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Abstract. Firstly, the surveys for studies on boundary value problems for higher order ordinary
differential equations and for higher order fractional differential equations are given. Secondly a
simple review for studies on solvability of boundary value problems for impulsive fractional dif-
ferential equations is presented. Thirdly we propose four classes of higher order linear fractional
differential equations and give their exact piecewise continuous solutions. Fourthly we propose
some new classes of boundary value problems for higher order fractional differential equations
with impulse effects. Fifthly we establish new general methods for converting boundary value
problems of impulsive fractional differential equations with the Riemann-Liouville fractional
derivatives or Caputo fractional derivatives to equivalent integral equations. Sixthly by employ-
ing fixed point theorems in Banach space, we establish new existence results of solutions for
these boundary value problems. Seventh, some remarks are given to show that many methods in
known papers are un-suitable. Eighth, some examples are presented to illustrate the efficiency of
the results obtained. Finally, possible trends of researches are given at the end of the paper.
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1. Introduction

Fractional differential equation is a generalization of ordinary differential equation
to arbitrary non-integer orders. The origin of fractional calculus goes back to Newton
and Leibniz in the seventeenth century. Recent investigations have shown that many
physical systems can be represented more accurately through fractional derivative for-
mulation [62]. Fractional differential equations therefore find numerous applications in
different branches of physics, chemistry and biological sciences such as visco-elasticity,
feed back amplifiers, electrical circuits, electro analytical chemistry, fractional multi-
poles and neuron modelling [64]. Readers may refer to the books and monographs
[34, 63] for fractional calculus and developments on fractional differential and frac-
tional integro-differential equations with applications.

On the other hand, theory of impulsive differential equations describes processes
which experience a sudden change of their state at certain moments. Processes with
such characteristics arise naturally and often, for example, phenomena studied in phy-
sics, chemical technology, population dynamics, biotechnology and economics. For an
introduction of the basic theory of impulsive differential equation, we refer the readers
to [49].

Benchohra and Slimani [19] initiated the study of fractional differential equations
with impulses. Agarwal, Benchohra and Slimani [4] considered a class of initial value
problems for differential equations involving the Caputo fractional derivative of or-
der o € (0,1] and the impulsive effects. Since 2009, there have been many papers
concerned with the solvability of initial or boundary value problems for impulsive frac-
tional differential equations. Studies on impulsive fractional differential equations have
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been of great interest because it is caused both by the intensive development of the the-
ory of fractional calculus itself and by the applications of such constructions in various
sciences such as physics, mechanics, chemistry, engineering, etc.

Now, we firstly present surveys for studies on BVPs for higher order ordinary dif-
ferential equations, BVPs for fractional differential equations and BVPs for impulsive
fractional differential equations. Then we illustrate our purposes in this paper. Finally,
we list the organization of this paper.

1.1. BVPs for higher order ordinary differential equations

Solvability of boundary value problems for higher order ordinary differential equa-
tions were investigated by many authors. These boundary value problems mainly con-
tain 2m-th order Lidstone BVPs, (n,n— p) type BVPs, anti-periodic BVPs, periodic
BVPs and Neumann BVPs.

For examples, in [20, 22, 23, 66, 82], solvability of the following problems were
investigated:

{W"“(t) =Sy @y, EE), e,
Y2 (0) =0=y@)(1), icNg!
{y<2m>(t) — F(t9(0), - Y2 (1), YD) 1)) 1 e (0,1), (1.12)
Y (0)=0=y®t(1), ieNj,
and
{y(2’“)(t)=f(t7y(t)7---7y(2j)(f)7"'»y(z(m_l))(t))’ 1€ 0.1, (1.1.3)
YOI (0) =y(1) =0, ie Ny

In [5, 6, 24, 26, 38, 39, 40, 53, 61, 69, 71], the following (n,n — k) type problems
were studied:

{(—l)”_ky(")zf(t,y)7 te(0,1), "
YD) =0, ieINE! yO(1)=0, jeNikl
In [37, 41], the following more general boundary value problems were studied:

(—1) Ry = f(1,y), 1€ (0,1),

{y<f>(0) =0, ielN< 01 =0, jeNyIH (1.1.5)

where k € INT~!, g € IN&.
In [6, 25], authors studied existence of solutions of the following problems:
{(_l)n_py(n):f(tvyvy/f"ay(p_l))a (S (071)7

_ : , (1.1.6)
y(0)=0, ieNj, yI(1)=0, jelNuL
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Solvability of (n,1) type boundary value problems for higher order ordinary differential
equations were investigated by many authors. For examples, the following boundary
value problems were studied in [27, 28, 74]:

{y(n)+f(t7y7y/7"'7y(p_l)):07 ZG(O,I),

_ (1.1.7)
y(0)=0, ieINg2 yP(1)=0
or it special cases, where p € INS*1 .
As we know that the general anti-periodic, periodic and Neumann boundary value
problems are as follows:

y(n):f(tvy)7 IE(Ovl)v y(l)(o):_y(l)(l)7 iGINg_l, (118)

Y= fy), 1), YO =y0(), ieNg (1.19)

and
Y = fty), 1€(0,1), YD(O0)=yD(1)=0, ieNK jeIN* (1.1.10)

Readers may see [2] in which BVP(1.1.8) was studied with n = 5. Some special cases
of BVP(1.1.9) and BVP(1.1.10) were studied in [85] and [57].

We note that BVP(1.1.1)-BVP(1.1.10) have many applications and been studied
by many authors see the monograph [1]. We also know that higher order impulsive
differential equations can be changed to lower order impulsive differential systems. So
existence results for solutions of impulsive differential systems can be applied to solve
higher order differential equations see the book [18].

Since DY, DP x # DYPx # DP. D, x see [63, 65] and “DZ. DY x # DI Px #
"Dg+ ‘D x see (6.4) on page 105 in [65], we know that higher order fractional differen-
tial equations can not be converted to lower fractional differential systems. Hence it is
interesting to generalize BVP(1.1.1)-BVP(1.1.10) to higher order fractional differential
equations.

1.2. BVPs for higher order fractional differential equations

There has been not many papers discussed the solvability of BVPs for higher order
fractional differential equations. In [81], authors studied existence of solutions of the
following boundary value problem for higher order fractional differential equation

{D8‘+u(t)+7tf(t,u(t)):07 0<t<b, A>0, acnn+l),
(1.2.1)

u(0)=0, jeNI' wl=N(b)=0.

In [86], Zhang used a fixed-point theorem for the mixed monotone operator to show the
existence of positive solutions to the following singular fractional differential equation

{—Dggu(t) = f(t,u(t),d (1), -, u"2(r), 0<r<l, acln—1,n),

, (1.2.2)
u(0)=0, i=1,2,---.;n—2, u"H(1)=0.
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methods used in these papers are based upon transforming boundary value problems
into integral equations and using fixed point theorems to establish existence and unique-
ness results on solutions. Obviously, BVP(1.2.1) and BVP(1.2.2) are generalized forms
of BVP(1.1.7) with p=n—1.

In [83], investigated the existence of solutions of the following problem BVP for
higher order fractional differential equation

D§ u(t)+p(t)u(t)=0, 0<t<l, A>0, ac[n—1,n),
(1.2.3)

ul(0)=0, jeINI2 u(l)=0.

In [7], authors established some existence results in a Banach space for a nonlocal
boundary value problem involving a nonlinear differential equation of fractional order

{CDg;u(t):f(nu(t)), 0<r<1, a€cln—1,n),

u(j)(()):(), jE]Ngiz, w(1) = ou(n). (1.2.4)

Feng [31] generalized above mentioned BVP and studied the following higher-order
singular boundary value problem of fractional differential equation

{Dgw(t):f(t,u(t)), 0<r<1, a€n—1,n),

, (1.2.5)
ul(0)=0, jeINE2 u(l)= [, h(s)u(s)ds.

BVP(1.2.3), BVP(1.2.4) and BVP(1.2.5) are generalized forms of BVP(1.1.7) with p =
0.

In [92], authors studied the following singular eigenvalue problem for a higher
order fractional differential equation

=D u(t) = Af(t,ut),D5 u(t), - . Dy 'u(t)), 0<t<1, ac—1,n),

m
u(0)=0, DFLu(0)=0, i=12,---,n—1, Diu(l)= 3 aDy. u(&),
i=1

(1.2.6)
wheren—i—l<y<a—i (i=1,2,---.n=2), u—U1>0, 0 — 1 <2, 00— >
I, a; 20 (i=1,2,---,m), 0< & <--- <&, <1, Dy, is the standard Riemann-
Liouville derivative of order .

BVP(1.2.6) generalizes BVP(1.1.7). We do not find published papers concerned
with BVPs which generalize BVP(1.1.1)-BVP(1.1.6) and BVP(1.1.8)-BVP(1.1.10)
though there have been some papers concerned with the solvability of boundary value
problems for lower order impulsive fractional differential equations.

1.3. BVPs for impulsive fractional differential equations

Impulsive differential equations (IFDEs for short), which provide a natural de-
scription of observed evolution processes, are regarded as important mathematical tools
for the better understanding of several real world problems in applied sciences. Hence
impulsive boundary value problems for nonlinear fractional differential equations have
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been addressed by several authors see [3, 4, 8, 9, 29, 35, 44, 59, 68, 84]. The first kind of
such problems is concerned with impulsive fractional differential equations with mul-
tiple starting points # = (i € IN{'). The second kind of such problems is concerned
with impulsive fractional differential equations involved a single starting point # = 0.

(A) Studies on boundary value problems of impulsive fractional differential equa-
tions with multiple starting points  =#; (i € IN{').

Recently, Wang [73] studied the existence and uniqueness of solutions of the fol-
lowing initial value problem of the impulsive fractional differential equation

‘DXu(t) = f(r,u(r), t€ (ttin1], i€ING,
u(0) =u;, jENG', (1.3.1)
A (1) = Lii(u(), i€INy, jeNy™,

where o € (n— 1,n) with n being a positive integer, "D[‘ﬁ represents the standard Ca-

puto fractional derivatives of order ¢, IN’; ={a,a+1,---,b} with a,b being integers,
O=tyg<ty < <ty<tpr1=1,1; EC(R,R) (ieIN}, je N;~"), f:[0,T] xIR —
IR is continuous. Henderson and Ouahab [36] studied the existence of solutions of
the following initial value problem and periodic boundary value problem of impulsive
fractional differential equations:

"Df}u(t) = f(t,u(r)), t€(t,tip1], i€ING,

u(0) =uj, jEN, (13.2)
u () = Li(u(t), i€ NP, jeIN],

and
‘D%u(t) = f(t,u(t)), te€ (titi], i€INp,

ut)(0) = ul)(b), jeIN], (1.3.3)
ul () = Li(u(t), i€ Ny, jeIN},

where o € (1,2], 56>0,0=10<t; <--- <tp <tpy1=>b, f:[0,b] xR— IR, I;; : IR —
IR are continuous functions. Readers should also refer [75]. Obviously, the boundary
conditions in IVP(1.3.1) and IVP(1.3.2) are different and BVP(1.3.3) is a generalized
form of BVP(1.1.9) (n =2).

Wang, Ahmad and Zhang [77] studied the existence and uniqueness of solutions
of the following periodic boundary value problems for nonlinear impulsive fractional
differential equation

CDg*u(t):f(tvu(t)% ZE(OvT}\{tlv"VZP}’
Au(t;) = Ii(u(t;)), i €Ny,
Au' () = IF (u(t;)), i€ N,

1

u' (0) 4 (—=1)%u(T) = bu(T), u(0)+(—1)%u(T) =0,

(1.3.4)
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where o € (1,2), “D? represents the standard Caputo fractional derivatives of order

a,0=12,0=t0< < <tp<tpy1 =T, L I} eC(R,R) (ieIN}), f:[0,T] x
IR — IR is continuous.

In [10, 11, 91, 67], authors studied the existence of solutions of the following
nonlinear boundary value problem of fractional impulsive differential equations

“Ditx(t) =wn)f(1,x(1), (1)), 1€ 0,1\ {rr, -1},
Ax(t;) = Li(x(1;)), i€INY,

AY (1) = Ji(x(t)), i€ INY,

ax(0) £52(0) = g1(x), ex(1) +d¥(1) = g2(v),

where o € (1,2), ‘D"i represents the standard Caputo fractional derivatives of order
o, a,b,c,d >0 with' act+ad+bc#0, 0=1 <t < - <t,<tpy1 =1, I},J; €
C(IR,IR) (i€ IN}), £:]0,1] x IR — IR is continuous, w : [0, 1] — [0,+o0) is a con-
tinuous function, g1,g2 : PC(0,1] — IR are two continuous functions.

In 2015, Zhou, Liu and Zhang [93] studied the existence of solutions of the fol-
lowing nonlinear boundary value problem of fractional impulsive differential equations

CDZix(t) =Ax(t)+ f(t,x(t),(Kx)(¢), (Hx)(t)), t€(0,1]\{t1,--,1p},
Ax(t;) = Li(x(1;)), i€ INY,

AY (1;) = Ji(x(t;)), i€ INP,

ax(0) —bx'(0) =xp, cx(1)+dx' (1) =x,

where o € (1,2), “D? represents the standard Caputo fractional derivatives of order

a>0,b>0,c>0,d>0 with § =ac+ad+bc#0, 2 >0, xp, x1 € R,
O=ty<ti < <tp<tpy =1, L Ji€ CIR,R) (i€ IN}), f:[0,1] xIR? = R
is continuous, (Hx)(t) = fol h(t,s)x(s)ds and (Kx)(t) = [3k(t,s)x(s)ds. BVP(1.3.4)-
BVP(1.3.6) are generalized forms of the Sturm-LIouville boundary value problems for
second order differential equations see [47].

In [90], Zhao and Gong studied existence of positive solutions of the following
nonlinear impulsive fractional differential equation with generalized periodic boundary
value conditions

(1.3.5)

(1.3.6)

Dfiu(t) = f(t,u(t), t€OTI\{t,.1p},
Au(t) = L(u(t)), i€ N,
AU (i) = Ju(t;)), i€INY,
ou(0)—Pu(1)=0, ou'(0)—Lu/(1)=
where g € (1,2), CDZ+ represents the standard Caputo fractional derivatives of order

g, a>B>0,0=t9<t] < <ty <tp1 =11 J; € C([0,40),[0,400)) (i € IN}),
£:10,1] x [0,40e0) — [0,4-o0) is continuous.

(1.3.7)
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In [50, 55], authors studied the existence of solutions of the following nonlinear
boundary value problem of fractional impulsive differential equations

Defx(t) = ft.x(1)), 1€ O\ {r1, .1},
Ax(t;) = Li(x(t;)), i€INY,
AX (1) = Ji(x(1)), i€ INY,
ax(0) +bx(1) = g1(x), ax'(0)+bx'(1) = g2(x),

(1.3.8)

where o € (1,2), "D[‘ﬁ represents the standard Caputo fractional derivatives of order

o, abelR witha>b>0,0=10<t;<-<t, <ty =1, [, Ji€ C(R,IR)
(ieINP), f£:0,1] x IR — IR is continuous, gi,g> : PC(0,1] — R are two continu-
ous functions. BVP(1.3.7) and BVP(1.3.8) are generalized forms of BVP(1.1.8) and
BVP(1.1.9) (n=2).

In [54], Liu and Li investigated the existence and uniqueness of solutions for the
following nonlinear impulsive fractional differential equations

“Dult) = flt,ult) w ()" (1), 1€t i €NG,

w(0) = Mu(T) +&1 fg q1(s,u(s),ul (s),u" (5))ds,

u'(0) = !/ (T)+ & fOT q2(s,u(s),u'(s),u”(s))ds,

W' (0) = Aau"(T) + & Jy qs(s,uls),u(s),u” (s))ds, (1.3.9)
Au(ty) = Ai(u(s), ie€INY,

AU (t;) = Bi(u(t;)), i€ INY,

A" (t;) = Ci(u(t;)), i€ INY,

where o € (2,3), "D[‘ﬁ represents the standard Caputo fractional derivatives of order

o, 0=tg<t; <--- <Itp <tp1=T, A, & €R (i=1,2,3) are constants, A;,B;,C; €
C(IR,IR) (i € INY), f:[0,T] xIR® — IR is continuous. BVP(1.3.9) generalizes
BVP(1.1.8) (n=3).

Recently, in [17], to extend the problem for impulsive differential equation u” (¢) —
Au(r) = f(t,u(t)), u(0) =u(T) =0, Ad'(1;) = Li(u(t)i)), i € IN} to impulsive frac-
tional differential equation, the authors studied the existence and the multiplicity of
solutions for the Dirichlet’s boundary value problem for impulsive fractional order dif-
ferential equation

{ ‘D¥_ (CDggx(t) +a(t)x(t) =Af(t,x(t)), t€[0,T], t#¢t, i€INT,

(1.3.10)
ACDY=N(CDY x(1;) = uhi(x(t;7)), i€ N, x(0) =x(T) =0,

where o € (1/2,1], A, > 0 are constants, 0 =19 <t; < -+ <ty <ty =T, f:

[0,7] x IR — IR is a continuous function, /; : R — IR (i € INT") are continuous func-

tions, "Dg‘+ (or "D%,) is the standard left (or right) Caputo fractional derivative of

order o, a € C[0,T] and there exist constants aj,az > 0 such that a; < a(t) < ap for
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all 1 € [0,T], Ax|—; = lim x(r) — lim x(¢) =x(t) —x(;7) and x(¢;"), x(¢;") represent

t—>t tazi’
the right and left limits of x(t) at 1 =1, respectively.
In [16], authors the existence of solutions of the following periodic boundary value
problem for impulsive fractional differential equation

D‘iu(t)—)tu(t):f(t,u(t)), te(0,1], t#1, keIN/,

tllr;n(t—tk) *lu(t) —u(te)] = L(u(t)), k€N, (1.3.11)
lim '~ u(t) = u(1),

where o € (0,1), DY is the Riemann-Liouville fractional derivative of order o with

the base point 7z, A € IR, f:[0,1] x IR — IR is a given continuous function, p is a
positive integer, 0 =1y <t <--- <t, <t,11 = 1. BVP(1.3.10) and BVP(1.3.11) have
applications in applied sciences see [16, 17].

(B) Studies on boundary value problems of impulsive fractional differential equa-
tions with a single starting point = 0.

For impulsive fractional differential equations whose derivatives have a single start
point ¢ = 0, there have been not many papers published. In [70], authors presented a
new method to converting the impulsive fractional differential equation (with the Ca-
puto fractional derivative) to an equivalent integral equation and established existence
and uniqueness results for some boundary value problems of impulsive fractional dif-
ferential equations involving the Caputo fractional derivatives with single start point.
The existence and uniqueness of solutions of the following initial or boundary value
problems were discussed in [70]:

‘Dy.x(t) = f(t,x(t), 1€ 0,1\ {r,-,1p},
Ax(t;) = L(x(t)), AY(t)=Ji(x(t;)), i€INY, (1.3.12)
x(0) =xp, x'(0)=uxp,

‘DEx(t) = f(t,x(2)), t€(0,1]\{t1, -1},
Ax(t;) = L(x(t)), AX () =Ji(x(t;)), i€INY, (1.3.13)

x(0)+9(x) =xo, x'(0) =xi,

DY x(t) = f,x(1)), 1€ 0,1\ {r1,++ 1},

Ax(1;) = Li(x(t;)), i€INT, (1.3.14)
ax(0) +bx(1) =0,

‘Dg.x(t) = f(t,x(t), 1€ 01\ {r,,1p},
Ax(t) = Li(x(%)), AX(4) =Ji(x(1)), i€ N, (1.3.15)
ax(0) —bx'(0) =xp, cx(1)+dx'(1)=x,
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and
Dyex(t) = f(t,x(t), 1€ (0,1]\{r,--,1p},
Ax(ti) = Ii(x(11),  Ax'(t;) = ( (1)), i€INy, (1.3.16)
x(0) —ax(§) = x(1) = bx(n) =

where a € (1,2], B € (0,1], Dy, is the Caputo fractional derivative with order x*
and single starting point t =0, f:[0,1] x R — IR, [;,J; : R — IR are continuous
functions, a,b,c,d,xp,x; € IR are constants, ¢ : PC(0,1] — IR is a functional. Our
Theorem 3.2.1 generalizes the results (Lemma 2.3) obtained in [70] see Corollary 3.2.1
and Remark 3.2.1 in Section 3.2. We find that some lemmas in [72, 89] concerned with
the solvability of BVP(1.3.15) are unsuitable see Remark 6.7.

In [90], Zhao and Gong studied the existence of positive solutions of the following
nonlinear boundary value problem of fractional impulsive differential equations

‘Dr.x(t) = ft,x(t), 1€ (0, 1\{r,---,5},
Ax(t;) = Li(x(1;)), i€ INY,

AY (1) = Ji(x(t;)), i€ Ny,

ax(0) —bx(1) =0, ax'(0)—bx(1)=0,

(1.3.17)

where o € (1,2), CDg‘+ represents the standard Caputo fractional derivatives of order
a,a>b>0,0=10<t; < <tp <ty =1, I,/ e CR,IR) (ieIN), f:
[0,1] x R — IR is continuous. BVP(1.3.17) generalizes BVP(1.1.8) (n =2). So one
can apply our results (Theorem 5.3.1) to solve BVPs more general than BVP(1.3.12)—
BVP(1.3.17) see Section 5.3.

In recent paper [45], Liu studied existence of positive solutions for the following
boundary value problems (BVP) of fractional impulsive differential equations

{D8‘+u(t)=—f(l7u(f))» te(O,1), t#n, kel (13.18)

u(t)=(1—cu(ty), keINT, u(0)=u(l)=0,

where D{, is the Riemann-Liouville fractional derivative of order o € (1,2) with the
base point 0, m is a positive integer, cx € (0,3), f:[0,1] x [0,+0) — [0,+c0) is
a given continuous function, u(z;") and u(z, ) denote the right limit and left limit of
u at f; and u(t;’) = u(t), ie., u is right continuous at 7. By constructing a novel
transformation, BVP(1.3.18) is convert into a continuous system. using a specially
constructed cone, the Krein-Rutman theorem, topological degree theory, and bifurca-
tion techniques, some sufficient conditions are obtained for the existence of positive
solutions of BVP(1.3.18). However, we find that Lemma 3.1 [45] is un-correct, see
Remark 6.1 and Remark 6.2 in Section 6.

In [12, 78], Bai, Wang and Bai studied the existence and uniqueness of solutions
of the following periodic boundary value problem for impulsive fractional differential
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equation

D u(t) — Au(t) = f(t,u(t)), t€ (titi1], i€INg,

tlifg(f—fi)lf"‘[u(t) —u(t;)] = 1(u(t;)), (1.3.19)
}EIétl’“u(t) —u(l) =k,

where o € (0,1), k € IR, DS‘+ is the Riemann-Liouville fractional derivative of order
o with the starting point 0, A € R, f:[0,1] xIR — IR, I : IR — IR are given contin-
uous functions, 0 =#) <t < -+ <tu+1 = 1. By Lemma 2.1 in [12], BVP(1.3.19) is
converted to an integral equation. We given a new method for converting BVP(1.3.19)
to a integral equation see Remark 6.5 in Section 6.

