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EXISTENCE OF POSITIVE SOLUTIONS FOR COUPLED
SYSTEMS OF HALF-LINEAR BOUNDARY VALUE PROBLEMS
INVOLVING CAPUTO FRACTIONAL DERIVATIVES

YOUSEF GHOLAMI AND KAZEM GHANBARI

(Communicated by S. K. Ntouyas)

Abstract. In this paper, we study coupled systems of the half-linear boundary value problems
involving left sided Caputo fractional derivatives. The main goal of this paper is restricted to the
existence verification of positive solutions for mentioned fractional boundary value problems. To
this aim we use nonlinear alternative of Leray-Schauder and Krasnoselskii-Zabreiko fixed point
theorems. At the end we present some numerical examples to illustrate the obtained theoretical
results.

1. Introduction

The fractional differential equations in recent decades have been recognized to be
excellent tools for studying natural phenomena, particularly in description of memory
and hereditary processes. Maybe this property can be considered as the main advan-
tage of the fractional differential equations with respect to the integer-order differential
equations, see [11], [13], [14], [17]. On the other hand studying each differential based
phenomenon leads us to a differential system, that is why we should estimate the solv-
ability possibility of such systems. In this way using nonlinear analysis techniques such
as fixed point theory provides us an effective tool for studying solvability of the differ-
ential systems. There are numerous fixed point theorems that have been applied for
proving existence of solutions for a nonlinear differential equations. Here we suggest
some of the most famous papers dealt with solvability of nonlinear fractional boundary
value problems and references cited therein.

Z. Bai and H. Lu in [2], considered nonlinear Riemann-Liouville fractional bound-
ary value problem

Diiu(t)+ f(tu(t)) =0, l<a<2, 0<r<l1, )

where f:[0,1] x [0,4e0) — [0,+eo) is continuous, then using Guo-Krasnoselskii and
Legget-Williams fixed point theorems obtained some existence and multiplicity results
for positive solutions of (1).
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S.Zhang in [20], studied the following nonlinear Caputo fractional boundary value
problem

‘Dfiu(r)=f(tu(r), l<a<2, 0<r<l,

u(0)+u'(0) =0, u(1)+u'(1)=0, 2)

where f:[0,1] x [0,+e0) — [0,4-c0) is continuous. The author using the same fixed
point theorems obtained the same solvability results for (2).

The authors in [1], considered the following coupled system of Riemann-Liouville
fractional boundary value problems

3)

where 1 < o, <2 and p,q,y>0,0<n<1,a—qg=>1,B—p=>1,m* <1,
ynP=1 < 1. They using the Schauder fixed point theorem, proved the existence results
for fractional coupled system (3).

Beside these papers, we invite eager followers to consultation in papers [1], [6]-
[10], [15], [16], [18], [19], [21] and references cited therein for more interesting results
about fractional boundary value problems.

S. Dhar and Q. Kong in [4], studied the half-linear ordinary differential equation

(00 (90 ())") +4(0) 00 (1) =0, @

where g € C(R,R), ¢,(x) = [x|P~'x, p € (0,%). The authors imposing the boundary
conditions x(a) =x(b) =0, —eo < a < b < o and some additional conditions, obtained
the following Lyapunov-type inequality

/j q_(s)ds+/}§bq+(s)ds> (bia)a7 Eela,b], a= (o +1). 35)

In above inequality g— and g denote the negative and positive parts of the function
q, respectively.

Motivated by the above works, in this paper we consider the following coupled
system of the half-linear (A4, u)-parametric boundary value problems

o5 (D1 (6, () ) + 105, (r1)) =0,
o,f€(1,2), te€(ab), (6)

0 (DL (04)) ) + 4Oy (l0.0) =0,

subject to the Dirichlet boundary conditions

(7
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where ©,(u) = |u[P~'u and p,B;, 7 € (1,+e0) for i=1,2. °D% denotes the left
sided Caputo fractional derivative of order o« > 0 and A, are positive real parame-
ters. Throughout this paper f,g € C(|a,b] x R,R™). Our solvability results rely on
the nonlinear alternative of the Leray-Schauder and Krasnoselskii-Zabreiko fixed point
theorems rather than Guo-Krasnoselskii and Legget-Williams fixed point theorems. We
notice that in view point of terminology the half-linearity of the fractional coupled sys-
tem (6) turns to the solution space of the (6) that characterize the homogeneity but not
additivity of solutions. See [5] for details.

