | Tafi2(0)|" 25, (X>> i (x) (x’)ydx>
k+ \l€Z

1/q
o xX')Vdx
(lezZ/}szz “o1(x) (¥) )

1/q
(o, most

leZYEE] o+

a/p
< Toll | D sup i (y (/ |fi2(0)]7 ( )yd}f)

lezYek;

a/p\ /4
= || Ta|l (éysggwl(y) (/E]‘zlf(X)” (x)de> ) :

where || To|| = || Tallr, ;) —1,,®; ,) - Since, for x € Ep 5, 2171 < |x| <2142, we have

1/q
| To 2 f (x) |7 01 (x) (X')de>

1/q

by condition (a)

sup(1()P/9= sup (@ ())P1< sup (@0(»)"4 <bo(x)
YEE, 2l-T<]y|<2!+? |x|/8<|y[<8]x]
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for almost all x € E; . Therefore

1/q
( [ ITaarlon (x)(x’)%e) Tanb(
< </]R"

k4

leZ

> / )P o(x) )de) v

1/p
f(x)|pa)(x)(x’)7dx> . (33

where ¢3 = 3||Ty|b, since the multiplicity of covering {E;,},_, is equal to 3.
Inequalities (3.1), (3.2), (3.3) imply (2.3) which completes the proof. [
Proof of the Theorem 2.3. For | € Z we define E; = {x € Ry 2l < Y] <2

EZ71={XERZ7+Z \x| <2 1} Elz—{XER s 2l < ‘X/| <21+2}, 5173:{)66

P> 2!42}. Then Ej, = E;_ UE, UEIH and the multiplicity of the covering

{Em} is equal to 3.

“Jiez
Given f € Ly »y(Ry | ), we write

Taf(0)] = X1 Taf ()| 2z (x)

leZ
< D | Tafii ()| 2z, () + X | Tafia ()| 2z, () + X [Tafis ()| 2z, (1) (3.4)
lez lez lez

=To 1 f(X) + Topf(x) + T3 f(x),

where Ve is the characteristic function of the set El, fi=r XE i=1,2,3. We shall
estimate HTa,lfHLp . Note that for x € E;, y € El 1 we have | <21 < ))/2.
Moreover, E Osuppfm =@ and [x' —y'| > |¥|/2. Hence, by (2.1)

leZ

<af Lo PRSIy
Rk JE'(0,x']/2)

<CS/ - / (W11 =" D" )|y dy”
Rk JE(0,¥']/2)

Ta 1f 042 (/ ‘fll |Ty|x|0€ n— )’|dy> X~

for any x € E;. Using this last inequality we have

()

k,+

1/q
| To 1 f (X)) (x’)(x’)”dx)

q

<as| [ ] ] =) o)y | o)) ds

Rie \RFE(0v]/2)
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For x = (x',x") € R} | let

q
1= o ( Lo gy (W15 f(y’,y”)l(y’)ydy’dy”) ax’
q
Lo (L (s G0 5550y 00 )

Using the Minkowski and Young inequalities we obtain
1/r 4q

()ray

//

< [ ey )

E'(0x]/2) Wk

7 q dx" q/r

n— d

</E’(o,x’/2 It ’y)H”R H y) ( R (|| + [])"€ n+|7—a))
(R q/r

|x/| 4 |x//| r (n+]y]—o)

|xl‘n —k=(n+|y|=a)r g,/

[ WAl pnyy7ay

|x//‘+1 rn+|y\ o)
"(0,x]/2)

q
=l B ([ )

Integrating in RX | we get

(f,

k,+

1/q
|To 1 f (%) 0 (x’)(x’)”dx)
q 1/q

[ oy oRarttt=ain | [ g | @7
e "(0.x'1/2)

Since .o7] < oo, the Hardy inequality

q
NI/ [(n—k)q/r—(n+|y|—a) / o S (V)d /) NYd /)
(f, @ww (g I s 70" ) 7

++ !
<C (/Rk f(-,x/);Rnkw(x/)(x/)ydx,)