In [13], Bai studied the existence of solutions of the following boundary value
problems of nonlinear impulsive fractional differential equation at resonance

DY u(t) = f(t,u(t),DS " u(t)), t€(0,1), t#4, icINk,

lim 2= %u(r) = iaiu(éi), u(l) = 5 biu(n;),
=1 i

t—0t i=1
Au(t,-) :I,-(u(t,-),Dgflu(t,-)), ADS‘flu t,') :J,-(u(t,-),DS‘flu(t,-)), i€ INIIC,
(1.3.20)
where o € (1,2), Dgj; is the standard Riemann-Liouville fractional derivative of order
%, £:]0,1] xIR? = IR, and I;,J; : IR> — IR are continuous, k is a fixed positive integer,
t; (i € IN}) are fixed points with 0 <1, <t < -+ <t < 1, Au(t;) = u(t; +0) —u(t; —0),
ADY u(ti) = DS u(ti+0) = DY M u(ti—0), i € INE, 0< &y << &, <1,0<m <
<My <1, 5,‘,1‘]./7&1‘](, and
z 2_ 2 2 z 1 2 1
)y aigiOF =2 binia7 =1, )y aigiOF =0, > bm,-”“ =1
i=1 i=1 i=1 i=1
In [14], Bai studied the existence of solutions of the following boundary value
problems of nonlinear impulsive fractional differential equation at resonance

Dg.u(t) = f(t,u(t),D{ u(t)), t€(0,1), t#6, icINf,

DGt u(0) = X aiDF u(&),  u(1)= X bn? “u(my),

i=1 i=1
Au(ti) = I,-(u t,-),Dgflu(ti)), ADS‘flu 1) = Ji(u(ti),Dgflu(t,-))7 i€ IN]f7

(1.3.21)

where o € (1,2), Djj; is the standard Riemann-Liouville fractional derivative of order

*, f:]0,1] x R?2 - 1R, and I, J;i: IR? — IR are continuous, k is a fixed positive integer,

t; (i € IN) are fixed points with 0 <] <ty <-+- <t < 1, Au(t;) = u(t; +0) —u(t;—0),

ADY u(t) = D u(ti+0) — DY u(t;—0), i e INE, 0< & <+ <& <1,0< M <

<M <1, &,mj#1, and

m n
Zlai = _Zlbi =1
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However, we find that the main lemmas in [13, 14] are unsuitable see Remark 6.3.
Lemma 2.1 in [95] is also unsuitable see Remark 6.4 in Section 6.

In recent paper [52], Liu and Jia studied the existence of solutions of the following
boundary value problem for multi-term impulsive fractional differential equation (BVP
for short) with impulse effects

DY u(t) = f (1u0), DY u(), 1€,
_ p m
ADE ul—y = Te(u(n), Db u()), ke INy,

w(0) =0, u(l)=fyu(t)g(t)dr,

where CDZ+ is the Caputo fractional derivative of order » > 0 with the starting point a,
e (1,2),0<B<a—-1land0<p <1, =[0,1]\{t1, - ,tm}, m is a positive in-
teger, 0 =19 <1y <t <+ <ty <tyy1 =1, Aul—y = u(t;") —u(ty), u(t]),u(t;)
denote the right limit and the left limit of u(r) at 7, respectively, A°Dy+ul—, =
“Dou(t;) —“Doru(ty ), “Do+u(ty),“Do+u(t; ) denote the right limit and the left limit
of "Dg+u(t) at 1, respectively. Because u(tk),"Dg+u(t,; ) exist, we define u(;) =

u(t, ) and CDg+u(tk) = CDg+u(tk_ ), k€ IN". f.I,I; are continuous functions. We

find that the impulsive function ACD§+u|t=tk = Tk(u(tk),CD(l;u(tk)) is unsuitable. So
Lemma 2.3 in [52], see Remark 6.10 in Section 6.

Sequential fractional derivative operators can appear in the formulation of various
applied problems in physics and applied science. Indeed, differential equations mod-
elling processes or objects arise usually as a result of a substitution of one relationship
involving derivatives into another one. If the derivatives in both relationships are frac-
tional derivatives, then the resulting expression (equation) will contain, in general case,
sequential fractional derivative operators ([65], p. 88). Therefore the consideration of
sequential fractional derivative operators is of interest [65].

Liu [46] studied the existence of global solutions of the following initial value
problem of nonlinear fractional differential system on half line with sequential frac-
tional derivative operators

Dx(t) +¢(1) f(1,y(1), DG, y(1)) =0, 1 € (0,+2),
D y(t) +y(t)g(t,x(t),D, x(t)) =0, 1€ (0,+e),
tlinatl—o‘iD"iflx(t) =xi_1, €N

lime! =AW 1y(r) = yiy, i €INY,

_|_
+
(1.3.23)

where Dy, is the standard Riemann-Liouville fractional derivative of order x>0, o; €
(0,1), 6j =04+ +0o;(j €INY), g € (0,1) with g < 6, D%x =Dyl --- DD x
(je IN’{) is a sequential fractional derivative operator, D%x = x, f3; € (0,1), T =
Bit-+B; (j€INP), pe(0,1) with p <1, DIy=Db --DE2DEy (jeNp)

is a sequential fractional derivative operator, Dﬁoy =y, x; € IR, y; € IR are initial
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data, ¢,y : (0,+e) — IR satisfy that there exist constants k; > —1 (i = 1,2) such
that |¢(z)| < tkl lw(t)| <k, t € (0,00), f,g:(0,+) xIR> >R and f is a 7-
Carathéodory function and g a ¢ -Carathéodory function.

In [12], Bai, by using monotone iterative method, studied the existence of solu-
tions for nonlinear impulsive fractional differential equation with periodic boundary
conditions

DR%u(t) = f(t,u0), Dg.u(r), 1€ (0,1), 15, €N,
time!~Cu(t) = u(1), lime'~DE u(r) = DY, u(1),
1—

im (¢ 1)1 u(t)— )] ~ H(ule)). 7€ N, (1.3:24)
hm(t—t,)1 *D.u(t) — DS u(t;)] = Ii(u(t)), ieIN,

[*)ti

where o € (0,1), Djj; is the standard Riemann-Liouville fractional derivative of order
*, Dg? = D{. D, is the sequential Riemann-Liouville fractional derivative, f : [0, 1] x
IR> - 1R, and [;, T; : IR — IR are continuous, m is a fixed positive integer, ; (ieINT)
are fixed points with 0 <t <1, < --- <t,; < 1. The main result (Theorem 3.6) in [12]
is based upon the assumption that (1.3.24) has a couple of lower and upper solutions.
Studies on solvability of IVPs or BVPs for higher order fractional differential equations
are of importance and of interest.

In [79], authors, by utilizing boundedness, continuity, monotonicity and nonnega-
tive of Mittag-Leffler functions and fixed-point theorem, studied the existence results of
solutions for the following impulsive fractional Langevin equations with two different
fractional derivatives

CD&t(CDg,t—i_A‘)u(t) :f(t7u(t))v re [Oa 1} \{tl’tz’”'7tm}7
Au(ty) =u(t])—u(ty ) =L €R, keINT, (1.3.25)
u(0)=u(l)=0, u(m)=0, € (tr,try1), k€N,

where f € C([0,1] xIR,R), 0<a,f <1, 0+B<1,A>0,0=10<t <<
tm <tmi1 =1, u(t;"), u(t;) denote the right limit and the left limit of u(z) at #,
respectively.

In [88], Zhao studied existence and uniqueness of the solutions of the following
two classes of impulsive boundary value problems for fractional differential equations
sequential Caputo fractional derivatives

°DE, (DY u(t) + Ault) = f(t,u(t)), 1€ 0,1\ {t1,02, 1w},
Au(ty) =u(t) —u(ty) =y, keINy, (1.3.26)
au(0) +bu(l)=c, ["Dhull— =di, keINg,
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and

CD&I(CDg,tu(t)) +A‘u(t) = f(t’u(t))7 re [Oa 1} \{tl’t27 o 7tm}7
Au(ty) =u(t) —u(ty) =y, k€INP, (1.3.27)
alDY ulli—o +b[DY 1=y, = ¢, ulty) =di, k€N,

where f € C([0,1] x R,IR), 0< o, <1,y €R, A >0,0=1<t; < <ty <
tmi1 = 1, u(t;"),u(r;) denote the right limit and the left limit of u(r) at 1, respec-
tively, a >0, b >0, ¢ >0, d; > 0 are real constants. In (1.2) on page 3 in [88],
al°DY ulli—o + b[DY ]|, = ¢ may be al°Dl ull—o +b[*DY ulli—,,, = c (this may
be a type mistake). However we find that formulae of a solution for these problems
(Lemma 2.9 and Lemma 2.10 in [88]) are wrong, see Remark 6.8 and Remark 6.9 in
Section 6.

RESULT 1.1. BVPs for IFDEs with a single starting point are different from those
with multiple starting points.

Consider the following two impulsive boundary value problems involving the Ca-
puto fractional derivatives

CDZix(t):L 1€ (titin], =01, x(0)=—x(1), x(1/2%)=-x(1/2), (1)
and

LD0+'X( ) 17 re (tiyti+l}7 i:O717 X(O):—X(l), x(1/2+):_x(1/2)’
(I1)
where 0 =1y <t; = % <th=1,and o € (0,1). It is easy to see that BVP(I) has
infinitely many solutions {x. : ¢ € IR} defined by
C+1—~( 6[0,1/2],

xc(t) _ a+l)

—1/2)*
e+ gurigrn + aa 1€ @1

While BVP(II) has no solution. In fact, suppose that x is a solution of BVP(II). By
Corollary 3.3 in Section 3, there exists constants a,b € IR such that

a+r(a+1) t€[0,1/2],

x(r) =
“+b+r(a+1) t e (t,1].
Then a = — (a+b+r a i) ) and a+b+ F(lﬁztf) = ( + r((1é2+1)> Then 2a+b =
r(a+1) and 2a+b= -2 (é+1) which means a contradiction.

Consider the following the following two impulsive boundary value problems in-
volving the Riemman-Liouville fractional derivatives

Df}x(f) =1, t€@,tir1], i=0,1,

lim 7' % () = —x(1 li t—1/2) 7% (1) = —=220-2¢(1/2
Jim 1) = —a(1), | lim (0=1/2)! () x(1/2),

(110)
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and
D0+x( ) 17 re (tiyti+ll7 iZO,l,

lim 1= %x(z) = —x(1 li t—1/2) (1) = —220-2x(1/2
Jim £77%x(r) = —x(1), Hllr/nz)J /2)" %) x(1/2),

(Iv)

where 0 =19 <1t = % <tp=1, and o € (0,1). It is easy to show that x(¢) =
— 57 016 H)t“‘l + al - 1)to‘ is a solution of BVP(IV). While BVP(III) has no solution.
In fact, suppose x is a solution of BVP(III). Then by Corollary 3.1 in Section 3, there
exist constants a,b € IR such that

at®! ey L E0:1/2],

b(e—1/2)27 1+ L2 e (1/2,1],

x(r) =

Then a= — <b(1/2)“—1+r((1ﬁf)) andb=—22a—2< (1/2)%! (1/?21)) which means

a contradiction.

RESULT 1.2. Resonant and non-resonant BVPs caused by impulse effects.

Let h€ L'(0,1)NC(0,1), @ € (0,1), by, c; EIR, 0 =19 <t < - <ty < by 1
1 and there exist constant k > —1, [ € (—1,0] such that k+7+1 >0 and |A(z)]
(t; —t)¥(tiy1 — )" forall ¢ € (t;,;11). We know that both

<

~—

Dx(t) = (1), ae, t€ (titin], i€INP, [7%(0) = klll %x(1) (v

and

Doix(l) = h(t)7 ae., re (tivti+l]7 € INm7 Ié:ax(o) = klli:;_ax(l),
(VI)
AI1+ x(tl) - Ciltlfr_la (ti)7 i€ ]NT7

are impulsive boundary value problems It is easy to see from Corollary 3.1.1 that
BVP(V) has solutions x(¢) = ft ’ ‘ h(s)ds+Ci(t —1;)*7', t € (t;,ti11], i € INF
with Cy = k;C,, and C; € IR. So BVP(V) 1s a resonant problem, while BVP(VI) is a

resonant problem if and only if 1 —T'(ot)k; H (I+¢q)=0.

Let h€ L'(0,1)NC(0,1), o € (0, )bo,cleIR 0=ty <t] < <ty <tyi1=
| <

1 and there exist constant kK > —1, [ € (—1,0] such that k+/+1 >0 and |A(z)
t*(1 —1)! forall # € (0,1). Consider the following boundary value problem
D%.x(1) =h(r), ae., 1€(0,1], I;7%x(0) = kily=“x(1) (VD)
and the impulsive boundary value problem
DY.x(1) =h(r), ae., 1€ (ti,ti1],i €ING, 137 %x(0) = kil = *x(1),
(VII)

AL x(ti) = iy (1), i€ INT.
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It is easy to see from Corollary 3.1.1 that BVP(VII) has infinitely many solutions

x(1) = Ji 5

with C € R if and only if k; = 1. So BVP(VII) is a non-resonant problem if k; # 1,
while BVP(VIII) is a resonant problem if and only if

()ds+Ct°‘ L te(0,1]

i—2 ) ) i—1
1—ki=k 2 {2 ((—1)’+G(l+c,~)(—1)"" 11 (1+c,~)>+(l+ci)+l} (IX)

i=1 lo=1 u=0+1

The reason is as follows: for BVP(VIII), from Corollary 3.1, we know there exist con-
stants C; (i € IN{J such that

*(t) = fé(t_riz;:)lh(s)ds—l-iihoc,'(t—tj)“1, Le (], i€ NI
Then we get
Ox(t) = [¢ h(s)ds +T(x) ﬁocj, t€ (i), i€ NI
J=
Hence

T(0)Co = k1 fi h(s)ds + T(a)ky focj.
J=

It follows that ,
(1—k)Co = % Jo h(s)ds +k _;1 C:.

On the other hand, we have from Al 1+ “x(1;) = cilé; %(t;), i € INT that

i—1
T()C = (1+¢) | [in(s)ds+T(a) S |, i€ Ny,
Jj=0

It turns to
L0 0 0N faN (G s
—1—c; 1 0 0 |[a]|_ c0+1+02f(§2h(s)
—1—c¢ —1—¢;—1—c¢;--- 1 G Co-q-l(“') ’h(s)ds
Then
1
C 1 0 0 -0\ '/C+T +Cl f(t)1 h(s)ds
G| [-1-a 1 0 0 Co+”‘2f62h(S)

G —1l—ci—1—c¢ci—l—ci-- 1 C0+1(+Lj o h(s)ds
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It follows that

=5 ((—l)i+0(l+ci)(—l)i_0 bl (l+ci)> (Co+ Fes Jie nis)as)

u=o0+1

1 (=1 =) (Cot A Jo ! h(s)ds) + (=1 (Co+ 1 Ji (s)ds )
2

- ((—1>f+0<1+c1-><—1>f<’ m <1+cl->)co+<1+cl->co+co

o=1 u=0+1
i—2 X . i—1

+3 ((—1>l+0<1+ci><—1>l-0 I <1+ct>) Tres Jo° h(s)ds
o=1 u=0+1

L) (14ciny) (ti - .
UERas) (1t (s)ds + £ [ h(s)ds, i€ INY.

Hence

(=)o = iy i nas+k £ | (0otap-n= T ave)a

i=1 Lo=1 u=0+1

+(1+C5)C()+C()
+ 5 (e T ave) F o

u=o0+1

+ haerast) (00 h(s)ds + it fo h(s )dS}

Now one sees that BVP(VIII) has infinitely many solutions if and only if (IX) holds. [l

1.4. Purposes of this paper

We note that in known papers existence of solutions of boundary value problems
for the Caputo type fractional differential equations of lower order has been discussed
deeply. Solvability of boundary value problems for impulsive higher order fractional
differential equations has not been studied. The reasons are as follows: higher order
fractional differential equations can not be converted to fractional differential systems
with lower order since D8‘+Do+x( ) # DS‘:r P x(t) # D§+D8‘+x(t) [65]. Tt is also difficult
to convert an impulsive higher order fractional differential equation with the Riemann-
Liouville fractional derivatives to an equivalent integral equation. These results gener-
alize Theorem 3.2, Theorem 3.4, Theorem 3.6 and Theorem 3.8 (on pages 436, 441,
446 and 452 in [?] respectively. The purposes of this paper are as follows:

Purpose (1) we establish a general method for converting an impulsive fractional
differential equation with the Riemann-Liouville fractional derivatives to an equiva-
lent integral equation. i.e., we establish explicit piecewise continuous solutions of the
following four linear fractional differential equations (LFDEs):

D x(t) — Ax(t) = hi (1), ae., t € (t,ti41], i€INY, (1.4.1)

‘Diix(t) — Ax(t) = ho(t), ae., t € (ti,ti41), i€ING, (14.2)
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D¢ Dg+x()—7tx(t)=h3(t)7 ae., t € (ttip1], i€INJ, (1.4.3)
DYDY x(t) = Ax(t) = ha(t), ae., 1€ (t1,1i1], i€ NG, (1.4.4)

where n—1 <o <n, r—1<f <r with r,n being positive integers, D, or “D(j,
stands the Riemann-Liouville fractional derivative or the Caputo fractional derivative
with order * and starting point 0, 0 =19 <f; < -+ <ty <lpr1 =1, L €R, I €
L{0,1), m is a positive integer, IN§' ={0,1,2,---,m} and INY'{1,2,---,m}, h; €
L (li,l,url) ﬁC(ti,t,-H} (i S INS') .

(i) A function x with x: (0,1] — IR is said to be a piecewise continuous solution
of (1.4.1) if x satisfies (1.4.1) and

Xt 1001] € COty,t541],  lim (t —1,)""%x(t) exists forall s e INj.

t—ty

(ii) A function x with x: (0,1] — IR is said to be a piecewise continuous solution
of (1.4.2) (or (1.4.4)) if x satisfies (1.4.2) (or (1.4.4)) nd

| € COty,t541],  lim x(t) exists forall s € IN'.

t—ty

| Xt 1511

(iii) A function x with x: (0,1] — IR is said to be a piecewise continuous solution
of (1.4.3) if x satisfies (1.4.3) and

it D g € Cltstin], Tim (1= Px(r),  lim (1= )" Df x(1)

exists for all s € IN'.

Purpose (II) We establish existence results for solutions of the following eight
classes of boundary value problems of fractional differential equations with impulse
effects:

DY, x(t) — Ax(t) = f(1,x(t),D}, x(1)), ae., t€ (ti,1;11], i€INy,
I%(0) = I3 %u(1), DY 'u(0) =D Mu(1),

1ty 1), u(ty)) (1.4.5)
hm(t—ts) M(Z)ZW7 SGIN
t—>tA

ADG N u(ts) = J(tg,u(ts), D, ults)), s € INY,
(

Dgix(t) —Ax(t) = f(t,x(1),D" x
137 %u(0) = 12{%(1), DY u(0) = Dto"{lu(l),

I(ts,u(ts )D”+ x(t5)) (1,4,6)
lim (¢ — £)>~%u(t) = —gf—, €N},
t—ty
Dy~ Yu(ts) = J (a5, u(ty), Dfl x(ty)),0 eINT™!, s € IN,

1)), ae., t€ (ttip1], i€INY,

“DEx(t) — Ax(r) = g(t,x(1), DY x(1)), ace., 1€ (tyt], i€ N,
u(0) =u(1), ' (0)=u'(1),

Au(ty) = T(ts,u(ts), DL x(1)), s € N,

A (1) = J (1, u(ty),“ Dy, x(15)), s € IN,

(1.4.7)
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%x(t) = Ax(r) = g(t,x(t), °D]x(t)), ae., t € (t,tia], i€ING,
1
1

), w(0)=u'(1),
(1.4.8)

s € INT,

u(0 ) u(l
u(ts) = 1(t5,u(ty), LDP+ x(ts)),
' (t5) = J (15, u(t )‘Dt+ x(ty)), s€INT,

DZ.DP x(t) = Ax(t) = fi(1,x(t), DY, x(1)), ae., 1 € (11,1i11],

Iy Px(0) = I Px(1), 157D x(0) = 15, DR x(1),

ie N7,

Iy x
X (t5),D , x(ts 1.4.
lim (¢ — 1,)Px(r) = 1 (ts, (tr)(l?;ﬁ (t ))’ €N, (1.4.9)
t—ty .
. - ﬁ Ji (tsx (A)D0+X(IS)) m
1141{11} (t ) D ( ) y(a) ’ RS ]Nl )
DO‘ D’ix(t)—?tx(t) = fi(t,x(2), CD;ﬁx(t)), ae., 1€ (t,tir1], i€INF,
1) =1 1:Px(1), 117DP +(0) =117DP (1),
Iy (tg.x (tr)D+ x(t5)) (1 4 10)
: _ 1-B _ L1 m U
tl:rg(t ts) Px(t) = ) , sEeINT,
7 (t_ﬁx(ts).,D;’+ x(t5))
lim (¢ — 1) DY x(1) = ——g—, sEINT,
1=l

DYDY x(1) — Ax(t) = g1(1,2(1), DY x(1)), ae., 1€ (t1i41], i €ING,
u(0) =u(1), DY, u(0) =Dy, u(1),
Au(ts) =1 (t5,x(t),* D3, x(15)), s € INT,

ACDE %) (1) = T (t,x(2,), DY x(1;)), s € N,
(1.4.11)

D2DP x(1) — Ax(r) = g1(1,x(1), DL (1)), ae., 1€ (tti1], i€ING,

x(0) =x(1), “Dfx(0) =Dl x(1),
x(ts) = Ta(ts,x(1), DY x(1)), s €N}

“Dfx(ts) = T1(t62(t). DY x(t)), s € INY,
‘ (1.4.12)
where
(@ l<a<?2and pe (0,—1) in (1.45)-(148),0<f<land 0< ax < 1,
g€ (0,8) in (1.4.9)—(1.4.12), D}aj+ the Riemann-Liouville fractional derivatives
of order b with starting point @ and "D’} the Caputo fractional derivatives of
order b with starting point a respectively with @ > 0 and b > 0,

(b) A €1R, m is a positive integer, 0 =19 < 1] < -+ <ty <tmi1 =1, Nb = {a,a+

l,a+2,---,b} for every pair of integers a < b,
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(c) f is al-Carathéodory function (Definition 2.4) and g,g; are II-Carath&ory func-
tions (Definition 2.5), f; is a III-Carath6dory function (Definition 2.6),

(d) 1,J are discrete I-Carathéodory functions (Definition 2.7), 1,J,1;,J; are discrete
[I-Carathéodory functions (Definition 2.8), I;,J; are discrete III-Carathéodory
functions (Definition 2.9).

Obviously, BVP(1.4.5)-BVP(1.4.12) generalize some know problems discussed in
[12, 13, 14, 45,52, 70, 78, 79, 88, 90]. The definitions of solutions of above problems
are defined as follows:

(i) A function x with x: (0,1] — IR is said to be a solurion of (1.4.5)
(or BVP(14.6)) if x|¢ . 1,Dh x| ) € COlts, fo1], lim (1 — 14 )2 %(1),

~>t3

lim (t —t;)>tP-epP o+ X(t) exists for all s € IN', D§, x are measurable on (0,1] and

t—>tY
x satisfies all equations in (1.4.5) or (1.4.6).
@ii)) A function x with x:(0,1] — IR is said to be a solution of (1.4.7) (or

BVP(1.4.8)) if x[( 4.1, ﬁx\ (toes1] € COlts,t5r1] tg?}x(t), tl—lftl} th’}x(t) exists for

all s € INy', D‘ﬁx are measurable on (#;,2;11], i € ING' and x satisfies all equations in

(147)0r(148)
(iii) A function x with x: (0,1] — IR is said to be a solution of (1.4.9)
(or BVP(1.4.10)) if x|( - DEix|(r, ) € COlts, ten1]. tmﬁ (t —1,) " Bx(r),

lim (t — 1)1~ ﬁDﬁx( 1) exists for all s € INJ, D8‘+Dg+x are measurable on (0, 1]

t—n‘é
and x satisfies all equations in (1.4.9) or (1.4.10).