2. Preliminaries

In the sequel we represent some standard definitions and lemmas from theory of
fractional calculus.

DEFINITION 1. [3] Let & € (0,+-c0). The operator I% defined on L;[a,b] by

1%u(r) = ﬁ/ﬂ’(z—s)a*u(s)ds, ®)

for a <t < b, is called the left-sided Riemann-Liouville fractional integral operator of
order o .

Under same hypotheses, the right-sided Riemann-Liouville fractional integral op-
erator is given by

b
y u(t) = ﬁ/t (s— 1) Lu(s)ds. ©)

DEFINITION 2. [3] Suppose o > 0 with n =[] + 1. Then the left and right
sided Caputo fractional derivatives defined on absolutely continuous functions space
AC"[a,b] are given by

(°D%u) () = (I'*D"u) (1), (10a)

(gp%) (1) = (=1)" (,_I"~*D"u) (1), (10b)
where D" = d" /dt".

LEMMA 1. [11] Assume that oo > 0. Then

(i) for u(t) € Li(a,b), we have
(D& 1% ) (1) = u(t), ( ¢ po ,,J“u) (1) = u(t). (11)
(ii) for u(t) € AC"[a,b], we have

(t —a)k, (12a)

(I%°D%u) (1) = u(t) - Y,
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(Dt 0)

i (b—1)*. (12b)

(o175 Do) () =u) - ¥,

In this position, the nonlinear alternative of the Leray-Schauder and Krasnoselskii-
Zabreiko fixed point theorems that will be applied to verify existence at least one posi-
tive solution for fractional coupled system (6) can be stated as follows, respectively.

THEOREM 1. [21], [10] Let C be a convex subset of a Banach space, U be an
open subset of C with 0 € U. Then every completely continuous map T : U — C has
at least one of the two following properties:

(E1) There exist an u € U such that Tu = u.

(E2) There existan v € dU and A € (0,1) such that v=ATv.

THEOREM 2. [12], [9] Let X be a Banach space. Assume that T : X — X is a
completely continuous mapping. If L : X — X be a linear bounded mapping such that
1 is not an eigenvalue of L and

[ Tu L] _

luf| oo fee]]

0, 13)

then T has a fixed point in X .

At the end of this section we introduce the Banach spaces needed in what follows.

Y=XxX, X=(Cla,b]].lx), (14)
endowed with the norm
[, )[ly = [lullx +[Vx, llullx = S[ugj]lu(t)l- (15)
tela,

3. Existence results

Taking the importance of the Green function of the coupled system (6) into ac-
count, we begin with characterization the Green function corresponding to the (6) as
follows.

LEMMA 2. Let h € C(R). Then for the fractional half-linear boundary value
problem

(16)

{Gﬁz(CDZ‘+ (©p,(w) ) +h(t)=0, 1 < <2,a<t<b,
u(a) =u(b) =0,

the equivalent unique integral equation reads as follows

u(t) = O ( / bGa(t,s)Gﬁzlh(s)ds), (17)
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where
B 1 (t—a)(b—s)*'—(b—a)(t—s5)*1; a<s<t<b,
Galts) = (b—a)(a) {(t—a)(b—s)o‘_l; a<t<s<b.
(18)

Proof. Using the identity (12a), the fractional half-linear differential equation