1/q

holds and C < ¢’ , where ¢’ depends only on n and p. In fact the condition &7 < oo
is necessary and sufficient for the validity of this inequality (see [6], [20]). Hence, we
obtain

0

Ko+

n
k,+

1/q 1/p
ITa,lf(X)Iqwl(X’)(X’)YdX> <y (/ f(X)I”w(X')(X’)YdX> . (35
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Let us estimate HT3f||LPwl ,- As is easy to verify, for x € E;, y € E;3 we have |y/| >
21| and [¥' —y'| > |y/|/2. Since E;Nsuppfiz =D, for x € E; by (2.1) we obtain

Tasf)<es [ [+ =) ) rayay
Rk ozm

Using this last inequality we have

/ | T3/ (x) |90 (x') (X)) Vdx
RN

k+
/ [ [ o+ =y M oy | o))
Ri+ \R"*Cg/ 0210

For x = (', x") € R" let

w= [ 0N R -y  ayay | e

Rn—k BE/ (072‘xl‘)R"7k

Using the Minkowski and Young inequalities we obtain

1/p 1/r q
< | J RO Iy p— o/yray
ES ey \ S VPR | Wy | Y

q

—cs| [ W ) ()Y
CE (021¢))

q/r

d !
/ (|y//|_|_1)(n+\y|—a)r
n—k

q
_ R0 el N Y )
(e Iy sea 01 )

Integrating over RX  we get

(/.

k,+

q 1/q
<cg /| £ | e 0T ) o () ()T )
RE C /(O 2¥)) p;
++

1/q
|To 3/ (x)| 7001 (x') (x/)ydx>
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Since A, < oo, the Hardy inequality
(/,

q
o (¥ / ' —k—|yl+a . / i (V)d /) NYq /)
) (o MW g (67 ) 7

1/p
<C </Rk Hf( )HpRn k|x (nk)l/rn|y+aw(xl)|x/((nk)l/rn|y+a)(xl)ydx/>
+

:(;(/Rn

k,+

1/q

1/p
If(X)”w(x’)(X’)de>

holds and C < %, where ¢’ depends only on n, y and p. In fact the condition
P < o= is necessary and sufficient for the validity of this inequality (see [6], [20]).
Hence, we obtain

1/q

( A  [Taaflron (x’)(x’)%c) <ew ( L.

k4

1/p
f(x)|pa)(x/)(x/)7dx> . (3.6)

Finally, we estimate |7 »f]| Loy From Ly, (R} ) — Lgy(R} ) boundedness of

T,y and condition (a;) we have

1/q
( [ Taafeo (x')(x'wx)
q 1/q
:</Z (ZG%}Tafzz }XEI )a)l(x/)(x/)ydx>
1/q
( [, (lz Tufi2 (] 25 (x)) o <x’><x’>de>

1/q
(ZG% /E] | Tofi2 ()| o1 (x) (X’)de>
1/q
(zsupwl ) [ iz <x’>mx>

lEZy€EE,
a/p\ /4
<||Ta||<2sugwl (/ 2 de) )
lEZy€EE,
a/p\ V4
= I7al <2supw1<y/>(/ PP ) ) ,
ZEZyEE] El>2

where || To || = [|Talle, ,ry | )1, ) - Since, for x € Epa, 2171 < |¥] <2!%2, we have
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by condition (a;)

sup(@ (/)P 7= sup (@ (O)PI< sup (on(¢)) < boo()

yeE, 21y |22 I'[/8<[y'[<8[¥|

for almost all x € Ez,z- Therefore

Va 1/p
[, Taaf@lo@)wydx ) <ITulb Y ( I f<x>|Pw<x’>dx)
RY + lez \VEi2
1/p
<an| [ orow)wya) . 61

k4

where ¢ = 3||T||b, since the multiplicity of covering {E]Q}l . is equal to 3.
) S

Inequalities (3.4), (3.5), (3.6), (3.7) imply (2.5) which completes the proof. [
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