(iv) A function x With x:(0,1] — IR is said to be a solution of (1.4.11) (or
BVP(1.4.12)) if ], ﬁx\ (o] € Cts, tgs1], lim 1 x(1), lim “D? x(1) exist for

t511] 7 i
t—»té t—ty i
all s € INJ/, "Df‘.+ CDg+x is measurable on (#;,7;41], i € INJ and x satisfies all equations

in (1.4.11) or (1.4.12).
Purpose 111 We establish existence results for solutions of the following three
BVPs for higher order IFDEs:

g+u(t)—f(t,u(t)), ae., t € (tyt1], s€INJ,
u?)(0)=0, ieINg~!

u)(1)=0, jeNg ',
AuD (1) = Ii(ts,u(ty)), jEIN™' seINy,

(1.4.13)

D x(t) = f(1,x(t), 1€ (ts,2541], s €ING,
DY 'x(0) =0, icINk,
DY x(1)=0, jelN !, (1.4.14)
AIZTOx(t) = L(t5,x(t5)), sEIN’l”,
AD3+ jx(ZS) 1(t5,x(t5)), ]'GINY_I» s e INT,
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and
‘DE.x(t) = f(t,x(r)), t€ (titiv1], i€INY,

A () = I, x(1)), i€ NP, jeINg~!, (1.4.15)
xD(0) —kixD(1) =0, ie Ny,

where n—1<a<n,2n—1<B<2n,0=10<t; < <ty <tpp1 =1, ki €[0,1),
f,1; satisfy some suitable assumptions given in Section 6. Obviously, BVP(1.4.13) gen-
eralizes BVP(1.1.1), BVP(1.4.14) is a generalized form of BVP(1.1.10), BVP(1.4.15)
is a generalization of BVP(1.1.8).

We firstly present explicit piecewise continuous solution of (1.4.1), (1.4.2), (1.4.3)
and (1.4.4) respectively. Then we obtain existence results for solutions of BVP(1.4.5)—
BVP(1.4.12) respectively. Finally we establish existence results for solutions of
BVP(1.4.13)-BVP(1.4.15). The methods used in this paper are based upon the stan-
dard fixed point theorems.

Our results are new and naturally complement the literature on boundary value
problems for higher order impulsive fractional differential equations. This paper may
be the first one concerned with the solvability of boundary value problems for higher
order singular fractional differential equations involving the operators D% — Ax and

Df +Df . — Ax with impulse effects and the Riemann-Liouville and Caputo fractional
derivatives.

The paper is outlined as follows. Section 2 contains some preliminary defini-
tions and results. In Section 3, we establish explicit piecewise continuous solutions of
equations (1.4.1)—(1.4.4) respectively. In Section 4, existence results for BVP(1.4.5)—
BVP(1.4.12) are given respectively. In Section 5, existence results for BVP(1.4.13)—
BVP(1.4.15) are proved. Some remarks are given in Section 6 to illustrate some un-
suitable results in known papers by wrong concepts and careless computations. Exam-
ples are presented in Section 7. Possible trends of researches are given at the end of the

paper.

2. Related definitions and preliminary results

For the convenience of the readers, we shall state the necessary definitions from
fractional calculus theory.

For ¢ € L'(0,1), denote ||¢||; = fy |#(s)|ds. Let the Gamma, beta functions and
Mittag-Leffler function (I'(er) (ot > 0), B(a,b) (a>0, b>0) and E, g(x)) be defined
by

i

+oo 1 oo X
Fa:/ “le=dx, B(a,b :/ —l(1—x)’"ldx, E =N _— .
(o) , e (a,b) | (I=x)"""dx, Eqp(x) Zor(a”rﬁ)

DEFINITION 2.1. ([65]) The left Riemann-Liouville fractional integral of order
o> 0 of a function g : (0,e0) — IR is given by I, g(1) = ﬁ Jot—9)%"1g(s)ds, t >0
provided that the right-hand side exists.
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DEFINITION 2.2. ([65]) (i) Let @ > 0. The left Riemann-Liouville fractional
derivative of order a. > 0 of a function g : (0,a] — IR is given by

La gl
D% g(t) = —/7d,teo,
0-8(t) T(n—a) dr Jo (1—s)%H! g (0,4]
where n — 1 < a < n, provided that the right-hand side exists.
(ii) The Caputo fractional derivative of order a > 0 of a function g : (0,a] — IR
with g € AC"(0,a] is defined by

: 1 r ")
‘D% g(t) = / ds,
O+g( ) Tn—oa) o (t _S)(X*I’ki'l §
where n — 1 < a < n, provided that the right-hand side exists.

DEFINITION 2.4. Set k> —1 and [ € (—1,0]. Wesay K: (0,1) xIR—1R isa
[-Carathéodory function if it satisfies the followings:

(i) 1 — K (t,(t — 1) 2x, (t —1,)* P~ 2y) is integral on (f5,2,11](s € IN') for every
x,y € IR,

(ii) (x,y) =K (¢,(t —1;)*2x, (t —t;)* P~ 2y) is continuous on IR? forall € (t;,1,+1]
(s € INJ);

(iii) for each r > 0O there exists a constant A, y > 0 satisfying
|K (2, (t — 1) 20, (t — 1) * P 2y) | < Apt* (1 — 1)
holds for € (t;,t,41], s € INF', |x],[y| < r.

DEFINITION 2.5. Set k> —1 and [ € (—1,0]. Wesay K:(0,1) xIR—1R isa
II-Carathéodory function if it satisfies the followings:

(i) t — K (t,x,y) is integral on (f;,%,41)(s € IN{') for every x,y € IR,
(i) (x,y) — K (t,x,y) is continuous on IR? for all # € (t,t,41) (s € INIY);
(iii) for each r > 0O there exists a constant A, ¢ > 0 satisfying
K (t.x,9)| < Ark(t = 1) (1501 = 1)!
holds for ¢ € (t5,1541), s € NI, |x|,|y] <.

DEFINITION 2.6. Set k> —1 and [ € (—1,0]. Wesay K:(0,1) xIR—1R isa
[II-Carathéodory function if it satisfies the followings:

() t — K (t,(t —1)P~1x, (¢ —1,)P=971y) is integral on (t,t,11](s € INY') for every
x,y €IR,

(i) (x,y) = K (t,(t —t;)B~1x, (r — 1,)P=9"1y) is continuous on IR? forall ¢ € (ty, 1]
(s € ING');
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(iii) for each r > 0 there exists a constant A,y > 0 satisfying
K (2, (t —t)P 1, (1 — 1) P07 1y) | < Apxt®(1 —1)!
holds for 7 € (t;,241], s € INF', |x],|y] <.

DEFINITION 2.7. G:{t;:s € INT'} xR — IR is called a discrete I-Carathéodory
function if

(i) (x,y) = G (ts, (ty — t,-1)*2x, (ts — t,-1)*P~2y) is continuous on IR* for each
s € INT,

(ii) for each r > 0 there exists A,g,s = 0 such that
|G (t.\'a (s — ts—l)a72x7 (15— ts—l)a7p72)’) } <AGs
holds for |x|, |[y| <r, s € INT".

DEFINITION 2.8. G:{f;:5 € INT'} xR — IR is called a discrete II-Carathéodory
function if

(i) (x,y) — G(ts,x,y) is continuous on IR? for each s € INT',
(ii) for each r > 0 there exists A, g, > 0 such that
‘G (tsvx7y) ‘ < AV,G,.\'
holds for |x|, |[y| <r, s € INT".

DEFINITION 2.9. G: {t;:5s € IN]'} x IR — IR is called a discrete III-Carathéodory
function if

i) (x,y)— G (ts, (ts—151)Px, (1 —ts_l)ﬁ_q_ly) is continuous on IR? for each
s € INT,

(ii) for each r > 0 there exists A,g, = 0 such that
|G (ts; (t.\' - ts—l)ﬁilxa (t.\' - ts—l)ﬁ7q71Y) | < AnG,S
holds for |x|, [y| < r, s € INT".

DEFINITION 2.10. ([60]) Let E and Z be Banach spaces. L:D(L) CE —Z
is called a Fredholm operator of index zero if ImL is closed in £ and dim KerL =
co dim ImL < +-oo.

It is easy to see that if L is a Fredholm operator of index zero, then there exist the
projectors P: E — E,and Q: Z — Z such that

ImP=KerL, KerQ=ImL, X=KerL&KerP, Y =ImL&ImQ.
If L:D(L) C E — Z is called a Fredholm operator of index zero, the inverse of

L|D(L)mKerP :D(L)NKerP —TImL
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is denoted by K,.

DEFINITION 2.11. ([60]) Suppose that L: D(L) C E — Z is a Fredholm operator
of index zero. For nonempty open bounded subset € of E satisfying D(L) N€Q #
0, the continuous map N : Q — Z is called L-compact if QN(€2) is bounded and

K, (I — Q)N(Q) is bounded and relatively compact.
To obtain the main results, we need the Leray-Schauder nonlinear alternative.

LEMMA 2.1. ([60]) Let X be a Banach space and T : X — X be a completely
continuous operator. Suppose € is a nonempty open closed subset of X of homeomor-
phism to a unit ball and T (Q) C Q. Then T has fixed point x € Q.

LEMMA 2.2. ([60]) Let L be a Fredholm operator of index zero and N be L-
compact on each open nonempty set L centered at zero. Assume that the following
conditions are satisfied:

(i) Lx # ANx for every (x,A) € [D(L)\ KerL)NdQ] x (0,1);

(ii) Nx & ImL for every x € KerLNJdQ;

(iii) deg(N"'ON | ko » QN KerL,0) # 0, where A™' : Y /ImL — KerL is the
inverse of the isomorphism A : KerL — Y /ImL.

Then the equation Lx = Nx has at least one solution in D(L) N Q.

LEMMA 2.3. ([15,42]) Suppose that o. € [n—1,n), h€ L' (a,b)C°(a,b]. Then
x is a solution of DY x(t) — Ax(t) = h(t), t € (a,b] if and only if there exist constants
cy0 € IR such that

x(t) = él et —a)* Egqa—yi1(A(t —a)®) + [5(t —5)* 'Eqa(A(t —5)*)h(s)ds,
t € (a,b].

COROLLARY 2.1. Suppose that o € [n— 1,n), h € L'(a,b)(\C°(a,b]. Then x is
a solution of DY x(t) = h(t), a.e., t € (a,b] if and only if there exist constants c,o € IR
such that

)oc—l

x(1) = X e (= @)+ [y Ll—h(s)ds, 1€ (a,b).

Proof. Choose A =0 in Lemma 2.3, we get this corollary. []

3. Exact piecewise continuous solutions of LFDEs

In this section, we establish explicit piecewise continuous solutions of (1.4.1),
(1.4.2), (1.4.3) and (1.4.4) respectively.
3.1. Exact solution of (1.4.1)

We firstly give exact expression of solution of (1.4.1) by using Lemma 2.3 and
Corollary 2.1.
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THEOREM 3.1.1. Suppose hy € L'(0,1)NC(0,1) and there exist constants k >
—1, 1€ (—1,0] such that |hy(t)| <t'(1—t)!. Then x is a piecewise continuous solution
of (1.4.1) if and only if there exist constants c,; € IR (v € IN], j € INJ') such that

x(t) = i i Cvj(t —tj)aian,a—v-&-l(z'(t _tj)a)

Jj=0v=1
+ [o(t =) 1 Eqa(A(t —5)*)hi(s)ds, t€ (ti,ti1], i€ INF.  (3.1.1)

Proof. Step 1. We prove that x satisfies (3.1.1) if x is a piecewise continuous
solution of (1.4.1).

We note 1 € L(0,¢;) NC(0,#;]. By Lemma 2.3 and (1.4.1), we know that there
exist constants ¢,o € IR such that

x(r) = i 0t "Eg.avi1(At) + fo(t — )% By (At —s)¥)hi(s)ds, 1€ (0,1].

Then (3.1.1) holds for i = 0. Now we suppose that (3.1.1) holds for i =0,1,2,---, ],
i.e.,

M) = 3 8 et — 1) B gy (At —1/)%)

Jj=0v=1
0t =) B a(A(t — )i (s)ds, 1€ (t,1i1], i€IN).  (3.1.2)

We prove that (3.1.1) holds for i = j+ 1. By mathematical induction method, we know
that (3.1.1) holds for all i € IN§'. Suppose that

M) =)+ 3 et — 1) Eaavir (At —1;))

o=0v=1
+ Jot =) "Eaqa(A(t —s)¥)h1(s)ds, € (tjs1,tj42]. (3.1.3)

Using (3.1.2), we know for 7 € (¢j11,7j12] that

I () + Ax(t) = D x() = gy (ot —5)" ¢ x(s)ds] ™

Lo n—o—1y(\d " n—o—1y(5\q )
I e xs)ds| [ ) )]

I'(n—o)

j T n (n)
Léof'?l(”‘)"*”*'(E 2 evo(st0)" B mM<-vfto>“>+f3<s7u)“*'Ea.aw.vfumhl<u>du)d“‘}

o=0v=1

T'(n—a)

. (n)
|:tj+l( s 1( (S)+é P Cvc(f—to*)aian‘a—vH()L(S_tc)a)‘Hg(s_”)ailEa,a()L(S_”)a)hl(”)d“>d5:|

o=0v=1

I'(n—o)
P N (n)
{ZOLHI([ syret 20 21610(‘ 16)* "Eq o \+l(l(-\'*fc)a)ds:|
7= o=0v
=D% 1)+

J+1

T'(n—a)
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(n)

f/ l(t D ! 2 th(‘ 15)*" "Eo,o— vi1(A(s—tg)%)ds
it o=0v=1

T'(n—a)

N [ (=)™ [ (s—1)* "By (A (s—) )y () duds] "
T(n—a)

(n)
s /Hl(t —synmot 2 Z cvo (s—16)* Y Z W(S fc)awds}

7=0 o=0v=1

= D% 1)+ {
1,11 (r) Ti—a)
jtﬁrl o=ovzt +o—v+1

(n)
70§ § eglomig)e § Ww,)(s—za)wds}
+ F(nfot)

r (n)
(=51 o e (s )|
+= T—a)

) (n)
J T n oo

; TEOGEOEICW wé() —F(awi;) =y I T+l(t—g)"*orfl(S_ta)a(w+l)*yydsj| .

— — 2 lo

=D? ®(1)+ o) use w = =2

Jjtl

(n)
4o
£ 0 5, by B 1“"")“@“)44 to

N
+ = =) use w = =2

[ oo ) (n)
s Walmfo'(m')"*“”fo“(-vfu)“(“’“)*‘hl(”)d”d“'] .
4 Lo=0 T a) re-order the integrals

. 2 —1
iz too ® Zl o

(n)
IR Z o X Hii,l(tftg)"Jr“w*"flri;U (1—w)yr—o-1 W@+ =v g,
Footo, 20 2 T o= 5l

=D% 1)+

Jj+1
re-order the sums of 7,0

T'(n—a)

(n)

+°° o V V
20 Z Cvo Zom([ 1)1 HoO= ‘f’/+l i (1mwyra=Tyya(@+1)- ‘dw}
o=0v=1 = T

+= T'n—o)
[t 20 n—o—1 a(w+1)-1 (=)

wéomfo J5 (1—s) (s—u) dshy (u)du o
+= T(h—o) use w = —u

u

i too It+1-lo

(n)
Z0120' Zlcm 20 F(awig—wl)(tfto)mrawivf/r:c;c (el de}
o v — 1—lg
=D7 ®(1)+ F—a)

J+1

oo 20
0_2012 Cyvo Eom([ to-)
T T'n—o)
[ (n)
wgowall))fé(tiu)n+aw—l fol(lfw)"faflwa(aHl)*ldwhl(u)du]

+= T'(n—o)

(n)
ntom— vf’/+l o (1—w)yr—o= Lo(o+1)— "dw:|

—ig
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i n oo ® (n)
o Léozl oo (:Eo m (t~10)" O [ (I*W)"f‘x*lwa(“’“)’vdw}
= Dt;lq)(’) + To—a)
. )
[ ) l"(or%wﬂ)) Jo@—uyntoe-t fol(1*W)"7aflwa(w“)’ldwh1(u)du] T'(a)T(b
L= To—a) use B(a,b) = F((3+57))
j n +oo (n)
— D% A® n+ow—v
i O(r) + GZOVzlcvo zom(l—fo)
o0 10 . (n)
[ Y Taary ol —u)”"“‘”hl(u)du]
400 10 (n)
LZOEC“’  rovdssm o+ £ 8§ ol (- t")n_v}
too (n)
[2 oy Jo 6 =)y (w)du + s fo 0 = w)" by (u )du} +Dft (1)
’
+oo ®
(,\'20\;; Cyo Elm(l‘—to)aw v 2 1_ fo(t_u)oca) lh ( )d

+hi(t) +D% ®(1)
j+1

[& 2 © A0-1 oaw—v A0t ow—1
=41 X Zoo X (1 —16)*07" + Z | Flaon Jot = uw)*®~ hy (u)du
w=

lo—=0v=1 ow—v+1

+hi (1) + D7 (1)
j+1

=2 — é i cw(t—to)“VEa,a_vH(A(z—tg)“)+f(§(t—u)°‘lEa,a(A(t—s)“)hl(u)du]

Lo=0v=1
+hi (1) + D7 (1)
j+l

= Afx(r) = )]+ 1)+ DE. ®1). 1 € (11,1702,

It follows that D% ®(r) — A®(r) =0 on (#11,7j12]. By Lemma 2.3, we know that
1
there exists constants ¢, (v € INJ) such that

o(1) = Z Cyjr1(t —1j41) " "Eg g1 (At —111)%).

v=1
Substituting @ into (3.1.3). We know that (3.1.1) holds for i = j+ 1. By mathematical
induction method, we know that (3.1.1) holds for i € INj'.
Step 2. We prove that x is a piecewise continuous solution of (1.4.1) if x satisfies

(3.1.1).
Since x satisfies (3.1.1), we know that x[(, .., | € C(t;,t;+1] (i € INF') and lim (t—
IHII-

)"~ %x(t) exists and is finite for all i € INf'. We will prove that D, x(¢) — Ax = hy (t)
forall r € (t;,t;11] (i € INY).
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In fact, we have for 7 € (f;,1;41] that

(n)
Dg.x(1) = [2 JEt e —syrot ()dS+f,§(t—S)”°‘IX(S)dS}

(n)
[thprl(t syl go Z cvo (s—tg)*~ Ea#a,\%l(7L(S*Io)a)Jrf(;(sfv)“’lEa‘a(A(S*u)a)hl(”)d”>ds]
T'n—o)

i on (n)
1097 (£ £ cvolm10) Bt (A(510)) 5 -9 Bara 500 ) ) s

o=0v=1
T'(n—a)

(n)
[z Fo ol S 8 g (st0) ‘Ea.aw(us—to)a)ds]

=0 o=0v=1

= -
(n)
[f’(t 5)' % 1620 zlcm(s 16)% VEq o \H(A(xftg)“)d.y]
I'(n—o)
[ (=)= 13 (s—v) % Eayq (A (s—0) )y () duds] ™)
+ o) '

Similarly to Step 1 we can get that
Dy.x(r) =hy(t) +Ax(r), t€ (ti,tiy1], i€ING.
So x is a piecewise continuous solution of (1.4.1). The proof is complete. [l

COROLLARY 3.1.1. In Theorem 3.1.1, when choose A =0, we get that x is a
piecewise continuous solution of equation

D§ix(t) =h(r), te (titiy1] (i€ ING)
if and only if there exist constants c,; € IR (v € IN, j € INJ') such that

zzl‘,i (t—1,)%" V+/ Lwh(s)ds t € (ti,tir1], €ING
S5 CE o) . € (], €N,

COROLLARY 3.1.2. Suppose x is a piecewise continuous solution defined by
(3.1.1). Then

1% = 35 enjlt— 1) "B vi1 (At —1/)%)

Jj=0v=1
+ Jot =) "Ean(A(t —5)®)hi(s)ds, t€ (ti,ti1], i€ INF

and

i ©
DEox(t) = Y, Y it —1)° VEg o1 (At —1;)%)
Jj=0v=1
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i n
+AY Y Cvj(l—fj)a+G_VEa,a+67v+l(x(t_tj)a)
Jj=0v=0+1

+ Jo(t = u) B, (A (t — u)*)hy (u)du, t € (ti,t;11], i € NI, 6 € INTL,
Proof. Firstly by Definition 2.1, we have for 7 € (;,#;41] (i € INJ') that

Y — I ) s 5 (s
%% () = f3 & ooy H(s)ds = T—a)

n

i—-1 4 T .
Zof,;url (tf.\')”"’!’1 ( > Y j(s—1)* VB o—vr1 (A(s—1))*)+ fo (.qu)a’IEa‘a(l(sfu)a)hl (u)du) ds

Jj=0v=1
- T'n—o)

f,[’_(t—s)"7‘3‘7l ( Zl: i cvj(s—t_,-)af"Ea‘a,],H(k(s—t_/)“)+f(§(s—u)“7lEa#a(ﬂL(s—u)“)hl(u)du> ds

J=0v=1

+ T—a)

Z IIT“('? -yt S 3 cyj(s=1j)% "Eg g1 (A (s—1j)*)ds

Jj=0v=1

- T'n—o)

Ji(t=sy=ot ZO S e0j(s—1)% " Eaqmvs1 (A(s—1))®)ds
j=0v=1

n—o
* o)
_'_.fé(t—S)"*”*'./&f( )" "Eq a0 (A (s—1)*) (w)duds
I'(n—o)
i-1 t n oo
20 20 Zlcw Zomﬁf+l(1 5)10 1(\ [J)orwﬂx Vs
_ =0j=0v =
- T(n—o)
i n oo 1) o .
/'Eoglcvjwéo r(awia*vﬂ) f’;([ﬂ‘)n O s—tj)* s
+ Toi—a)
e JE e n—o—1 ao+a—1ly (0 dud
wéo Ma(o+1) JO ((t—s) (s—u) 1 (u)duds
T'n—o)
4171
T n +oo ;Lw([,,/_)ata)+n7v . tf’j N1 Oy
120 /2()»21 Cyj wéo Tloara—l) ft;:trj (1-w) w dw
— J
- T(n—o)
i n +oo lw(t—t-)anr"*"' 1
S Y Y 17, lwnalavdw
Zov=1 ww:O TNao+a—v+1) %( )
I'(n—o)
o0 ® -~ 1 o »
wéoir(”‘?erl) fé(tfu)aw“' lfo(lfw)" a—lyo0+o 1dwhl(u)du
I'n—o)
fr4171j
S e ALty T n—o—1,,00+0—v
jEOTEjvélcw wéom I,T:,t.j (1 W) a
— J
- I'(n—o)
i n +oo ;Lw(,ft/_)awﬂz—r 1 R 0! ,
/EOLEICV'/ wéf)m jltl /J e o
- J

I'(n—o)
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+oo

201_( )(Lw+1 /o(t M)aw+rz l} (1—w)r—o- 100+a— ldwhl( )du

0=

T(n—a)
i n 400 lw(tft‘)anr"*V
.. AN b yn—a—1 aoto—y g,

_ jzozlcwwzo Naot+o—v+1) o (1=w) W dw
= T o)