@[32 ( CD;X+ (@/31 (u)) ) +h(r)=0,
reduces to the fractional integral equation

t—s)o‘_1

O W0 =arta-a- [T

Imposing the boundary condition u(a) = 0, immediately it follows that ¢y = 0. Next,
second boundary condition u(b) = 0, explicitly gives us the coefficient ¢; as follows

@E;h(s)ds. (19)

B 1 b(b_s)afl 3
Cl_(b—a)l"((x)/u Mo 0, h(s)ds. (20)

Substituting c¢g,c; obtained above in (19), implies that

—a b —5 o—1 t —s o—1
05, (W)(1) =+ / B o th(s)ds / U= o th(s)ds

—a (o) Fa) A
b (b—s)*! 1 (f_g)0]
= ﬁ{(t—a)/a %@ﬁzlh(s)ds—(b—a)/a %Qﬁ;h(s)ds}
1 ‘ . o
:W/a[(f—a)(bﬂ) = (b—a)(t—5)"" 105 h(s)ds
! b b Ot—l@—lh d
e |, (- eyl
= /bGa(hS)@ﬁflh(s)ds
So we have
b
®ﬁ1(”)(t):/a Ga(l,s)@ﬁ;h(s)ds. 1)

Finally, taking inverse operator © B! on both sides of (21), we achieve the following

u(t) = 0 (/ubGa(t7s)®ﬁzlh(s)ds),

that completes the proof. [
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LEMMA 3. The Green function Gy(t,s) given by (18) satisfies in the following
properties:

(i) Gqlt,s) >0 for (t,s) € (a,b) x (a,D).

. 1 (b—a)(a—l))a_l
ii) sup Ggl(t,s) =Ggl(s,s), sup Ggl(s,s)= ( .
( ) t€(a.b) O‘( ) a( ) s€(a,b) a( ) F(OC + 1)

(iii) There exists positive constant Yy € (0,1) such that

min Golt,s) > sup Gylt,s).
b(3+a)+3ala—1) b(3a+l)+a(a—l)] olt:8) > Yate(ﬁj) a(>9)
4o ) 4o ’

tE[

Proof. Let us rewrite the Green function G(z,s) defined by (18) as below:

_ 1L fGialt,s); a<s<i<b,
Galt,s) = (b—a)T () { Goolt,s); a<t<s<b,
where
Gio(t,s)=(t—a)(b—s)*""—(b—a)(t—s)*", (22a)
and
Goal(t,s) = (t—a)(b—s)*"". (22b)

Obviously G2 (t,s) > 0 and Gz «(t,s) > Gi«(f,s). So for positivity of the Green
function G(7,s) it suffices that we prove the positivity of Gy ¢ (z,s). To this aim if we
take t = s, s0 Gy(2,s) is obviously positive, otherwise we proceed as follows:

Gia(t,s) >0 (t—a)(b—s)* ' —(b—a)(t—5)* ' >0 (b—s)%! N (t—s)“—l.

b—a t—a
Now let us define 1
ow = @3
Therefore o s)a—2[(a 1) e
o' (w) = o Pa D wa,s.
Thus for each w < I’Jr“(ial , ¢ is increasing and for each w > b_g(aa_l) is decreasing.

b —1 .

Taking w = in the ﬁrst 1nequa11ty, we conclude the obvious result b <
b>t,then ¢(b) > ¢(r) and consequently

(-5 (1—s5)*!
b—a - t—a

Thereby G ¢(t,s) > 0. This completes the proof of the item (i).
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Proving the item (ii), we note that, since %Gla(hé‘) >0

sup Ga(f,S): sup G27O£(tas): sup GZ,OC(SvS)'

t€(a,b), t.s€(a,b), s€(a,b)
s€(a,b) I
On the other hand

G) o(s,5) = (b— $)* [—os+b+ala—1)].
Thus for each s < %, Ga.q(s,s) is increasing and for each s >
decreasing. Therefore we deduce that

o
SUp G (5,5) = G (b—l—a(a—l))b—i—a(a—l)) _ (b—a) (- 1)1,
s€(a,b) o o o

b+alo—1) .
—a 8

Hence, it follows that

1 b—a)(a—1)\*"
sup Ga(S,S): (( a)(a )) )
s€(a,b) F(OC + 1) o
To prove the last item (iii), we set
min Gul(t,s)
‘e [b(3+a)+3a(a—l) b(3a+1)+a(a—l)}
4o ’ 4o
Yo = . (24)