+oo [} . 11 —a— _
I Aoy =) L [ (1w @t e Ly (u)du
o=

T'n—o)

i n 1o g0 ow+n—v o0
= 3 Yo I Tramaertr T 3 e Jo =00 () du
Jj=0v=1 w=0 =0
= 3 £ eyl —1)" Banorra(Ale—1))
J=0v=
+ Jot =) Eqn(A(t —5)*)hi(s)ds, t € (ti,ti1], i€INF

Secondly for 6 € IN' ! and ¢ € (#;,t;+1] (i € INZ), by Definition 2.2, we have

[fa(r—s)"~x(s)ds] "~

Dy Ox(t) = T(n—a)
(n-0)
[z T (1) ()] (15" x(s)ds
= I'(n—o)

T n (n-o0)
{Zoft”l(t 5T 1(2 Y cyj(s—1j)* "Eq - v+1(/1(-Y*tj)”‘)Jrfos(-Y*u)“’lEa‘a(l(s‘*u)”‘)hn(u)du>d-\}

Jj=0v=1

T(n—a)

(n—0)
(s=1j)* "Eqq 1+1(Ms—fj)“)+.IS(S—M)O"IEa#a(MS—M)a)hl(M)du>d5}

{/;i.(r—swa*l(i S cyls—t; e
+ Jj=0v=1
I'(n—o)
. (n—0)
[z STt e—syrot 202 cvj(s—t)% Ea#a,vﬂ(l(.\'ftj)“)d.\}
= = T(n—a)
(n—0)
{[ (t—s)" 0 12 LZ ¢y (=) VEq 01 (A(s—tj)“)ds+_[6(t—s)”’°"1jg(s—u)a’lEaﬁa(l(s—u)a)hl(u)duds}
+ - I'(n—o)
i—-1 T (n-o0)
{Z s s e JrE =5 (5—1)% VB g L+1(A‘('Y7tj)a)d'yj|
_ | t=0/=0v=1
- T'(n—a)
; (n—0)
[Zmz vl t=5)"" % s~1) VEqrgvi1 (l(f—fj)a)dsﬂé./;{(f—f)"fafl(f—u)aflEa,a(l(s—u)a)dfhl(u)du}
+ / I'n—o)
St o iay A® ’Hl n—o—1 ao+a-v "
LEOE,EI"”' o Tawravrn e (=3 s=)) d‘}

= Tn—a)
(n—o0)
(u)d }

i n +oo
L0
ZOLZICWZ Menaa—iT) jtl(t_s)n o— l(s t)aw+a ‘ds—‘rZ | le /0} (1=~ l(s oo ldshl

+ - F(n Oc)
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12 —1;
T+1
i—li=1 n Ao A iy @ty =

J
22 CV!wEO Tloo+a—v+l) Jtr—t;

(n—0)
(l—w)"’a’ 1 Waw+a1rdwi|

) (n—o0)
. ' -1 o —o—1,,00+0a—v
P T e -ftli;{-(l W)t w ‘dw}

I'(n—o)
. ”

A
wz T(a(w+1))

+_:0

(n—0)
fo(’ u)aw+rz lf ( )n a—1 Woot+o— ldwhl( )d]
T'(n—a)

. (n—o0)
U o AQ ety n—o—1, aot+a—v
B & et B e e

I'(n—o)
too (n—0)
LEO F(a?ac):l)) fé(tfu)aw“'*lf T L 1, 00+0— ldwhl( Ydu ]
I'(n—o)
. (n—0) .
— i i -EQ w + +°° f( )oca)+n—lh ( )d o)
I Cvj I'(ao+n—v+1) ch+n 0 u)au
Jj=0v=1 0=0 a)—O
i n (t— f/) (n-0) oo A“’(t t)aw+<r v
= | X X &t v+1) + Z Z Cvj Z T(ao+o—v+1)
Jj=0v=1 Jj=0v=1 w=1

oo

+w70 Otw+6 fO( )aw+67lhl(u)du

(n—0)
i [ n,\, n—vy
(t—1j (t—1;)
= |2 X O bl Z Z VT
I( 1) vJT 1
Jj=0v=1 (n—v+ j=0v=0+1 Tln—v+1)

i n oo A9 (1— tj)aw+0 v oo 20

* z0 2 v z T(ow+o—v+1) + z() Tow+o) fO( )y (u)du
Jj=0v=1 w=1 [0}

o0 A9 (1— t])aw+0 v

(r— tj -
,202 ero v 2 Z Cvj ; Tlawto viD)

o0
+ z l—'(Oc)LTJrO'fO( )O‘wﬂ’*lhl(u)du

0=

0
= 3 S it~ 1) Eqe (At —1))%)

Jj=0v=1
+A Y 3 ajlt=1)" " EBearo v (A —1))%)
Jj=0v=0+1
+ [0t =) By o (A(t — u)*)hy (u)du, t€ (titi], i€ NP, oceINy L
Thirdly, we can get

Dy, x(r) = ZO 21 it =1;)* P Eq a0 pvi1(A(t —1;)%)
j=0v=
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+ Jot—=9)* P B g p(A(t — )1 (s)ds, t € (ti,ti11], i€ IND.

The proof is complete. []

3.2. Exact solution of (1.4.2)

To get explicit piecewise continuous solutions of (1.4.2), fix 7; € R (i € INg_l)
and h € C(0,1) satisfying |h(t)| < t*(1—1)! forall £ € (0,1) with k > —1, 1 € (—1,0],
we choose the following Picard function sequence:

n—1 o—1

Go(t) = 20 (V+1 tv+f0 Fa h(s)ds, t€]0,1],

(Pi(t) ¢0()+Af0 () S, 16[071], i=12,--

LEMMA 3.2.1. ¢; is continuous on [0,1].
Proof. We have

a+l 1

Jo CEEh(s)ds| < Ji CER st (1 s)ds < e Ji e sk

o=l - k+1B(a+Lk+1)
(g —whdw = e B

_ toc+k+l f

One sees easily that ¢ is continuouson [0, 1]. It follows that ¢, is continuous on [0, 1].
By mathematical induction method, we can prove that ¢; is continuous on [0,1]. O

LEMMA 3.2.2. ¢; is convergent uniformly on [0,1].

Proof. In fact, similarly to Lemma 3.2.1, we have for # € [0,1] that

191(6) = 00(0)] = |2 Jj “TEdu(s)ds| < 2|l

I( a+1
So
92— ()| = | “;-;‘—W”wms)—%(s)]dsi

<AL S (1ol ey ) s = A 2l Bl 2

By using the mathematical induction method, we get for every i = 1,2,--- that

911(0) — 6i(0)] < [2]*1 Ll (J.Hl e ”) (e e fo,1)

It follows that

|11 (2) = 0u(1)| < 2|+ Rl nl‘”fa*“, 1 €0,1].
i
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Consider

oo oo i
_. i+1 _l#oll B(a, /a+1)
i; He El AT T(a+1) H :

One sees for sufficiently large i that

T = (A = AL (1) D
|Mf05(l —x)0 DGy 44| 3 (1= x)%dx with & € (0,1)
|)L‘f06(1 —x)a_ldx5(i+1)a + %_\50: < W(l*g*a)a)a (+De 4 M|5a

For any € > 0, it is easy to see that there exists 6 € (0, 1) such that %l 6% < £. For this

0, there exists an integer N > 0 sufficiently large such that MS (i+1)or £ for
all i>N.So0< ™ <£4&—¢forall i>N. It follows that lim L —O Then

l—>+o<)
oo foo
Y u; is convergent. Similarly we get Y v; is convergent. Hence dominant control
i=1 i=1
convergence theorem implies that

90(t) + [01(1) = G0 (1)) + [92(t) = 01 ()] + -+ [9i(1) = $ia (1)) +---, £ €]0,1]

is uniformly convergent. Then ¢; is convergent uniformly on [0,1]. O

LEMMA 3.2.3. ¢(t) = lim ¢;(¢t) defined on [0,1] is a unique continuous solu-
[— o0

tion of the integral equation
x(r) = Z N v+l v Ad +f0 [Ax( )+ h(s)ds, t€][0,1]. (3.2.1)

Proof. By Lemma 3.2.1 and Lemma 3.2.2, we have ¢; is convergent uniformly
on [0,1] to a function. Suppose that ¢(¢) = llilll ¢i(r). We see ¢(r) is continuous on

[0,1]. We have from Lemma 3.1.2 that

o) =lgrgm¢l<>—lgrgw[z e+ 0y o e )+ (0
- i ey v fy [A lim ;1(s) + ()]ds
= g ot o LR (R0 (5) + h(s)) ds.

Then ¢ is a continuous solution of (3.2.1) defined on [0, 1].
Suppose that y continuous [0, 1] is also a solution of (3.2.1). Then

V()= 3 et 0o e A Hh(@ds, 1€ o.1)
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We need to prove that ¢(z) = y(¢) on [0, 1]. Similarly to Lemma 3.2.2, we get

w(0) = 9u(1)| = |5 = (Ao (s) = h(s)lds| < ]| gol| iy + 10+ B,

Similarly to Lemma 3.2.2, by the mathematical induction method, we get

()= ¢i()| <[]+ el 1’1"‘”0‘“ || Blet A ﬁB @i D e f0,1].

Then _1i1J1rl ¢:(t) = y(z) uniformly on [0,1]. Then ¢(¢) = y(r) on [0,1]. Then (3.4)

has a unique solution ¢ . The proof is complete. [

LEMMA 3.2.4. x is a solution of

D% x(t) — Ax(t) = h(r), t€(0,1],
{ @ )0+ ; n—1 (3'2'2)
2 (0)=mn;, icINg
if and only if x is a solution of the integral equation (3.2.1).
_ Proof. Suppose that x is a solution of IVP(3.2.2). By Definition 2.2, we know that
x(t) is well defined on [0,1]. Then
_a—1
I &m@) + h(s)]ds = 1§ [2x(0) + h(0)] = 1§D, x(1)
= [ 5 = S = a fo (s — u)"~ % 1x) () duds
= Mg fo St =)%Y (s —u)"~* 'dsx'") (u)du by changing the order of integrals
= 71-(05)1_("70() fo( —u)"! fol(l - W)O"lw"’“’ldwx(”)(u)du by w= 31—
=L Jot — )"~ X (u)du

T'(n)

t
= (=0 50D )|+ iy S — )2 ) du

= T e 0 e = e = = 8 el ().
Then we get (3.2.1).

If (3.2.1) holds, we can prove that x is a solution of (3.2.2) by direct computa-
tion. [J

LEMMA 3.2.5. x is a solution of (3.2.2) if and only if there exist constants ¢,y € IR
(ve INg™Y) such that

x(t) = ng(l)cvotan,erl (At%) + [5(t — 5)*  Eq (At — 5)*)(s)ds. (3.2.3)

Proof. (i) From Lemma 3.2.3 and Lemma 3.2.4, we know that (3.2.1) has a unique
solution which is the unique solution of (3.2.2).
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(i1) We get from the Picard function sequence that

35

0i(t) = 9o(1) + A Jy CF5—0i1 (s)ds

= fo(t) + A} <’;;‘Z§3’1 (¢o< )+ A S S 01 o (u >du)d
= 0o(t) + A J CEE oo (s)ds + A2 er Jo SR 01 (w)duds
= G0(0) + A S5 i do(s)ds + A2 fi [ Ll S dsgn o (w)du
= Gor) + 2 J3 CR " do(s)ds + A2 (o - V“ljb——Jy— W dwoi o (u)du
= f0(0) + A 3 Sl o (s)ds + A2 i 9o (u)du
= fo(0) + z 2 Iy ey o(s)ds + A4 T on
= "i(l) o+ lV—!—fO lh(s)a’s

+ Z Acfo 5 )((: 11))2)1 (2 oS +f0 h(u)du) ds

1

Suxl n—
+A1 Jo tr ) (Z To+1)

1n
2 o ds

s —|—f0 ao; lh(u)du) ds
o—1)o—1 v za
_21"v4r1t+27L fO r “Da) ZFJVrl dH')LfO 1"106
+f0 a h( Yds + 2 l“fo r fo a ( )duds
+Aif(; & rl fO ra ( )duds

n—1

)za 1

+ll z F thHrva F

+f0 a h( )ds+6217tof0f

(icr)

v (O'—I)OH-VfOl (1

_ My n
- VEO T(v+1) tv+ zl)t'c g' l"(v+1)t
w'dw

(0 Ho— l(siu)oc—l

7W)(0—l)a—l

T((c—Da) whdw

tot 1 S—u
+AT g L 2 Lt dsh(u)du

n—1

—1
- Z0 (V+1t + 2 A° z I'((o— lowerrl)t(cF 10‘+V+)Ll z
y=

01))

T(a)

dsh(u)du

T 10¢+v+1)tla+v
o _w)lo—Da-1 w1
Iy b 8 A% fo -7 3 U S e dh )
)zoc 1 Wwo— 1
dwh(u)du

AT 3 (e — u)litDe= lfo

Tlio) T(a)

)



36 Y. L1U AND X. YANG

AO‘ t u)ca+a 1

n-1 i i
= z i é mtcaw_,_f z T))h(u)du

= nvt VEgui1 (M%) + it — )% Ega (At — $))h(s)ds, i — +oo.

V=

Then x(¢) = 'ligl ¢:(¢) is a unique solution of (3.2.2). We know that x is just (3.2.3).
[——+oo
The proof is complete. [

THEOREM 3.2.1. x is a solution of (1.4.2) if and only if there exist constants
cj€R (ve ]Ng*l, J € INY) such that

i n—1
x(t) = Z 2 Cvj(t_tj)onc,erl()L(t_tj)a)

Jj=0v=0
+ [o(t =)  Eqo(A(t —5)*)ha(s)ds, € (titi1], P€INF.  (3.2.4)

Proof. If x is a piecewise continuous solution of (1.4.2), by Lemma 3.2.5, we
know there exist constants ¢,o € IR (v € INg~!) such that

n—1
x(t) =3 ot Eg i1 (At%) + [5(t — )" Eq o (A(t — 5)*)ha(s)ds, 1€ (0,41].
v=0
Hence (3.2.4) holds for i = 0. Now suppose that (3.2.4) holds for i =0,1,---, j, i.e.,

i n—l1
x(t) =3 X Cvj(t_tj)an,erl()L(t_tj)a)

Jj=0v=0
+ Jot =) Eq o (At —5)*)ha(s)ds, t € (ti,ti41], i=0,1,---,].

We will prove that (3.2.4) holds for i = j+ 1. Then by mathematical induction method,
(3.2.4) holds for all i € IN'. We suppose

i n—1
K1) = @)+ T ot =10) Bt (A1 =1)%)
+ 5t =) Eqa(A(t — $)%)ha(s)ds, 1 € (tj1,tj12)- (3.2.5)

We know for 7 € (7j41,1j,2] that

(0)+ 2(0) = “Dxt) = gy e =91~ s

/ 1741 (i— S)n—or—lx(n) (S)d‘H_-[ngrl (t_s)n—a—lx(n) (s)ds
T'(n—a)

7=0

(n)
£ 1709 (£T crolomt0) Byt (s-10) 60 Bara (s ) s

T 6=0v=0
T'(n—a)

o=0v=0

i e (n)
NG “*I(Q(swé S v (510) Earysn (4(510)“) 4 (510 ey (A 5-1)“ >d> ds

I'(n—o)
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J Iry] a1 T n—1 ! (n)
> f/r (r—s)"~ < >y Cvo'(S7to')‘Ea>\/+l(A(S*[o‘)a)> ds
— CDOC q)(t)+ =0 o=0v=0

/+l T(n—o)
Jj n—1 ()
fr]H( s ol ((EO ;OCVG(S—tG)an.vH(A(S—fc)a)> ds
I'(n—o)
B () e s ) s ) ) s
I'(n—o)
n— oo (n)
$ o (35 colsto)’ ¥ ki (1)) ds
= D% (1) 4 20 o T T
J+1 T(n—a)
4 P j n—1 Lt 20 o (n)
./sz(t—S) O_EOVEOCVO'(S_tO') wéom(s—tg) ds
I'(n—o)
i X +oo (n)
T R T o (RO S
+ I'(n—o)

it n—1 oo (n)
2 > X Cvo'ftprl t S " o1 %(S—to-)aw+v ds
— LDOC [0 1=00=0v=0 ( )

% D(r)+ n

Jjtl

J n—1 ) Joo ()

X Lok ("S)'FWl( z mﬁifvmwto)“”*“) ds
+0‘—0v70 w0=0
T(n—a)

+oo (n)
=51 (15 5, rry s O s ) s
P

+ I'(n—o)
Z Z Z L]Gﬁ1+l(1 5ol 2 kai’m(s 1o )OIV
—CDOC q)t_|_1000v— w=1
/+1 () T(n—o)
J n—1 oo
S 3 cvo fl (=9 S iy (s-10) O Vs
_|_0' 0v=0 w=1
T'(n—a)

e /
Jote=syr—et <f5 wzoWM(F")“(”“F"M('AM”) ds
+ I'(n—o)

$ 'Y 2 mﬁr Hr=9)"" 4 (s—10) @7 ds

— Cl);)t+ q)( )+ 1=00=0v=0

J+1 I'(n—a)
J n—1 oo
S Yoo 3 r(awﬁi’m j}l-+l( S)n o— l(s to )chfnJr\;dS
_|_O':0v:0 w=1 J use w— S—lg
I'(n—o) 1o
t s T 20 . e/
[fo (= <f° 2, T o (-0 e* *"M(u)du) d.v]
+ (n—a)I(n—or)
j tra]—t
J T n—1 oo ® B } Ttl o !
cpo rgr)c;o\zocmwglm(htc)a(w v LTT%I;G (T—wyr= Ly @it gy,
= — — —ic
=D% O(1)+ )
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Jj n—1 oo

Y X oo le"(awﬁirﬁrvm(tfto')a(w l+vf[
= 0=

j+1-lo (lfw)"*aflwawfnﬂdw

—ig

T'n—o)

g

= n
(1—s)¢ <le ZQWM@—@&(MI) hz(u)du)
o=

—

+ e a)
e /
[("*0‘) Joe=syr=et <fr§ wEO WM(FMW(”“F"M(”)W) ds]
+ —aTi—a)
J nel r® a(o—1)+v tr;rJI;tG n—o—1, aw—n+tv
e gz()rzc S o 2 m(l to) ft}_t[c (I—w) w dw
— v=0 —Ic
D i @)+ T(n—a)
Sl w A® a(w—1)+v n—o—1, 0w—ntv
020 X cvo Zlm(f—to) J! 4110 (1=w) w dw
v=0 = =1,
T(n—a) *
fl(t —5)"~ a—1( s EQ A9 (S_M)D!(erl)*nh (u)du )ds !
Jo 10 &= Tla(o+T)—n+1) 2
+ T'n—o)
/ g @ —1)+v l n—o—1 —n+v
S Y e X m(zﬁc)w(w Dty (Lopyn-o-lyeo-ntvg,
_cpo 0=0v=0 _ w-1
= th+ld>(z)+ o)
oo '
[fé i (t=syot wéo WE*HI) (S—M)a(wﬂ)*"dfhz(u)du]
+ T —a)
cDa (I)() z 2 Jric A® ( )a(a) 1)+v
= 1 Cvo Talo—DvrD) I—Is -
e 020020 o=y @@=l
oo !
[fé 5 et -0 ./'ol(1—W)”’“"W“(“’“H‘M}’Z(“)d"]
»=0
+ o)
J n=l too o-1
— cpo (t)—l—?t S Yeoe S A (t—t )a(&)—l)-&-v
T vo — o
T+ o=0v=0  w=1 1 (@@=DHED

/

+ [fé 20 r(ofLTwH)(’ —u)*®hy(u)du
0=

= D% D)+ A é nilcm E" %(l—to)a(w_l)‘*“’
’J+1 20050 "0 o2, Ta(o=1)+vtl)

+ fo 2 r (t—u)““’ Yo (u)du + ha(t)

A -0 O]+ ho(t) +°DE (1), € (t1.17:2)

It follows that “D% (1) —AD(#) =0 on (#;1,1;42]. By Lemma 3.2.5, we know that
j+

1
there exists constants ¢,j+1 (v € INg~') such that

n—1
1))=Y cyjr1(t —tj41) Ea i1 (A1 —1j41)%).
v=0
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Substituting @ into (3.2.5). We know that (3.2.4) holds for i = j+ 1. By mathematical
induction method, we know that (3.2.4) holds for i € INj'.

Step 2. We prove that x is a piecewise continuous solution of (1.4.2) if x satisfies
(3.2.4).

Since x satisfies (3.2.4), we know that x|, ;. .} € C(t;,t;41] (i € INf') and lim x( )

[~>[
exists and is finite for all i € INj/. We will prove that “Dff, x(t) — Ax = hy(t) for all
t € (titiv1] (i € IN).

In fact, we have for 7 € (1;,1;41] that

dit1]

D% (1) = [z 7 (5oL ()ds 4 (1 — s <><s>ds}
iy T n— )
2 e S)"”*((E E evo(s—16) Eg i1 (A(s—16) %)+ [§ (s—)* ' Eg. o (A (s—1) *)hp (u )d> ds
= T(—o)
. i n—1 . (")
Jtt=5- (£S5, uolsm10) Bt ((s=10) V45— B A5 ahd) ds
_|_ o=0v=0
T(n—a)

T n—1

(n)
2 (- S)"*”‘*'<2 ZCvo’(s_to’)an.erl(}L(S—tc)a)> ds

o=0v=0

- T'n—o)
i n— (n)
=5 25 cvols-t0) Byt (s-1)%) ) s
_|_ o=0v=0
I'(n—o)
N S =y (o (5=) % B (A (s—10) )y ()lue) " s
T'n—o) '

Similarly to Step 1 we can get that
‘D x(t) = ha(t) + Ax(t), t€ (titia], i€ING.

So x is a piecewise continuous solution of (1.4.2). The proof is complete. L[]

COROLLARY 3.2.1. Supposethat h € L'(0,1) and there exist k> —1, € (—1,0]
such that |h(t)| <t*(1—1)!, t € (0,1). Then x is a piecewise solution of ‘Diix(t) =
h(t), o € [n—1,n) if and only if there exist constants ¢,; € R (v € INg~!, j € INT)
such that

i n—1 1

x(t) = 'zo zor(cvil)( L r h(s)ds, 1€ (titi], i€INJ. (3.7)
Jj=0v:

Proof. In Theorem 3.2.1, we choose A = 0. The result follows. [

REMARK 3.2.1. In Lemma 2.3 in [70], authors gave an expression of solutions of
the impulsive fractional differential equation “Dff, y(x) = h(x), x € [0,T], n—1 < & <
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n. It was proved that y € A"([0,7],IR) is a solution of ‘D, y(x) = h(x) if and only if
y € PC"'(]0,T],IR) and

j=0 \ 0<xp<x

y(x) = Zy_ ’+2< > %(X xk))-l-foilh(s)ds, x€1[0,T],

where 0 =xp <xj < -+ <Xy < Xpy1 =T, and h € PC([0,T],IR). Their result is just
Corollary 3.3 but the method of the proof is different.