SUDse (a,b) Ga (57 S)

We know that min, s (.4 Ga(t,5) = G1,4(t,5). Also we know that %Gm(t,s) > 0.
So it follows that

supG o(t,s) = Goolt,t), 1€ (a,b).

s<t
b(3+ o) +3ala—1) - b+a(o—1)

. Since for each
4o o

Let us point out this fact that
b —1
;s btale—l
o

, Ga,o(t,1) is decreasing, so we have

Gult,s)

min
‘e [h(3+0t)1r;a(a—l) 7h(3a+li<+xa(a—l)}

—Gha (b(3a+ll;a(a—1),b(3a+112a(a—1)> 25)
B 1 (b—a)(a—1)\*"
T 49T (o4 1) ( o ) Bat1).

Thereby, using item (ii) we conclude that
1 (b—a)(o—1)\*"
3 1
_4ar(a+1)< o Ba+ )_3oc+16

()T

0,1).

Yo
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This completes the proof of the item (iii). O

We are preparing ourselves to link the fractional half-linear coupled system (6)
and introduced fixed point theorems. To this aim we define the integral operator A :
CCY —Y asfollows

A(u,v) = (A1V7A2(u))a (26)
where
1 b
(Apv) (1) = ABR Gﬁfl (/u Galt,5)0p, (f(&v))ds), (27a)
and
(Apu) (1) = ‘umz(a 1 (/ Gp(t,5)Oy (g(s, u))ds) (27b)
and
C=CaG,
C| = {(071/) €Y|v(t)=>0,1¢€ (ab), tlgnv(t) > )/o¢||vx}7

(27¢)

)=0,1€(ab), tnélinu(t)})/ﬁu;(}
B

{b 34 0) +3a —1) bBo+1)+a(a—1)
Bl

’ 4o
b(3+PB) +3a[3 1) b@BB+1)+a(f—1)
R |

LEMMA 4. Assume the operator A and the cone C are given by (26) and (27¢),
respectively. Then A leaves the cone C invariant, i.e. A(C) C C.

Proof. Suppose (u,v) € C. Trivially we observe that (A;v) () >0 and (Asu) (1) >

Consider the integral operator

(A) (1) = AP O, (/ Gats)(apl(f(sv))ds>



EXISTENCE RESULTS FOR FRACTIONAL HALF-LINEAR BVPS 257

So we have

1
min (Av) (t) = A PP min
1€Aq 1€Aq

0y ( [ Gut.o0p, (165 v>>ds)]

> Aﬁ@ﬁfl < bmln Galt, 5)9131 (f (s, ))ds>

a €A

_1
> ARR @ﬁ11< ¥ sup Galt,s)®p, (f(s, v))ds) (28)
a  re(ab)

1

> )/OICT' sup [}Llﬁﬁz@ (/ G(t,s)0p, (f(s, v))ds)]
r€(ab)

> YollArv|lx.

Similarly one can show that

min (Azu) (l‘) = ’)/ﬁ HAQMHX 29)
IGAﬁ

Therefore by means of (28) and (29), we conclude that for each (u,v) € C,

min (419) () > Ay
{ (Al\/) (Z),(AQI/L) (l) >0,1€e (a7b)7 ml?l (A2 )(Z) > ,yﬁ”AzuHX } 30)
tEAﬁ

Equivalently has shown that A(C) C C. The proof is completed now. [

LEMMA 5. The integral operator A :Y — Y defined by (26)—(27b) is completely
continuous.

Proof. First we notice that continuity of the Green function G(#,s) and half-
linear operator ¢,u for p € (1,4-o0), ensure the continuity of the integral operator Av
defined by

(A) (1) = AFB O, (/ Gats)(apl(f(sv))ds>

Let us consider the bounded set ; C X . So there exists positive real constant L; such
that

Ivllx <L, veX.

Also suppose that

M= sup |f(t,v)]
te(a,b),
Ivlx<Ly
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Therefore we have

A ()] =

1 b ﬁ
< ABB (/a Gal(t,5)|0p, (f(s,v)) ds)

ABRO, (/ Galt.5)Op, (f(s, v))ds)

. (€2Y)
1
(/ Gol(s,s)| (f(s,v)) |l31ds>
1
—a\“ Bt
<abh (— (P2 gyt )”
)
Thereby we conclude that
1 1 (b * B
— — 1
[Av][x < My.ARE (F—a) ( aa) (o — l)al) . (32)
Similarly we deduce that
5 L
1 1 b—a S\
[Azullx < My i (m( B ) (B—1)P 1) ; (33)

in which there exists a bounded subset €2, C X and there exists a positive constant L,
such that for each u € Q,, we have ||u|x < L. In addition

My = sup |g(t,u)l.
te(a,b),
[lullx <Lz

Thus one can conclude that

1A, )y = [|A1v]|x +[|Azullx

/1 [(b—a\* B
<2 ARk (222 _10“) ,
max{ ' 12<F(Ot)< o ) (=D (34)

i (L (b=a\ g e '
Mot ”(rw)( ) B ) }

Therefore setting Q = Q) x Qy, it has shown that A(Q) is bounded.
In the last step we are going to prove the equicontinuity of the integral operator
A(u,v). Let ve Q and 11,1, € [a,b] with t; <1,. So we have
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1
B

b
Av(2) — Ayo(ty)| < My AP / (G t2,5) — Galtr,5)|ds

@ ? —a)(b—s)*"'—(b—a)(t,—s)*""|ds ’ —a)(b—s)*"'ds
<l ()69 =05 |ast [ (- p-5)a
" b B
—/a {(zl—a)(b—s)a—l—(b—a)(tl—s)a—l}ds—/ll (1 —a)(b— )% \ds
< M{ (12 —a) [(b—a)“— (b—tz)a] (11 —a) [(b—a)“— (b—tl)o‘]
o (o +1)
B
+(b—a) |:(t2—a)a—(t1—a)a:| + (lz—a)(b—tz)a—(tl—a)(b—l‘l)a } .

(35)

Therefore, one can derive that the right hand side of the inequality (35), tends to zero
provided that #, — #;. Hence the Arzela-Ascoli theorem implies that the integral op-
erator Ajv is completely continuous. In similar manner one can prove that the inte-
gral operator Au is also completely continuous. Thereafter completely continuity of
the operators A;v and A,u ensure the completely continuity of the integral operator
A(u,v) = (A1v,Au). The proof is completed. [

In order to apply the nonlinear alternative of Leray-Schauder fixed point theorem,
assume that the following stipulations are valid.

HYPOTHESES 1. There exist positive continuous functions ¢;, y;, i = 1,2 with y;
increasing, such that

(Hy) [f@v) < en@wi(pv]), (t,v) € (a,b) XR;
(Ha) |g(t;0)[ < o2(1)ya(lu]), (1,u) € (a,b) X R.

THEOREM 3. Let the hypotheses (Hy ) and ( Hy ) are satisfied. Assume that there
exists real constant 6 > 0 such that

o 1>${wl<e>/f¢1<s>|ds+Wz<e>Lb|¢2<s>|ds}, 36)

1 1 1
BBy AB 77 AVl
AﬁlﬁzAll ”7172/\21

where




260 Y. GHOLAMI AND K. GHANBARI

Then the coupled system of fractional half-linear boundary value problems (6) has at
least one positive solution in C.