3.3. Exact solution of (1.4.3)

To get explicit piecewise continuous solutions of (1.4.3), fix &(i € INT'), n; € R
(i € INT) and 1 € C(0,1) satisfying |h(t)] < t*(1 —1)! forall € (0,1) with k > —1
and [ € (—1,0], we choose the following Picard function sequence:

r [Xa+ﬁ1

9o(r) = u§1 r(/siﬂ) B 2 v LR | Wh(s)ds» t€(0,1],

+[31

¢i(t) ()+2’f0 l"ochﬁ q)l () S, t€(0’1]7 =12,

LEMMA 3.3.1. t — "By is continuous on [0,1].
Proof. We have

tsa+/31 tsa+/31k

Jy! Fa+ﬁ hs)ds| < fi ¢ T p) sK(1—s)lds

(=) PHI1 _ 0Btk Blo+B+L+)
< o e sds =1 " Tath)

One sees easily that

f Sor+[31

triﬁ%(t):%(t):uél r(ﬁél;_i_l)tr Y+ z mtu+r Vet ﬁfo Wh(s)ds

Then 1 — t"~P¢y is continuous on [0,1]. It follows that 1 — "¢, (¢) is continu-
ous on [0,1]. By mathematical induction method, we can prove that 1 — "B ¢;(¢) is
continuous on [0,1]. O

LEMMA 3.3.2. {¢i(t)} is convergent uniformly on (0,1].

Proof. In fact, similarly to Lemma 3.3.1, we have for 7 € (0,1] that

sa+ﬁ 1
191(1) = 0(0)] = |4 Jy U dols)ds| < 12| rldyhrsr P
So
t Soc+ﬁ 1

|02(2) = ¢1(1)] =

A101(5) — 6o(s)]ds|

[ s) a*ﬁ sotB

|A"f0 Fa+ﬁ |A’H¢0H]"a+ﬁ+1 S
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_ [[gol| B(a+B,a+p+1)
= AP s T e,

By using the mathematical induction method, we get for every i = 1,2, - - that

i1 () — 6:(1)| < M|z+1 alf%lhrl) (jl;ll B(a+l§(gizgl3+l)> t(i+l)[a+ﬁ], 1€ (0,1].

It follows that

(91 (6) = 0i(0)] < A1 il (g - “*ﬁ;i;;“”) . 1€(0,1].

Consider

+oo i
, i+1__ 9ol Bla+,jotjf+1)
S S i (11 Bt
One sees for sufficiently large i that

1+l ‘M 0¢+ﬁrl:;:_l[30;+ﬁ +1) MU (1— )a+l3—1x(i+1)[0€+l3]dx

AL JE (1 —x)@ B Ll Dot Bl |2 [3(1—x)* P~ dx with & € (0,1)
AL (1 =)o P 1dxs Dl Bl A gop

A(1-(1-8)*P) o(i 2]
T(s(ﬂﬂaﬂi] + m(swﬁ,

NN

N

Forany € > 0, it is easy to see that there exists 0 € (0, 1) such that %5‘”/3 . For this

&, there exists an integer N > 0 sufﬁciently large such that M §UtDlatpl <

£ forall i>N.So0<“ <£4%—¢forall i>N.Itfollows that lim “;“ =0.

1~>+oo

o0
Then Y, u; is convergent. Hence dominant control convergence theorem implies that
i=1

90(t) + [01(1) = @o(1)] + [92(1) = 91 ()] + -+ [@i(1) = Gia (1)) +---, £ €(0,1]

is uniformly convergent. Then {r — ¢;(¢)} is convergent uniformly on (0,1]. O

LEMMA 3.3.3. ¢(t) = -HT 0i(t) defined on (0,1] is a unique continuous solu-
i——oo0
tion of the integral equation

r

X(Z)Zuél ﬁlﬁ_u—f—vél l—‘(aJrgivileoH_ _V+f0 W[AX( ) ( )}ds, te (07 l]
(3.3.1)

Proof. By Lemma 3.3.1 and Lemma 3.3.2, we have {¢;(r)} is convergent uni-
formly on (0, 1] to a function. Suppose that ¢(z) = lim ¢;(¢). We see ¢(r) is contin-
[— o0

uous on (0,1]. We have from Lemma 3.3.2 that

¢(t) = lim ¢;(¢)

[—oo
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tt\aﬁl or+/31

. AP ¢ _mi*h
= lim ; FétuH +Z F(Z_:_I}_V.i,_l +f T(o+pB) h(s )ds+/lf0 ra+/3 9i-1(s)ds

[— o0

tt\"”ﬁ tsa+'B

B—u .
= z réut ESy + 2 e a.i,_l} V+1 f T +p) ( )ds-’—a, fO T—‘rﬁ) llmw¢[71(s)ds

i—

r 1B yactB- yortB-1

uﬁ7 y
=2 F(%t—u+l)+vél T(atB—v+1) +f0 Fa+[3) h( )dS‘HlfO Fa+l3) ¢(s)ds

r B—u n ot 5)* +B-1
= zl F(%iu+l)+ ;1 r(giﬁ—vﬂ +Jo tr (o tPB) [A¢(s) + h(s)lds.

u=

Then ¢ is a continuous solution of (3.3.1) defined on (0, 1].
Suppose that y continuous (0, 1] is also a solution of (3.3.1). Then

B-u n n‘toHr/} v t S D!+,B 1

pES)) +V§1F(a:&-[3—v+l "’fo orp (A V(s)+h(s)lds, 1€(0,1].

w(r) = zr@‘

We need to prove that ¢(z) = y(¢) on (0,1]. Similarly to Lemma 3.3.2, we get

1otB

ly(t) — o(t)| = /lfoWlI/o(S) < |A19ollrrprm

Similarly to Lemma 3.3.2, by the mathematical induction method, we get

W) — 0i()] < A s s Blatbctib) 1 e (0,1].

Then _lir+nm¢,-(t) = y(¢) uniformly on (0,1]. Then ¢(z) = y(z) on (0,1]. Then (3.8)

has a unique solution ¢ . The proof is complete. [

LEMMA 3.3.4. x is a solution of
DY DP x(t) — Ax(t) = h(r), 1€ (0,1],
1Px(0) =&, DPTX(0) = &, ie NI, (3.3.2)
57 DG, x(0) = M, DYTDR, x(0) = mi, i€ N
if and only if x is a solution of the integral equation (3.3.1).

Proof. Similar to Lemma 3.2.4 and the details are omitted. [

LEMMA 3.3.5. x is asolution of (3.3.2) if and only if there exist constants ¢,y € IR
(veINT"), dyo € R (v € INY) such that

x) = ;l EutP B ppouir (A F) + g‘l Mt P By oypvin (A1)

+ [t —u)*PE gy g o p(A(t — u)“PYh(u)du. (3.3.3)
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Proof. (i) From Lemma 3.3.3 and Lemma 3.3.4, we know that (3.3.1) has a unique

solution which is the unique solution of (3.3.2).
(i) We get from the Picard function sequence at the beginning of this subsection

that
r . b , ) 5)atB1
¢0(t) :ugl ﬁtﬁ +v§l m;fﬂrﬁ +f0 trai-&-ﬁ)h(s)d& re (Oa 1]
and
Soc+ﬁ
0;(t) = do(t) + A Jo tra+ﬁ Oj-1(s)ds
N 'B S S M
= 9o(r) + 2 J3 Ll (00() + 2 f3 Ut 95 (u)du) ds
o+B—1 Sa+/31_\ua+/31
= 00(t) + A Ji el do(s)ds + A% fi f! el et st o (u)du
s)eth-1
= 00(1) + 4 J§ kg do(s)ds
+7sz( )2a+2[3 lf (1- W)a+ﬁ 1 wotB— ldW(P ( )
0 T(a+B) T(a+pP) =
)2ec+2B-1
_o(u)du

= 00(0) + A i CEL T o (s)ds + A2 Jf S,

oc+ﬁ w) D (o+B)
(1) + Z A fo T%( s)ds+ A7+ [ W%(”)d”
ﬂh(s)ds

— 4 éu — My
‘gzgm—wn"“‘Ef@qrﬁﬂﬂ+ﬁ”+k &)
yiletB)-t [ X g pu oty JotB
|:2 (B — —u+1) + 2 FO(JSrﬁ v+1) +f5 + Ma+ﬁ h(u)du] ds

+zlk oy

t J+1)(Of+ﬁ) I &, B—u s@tB—Y a+/3 1
I 3 e [2 BT hy § et gD o Crias) h(’“d"] ds
(i 1h(s)a’s

T( oc+13)

=2 RS Z e

étl (o+P)+B—u 1 w) D!+,B) LyB=ugy,
o “=rarmy

+ 2 )Ll 21 —u+l)
i Tt (i+1)(a+p)—v 1 1—w)! i(o+B) =1, ,04+B=v 7y,
+ 2 A 2 HarporT T B))
Jlesh (H”)Mﬁildsh(u)du

21\5] N )

i+1 Eut /+1 (0+B)+B—u (1—w) D (@+B) =1y, B—u g,
vy z e Jo
j+1 Nt (e+p)-v (1—w) U+ D(e+B)—1 0t B—v g,
+A« ; I'(a+B—v+1) fO T(G+D(a+p))
(/+1)(a+B) (g y)ot+B-1
J+1 (s—u)
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- uz;l RSV 2 ”uzl% Z T filﬁclegfrﬁﬁ )
+ X e Vﬁi’“ 2 e A ma
S ) 5 o) B e D )
A [ (¢ — )2 @p)-1 1 (1 WJ><+11+)1(>$£;)1 w s dwh(u)du
Ei(@ ) B Dot B) -

—Zl’zm zkzm

(t— u z+1)(a+/3) (t— u j+2)(a+ﬁ)

Jj+1 m u Jj+l1 n Do
éu ot+B)+p- ny [(H’ )J(o+B)—v
2 Al z C(i(o+P)+B—u+1) 2 Al z T((i+1)(a+B)—v+1)

z+l (or+ﬁ)

r j+1 n Jj+l1
o Mipi(o+PB) B—u Adgi(a+B) jo+B—v
=2 éui§0m+ 2 M X ot prrorpvrT)

u=1

t M)(Hrl)(oHrﬁ)

- gl éurﬁ*"Ea+p,ﬁ-u+1<Ar“+ﬁ>+ S P g gy (A1)
+ [t —uw) P E g g (At — ) P)R(u)du as j— oo.
0 +B.0+B

Then x(¢) = 'lirf ¢i(7) is a unique solution of (3.3.2). We know that x is just (3.3.3).
[— oo
The proof is complete. []

THEOREM 3.3.1. x is a solution of (1.4.3) if and only if there exist constants c,;,
djeR (veINY, uc INY, je€INy') such that

x(t) = io zldu,o—t,)ﬁ "By ppust (At —17)%P)
J=O0u

+ '20 Zlcvj(t _tj)a+l3_an+/3,a+/3—v+1(7L(t_tj)(”ﬁ)
J=0v=

+ fo(t =) P E g g o p (At —u)* PR3 (u)du, t € (ti,1i01], i €INY.
(3.3.4)

Proof. The proof is similar to that of Theorem 3.2.1. [J
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COROLLARY 3.3.1. Suppose that h € L' (0,1) and there exist k> —1, 1 € (—1,0]
such that |h(t)| <t*(1—1)!, t € (0,1). Then x is a piecewise solution of
‘D g+x(t) h(t), t€(titiy], i€INy
if and only if there exist constants c,j,d,; € IR (v € IN}, u € INT', j € INjy) such that

i d,

_ —u Cy _ s N\o+B—y
x(1) = 2 2T = 1)P +120V§ e (1)
u a+[3 1 . m
+3 Wm(u)du, 1€ (titis1], i€IND. (3.3.5)

Proof. In Theorem 3.3.1, we choose A = 0. The result follows. [

COROLLARY 3.3.2. Suppose x is a piecewise continuous solution of (1.4.3).
Then

r

1Py = X3 duj(t = 13" By p st (A (1 —1;) %P
J=0u=

+ ,20 zl it —1) " "Egypatrrvi1 (At —1;)**P)
j=0v=

+ ot —u)* " Eqip o (Al —u)** Py (u)du, 1€ (ti,ti1], i€ NG

i o
DPox(r) = T 3 dujlt=1))° "Barip o i (Al — 1) P
J=0u=

+ 20 zlcw(t 1) "Eq 1B ato— va1 (A (1=1))**P)
Jj=0v=

+fo(t—u)o‘“"lEMﬁ,aM(k(t—u)“+/3)h3(u)du7 te (ti,tiq], 1€INY.

g+x( 1) = ZO 21 cvj(t =1))* "Eqi g gyr1(A(t —1;)%1P)
Jj=0v=

+ 5t =) g po (At — ) PYh3(u)du, 1€ (ti,ti11], i€ INE.

In O‘Dg+x( 1) = ZO Z eyt —1)" a+ﬁ,n7v+l()t(t_tj)a+l3)
j=0v=1

+ 5t — )" By g n (At — 1) PYhs(u)du, € (ti,ti11], i€ INE.

DEDE () = 3 S eui(t )% By s (Rl —17)P)
j=0v=1

+ [5(t—u)° By p o (A=) PYh3(u)du, 1€ (ti,ti11], i€ INE.

Proof. By Theorem 3.3.1, we know x satisfies (3.3.4). Use the method in the

proof of Corollary 3.2.1, by direct computation, we can derive above mentioned equa-
tions. U
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3.4. Exact solution of (1.4.4)

In this subsection, we establish exact piecewise continuous solution of (1.4.4).
To get explicit piecewise continuous solutions of (1.4.4), fix & (i € IN’"_l), ni € R
(i€ INg™') and h € C(0,1) satisfying |A(t)| < r*(1 —1)" forall r € (0,1) with k > —1
and [ € (—1,0], we choose the following Picard function sequence:

r=1 Xoc+ﬁ 1
(PO(Z) = 20 (f_uH "+ 2 Fﬁ+v+1)t +V+f0 Wk(é‘)dé‘, te [0,1]7
q)l() ()+ft trsa+ﬁ ¢l () S, t6[0a1]7 i=12,--
LEMMA 3.4.1. ¢; is continuous on [0,1].

Proof. 1t similar to the proof of Lemma 3.2.1.

LEMMA 3.4.2. ¢; is convergent uniformly on [0,1].

Proof. 1t is similar to the proof of Lemma 3.2.2. O

LEMMA 3.3.3. ¢(t) = _liIJP ¢i(t) defined on [0,1] is a unique continuous solu-
|——4oo
tion of the integral equation

r—1 (1—s aﬂy

x(1) = Dy et 2 FMH) +fow[lx() h(s)lds, t€[0,1].
u=
(3.4.1)
Proof. 1t is similar to the proof of Lemma 3.2.4. [

LEMMA 3.4.5. x is a solution of (3.4.1) if and only if there exist constants ¢y,
dp €R (veINE!, we NI such that

r—1 n—1
x(t) = goduotuEaJrﬁ,uH(MaJrﬁ) + ;O nvtﬁ_an+/3,/3—v+1(Ma+ﬁ)

+ fo(t =) P E g g o p (At —u)* PYh(u)du, ¢ €10,1]. (3.4.2)
Proof. The proof is similar to that of Lemma 3.2.5. [

THEOREM 3.4.1. x is a solution of (1.4.4) if and only if there exist constants c,;,
dij €R (veINJ™!, ue NI, j € INIY) such that

i r—1

M) = % X duj(t = 1)) Bapui (A —1;)**P)
J=0u=

+ 20 ZOCVj(t_tj)ﬁ "Eo1p, ﬁ+v+1(x(l_lj)a+ﬁ)
j=0v=
R =0 B g (A~ )@ P (), 1 € (6], i€ NG
(3.4.3)

Proof. The proof is similar to that of Lemma 3.2.2. [
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COROLLARY 3.4.1. Suppose that h € L' (0,1) and there exist k> —1, 1 € (—1,0]
such that |h(t)| <t*(1—1)!, t € (0,1). Then x is a piecewise solution of

‘D§ D, g+x(t) h(t), te(titiy], i€INy, acn—1,n), Be[r—1,r)

if and only if there exist constants c,j, c,j €R (v € INS_I, uc INg_I, J € INY) such
that

i r—1 i n—1
_ dj (0 S (r Bty
x(t) = ,201420 Tlut+1) (t—1;)"+ jéo VEO T(B—v+1) (t—1j)
_a+p-1 . m
+ o %h(u)du, 1€ (tiyti], i€ IND. (3.4.4)

Proof. In Theorem 3.4.1, we choose A = 0. The result follows. [

COROLLARY 3.4.2. Suppose that x is a solution of (1.4.4) given by (3.4.3). Then

i n—1
DRrle) = 3T i = 1) Bacrpar (A —17)P)
j=0v=
+ [5(t =) % By g (At — ) P)n(u)du, t € (ti,tir1], i€ IND.
Proof. By Definition 2.2, we have for 7 € (#;,#;1] that

R A IO
T )

T r—1
- [z Bt sy (z 5 dugls = 1) Bt (A5 —1) %)

+Jo(s = )" P Eq g o p(A(s = u)**P)h(u)du

ﬁl(’)
DP (t) = Jo— ) (s)ds

Dy x

T n—1

(r)
+ ZO EOCW(S_U)I} "Eq.p, /3+v+1(x(s_tj)a+ﬁ)> ds
j=0v=

i r—1
iy [f,,’.(t—s)’ﬁl (,zo % duy(s= 1) Easpunt (s =1)%P)
Jj=0u=
+ o (s =) P E g g oy p (A (s — ) P)h(u)du

) (m)
+ ZO Zocvj(s_tj)ﬁ+ Ea+l3 I3+V+1(7L(s_tj)a+ﬁ)> ds
Jj=0v=

(r)
T r—1
~ ok | £ sy ﬂ—l(z zdu,(s—z,,»)"EMﬁ,MH(x(s—t,->°‘+ﬁ>> ds

Jj=0u=0

Iyl =5y P = 0% B p o p (s — 1) PY(u)du) " ds
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) (r)
i—1 7T n—1
+ Zofff“(t— s) P (ZO Zocv;(s—f P Eq g, /3+v+1(7t(s—fj)°‘+ﬁ)> dS]
T= j=0v
,- @
T [f,i(t— 5y (z . duf(s 1) a+ﬁ7u+1<x<s—t.,»>“+ﬂ>>
Jj=0u
i n—1 ")
+ i(t—s)P (ZO Zocv;(s P g g (A(s— )‘”ﬁ)> dS]
j=0v

Jj=0u=0 o=0

41 T ol AC (a+ﬁ)o‘+u (r)
= zf (t— ) 2 X dyj Z W(S—tj) ds

A o (r)
—l—fé(t—s)’_ﬁ_l (fo GEOm(s_u)(a+l3)0+a+ﬁ—1h(u)du> ds

T n—1 ~+oo

i—1 (r)
17 — 2o v
MR (z 2 Cvxcéom(s—t»(“mHm) ds

j=0v=0
i r—1 (r)
Fhler? (2 P> mw—wa%w) ds
Jj=0u=0 o=0
t i n—1 +oo 20 Blop (r)
+j;;(t—s) 2 z Cv] z W(j‘_t'})(a*‘r )O_JF “+v ds
Jj=0v=0 o=0

— [2 f’r+l( ) (Z 2 dyj 2 N0y a+ﬁl)z+u_r+l)(s_tj)(a+[3)c+u—r> ds

j=0u=0

(o)

e '
+ J e — sy P (fo‘ I Mo (s~ thorets ’h(’“d“) ds

+ Z fful( 5)"~ i"zlc EQ AS (s—t')(wrﬁ)‘”rﬁ*ﬂrv s
j=0v=0 i oo T(o+B)o+B—r+v+1) j
+fé(t_$) (20 zod"’ Z W‘rﬂﬂrl)( tj)(a+ﬁ>or+u> ds
J=Vu o=1
t r—B— i n—1 +oo Lo N
+ft,~(t—S) B (JZOVZOCVJ EOF((a+ﬁ)g+ﬁ_r+v+l)(5_tJ.)(aJrﬁ)ngﬁ v\ gs

7T r—1
= AC Iz r—p— u—r
- l g‘OJZOMZ uj E I ((o+p)o+u—r+1) tT+l (t—s) A 1(5 - tj)(aJrﬁ)o—Jr ds

/

/
Lﬁ (fo( s)" (fo > WM@-u)(a+l3)0+a+l3—rh(u)du) ds)
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T n— oo

i—1 1
A2 i r—p—1 —r+v
+120120vzocwc§ F@Tpye T e (= 8) P (s —gp)letPlorhor d51

+ ZO 2 duj Z mﬁ,@ﬂ) “Bl(s — ) @tBlo—rtuy g
j=0u=0

— 4oo

+JZOVZOCVJ EO ((a+l3)0ﬁ-cl3—r+v+l) fti(t_ ) —b- 1( )(O‘Jrﬁ)O'Jrﬁ r+vds]

W[Ml + My + M3 + My + Ms).

One sees that

t
o

e
s = (0= (1 %, rammisemesen o0 e )

0
!

toe c
= (r=B) | Jo =) P[5 3 mrammismme (=) @ POt B h(u)dudss
Z @ Byor 1)
oo - !
= (r—B) { S Mmook (r—s)’ﬁ1(s—u><°‘+ﬁ><’+°‘+ﬁ’dsh(u)du]
o=
teoo c
=P [EOW Jot —wyterhiese
!
X Jo (1 —w)r=B=tyletBlotatB=rgyn(y)du
g A° : (a+B)o+o /
o=

CT—B4]) S 2%t NeBlota—1p (04
=T(r—p+ )(Eor((aﬂa)ﬁa)fo(t u) (u)du

=T(r—B+1) fot =) "Eqyp oAt — )P )h(u)du,

—1i—1r—1

M, + My = 2 DD d’U 2 (T a+ﬁl)(:r+u7r+1)(t_tj)(a+l3)c+u_ﬁ
Jj=01=ju=0 o=
411

x ftr(itj (1 - W)r_ﬁ_lw(a+l3)6+u—rdw

i 5 A7 (a+B)o+u—P
5 zd“’ P2 m(’—ﬁ)“ ot
j=0u=0
X fﬂ (I—w) _ﬁ_lw(a+l3)6—r+u)dw
=i
i—1i—1r—1

AC .
JZOTZJuZOduJ E (F((a+/3)0+u—r+l)(t_tj)(aﬂa)mr p

417§
(t—t

X fremt, (L= w)=PollotB)otumrgy,

[flj
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i r—1 - _
AN I =)@ P
% ﬁ(l_W)rfﬁflw(aJrﬁ)ofrJru)dW

I*[j

—1 o -
/EOuZOduj E Mo rarm (t —1) @Dt P

% fO (1 _ W)r_ﬁ_lw(a+l3)c_r+")dw.
Similarly we have

i n—1 oo

M3+Ms = z 2 Cvj D W(l‘_”)(aﬁ-ﬁ)cﬁ-u—ﬁ
j=0v=0 o=l

X Jo (1—w)=B=lylatBlo—rtu)qy,

Hence
“DR.x(t) =t M + Mo+ M3+ My + Ms]
i n—1
= 20 Y eyt —17) B pyir (At —1))%P)
j=0v=0

+ 5t —u)* By p o (At — ) PYR(u)du, t € (ti,1i], i€ INp.

The proof is complete. [

4. Existence results for BVPs of IFDEs

In this section, we use Lemma 2.1 and Lemma 2.2 to establish new existence re-
sults for solutions of BVP(1.4.5)-BVP(1.4.12) respectively. We firstly define Banach
spaces, then we convert these boundary value problems for impulsive fractional differ-
ential equation with the Riemann-Liouville fractional derivatives to equivalent integral
equations. Finally we establish existence results by fixed point theorems (Lemma 2.1
and Lemma 2.2 in Section 2).