Proof. Consider the coupled system

©p, ( ‘D% (©p, (u)) ) +VvABpgp, (f(t,v)) =0,
oc€(1,2), (a,b)
0, ( Db (@, () ) + VUOy,y, (g(t,u)) =0, (37)
u(a) =u(b) =0,
v(a) =v(b) =0,
where v € (0,1). We define
O ={(u,v) €C| ||lullx <06,|lv]x < 6}. (38)

Now, we must prove that (v,u) # VA(u,v), with (,v) € 0 and v € (0,1). There-
fore assume on contrary that there exists (u,v) € d¢ such that (v,u) = vA(u,v) =
V(A1(v),A2(u)). Thus it follows that:

Ivllx = vlAwvlx = vVARE sup © ( / Galt.5)Op, /s, v>ds>

t€(a,b)
ﬁl
1| rb 1
< ABR / sup Ggl(t,5)Op, f(s,v)ds (39)
a re(ab)
1 Lo L b
<mﬁzAfl/ £(s,v)lds < AT AP 1,/1(9)/ 161(s)|ds.
a a
So we have . )
1 s
0 <AREAL yi(6) [ |01(s)]ds
Hence the following is immediate
o
vi(0) [ 161(5)1as. (40)
AmmAm
Similarly one can deduce
1
< w0 [ ioa(o)as. @
‘uMszl

The inequalities (40) and (41), give us

1 1
P SR N {Wl /\‘Pl )lds +y2(6 /|¢2 |dS} (42)

AWAfI phBE Al
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which contradicts with (36). Thus we conclude that for each (u,v) € d& and for each

€ (0,1) , (v,u) # vA(u,v). Therefore in accordance with Theorem 1 particularly
the item (E}), one has that the fixed point problem (v,u) = (A;v,Ayu) = A(u,v) has at
least one fixed point (,v) in cone C. Equivalently the coupled system of the fractional
half-linear boundary value problems (6) has at least one positive solution in C. This
completes the proof. [

In the sequel, in order to proper running of the mechanism of the Krasnoselskii-
Zabreiko fixed point theorem stated above, we introduce forthcoming hypotheses.

HYPOTHESES 2. Let the following hypotheses hold:

[Vlx—ee Vv

(Ki) lim A—<M1ﬁz® (/ Ga,a(t,5)0p, (§1(s))ds )

llullx—e u

(k) tim 2<yTre ( Lth,ﬁ<r,s>®yl<éz<s>>ds>.

THEOREM 4. Let the hypotheses (K)) and (Ky) are satisfied. If

b b
| Grattoas<lEI. [ Gapt9)ds <&, 3)

then the coupled system of fractional half-linear boundary value problems (6) has at
east one positive solution in C.

Proof. We begin the proof with introducing the linear bounded mappings L; : C; C
X — X, i=1,2 defined by

Liv(t) = Mlﬁz(a (/ Gzats>®ﬁl(§1())ds>v(>

, (44)
1
Lou(t) = u 70, ( / Gop(1,5)9p, (gz(s))ds> u(t).
a
Using inequalities (43), it is clear that
1 L
IZvllx <APPvlix,  |[Laullx <p™ fulx. (45)

It means that 1 is not an eigenvalue of the operators L; for i = 1,2. Thus defining
L(u,v) = (Lyv,Lyu), it follows that the linear bounded mapping L dos not admit the
pair (1, 1) as eigenvalue. In the sequel, considering the hypotheses (K;) and (K>), one
can deduce that for each arbitrary € > 0 there exists a positive constant N > 0 such
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that |lu|lx > N and ||v||x > N, imply that

1 b
'Alv—/lﬁlﬁz O (/ Gra(t,s)Op, (51(S))dS>v . <eg|vllx,
, (46)
_1
A — PR O, (/ Gz,ﬁ(t7s)®n(€z(S))dS>u . < g|lullx.
Therefore we have
Iaw=Lulix (47a)
Mlix—e  [vilx ’
A~ Loullx _ (47b)
lullx—e  Jluellx

Using (47a) and (47b), we conclude that

A ~ L)y (A = L), (o= Low) [y

][ x e, (e, v) |y [ [[uellx + [[v]|x
Vlix e Iv]fx —eo
Ay —Livlx . Asu— Louflx
S VIl lallx—e [Jullx
=0.