Define

x‘(tﬁtsﬂ] Dp+x| (ts.tse1] € Co(tvats+l] (s € ING),

X=1{x:(0,1] = R: lim (z —1;)"""x(1), hm(t—t)"ﬂ’ *Df, x(1)

1—ts 1—ty

exist and are finite (s € IN})

For x € X, define the norms by

(ts:ts41] t—t

[l = [lxllx = maX{ sup (¢ — 1) *|x(r)], sup (t — ;)" P~ ¥|Dg, x(1)] : 5 € 1N81} :
e
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Define

x|( CDSM\ (tst511] € Co(t.wts-&-l} (s€ IN{)n)a

fyidsi1))

Y=¢x:(0,1] = R: lim x(t) hm CD0+x( )
t—>tY

exist and are ﬁn1te (s € INY)

For x € Y, define the norms by

||x=XI|x=maX{ sup  [x(z)], sup “D0+X()is€1NB"}~
te

(ts t51] 1t
LEMMA 4.1. Both X and Y are Banach spaces.
Proof. The proof is standard and omitted. [J

LEMMA 4.2. Let M be a subset of X. Then M is relatively compact if and only
if the following conditions are satisfied:

(i) both {t — (t—1,)" “x(t) :x € M} and {t — (1 —1,)""P~*Dl x(1) : x € M}
are uniformly bounded,

(ii) both {t — (t —t;)" ®x(t) :x € M} and {t — (t —1,)""P~ "D} x(1) : x € M}
are equicontinuous in any interval (ty,t1] (s € IN).

Proof. The proof is standard and omitted. [J

LEMMA 4.3. Let M be a subset of Y. Then M is relatively compact if and only
if the following conditions are satisfied:

(i) both {t — x(t) :x € M} and {t — ‘Df . x(t):xe M} are uniformly bounded,

(ii) both {t — x(t) : x € M} and {t — “Dl x(t) : x € M} are equicontinuous in
any interval (tg,t51] (s € INJ).

Proof. The proof is standard and omitted. [J

REMARK 4.1. For a boundary value problem, the initial data at 0 may be x(0) =
A, or linat”_o‘x(t) = B or Ij%x(0) = C. In BVP(1.4.5), x(0) = A is unsuitable since
—!
each solutions of (1.4.5) may be un-continuous at 0 unless A = 0 which is always
replaced by the second one [48]. Suppose that x € C%(0,#;], & € (n—1,n), A is a
constant. Then lim #"~%x(t) = A implies lim I5-%x(t) =T(a—n+1)A. In fact, for
t—0

t—0t

each € >0, by lir(%t"_“x(t) = A, there exists 0 € (0,71] suchthat A —e& <" %x(t) <
—
A+e¢e,1€(0,0). Note

notl —o—1

Ji s s = o S w® dw = T(a —n+ 1).
Then for 7 € (0, 6), we have

notl

o= %x(e) = T (o —n+ DA| = | [ LrLx(s)ds — (o —n+1)A

nal —o—1

fo Fn ) SET S %X (s) — A|ds<8f0 r oo o
=T(a—n+1)e.
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This is tlil(‘g Iy “x(t) =T (a—n+1)A. However we do not know that does lim I{/; “x(t)

t—0

=T(a—n+ 1)A implies 1i1(1)1+ "% (1) = A?
—

4.1. Solvability of BVP(1.4.5)

In this subsection, we establish existence result for solutions of BVP(1.4.5) by
using Lemma 2.1. For ease expression, we denote

L(ts) = I(t5,x(1;),Df . x(15)), s € N,

Je(ty) = I (t5,x(1,), Db x(1;)), s € N,

[t) = ft,x(t), D, x(1), 1€ (t,ti41], i€ING,
M = 2Eq2(A)Eqa(2) — (1 —Eqi(1),

t,s) = (1 —5)Bp(A(t—5)%), 121>5>0,d>0,ceR,a>0, b>0.
REMARK 4.1.1. Itis easy to see that

0<e(t,5) <Eup(|A]), 0<s<t<1, ¢=0, d>0, a>0, b>0,

(t—u) <" (1,v) <Eap(|A]), ¢<0, a>0, b>0, 0<v<<u<r<1.

LEMMA 4.1.1. x is a solution of BVP(1.4.5) if and only if

m 'ea—lﬁa
x(0) == 3 | 2 B a(A)eg (117) + (1~ Eaa (1) (1)
J=1L
oo 1(1.0) La 0.0
G (1= Bt () (1,4) + Eaa(A)eg (11))]| (1)

[ a—1,a

=3 [ P Eaa(ME (1) + A (1~ Eaa(A)ega (1))
J=1L

ea—Z.a 0 B
e g (A1) + an,z@)ez,aL“(l,tjn] 1)
o—1,0
— | e PO, o (A)el%(1s) + (1 Eqa(A)eh%(1,s)]
o—2,0

a1 g (A))ehe(1,s) +Ea,zm>e&ﬁ‘<1,s>@ fu(s)ds

+ 3 eta )+ X e L)
J= J=

+ fres e (t,s) fo(s)ds, 1€ (ttin], i€ NI 4.1.1)

Proof. Suppose that x is a solution of BVP(1.4.5). By Theorem 3.1.1, there exist
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constants ¢,; € R (v € IN?, j € INZ") such that

i 2

x(1) = Zo zlcv,-eg;;";+l(t,z,,»)+ Jhes o (t,5) fe(s)ds, € (ti,tin1], i€ INZ.
J=Uv=
(4.1.2)
Use Corollary 3.1.2, we get
i 2
Bo%(t) = > zlcv,-e;;f;(z,t,-) + fheaS(t,8) fu(s)ds, 1€ (titiga], i€ INY
J=0v=
(4.1.3)

and

i i 1
DY x(t) = 'zocljeg’g(t,tj)—kl S cajel ol (1)) + /O e (t,9) fe(s)ds,
J= j=0

t € (t,t11], 1€INg. (4.1.4)

(i) From (4.1.2) and lim (1 —1)>~%x(r) = {52y, s € INY', we have
t—ty

leas = I(ts), s € INT (4.1.5)

(ii) From (4.1.3) and I3; “x(0) = I3 “x(1), we have

m 2
0= 3 3 e (L) + Iy eg (L) fls)ds
J=0v=

(iii) From (4.1.4) and DY 'x(0) = D$='x(1), we have
_ v 0,0 . & o—1,0 ) 1 0,0
Clo = lzocljeo“l(lﬁj) +2’ ‘zoc2jea,a (1,[1) + fO ea71(17s>fX(s)ds'
J= Jj=
(iv) From (4.1.4) and ADY; 'x(t5) = Ji(t5), s € INY', we get
leys = Ju(ts), s € INT. (4.1.6)

Substituting (iv) and (i) into (ii) and (iii), we have

2 m
20 = Zl cw0Ea 2 vi1(A)+ Zlfx(fj)eégg(lﬁj)

v= j=
z 0,00 1 Lo

+ .zllx(tj)eml(le) +f0 ea72(1as)fX(S)dSa
j=

m
1o = c10Ba1 () + X (1)eg i (1)) + AeaoEaa(R)

m

FA Y L(1))eb o (1,7) + Jo €25 (1,5) fe(s)ds.
j=1 '
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It follows that
0= [~ 2 BaaA)eg3(10)+ (1= Eaa (g (1) i(e)
—jgl[Ea,a(l)eg’ﬁ‘(le)+7L(l—Ea71(7t))eg7_al’a(l,tj)}lx(tj)
1o Baa(M)eg(1,5) + (1~ Baa (D)Ll fls)ds] . @17)

and

e = [~ 210 -Bar ()3 (10) + Eaa MG (1))

= 3 (1~ Eaa ()l (115) + ABaa(A)e o (1) 11

— (1= B 1 (A))eh4(1,5) fuls)ds + Eq2(A)e2%(1,5)] fx(s)ds]. (4.1.8)

Substituting (4.1.5), (4.1.6), (4.1.7) and (4.1.8) into (4.1.2), we get (4.1.1). On the
other hand, if x satisfies (4.1.1), we can prove that x is a solution of (1.4.5) by direct
computation. We omit the details. [

Define the nonlinear operator 7 on X by
o—1,0

10(0) = = 8, | (A)ef5(1.0)+ (1~ B (A1)

2% 0)

a0 g (A))el% (1) +Ea,2<z>e&?f<1,rj>}] )

-3 [egﬂl,‘;(’m [Eoo(A)e% (1,17) + A (1~ Eq1(A))ela* (1,1)
L (1~ B (A (16) + ABaa(W)ela (1.0)]] )
- 0 B o A)el5(1.5) (1~ By ()1
(1~ B (A)el5(1.9) + Bua (M)l (1.9)]| £6)as

+ 3 )+ 3 o)

+hen o M (1,5) fe(s)ds, 1€ (1], i€ IND.

Denote

M, = [mEaﬁa(k)+rrAi[(1—Ea~1(7L))+m(1—Ea‘1(7LAZI)+mEa~2(7L) +m} A

+ |:mEa‘a(7L)+m]$(1*Ea,l(l)) + m

(17Ea’1(l33[+mlEa#2(M +m] A
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_Ea‘a(l)‘k(l*Ea,l(l)) + (lea,l(l))JrEa#Z(l) +B(l+1 k+ 1):| B(l+1 k+ l)af
M ’ ) I

M
(1-Eg1(2))

+

Eoo(A)+ m(1=Eq (1)) +mE g2 (A)
M

_|_

[ mEq.a(A)+mA(1-Eq1(4))
M

5
I
3

+ m:| BJ

+ m(l—Ea~1()L;3[+m)LEa‘2(7L) +mi| BI

(1=Ea1(2)+Ea2(2)
M

+ o+

[Eq,a(A)+(1-Eq1(2))
M s +

"AiI(I*Ea,l(l)) + m(liEa#l(AAZI)erE%Z(A) +m:| CJ

[ MEg,o(A)+mA(1-Eq (1)) _,_m(l_Ea.l()L))"‘m)LEaZ( )
M

+B(z+1,k+1)]B(l+1,k+1)bf,

Eo.a()+

5
I
s

+m} C]

M

+ o+

_Ea‘a(l)JrS\;*Ea,l(l)) + (1*Ea,l(l))+Eaﬁ2(l) +B(l + 1,k+ l)] B(l + 1,k+ l)Cf

THEOREM 4.1.1. Suppose that there exist nonnegative constants [, ay, by, cy,
Aq, By, Ci, Ay, By, Cy such that

u v
u k1 )l
(1 e e )| <l e,
t € (ts,t541], s €INY, u,v€IR,
u v
u u m
"(*’ox—zs_l)za’m—ts_l)zﬂw) SAEBME G, s €I, wy R,
u v
u u m
’J<ts’(t5—t,I)Z—Q’(ts—ts1)2+P—0‘) <A;+Bjlu* +Cyv*, seINY, u,veR.
(4.1.9)
Then BVP(1.4.5) has at least one solution if
u<l or u=1 with Mpy+M3<1 or
(4.1.10)

M # M
> 1wt My (M M3) (e ) < ot

Proof. Let T be defined above. By a standard proof, we know that 7 : X — X is
well defined and T is completely continuous. By Lemma 4.1.1, we know that x € X is
a solution of BVP(1.4.5) if and only if x = Tx. So we will seek some fixed point of T
in X by using Schauder’s fixed point theorem.

By the definition of 7" and and the method used in the proof of Corollary 3.2.1,
we have for 1 € (f;,;11] (i € IN') that

)
DR (T2)(1) = = 3 |42 B a(R)eg (1) + (1~ Baa ()G (1,1)]
gap:l *(1,0) Lo 0,0
+ 2l (1= Eo1(2))eg 5 (117) + Ean(A)eg (11))] | (1))

m [ ,0—p— 201([0)

— ¥ | B ()€l (11) + A(1—Eq 1 (A))ef o (1,17)]
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eail)iz’a(t,o)

22 L [(1— Eg (2))eg ( (1,25) +1Ea,2(l)€gul’a(1»tj)}] L(t})

a—p—l‘a(t 0)

— fo | B a(A)eg(1,5) + (1 —Eq1(2))eg (1,5)]

P e (1,0)

+%[(1—Ea,1(l))ei’g(1,S)fx(S)dS+Ea,2(l)€%ﬁ‘(1,S)]} fe(s)ds

a—p—1,o ! a—p—2,0

+ X Caa—p (GIIG) + X €qqmp T (01)LE)
Jj= Jj=

+ foea s, A (t,s) fils)ds. @.1.11)

By assumption in this theorem, we know

PRV (t—t5)>TP=ODP, x(t)
}f (t7x(t)7Dg+x(t)) | = 'f <t7 (t(,t;)ts)Z—oSt) ) (17[3)2+p£); ) ‘

< [af+bf (¢ — )2 %(e)|* + s | (¢ —ts)2+1”°‘Dg+x(t)|”} (1= 1)
< ap+by|lx||* +cpllx||M] (1 —1)!, 1€ (ts,t541], s€ING,
| (25, x(ts), Db, x (1)) | < Ar+Bi||x|[* + G| |x|[*, s € INT,
|/ (2, x(t), Db x (1)) | < Ay +By|lx|[* +Cyllx||*, s € INT. (4.1.12)
Hence for 7 € (#;,1;41], use Remark 4.1, and (4.1.12), we have

(t=1)>~*|(Tx) ()|

m ea—l.a :
- 8 | B (A€l 0.0) + (1~ Baa ()51,

= (t—1;)>“

oa—2,0 LO)

y et —Ea,M))eé;z(l,t,-)+Ea,z<x>e2;?f<1,zj>1} (1)

o—1,a m
1 le"‘“T(”o)[Ea a(R)egd(1,t) + le(l —Eq1(A))eaa *(1,1)]
J=

51 B (A (1,1) + ABaA e (1.0 1)
oa—1,0
- [0 O 0 A)el51.5) + (1~ Bt ()51
eg;fff(t,())

et g (A))ehe(1,s) +Ea,zm>e2;f1‘<1,s>1} fo(s)ds

i i
+ -21 g (1,0)) () + -21 el () Lt) + [ eda (2,5) ful(s)ds
J= J=

mEq. o (A)+m(1—Eq (A m(1—Eqy 1(A))+mEg2 (A
< [ Eo .o )+M(1 Eg,i( ))+ (1-E ‘1(13[)-*- Eoo( )} [A + Byl |x|[* 4 Cy| x| [4]

1—Eq 1(A))+mAEy2(A
( 1 331+ 2 )} A

+ = 1+ Bi||[x[|* + G [x|[#]

+ [mEa.or (A)er]&[(l*Ea#l (1))



PROBLEMS FOR IMPULSIVE FRACTIONAL DIFFERENTIAL EQUATIONS 57

+ 1o $1[Baa(A) + (1= Equ(A)] + (1~ Eq1(2)) +Eap(A)]] (1 - s)'ds
+m[A; + By ||x|[* + Cy|x|[*] + m[A; + By ||x||* + Cr||x] [H]
tJy [y +byllxl[# 4+ cpllxl[#] s*(1 —s)'ds
= [Eealy i3 | UFar G Ee®)] [y
- ! 3

_|_

[mEa,oc (A)+mA(1-Eg1(4))
M

7+ Byl X [* + Cy[x][M]

1-Eq 1 (A AE 2(A
- R (Rt )] [Ar + Bi| x| " + Gy || |“]

(1-Eq1(4))+Eq2(4)
1) Ry }B(

+

+ | CRaa®) L4+ L k4 1) [ag + byl x|[ + el x][#]

+m[Ay + By x| [* + Cy|x|[*] +m[A; + By |x|[* + Ci| |x[|*]
+ [ar+bysl|x|[* +crllx|[*] B+ 1,k+1)
= M + My ||x||* + M;]|x]|*.

Similarly for ¢ € (¢;,#;11], using Remark 4.1, we have
(t—1)**P~%|Dg, (Tx)(1)]

g eg:xp:pl’a(f:o) La 0,0
- 21 e [Eaa(A)ey 5 (1,1)) + (1 —Eq1(A))e, 5 (1,1))]
j:

< (t _ ti)2+p_a

o—p—1,0

el s 00 g (A))ehS(1,) + Eqa()el (Lt;)]} ()

ocfp—ZA,a(t.O)

~ gl [%[Ea,a(x)egﬁ(l,t,)mu —Eq 1 (A))el % (1,1))]
P

eocfp—ZA,a([?O)

e (1 - Eaa (A))eg (1,1)) +zEa,2<x>ezt=“<1,z/>}] L(t))

o—p—1,0

_p [MJ[Eaﬂ(x)ng(l,sH(l B (A)e2%(1,5)]

2P 2% 0)

+ B (1 B 1(2)eg 5 (1,5) fi(s)ds +Ea,2(7t)622ﬁ(1d)]} fe(s)ds

L a—p1, L ap-2, -p—1,
+ zleg7a{p ) (t) + ‘zleg7a{p7()1‘(l‘,tj)lx(tj)+f(§ oot p " (1,5) fx(s)ds
J= J=

< Np+ No [ [+ N3 [[x] 9.

It follows that
|1Tx]] < My + Mol |# -+ Ms] [l 4. (4.1.13)

We consider the inequality M) + Mprt + Mart < r.

(i) If u €0,1), it is easy to see that there exists sufficiently small ry > 0 such that
M, +M2rg +M3rg <ro. Let Qo={xe X :||x|]| <ro}. Itis easy to see that TQy C Q.
Hence Schauder’s fixed point theorem (Lemma 2.1)implies that 7" has fixed pointin X .
This fixed point x is a solution of BVP(1.4.5).



58 Y. L1U AND X. YANG

(ii) If p =1, we choose ry > H‘Zilsz Let Qp={xe X :|x|]| <ro}. Itis easy
to see that 7Qy C €. Hence Schauder’s fixed point theorem (Lemma 2.1)implies that
T has fixed point in X . This fixed point x 1s a solution of BVP(1.4.5).

(iii) If u > 1, we choose ro—m Let Qo={xeX:|[x|]| <ro}. By

M H M
My + (Ma + M;) (7@71)(&2%)) S @O0naTE)

it is easy to see that 7Qy C €. Hence Schauder’s fixed point theorem (Lemma 2.1)
implies that 7' has fixed point in X . This fixed point x is a solution of BVP(1.4.5). The
proof is complete. [

THEOREM 4.1.2. Suppose that there exist constants My > 0, M; >0, M; >0
such that

‘f(u = “)2 2 s H,, a)’ My, te€ (titiv1], €N, u,velR,

)I(t.\'a (ts—t5 u1)2 @ (=1, 12+p or)) MI7 SEH\I M,VEIR,

—t_ 1)2 o tr to_ 12+p o

‘J(t_y,t i )' M;, seINT', wuyveclR

Then BVP(1.4.5) has at least one solution.

Proof. In Theorem 4.1.1, choose ay = My, by =cy =0, A;=M;, Bi=C; =0,
Ay =My, By=C; =0 and u = 0. Then assumptions in Theorem 4.1.1 hold. The
result follows from Theorem 4.1.1 directly. [

4.2. Solvability of BVP(1.4.6)

In this subsection, we establish existence result for solutions of BVP(1.4.6) by
using Lemma 2.1. Denote

fe(t) = f(t.x(1),Dl x(t)), 1€ (ti,tin1], 1€ING,
L(t) = I(t_y,u(ts),Dli x(ty)), seINY,

s—1
Jx(t.\') = J(’s;”(l‘.\')aDﬁr x(ts))a RIS H\IT

s—1

LEMMA 4.2.1. x is a solution of BVP(1.4.6) if and only if
[0 (Lt o) + L €05 (1) £u(s)dls] €5 0,0)

(48t altm) + €5 (Lt Ee(tn) + 1 €5 (1,5)fi(5)ds | €6 75(1,0)

x(1) = 4 fEed U (1,9) fuls)ds, 1€ (t0,1],
e () L(t) + e (1,1:) (1)

+[lel o A (t,s) fels)ds, 1€ (1], i€ N
(4.2.1)
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Proof. Suppose that x is a solution of BVP(1.4.6). By Theorem 3.1.1, there exist
constants ¢,; € IR (v € IN}, j € IN{') such that

x(t) = z Cvi€y ot (1.1) + [l eGa “(1.8) fe(s)ds, 1€ (ti1s1], i€ INY. (4.2.2)
By Corollary 3.1.2, we have

[e2
DE%x(t) = X cvieg o 5 (1) + i ea, oA ,s) fo(s)ds, 1€ (t,6i1], i€ N

i v=1
(4.2.3)
and

I"%x(t) = 2cwea3 A1)+ [l egS(ts) fe(s)ds,t € (1], i€ING.  (4.2.4)

(i) From I3 “x(0) = If;“x(l) and (4.2.3), we have

€20 = 2 Cvmei3 V(l trn)"'j; (lxaz(l s)fx( ) (425)

=1

(ii) From Dg; 'x(0) = Dﬁ:lx(l) and (4.2.2), we have

cl0 = clmeg’ﬁ‘(l,tm) + f,i eggﬁ((l,s)fx(s)ds. (4.2.6)

(iii) From lim (t —1,)> % (1) = r’*(”(é)) s € INT" and (4.2.2), we have
t—>té

cas =Li(ts), s€INT. (4.2.7)
(iv) From Dgflx(ts) =Jy(ts), s € INT" and (4.2.2), we have

c1s = Jy(ts) (s € INT). (4.2.8)
Substituting (4.2.7)—(4.2.8) into (4.2.5) and (4.2.6), we have

c20 = Je(tm)eg e (Ltm) + Le(tm)eqe_ (1,tn) + [} €5 (1,5) fi(s)ds
c10 = Jultm)es S (Ltw) + fiL e (1,5) fu(s)ds.

)

Substituting all ¢y, into (4.2.2), we get (4.2.1). One the other hand, we can prove that
x is a solution of (1.4.6) if x satisfies (4.2.1). [

One can define nonlinear operator on X and establish existence result for BVP(1.4.6)
by using Lemma 2.1. The details are omitted.



60 Y. L1U AND X. YANG

4.3. Solvability of BVP(1.4.7)
In this subsection, we establish existence result for solutions of BVP(1.4.7) by
using Lemma 2.1. Denote
8x(t) = g(t.x(1),“DE.x(1)), 1 € (tistin1], i €ING,
Li(ts) = I(t5,x(15), D x(15)), s € INT,
Tx(ts) = J(t5,x(t5), D x(t)), s € INY'.
LEMMA 4.3.1. x is a solution of BVP(1.4.7) if and only if

x(t) = 'ZO {63’01‘(1711)7 (tj) +ea 2(1 tj) ( )+fleg Ocl a(lvs)gx(s)ds] egg(tvo)
j:
m —
3 [ed L) Tu) + €T | + I €51 9)ge()ds] 5(0.0)
3 [T + eS|+ hd (. 9)as)ds,
j=
t € (ti,tiy1]), 1€ING. 4.3.1)
Proof. One sees for 1 € (t;,ti11], i €INJ', 0 € INS_l that
(o)
Tt oty
wamwmwmwﬂ[z%%%ﬂ
(t=5)""Eqr—oc+1(A(t—5)%), o<V,
At =5)*"""Eq g grvr1 (At —5)%), o>
Suppose that x is a solution of BVP(1.4.7). By Theorem 3.2.1, there exist constants
cyj €R (veIN], j € INY) such that

x(t) = zo z cvjenss  (0,1)+ i eta ¥ (t,5)gx(s)ds, 1€ (ti1is1], i €N
J=0v=0
(4.3.2)
It follows that
i
2 cojEo (A(r—1;)%)
J=

+[f6(f—5)°‘*1Ea,a( (1 = 5)*) fx(s)ds]

= 3 [eorelia () evse0.0) + i el 1 9)sa(o)ds,

X(t) =

é c1j(t —1;)Eqa(A(1 —fj)"‘)]

t € (t,tiy1], 1€ING.