Therefore the Krasnoselskii-Zabreiko fixed point theorem ensures that the coupled sys-
tem of fractional half-linear boundary value problems (6) has at least one positive solu-
tion in C. The proof is completed. [

4. Numerical examples

Implementing the obtained theoretical main results, we present some numerical
examples as follows.

EXAMPLE 1. Let us consider the following coupled system of fractional half-
linear boundary value problems

0z Dl (©20) ) + 15022 (€1 b)) =0,

10
t€(0,1), (48)
1
®2<cD(1)f (@z(v))) + 0 (e (144)) =0,
with boundary conditions
u(0) =u(1) =0,
{ v(0)=v(l)=0 “49)
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Indeed, in the above system the setting
di(r)=e, oi(t)=e;

vi(v) =14+, wa(lu) =14+ —=;

1
ﬁi:%zzv i=1,2, AZ”ZE’9217(X:B:157

have implemented. As a result of positivity and increasing nature of the functions y;,
i = 1,2, we conclude that the hypotheses (H;) and (H,) are fulfilled. On the other
hand, a direct calculation shows that

g{wme)/abms)m w(e)/ab@(snds} e,

1 1
+ =

4
T T x4 x 107,
ABBAP  unnAf

2
3V3nm
So, it is clear that

1 1

1 L 1
BB AB ;s AN
ABRATT  unn A,

> %{y/l(e)/ale(s)der %(9)/ab¢z(s)|ds}7

Consequently, since all of the conditions of Theorem 3 hold, then the fractional coupled
system (48)—(49) has at least one positive solution in C.

EXAMPLE 2. Consider the coupled system of fractional half-linear boundary value
problems

Op, (DL (04,1 ) + A0y, (1)) =0
a,fe(1,2), te(0,1), (50)

0 (DL (040) ) + 4Oy (o) =0,
subject to the boundary conditions

{M(O) =u(1)

=0 51
v(0)=v(l)=0 ©D

)

where f(z,v) =v and g(¢,u) = u. Suppose that u and v are two positive increasing
continuous functions such that

/l V(s)ds < vP1 (1), /1 ut(s)ds < u(1).
0 0

Before continuing estimation process let us point out the following key inequality.
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REMARK 1. Assume that both f and g are increasing(decreasing) on (a,b).

Then
( / bf(x)dx> ( / bg(x)dx) < (b—a) / ’ F(x)g(x)dx. (52)

If f is decreasing and g is increasing, then the counter-inequality is satisfied.

As we know, Gg(t,s) < Gao(t,s) and Gy 4(t,s) is a decreasing function with
respect to the variable s. On the other hand, increasing nature of the function v(z)
implies that

1 1 1 1
/()Ga(t7s)fﬁ'(s,v(s))ds</0 G27a(t7s)vﬁ'(s)ds</0 G27a(t7s)ds/0 VP (s)ds
<) /0 ' Goalt,5)ds,

Hence, one can derive that

Ay
v1<;mﬁz® (/ Golt,s)d )
Aru
L<uyﬂ2® (/Gzpts )
u

Thus the hypotheses (K) and (K3 ) are satisfied. On the other hand, in accordance with
definitions of the functions f and g taking & = &, =1, we have

1 1 1
/Gzﬂ(t,s):t/ (1—s)“*1ds:a<1, l<a<2,te(0,1). (53)
0 0

Thereby
1 1
| Grattsids <lall. [ Gapt9)ds < &l (54

Since all of the conditions of Theorem 4 hold, so the coupled system of fractional half-
linear boundary value problems (50)—(51) has at least one positive solution in C.
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