(i) From x(?)(0) = x(°)(1), o € IN},, we have
2% V=0, (] nl PO (]
Co0 = 20 Z i€y airor1(1) + ZGCVJea,vfaJrl( 1)
J v=
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+f01 gaoola(hs)gx(s)ds, GEINgil.
(i) From Au(ty) = I.(ty), Au'(t)

g) =Jx(ts), s € IN"', we have ci; = Ji(t5), co5 =
L (1) for s € IN7". Substituting cg; into (4.3.2), we get

(4.3.3)

m

o = 3 7200 (1,4) + Tei5)eg3(01,0)] + Ji i (1, 9)auls)ds,

m

clo_jgo[umez;“(l )+ L) (1)] + Jy €l (1 9)g(s)ds.

Substituting all ¢4 into (4.3.2), we get (4.3.1). On the other hand, we can prove
x is a solution of BVP(1.4.7) by direct computation if x satisfies (4.3.1). O

One can define nonlinear operator on X and establish existence result for BVP(1.4.7)
by using Lemma 2.1. The details are omitted.

4.4. Solvability of BVP(1.4.8)

In this subsection, we establish existence result for solutions of BVP(1.4.8) by
using Lemma 2.1. Denote

(1) = glt,x(1),°Dl x(1)), 1 € (ti,ti1], 1€ING,

Jo(ts) = J(ts,u(ty), CD? x(ty)), seINT,

s—1

Li(ts) = 1(t5,u(t;), Dy x(ty)), s € INT.

—1

LEMMA 4.4.1. x is a solution of BVP(1.4.8) if and only if

€o,o

[T (L) + Tt 5 (1tm) + 1 e (1, 5)gu(s)dls] €51 4,0)
[Jxo(t,)eg S (Lt Tt ()55 (L) + ) 2 2%(1,5)gx(s )ds} eh%(1,0)
x(1) = +Jhes(1,5)g(s)ds, 1€ (0,11],

T (t,) (t t,)—|—] (t,) (t t,)—|—fteg ala(t,s)gx(s)ds,
t € (ti,tir1), 1€ INg”.

(4.4.1)
Proof. Suppose that x is a solution of BVP(1.4.8). By Theorem 3.2.1, there exist
constants ¢,j € R (v € INZ™!, j € IN?') such that

x(1) = coie al(l 1)+ clie Con (bl +/ oo (t,8)g(s)ds, 1€ (titiy1], i€IND.

(4.4.2)
Then

t
¥ (1) = corel o (1,1) + 1€, z,)+/eg;°;(t Sex(s)ds, 1€ (tntin], i€IND.
1

(4.4.3)
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(i) From u(®)(0) = u(®)(1), j € IN} and (4.4.3), we have

1
co0 = coieg (1tm) + crieg S (Ltm) + | efa “(1,5)gx(s)ds,

tm
c10 :col-eg’_al’a(l,tm)—i—cuegﬁ‘(l,tm)—k/ gazof(l 5)gx(s)ds. (4.4.4)
, .

(i) From u(ty) = Ji(ts), u/(t;) = L:(t;), s € IN{ and (4.4.3), we have co; =
7,((1‘5)76‘“—1( )

Then
Co0 = Z 7X’V(ti)egi_1v-:vc—’g+l 1 tm Z cho- g+1(l7tm)
v=0 v—0
1
+ | ehol s % (1s)gx(s)ds, o€ INj.
Im

Substituting all cg; into (4.4.2), we get (4.4.2). On the other hand, we can prove x is a
solution of BVP(1.4.8) by direct computation if x satisfies (4.4.1). U

One can define nonlinear operator on X and establish existence result for BVP(1.4.8)
by using Lemma 2.1. The details are omitted.

4.5. Solvability of BVP(1.4.9)

In this subsection, we establish existence result for solutions of BVP(1.4.9) by
using Lemma 2.1. Denote

Jix(t) = fi(t,x(2),Dy. x(1), t € (ti,ti11], i€ING,
Lix(t) = L (85, x(ts), O+x(t ), s€INT,
Jualt) = Jy(15,3(05), D x(1), s € INY.

LEMMA 4.5.1. x is a solution of BVP(1.4.9) if and only if

x(r) = M § et h (L)) + z Carpp )
% éoegfl;igﬂ(lﬁjﬂlx(tj) + % él egigﬁ(l 1)1k (2))
+jélegjg;+=°,§+ﬁ(t 1)J1(1;) + F*Elﬁf:l Joeals B (1u) frelw)du
+1‘€E+fl et ph (L) frelw)du+ [ eg B 5™ ) frou)du

t € (titiv1], i€INy. 4.5.1)
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Proof. Suppose that x is a solution of BVP(1.4.9). By Theorem 3.3.1, we know
that there exist constants c;,d; € IR (j € IN') such that

x(t) = iod.,»a — )P By 5 5 (At — 1))

+ z ¢t = 1) BB g g g1 p (A1 — 17)%F)
Z
=) P B o p (A — )P (), 1 € (], i€ NG

By Corollary 3.5.1, we have
Iy Px(0) = % diBarpa (A =1)"P) 4 X it =) Barp i (= 1))
Jj= Jj=
—l—fé(l—u)aEa+ﬁ7a+1(?L(t—u)a+l3)f1x(u)du7 t e (titiy1], i€INY.
(4.5.2)
Dpixlt) = X ¢t =1)" By oAt —1)"*P)
P
+ f5(t =) By g o (A —uw)*P) fix(u)du, 1€ (t,101], i€ INY.
(4.5.3)
1o “Dpx(t) = X ¢/Barip a2 —1,)*)
J=
+ o EBoip i (At —u)* P fro(u)du, t€ (titirg], i€INg. (4.5.4)
(i) From Ié;ﬁx( )= é+ ﬁx( 1) and (4.5.2), we have
do = ZOdanw,l(?L(l —1))*F) + Zocj(l —1))"Eq i p a1 (A(1—1;)%F)
Jj= J=

+ o (L= ) By g o1 (AL = u)*B) fi(u)du. (4.5.5)

(ii) From 1,7DP, x(0) = 11-¢Df x(1) and (4.5.3),
co= ZOC,,'EaJrﬁ,l(l(l —17)% )+ [ Bgip i (A1 =) P) fir(u)du.  (4.5.6)
J=

I (I&x([s)nger(ts))

(iii) From lim (t—t VBx(t) = (i)

t—ty

Lix(ts) (s €INT").
(iv) From lim (t —1)!- O‘D§+x( )=

-ty

cs =Jik(ty) (s €INT).

, s €INT" and (4.5.3), we get dy =

Jy(ts ,x(ts),Dg L x(ty))

(@) , s € INT" and (4.5.2), we get
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It follows that

0 = T, [Zlflx(tj)an,l(/1(1—11)“+ﬁ)+f01Ea+ﬁ,1(/1(1—”)“+’3)f1x(u)du ;
1| A

do = m [Elllx(fj)Eaﬂxl(l(l —1;)**P)
+ IZOJIX(IJ')(I _tj)aEa+/3,a+1()L(1 _tj)a+ﬁ)
=

+Jo (1 =) "B i g g1 (A (1 —10)*P) fi (u)du| .
Substituting c;,d; into (4.5.2), we get (4.5.1). On the other hand, we can prove x is a
solution of BVP(1.4.9) by direct computation if x satisfies (4.5.1). U

One can define nonlinear operator on X and establish existence result for BVP(1.4.9)
by using Lemma 2.1. The details are omitted.
4.6. Solvability of BYP(1.4.10)

In this subsection, we establish existence result for solutions of BVP(1.4.10) by
using Lemma 2.1. Denote

flx(t) = fl(t7x(t)7DZ_+x(t))’ re (ti7ti+l}7 i€ mgqa

le(ts> = Il(tS7x(t.\')7D;1+ x(ts))a s e H\]rlna
s—1
Jix(ts) = (t_y,x(ts),Df_+ lx(ts)), s € INT.

LEMMA 4.6.1. x is a solution of BVP(1.4.10) if and only if

e 5% P 100 B (1) (tm) +eb, 5P (1,0)e% 5P (1, 1)1 (0m)
teg B ois P (1,0)e0 R (1) (i)
+eb LGP (1,0) L Xt (1, u) s (u)du
()= +eih %P (1,0) ) en iR (1u) fie(u)du
 Jo B L ) fia(w)du, 1€ (10,11,
le(li)eg;£7%+ﬁ (t.1:) +Ju(ti)egig;i°,ﬁ+ﬁ (t.1:)
+ i egig;ﬁw(nu)ﬁx(u)du, 1€ (ti,tis1], i€IND.

(4.6.1)

Proof. Suppose that x is a solution of BVP(1.4.10). By Theorem 3.3.1, we know
that there exist constants c;,d; € IR (j € IN') such that

x(t) =di(t —t:)P "B p g (A(t —1:)“TP) + it — 1) P By g oy p (A (1 — 1) %FP)
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+ L= w) " P E g p i g (A —u)*P) fic(u)du, 1€ (ti,1i1], i€ INE.
(4.6.2)

By Corollary 3.3.1, we have
I'7Px(t) = diByp (At —1)%7P) + it — 1) B g g1 (A1 — 1) % 7P)

+ [t =) Boip gt (At — )P fic(u)du, 1€ (t,141], i€ NG
(4.6.3)

§+x(t) =ci(t—1:)* "Eqip (Al — 1) *F)

0" B o (A~ ) ) ), 1€ (], € ING.
(4.6.4)

I7DR (1) = B g (A~ 1) P) - [[Eq g1 (A — ) P) fiy(u)du,
t € (titiv1], i€ING. (4.6.5)

(i) From [ ﬁ x(0) = Itlfﬁx(l) and (4.6.2), we have

do = dea+/3,1(l(1 _tm)oH_ﬁ) +Cm(1 _tm)aEaH},a-&-l(l(l _tm)oH_ﬁ)
 Jon (1= 1) B g gt (A (1 —10)**P) fii(u)du. (4.6.6)

(ii) From 1,-*DP. x(0) = I;W{O‘Dgx(l) and (4.6.4),

¢0= cnBoip i (A(1—1)B) 4 [LEq 5 (A1 —w) ™) iy (w)du.  (46.7)

I (I&x([s)nger(ts))

(iii) From 1im (r —1,)!~Px(t) = )

1—lg

Lix(ts) (s €INT").
(iv) From hm( )1~ O‘D§+x( )=
= ls) (5 Tp)
It follows that
c0 = Jixtm)Eoryp 1 (A1 = 1) P) 4 [} gy p 1 (A (1= 0)*P) f1(w)du
do = Tix(tm)E e .1 (A (1= 1) *™P) + J1c(6m) (1= 1) "By p o1 (A (1 = 1) *FP)

+ J (L= ) "B p g1 (A (1= )P fi () du

Substituting cy,d; into (4.6.2), we get (4.6.1). On the other hand, we can prove x is a
solution of BVP(1.4.10) by direct computation if x satisfies (4.36). O

, s €INT" and (4.6.5), we get dy =

Jy(ts ,x(ts),Dg L x(ty))

(@) , s €IN}" and (4.6.5), we get

One can define nonlinear operator on X and establish existence result for
BVP(1.4.10) by using Lemma 2.1. The details are omitted.
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4.7. Solvability of BVP(1.4.11)

In this subsection, we establish existence result for solutions of BVP(1.4.11) by
using Lemma 2.1. Denote

ge(t) = g1(t,x(t),“DE.x(1)), 1€ (ti,tiy1], i€ ING,
L(ts) = T (ts,x(t5), "D x(15)), s € INT',
Jix(ts) = T1(t5,x(t5),“DE x(t)), s € INT.

LEMMA 4.7.1. x is a solution of BVP(1.4.11) if and only if

x(1) = L (1,0) $ LB (1T >+é LB T(e)
J

o+f,1 0 o+f,1 a+ﬁ 1
ati ) § WA () Dap o>§ LB (L) Tnley)
T CutBl 20 T(B+1) Y1x CatBp+1 Cotpa\toli))1xl]
; 0a+/3 i
U )] i o _
- X T (r) + P eulppn(tH))
0,0+ no00 - eg’fgﬁ(’vo) < 0.+ 7
teyip, 1, 0)120 o+B, /3+1(1,tj)11x(tj) - Wjéoeawﬁl(l’tj)hxm)
0a+,B
g U0 0L (g ()t e3P (1,0) f3 €8T LA (1, u)gy, ()
0,
+e0 Ui (0) o et 5 %P (Lwgr(w)dut [ el h LGP (1 u)grs(w)du,
t € (titiv1], i€ING. 4.7.1)

Proof. Suppose that x is a solution of BVP(1.4.11). By Theorem 3.4.1, we know
that there exist constants ¢,,d, (v € IN{', u € INj') such that

x(t) = Zodanm,l(?t(t—tj)"‘*ﬂ) + ZOCanJrﬁ,ﬁH()L(Z_tj)aJrﬁ)
J= J=

+ f5(t =) PE g g o p (At — ) P)gic(u)du, t € (ti,ti11], i€ N,
4.7.2)

Then
DPx(t) = ¢.E At —1)0B
Dy x(t) Zoc, arp1 (At —1;)%F)
Jj=

+ [o(t =) * By p o (A — 1) P)gr(u)du, € (1], i€ NG
(4.7.3)

(i) From x(0) = x(1) and “Df. x(0) = D, x(1) and (4.7.3), we get

ot iy = 8 dBarpa (A1) )+ 3 ciBayppa(h-1)")
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+Jo (1=1)* Py o p(A(1 =) P g1 (u)du,

0= X ¢/Barp1(A(1- 1))+ Jo (1= 10)* B p o (A (1 —u)* P )g1a(u)du.
=

(ii) From Au(ts) =T1(t;) and A°DE x(15) = 71, (1;) and (4.7.3), we get ¢ =T 1. (t,)

«(ts) a
and d; + r(/3+1) = I,(t5). Thus

Cs = 71x(ts)7 ds = 7lx(ts) e s € Iern

Hence

- 7 M By g (A(1-t)*tP) -
do = EOEM[”()L(I — 1)) )1 (t) _,éo H“F(TI)JJIX(IJ')

+ X Earppri((1 —1;)*P)T1a(t5) — v X Eoipa(2(1 = 1) )T 1a(t;)
Jj= Jj=
YGES) Jo (1= Epip o(A(1—1)*B)gy (u)du
+Jo (=) BE g g o p(A(1—u)*+P)gy(u)du,
co = Zojlx(tj)EaJrﬁ,l(l(l —tj)‘”ﬁ) + fol(l — u)“_lEa+ﬁ7a(7L(l — u)“+/3)g1x(u)du.
j:

Substituting ¢, d; into (4.7.2), we get (4.7.1). On the other hand, we can prove x is a
solution of BVP(1.4.11) by direct computation if x satisfies (4.7.1). [0

One can define nonlinear operator on X and establish existence result for
BVP(1.4.11) by using Lemma 2.1. The details are omitted.

4.8. Solvability of BYVP(1.4.12)

In this subsection, we establish existence result for solutions of BVP(1.4.12) by
using Lemma 2.1. Denote

gix(t) = g1(1,x(t),“ D, x(1)), 1 € (ti,tiv1], i €ING,
Tlx(ts) I (ts» (s) CD:1+ lx(ts))» NS IN’1n7

Jix(ty) = Ty (tg,x(¢ (‘)’CD;]DX(IS))’ s € INT.
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LEMMA 4.8.1. x is a solution of BVP(1.4.12) if and only if

0a+/3(t 0) 0.a+ﬁ(l tm)

0, 0, = o egpg(Lim) =
eai‘ﬁ(t 0)e aigq(l,tm)lu(tm)_ +B.1 (ﬁ+41r§31 T1e(tm)

0 a+/3 (t 0) 0, a+ﬁ(1 fm)

0, 0, 57 a o
e g (600G (L im)Trltm) = “P T o)

0 a+,B

+eg’$g%+1(f O)egzgli(l tm)jlx(tm) aﬂ/}}:.l ftl Z+}50;+ﬁ(lau)glx(u)du
x(t)=1 +e O(Hﬁ(t 0) ftl a+p- 1OHrﬁ(l,u)glx(u)du

oc+/3 1 m oc+/3 o+
0, 1, 1,
et i1 (50) [ €6y o P (Lugr(wydu + [} e th LGP (1, u)gr(w)du,
t € (to, 1],
0atp,, 7 Coipn(th) 5 0.0+B 7
€a+l3 l(l li)le(li) — W]]x(li) +ea+[3,/3+1(t7ti)‘llx(ti)

+J; Zig O:’Erﬁ(t,u)gl,((u)du, 1€ (titiy1], i€INT.
(4.8.1)

Proof. Suppose that x is a solution of BVP(1.4.12). By Theorem 3.4.1, we know
that there exist constants ¢,,d, (v € INj, u € INjj) such that

xX(1) = diBg g1 (At —1)*P) +ciBoip gt (A (1 —1)**P)
+ L =) P By p oy p(A (e —w)* Pgic(w)du, 1 € (6,101]), i€ ING.
(4.82)

Then
Dl x(t) = eiBoyp 1 (At —1)4P) - [ (1 — 1) % B o (At — ) P)g 1 (u)du,
t € (t;,ti41], 1€INY. (4.8.3)
(i) From x(0) = x(1) and D}, x(0) = °DP.x(1) and (4.8.2)-(4.8.3), we get
do+ 5y = dnBarpa(A(1=10)*P) + coBorp pra(A(1—1m)**P)
+ o (L=w)* P B g o g (A(1— ) P) g1 (w)du,
c0 = cmBorp 1 (A(1—t)* )+ [ (1=)* "By pp o (A(1 =) P)g 1 (w)d.

(ii) From x(z, ) =T1a(t) and DB, x(15) = T1.(1;) and (4.8.2)(4.8.3), we get ¢, =
Jix(t) and dg + r(/s+1) = I1,(t;). Thus

Hence

do = (Tretm) = 525 ) By 1 (A (1= 1))+ Tt B p 1 (M (1= 1) HP)
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—mju(tm)Eaﬂm(l(l — 1) *P)
— 1) o (1= 1) By p o (A(1 = u)*P)gy () du
+ (L= P1E g o g (A(1—10)*P) g1 (u)du,
¢ = Tialt) Bt (A1 — 1)) 4 1 (1= 0)* "B p o (A (1 — )%+ B) g1, (u)du.
Substituting c;,d; into (4.8.2), we get (4.8.1). On the other hand, we can prove x is a

solution of BVP(1.4.12) by direct computation if x satisfies (4.8.1). [

One can define nonlinear operator on X and establish existence result for
BVP(1.4.12) by using Lemma 2.1. The details are omitted.

5. Solvability of BVPs for higher order IFDEs

In this section, we establish existence results for BVP(1.4.13)-BVP(1.4.15). These
boundary value problems are generalizations of BVPs for higher order ordinary differ-
ential equations which have been studied by many authors see [1].

5.1. Solvability of BVP(1.4.13)

Now we establish existence results for solutions of BVP(1.4.13). We suppose
that f satisfies that u — f(¢,u), u — IL(ts,u) are continuous functions, r — f(¢,u)
is measurable on (7;,;41] (i € INjy) for all u € IR and there exist constants k > —1,
I € (—1,0] such that |u| < r implies that there exists a constant M,,M,; such that
|f(t,u)| < M.t*(1—1)" for almost all # € (0,1) and |/;(ts,u)| < M, forall i € INJ.

Denote
1
moy Y
I R
M=mijwo=| g mg m 0 0 |
R ) L
T(2n) T(2n—2) T(2n—4) T(2n—0) NE)
1 0 0 0 -0
1
oo, Y0
N: (n,'7j)n><n = W 1-—) 1 O 0

.
)]

I I I L
T(2n—1) T(2n—3) T(2n—5) T(2n-7)

Then [M| = |[N| = 1. One has for a determinant |a; j|,x, that

n

. “1

i jlnxn = X Gin—jAin—j, JEING ",
=1

=

where A; ,—; is the algebraic cofactor of a; ;.
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Suppose that |a; j| < 1. Itis easy to show that
Aipjl < (n—1)1=T(n), ie NIk jeNi—l

Then
My My M3y My -+ My
Mz My M3y My -+ My
M™'=M*=| M3 Mys M3z Myz -+ My3 |,
Mln M2n M3n M4n Mnn
Ni1 Naip N3p Nap -+ Ny
Nip Ny» N3 Nag -+ Ny
N'=N*= | Ni3No3 N33 Naz -+ N3 |,
Nln N2n N3n N4n Nnn

where M;; and N;; are the algebraic cofactors of m;; and n;; respectively. M* and
N* are the adjoint matrix of M and N respectively. We know that [M;;| < T'(n) and
INijl <T(n).

LEMMA 5.1.1. Suppose that u € X. Then x € X is a solution of

0+x(t) fll( ) IS (t-\'ats+l}7 NS INgla
x?)(0)=0, ieINg!,

5.1.1
X(Zj)(l) =0, ]'GIN871 ( )
Ax(j)(ts) Ijx(ts) J EINzn 1, SEINYI"
if and only if
n=ln=1,4, = m 2n—1 1t )vfz(nfl—j)l () 20
x(t :_z z J+‘1nz z z ( w vu wterl
(t) 2o 2T 2y 2 T )
noln-1 ya-20n-1-j)-1
n—i l i
3 rjztl+2 fo l"(i sy Juls )dst? !
i=0 j=0
s 2n—1
£33 )+ g s, (€ ], s €N,
w=1 y=
(5.1.2)

Proof. Firstly we prove that x satisfies (5.1.2) if x € X and x is a solution of
(5.1.1).
Since u € X, there exists r > 0 such that

||lu|| = max< sup |u(z)|, sup |CD ult) p <r. (5.1.3)
1€(0,1] 1€(0,1]
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Since f is a Carathéodory function, there exist constants A,y > 0 such that
|f(tut))| <A pP(1—1), 1€ (ty,t1], s€INj. (5.1.4)

Similarly, since /; is a discrete Carathéodory function, there exist positive constants
Arps20 (seINY, j€ IN%”_l) such that

|1 (15, u(ts))| < Arg s (5.1.5)

Suppose that x € X and x is a solution of (5.1.1). By Theorem 3.2.1, we know that
there exist constants ¢,; € IR such that

s 2n—1 1

x(t) = 20 v l"Lv]Jtl (t—t,)" +f0 fu(s)ds, 1€ (tg,t41]), s€INJ.
(5.1.6)
By Definition 2, we have
s 2n—1
g+x(t) PINDI vy Il Ry F f,,( s)ds, t € (tg,t541], s € ING,
w=0v=f
) s 2n—1 . v yo- j-1
@)= 38 =0 + S fu(s)ds
w=0 v=j
1€ (ty,tsr1), s€IND, EIN2"1 (5.1.7)
We have
LR Fuls) (5)ds| < Avp fy Upilmsr (1= s)1ds
< rff() 7+q lS Pds =A fta+p+q—B(ali_(l]&l))+l)a
Oc j 1

Ful$)(5)ds| < Apyp i Skt sp (1 - s)ds

tsDqul

Any I v s

_ oa—j+p+gBo—jt+q,p+1)
= Apst XCEI

//\

2n—1
e INy".

(i) It follows from x(2/)(0) =0 that c2j0=0 (j € IN;™").
(ii) From Ax@(z_ )=1I;(t;) and (5.1.7), we get cjs =Ly (t;) (j € INZ""', s € INT).
(iii) From x(zf)( )=0, j€INg~ ' we get

m 2n—1

Cyw 1 Vv— 2] 1 S D! 2j- d
0 z‘é,l"(v72j+l)( ) +f() TT(o—2j) fu( ) s=0
w=0v=2j
Use (i) and (ii), we get
2n—1 m 2n—1

0!2]

[ (1—1,,)" =% (1—s) . —1
vgjmTM+w§lv§2jm’vu(fw>+fo O fuls)ds =0, jeNG™.
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It follows that

0 0 e 0
0 0 e 0
1

S
N

1 1 ; 1 1
T(2n) T(2n-2) T(2n-4) T2n—6) ~ " T2

—

m 2n—1

15052
T(a—2(n

(1—1,,)Y~2(-1) 3
=) 7 +
w=1y=2(n—1) T(v=2(n—1)+1)"V u(tw) fO

ol (1—t,)"~ 2(n—2)

I e ICORS

m

Y
w=1y=2(n-2)
2n—1

15012

3 1—1,)"~2(—3)
mlvu(tw) + il

w=1=2(n-3)

m 2n—1

ZZ

o—1

V”(IW) +f0 a

(I=ty)"
v+1

Hence

0 0
2) 0 ... 0

1

o

C2n—10
C2n-30
C2n—50

_J
S
S O

1

_j
g
.

4
)
S

I T S U
10 T(2n) T(2n—2) T(2n—4) T(2n—0) 2

m 2n—1 2
(o) 207D oy

W=1v:2(n71)r(v_2("—1)+1) Vu( w) f

m 2n—1

> X
w=1y=2(n-2)
2n—1

v—2(n—3)
y o o)
w=1y=2(n—3) T'(v—2(n—3)+1)""
2

w=

(1—t,)"~ 2(n-2)

Fo=amyrny etw) +

It

m

2n—1 ., v
e (rl(vrl)) Lu(tw) + fo

Hence

n—1 m 2"1(1t)L2(nle]uw

W

1 (1—5)%20n=3)-
Toa2(i3)

fu(s)ds

11\“2( —1)-1
b R

1 1 S)oc 2(n—2)—
T 2(n-2)

C2n—10
C2n—30
C2n—50

€10

—1)-1

-1)
)=
)

fu(s)ds

-2
2

1

fu(s)ds

7)) - fuls)ds

Ju (S)dS

fu (S)ds

(1—5)0—2(n-3)-1

bu{t )+f0 mfu(s)dj“n

a—1

(1;81) fu(s)ds

lsa‘z("lj

a0 =~ T Mjsini Ly gy !

Jj=0

S %
<W=lv2(n 7J)F(V 2(n—1—j)+1)

m 2n—1 2 i—))
_ 1—ty) Dl (t)
__2M1+1n12 ( e

W= lymo(mm1—j) L0214

1 (1 S)Ot 2(n—1—j)—
_J§ Mj+ln iJo W

- fuls)ds

FOC 2(n—1—3})) fu()

(5.1.8)
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From (1), (i1) and (iii), we have (5.1.8) and
c2j0=0, jEINIT' cjs=1Lu(ty) (s€ NP, je N (5.1.9)

Substituting (5.1.8) and (5.1.9) into (5.1.6), we get (5.1.2).
Secondly, we prove that x € X and x satisfies (5.1.1) if x satisfies (5.1.2). It is
easy to see from (5.1.2) that x € X and

limx?)(1) =0, jeINg~! x@)(1)=0, jeIN",

t—0

AXD(tg) = Liu(ty), jEING™', s € INT.
Now, we prove that x satisfies "D0+x( ) = fu(t) if (5.1.2) holds. We remember (5.1.8)

and (5.1.9), then it suffices to prove D, x(t) = fu(¢) on (0,1).
In fact, for 7 € (#;,#;11] (i € INJ', by Definition 2.2, we have

D§x(t) = gy Jolt — )" (s)ds

_ [z ﬁtﬁrl( )n a—1,(n )( )ds—l—fti(t—s)"_a_lx(”)(s)ds]

. (n)
i—1 J n—1 ¢ v 1
3 ) s 1(2 3 s )+ I g fu(0)d o) ds

Jj=0 w=06=0

T'(n—a)

)
=sr=e (55 s (o) S (oo ) s

T(n—a)

a —1 (n) . 5 (s— —n !
(-5 (58 oo ) s ooy~ e oo ) ds
T(—o) = T(—o)
— 2 !/
(-9« (1 $e2 Ao ) ds

(n—o)T(n—or)

t a—n !
0+("*0‘)f0(l 5)T% 1<f0 ljac)rﬁrl fu(o)do )
(n—a)T(n—a)

[ o= (1 e (oo

!
[ i asyet O (o) ]

B T(n—a)
-_ o—n !
S Jo U =wy=el 2w, (0)do |
B I'n—a) = fult), t € (ti,t;41], i € WNo.

From above discussion, we know that x € X and x satisfies (5.1.1) if (5.1.2) holds. The
proof is completed. [l
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Now, we define the operator 7 on X by

n—1ln— lM L 2n—1 1—1, v—2(n—1—j) ;
(Tx) () =— z Z F’2+zl+2> Z 2(21 J F((vj2()nflfj)+1>t2HI”C(IW)
=1yv=2(n—1-—

j+ln1 1 Soc 2(n—1—j)—1 2it1
2 Z T(2i+2) Jo ! o —apT=yy Jx(s)dst™

s 2n—l oy _g)e-1
+ 2 F rE ) +

w=1 y=

fe(s)ds, t e (tg,t541], s€INT.

(5.1.10)

REMARK 5.1.1. By Lemmas 5.1.1, T : X — X is well defined and x € X is a
solution of system (1.51) if and only if x € X is a fixed point of the operator T .

LEMMA 5.1.2. The operator T : X — X is completely continuous.
Proof. The proof is standard and is omitted, one may see [81]. [
Now we are ready to present the main theorems. We need the following assump-

tions:
(H1) there exist nonnegative numbers o;, a;, A; (i € INjj) such that

(2]
If (t.%)] < [ao+ X ailx|%)i?(1—1)9, t€(0,1), x€IR,

i=1

[0]
I (t5,x)| < Ao+ X Aix|%, s€INT, xeIR.

i=1
Denote

o = max{o;:i€ N},

n—1n—1 m 2n—1 (1-1,)" —2(n—1-j) m 2n—1 1
My = Z Z r21+2 2 2 TOo—2(n—1— j)+l)AO+ DI F(v+1)AO
':lv:Z(n—l—j) w=1 v=0
n—1n—1

B(a—2(n—1—j)+q,p+1) B(ot-g.p+1)
+ Z Z r2;+2) I“(a—Z(n—jl—lj)S) ao+ r(qas) o,

n—ln—1 m 2n—1 (1t )v—z(n—l—j)

er 52 L e

v=2(n—1-j)

— . m 2n—1
I'(n) B(a—2(n—1-—j)+q.p+1) B(a+q.p+1)
+ ; EO T(2i+2) r(a—Z(n—,l—Lji')I)? “u+w21 go T v+1)A“+ (ql)? ay, u € INY.

THEOREM 5.1.1. Suppose that (HI) holds. Then, the system (1.4.13) has at least
one solution in X if
(i) o <1 or

[0]
(ii) o =1 with Y M, <1 or
u=1
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(iii) & > 1 with

My Ou/ O < Mo ) 1/0y,
O_uo > 17 MO + le <Muo(0'u0_1)> < M”O(O-MO_I) '

Proof. We shall apply the Schauder’s fixed point theorem. From Lemma 5.2 and
Remark 5.1 we note that 7 is completely continuous. If x is a fixed point of 7', the
system (1.4.13) has a solution x.

Let Q. ={x€ X :|[x|]| <r}. For x € Q,. Then ||x|| < r,ie., |x(¢)| <r forall

€ (0,1]. So (H1) implies

70| < fao-+ £ ()| (1 =0)7 < ag+ £ arler(1 =),

|1 (15, x(1;))| < Ao+ 2A|x( )|% < Ao+ 2Ar"t

We know |M;;| < T'(n). By (5.1.9), we have

Tl <SS el § 5 o ey,
=0 j=0 Zlv=2(n 1) J

1 S)D! 2(n—1—j)—

n—ln—1
| n I| .
* g’ ;’ 2+ll+2 fO T(o—2(n—1—j)) ‘fX( )|dst*

s 2n—

+ 2 z tvil |va(tw)|—|—f0 |fX( )lds

n—1ln—1 (n) m 2n—1 (1-1,)" —2(n—1—})

oi
) i=0 2 0 T2 21yt T2 124D [A(H' X Air }

n—1n—1 1Sa2(nl])l|:

[0)
+ z 2 1"21+2 fO Tla 2(n-1_J)) ao+2air"i] sP(1—s)4ds

i=1
m 2n—1

+2 z rv+1 |:A0+2Ar':|+f0

[
[ao—l— P> air"'} sP(1—s)4ds

n—1ln—1 m 2n—1 (lftw)"*z("’ o
< 2 2 r21+2 élv:2(nzflfj)m Ao-l—EAr

B(o—2(n—1-j)+q,p+1) o )
+ Z 2 r21+2> ey [a0+i§1“i”c]

m 2n—1 0]
+ 3% [Ao+2Ar'} S [aofz ]
=0
n—1ln—1 m 2n—1

— 2 2 T 5 MA + g z L 4
) r2;+2) Wl v=2(m 1)) Tv—2(n—1—))+1)*'0 rv+1) 0

B(a—2(n—1—j)+q,p+1) B(otq.p+1)
+ Z 2 r2;+2) F(a—2(n—jl—‘;)1)) ao+ r(qas) a0
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0] n—ln—1 T(n m 2n—1 -1, v2(n—1-j)
" Z1 (E‘o E‘o 1"(25‘+)2) WE - - WA”

—1

S0 5o (2i+2) Tla—2(n-1—j)
+§2"2_1 LAy Blodaptl) ) o,

wel y—p T o)

It follows that N
| Tix|| < Mo+ 3 Mro. (5.1.11)
u=1

In order to use Schauder’s fixed point theorem, from (5.1.6), we should choose r > 0
such that

[0]
Mo+ Y, Myr® <. (5.1.12)
u=1
Then TQ, C Q,. So T} has a fixed point in Q,. Then BVP(1.50) has a solution. We
consider the following three cases:
Case 1. o<1.
Mo+ S My rou
Since rhg)lo % =0, we can choose r > 0 sufficiently small such that (3.4)
holds. Then TQ, C Q,. So T has a fixed point in Q,. Then BVP(1.4.13) has a
solution.
Case 2. oc=1.
Mo+ S Mo n

Since lim ”:rl < Y M, <1, wecanchoose r > 0 sufficiently small such

r—o0

u=1
that (5.1.12) holds. Then TQ, C Q,. So T has a fixed point in Q,. Then BVP(1.4.13)
has a solution.
Case 3. o>1.

1/0y
Choose r = (%) ° . Then we have by the inequality in (iii) that
up \Fug

w
|| Tx|| < Mo+ ¥ Mro <.
u=1

Then TQ, C Q,. So T has a fixed point in Q,. Then BVP(1.4.13) has a solution.
The proof of Theorem 3.1 is completed. [J

(H2) there exist constants My, My > 0 such that |f (¢,x)| < My,
hold forall # € (0,1), s€ INY", je N} ™!, x € R.

THEOREM 5.1.2. Suppose that (H2) holds. Then BVP(1.4.13) has at least one
solution.

I (ts,x)| < My

Proof. Choose p=¢q =0, agp =My,Ag =M and a; =0,A; =0, 0; =0. One
sees by (H2) that (H1) holds. By Theorem 5.1.1 (i), we get its proof. [J
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5.2. Existence of solutions of BVP(1.4.14)

The solvability of resonant boundary value problems for impulsive fractional dif-
ferential equations were studied in [13, 14, 95]. Now we establish an existence theorem
for BVP(1.4.14) by using Lemma 2.2. We consider the case k < n—2. The cases
k=n—2 and k =n—1 are studied similarly.

We suppose that f satisfies that u — f(¢, (t — ;)" %u), u — Li(ts, (ts — ts—1)" " %u)
are continuous functions, r — f(¢,(r —1;)"~*u) is measurable on (;,#;41] (i € INj}) for
all u € IR and there exist constants p > —1, g € (—1,0] such that |u| < r implies that
there exists a constant M,, M, such that | f(z, (t — ;)" %u)| < Mt”(1 —t)4 for almost
all £ € (0,1) and |L;(t, (t; — 1,—1)"%u)| < My for all i € INF.

Choose Z = L'(0,1) x R™ with the norm |[|(x,a;; : i € INg~ !, j € INT)|| =
max{||x||1,]a;| i € IN}, j € INT'}.

Choose E = PCy—¢[0,1] = {x:(0,1] = R, x|;, ;.. ,] € C(titi+1], lim (t—t) %x(1)

t—>t

dit1]

1€t tiy1]

is finite with the norm ||x|| = max{ sup (1—1;)""%|x(r)| ;i € INB”} and

D(L) = {x€ X : D% x € L'(0,1), D% u(0) =0, i € IN&, DY /u(1) =0, je NI~}

Define the linear operator L : X (\D(L) — Z and the nonlinear operator N : X — Z by

D, x(t) f(1)
ADg” x(t;) : s € INY! Lix(t) - s € INT
(Lx)(t) = ' o (Nx)(r) =
ADg‘;<"‘”x< t) s € N, Iy 1x(ts) 15 €INY',
AI" O‘x( ) NS INm Inx(ts) s e H\IT
(5.2.1)
Denote M, be the algebraic cofactor of m,, in
1 0 e 0
1
M=o iy =| @ LY
1 1 1

On sees that [M,,| < T(n—k— 1) for all u,v € IN%.

LEMMA 5.2.1. (i) L is a Fredholm operator of index zero.
(ii) N : Q — Z is called L-compact for bounded set Q C X .
(iii) x is a solution of BVP(1.51) if and only if Lx = Nx.

Proof. Firstly we prove that L : D(L) C E — Z is a Fredholm operator of index
zero.
Claim 1.

KerL = {c,t* ™" : cuo € IR} (5.2.2)
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In fact, x € KerL if and only if

D0+x() 0
AD§ 1x( ) s € INT 0:5cIN”
=10: sGINm
ADS " Vx(ry) s € N,
AL %x(ts) s € INY 0: SEINm

Use Lemma Corollary 3.1.1 and Corollary 3.1.2, we have x € D(L) and

1 n
x(t) = ¥ X mplgm =), 1€ (tti], i€ INg,

w=0v=1
—7 ! j v - . . —
Dg+ JX(I) - WEOvél F(J‘L::Jrl) (t _tW)J v’ re (tl'7ti+l}7 S INan’ JE€ INYIL 17
i n
Iy %x(t) = WEOVEI ﬁ(l — )", t € (titip), 1€ INJ.

(i) By Dg‘:"x(0> =
(ii) By ADJ'x(t) =0, we get ¢;; =0, j € IN{ ™!, i € INJ".
(iii) By AI" “x(ts) we get ¢, =0, i € INT".

(iv) By Dy x(1)=0, j € IN!~! together with (i)~(iii), we have

0, i€ INK, we get c;p =0, i € IN%.

J :
Y =0, jelNy
1 T(j—v+1) ) k

Then ¢;p =0, i € INZ_l . Hence x(1) = ¢,0t* ™. On the other hand, we have ¢,ot* " €
KerL. Then (5.2.2) holds.

Claim 2.

k

—_s k—1
ImL={(u,au) Z 2”"‘;‘+1 (1=t 4 fof “F‘(,{) u(s)ds:O}. (5.2.3)

In fact, (u,a;;:i € INj~', j € IN"') € ImL if and only if there exists x € D(L) such that

D%, x(t) u(t)
0+ .
ADa IX( ) SE]Nm dls - SEINm
) . ars: s € INm
a—(n—1) . m
AD0+n_a .X(l‘_y.) s e InI:II s Ap_15:5 € H\]m
AIOJr x(ts) ise H\Il Qps: 5 € INm

By Corollary 3.1, we know that there exist constants c,,, € IR (v € IN/", w € IN') such
that x € D(L)NX and

S n _g)o-l m
X1)= X % (- 1)+ i SR u(s)ds, 1€ (0], s € ING.
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By Definition 2.2, we have for j € ING’1 that

j-1

! j —s m
g m(l te) 7+ o (’F‘()j) u(s)ds, t€ (ts,t541], s€INY,

D0+ x( )=

)n—l

I}’lOC()

2,
5,

n
2 rn ey t—1,)""+ [y (s u(s)ds, € (ts,t41], s€INJ.

(5.2.4)
(i) From AD{; - Ix(t;) = ajs and (5.2.4), we get cjs = aj; (j€IN'"', s € INTY).
(ii) From DS 'x(0) =0, i € INK, we get ¢jo =0, i € IN!_}.

(iii) From AI”+ “x(t5) = ans and (5.2.4), we get ¢y = ans (s € INT').

(iv) By D0+ x(l) =0, j€ INZ‘l, we have from (5.2.4), (i)—(iii) that

J y mJ o v . 1
V:%+1 ﬁ +W§1V§1 m(l ) +f0 ( )dS— O, J S ]NZ .
So .
m k-1
) e (=) + o L —u(s)ds =0 (5.2.5)
and
1
ﬁ 1 e 0 Ck+10
1 1 l o
Tn—k—1) T(n—k-2)
m k+1 k+1—1
yw k+1— 1 \)
T X e (- ) U u(s)ds
m k+2 k+2 1
Qyy k+2—v (1
_ | 2 X e (-t St u()ds
m n—1 oy 1y )n 1-1
2 3 mrm ) + Jy Yelg—u(s)ds
Then
1 0 0\ '
C 1
T | b 0
o .l. 1 1
T(n—k—1) T(n—k—2)
m k+1 k+1 1
k+1— (1-s
wélvz m(l — Iy ) + V+f0 Tl)u(s)ds
m k+2 k+2—1
vw k+2— 1 \)
x ngvzlrkfz V“)(l_t ' V+f0 TZ)u(s)ds
m n—1 s - n—l—l
Z > m(l—’ ) V+f0 7)“(5)015

=1v=1



80 Y. L1U AND X. YANG

Then
n—k—1 k+0‘ v
atw 1 [w
3 Mo (Wzl 2 st T u(s)ds)
k 1
Ck+10 " (1=, KO VT (kG —v+1) (1—s)k+o-1
e | = (El Mo> zlvzl [(k+o—v+1) +f0 Fk+0) u(s)ds
Cn—10 o
k-1 Jero—y Nkto—1
atw 1 [w 1 (17.\)
Gz MGn k— 1<Wz Vz Fk+0‘ V+l) +f0 r(k+6) M(S)ds)

(5.2.6)

On the other hand, if (u,a;;:i € ]Ng_l, J € INJ") satisfies (5.2.3), we can prove

that there exists x € D(L)(X such that Lx = (u,a;j: i € ]Ng_l, j€INT'). In fact, from
above discussion, we know that

m k+o avw 1—1, k+o—v 1 (1—g k+o—1 B
(2 2T T(kto )v+1) +/ (F(k)—i—a) ”(S)ds> AR

w=1v=1

m k+6a 1 —t )k+0'7v 1 (l_s)kJrofl "
VW w 7(n71)
Mon—k— 1(2 2 T(kto—vil) +/ Tkt o) u(s)ds | t

0%
5

w=1v=1

O( 1

,n (t—s)
+enot 2 y —— o v+1) (t—1,)* V+/ T) u(s)ds,t € (t;,ti11],

w=1v=1

i IN. (5.2.7)

Hence (5.2.3) is valid.
Claim 3. L:D(L) C X — Z is a Fredholm operator of index zero.
It follows from Claim 1 and Claim 2 that dim KerZ = 1 and ImL is closed in Z.
Furthermore, define projectors P : X — KerL and Q: Z — ImL by
Ig;ax(O)

Px(t) = F(a—n+l)ta_n’ xeX,

O(uaij 1 €N}, j EINY) = (B, 0: 1 €N, jEINY),

where

k—1

n & k Ayw —V 1 (l_s
Q”v“ij = F(k+ l) [WZIVZI m(l —tw)k +f0 WM(S)(ZS .

It is easy to see that P: X — KerL and Q : Z — Z/ImL are well defined and
ImP=KerL, KerQ=ImL, X=KerL®&KerP, Z=ImL&®ImOQ.

So dim KerL = co dim ImL=1 < +eo. Then L: D(L) C X — Z is a Fredholm operator
of index zero.
The inverse of L|D(L)mKerP :D(L)NKer P — Im L is denoted by Kp : ImL —

D(L)NKer P with
Kp(u,a,-j e INg_l, j€E IN’ln)(t)
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L I e T L () e R I )
E ot wél v§1 T(kto—v+) +o T(kto) u(s)ds )1 o
—k— m k+o k+o‘ v k+o—1
VW 1 W 1 1_
+Z cnkl(zlzark+(;v+l)+0( 3
o=1 w=1v=

(ko) “(S)ds) 1ol

_ ¢ (t—s5)%! .
PP 1”‘ VH)(t—tw)a "+ o) u(s)ds,t € (ti,tir1], i€INT.

Claim 4. For each nonempty open bounded subset Q of E satisfying D( YNQ #
0, N:Q — Zis L-compact.

We need to prove that QN(Q) is bounded and K,(I — Q)N(Q) is bounded and
relatively compact.
One sees that

(1)
Lix(ty) : s € INY
ONx(1) = Q | bulty) 15 € INT (Qfx ()01 €N, je]NT)
Lix(ts) 1 s € INT
where

Ot =Tk +1) | & 5 feleds (1 —nra ) O o).

By direct computation, we have

Fet) = O ey
() seIN’"
1= ONA() = KeNixt) = KpQV(0) = Ky | Il 5 N
L1, ) sE]Nm
n—k—1 m k+O—IVX » lfw)kJrG’V 1 (1—g)kto-1
3 Mot (35 o U

T(k+0) [fx(S)—Qfol.x(tj)]ds) okt 4
n—k—1 m k+o . bra—
+ 21 Mcn—k—1<z Y dixlt)(1=tu)

o=

1 (1—g)kto-1 A —(n—
22 Thto—viD) +Jo l"(12+0') [fx(s)_Qfoix(t_')]ds>ta( !

33l )y Sl ) D s, 1 € it €N

We can prove that QN (Q) is bounded and K,(I — Q)N(Q) is bounded and relatively

compact. Hence N : Q — Z is called L-compact for bounded set Q C X
Claim 5. x is a solution of BVP(1.51) if and only if Lx = Nx

O
We need the following assumptions

(H1) there exist constants p > —1, g € (—1,0], nonnegative no-decreasing func-
tions [T7,I1; : [0,00) — [0,0) such that

|f (6,0 < T ()P (1 —1)9,

t € (ts,t541), s€INF,
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| (t,0)| <TL(a), se Ny, jeNg™.

(H2) there exists a constant M > 0 such that for x € X with |x(¢)| > M for all
€ (0, 1] implies that

m k gl
D s (1= 0,k 4 o S fe(s)ds # 0.

w=1v=

(H3) there exists a constant My > 0 such that

{z ) Mwdi D (1 + 3 U5 (sws"“")dS] ~0

holds for all |c| > My or

| 8,5 B = i S s s <o,

holds for all |c| > M.

THEOREM 5.2.1. Suppose that (HI1)-(H3) hold. Then BVP(1.4.14) has at least
one solution if

lim yrmeeme > b (5.2.8)

where

A= @T(n—km+2mT(n—k+ 1)+ ¥ s,
1

B = 4T(n—k— 1)"*51 B(kJ;cg;:rc;[;Jrl) n 2B(O¢FJEZ‘,)17+1)

Proof. Let X, Z L and N be defined by (5.2.1). By (H1)-(H3), from Lemma
5.2.1, L be a Fredholm operator of index zero and N be L-compact on each closed
nonempty set € centered at zero. We seek fixed point of the operator equation Lx = Nx.
To apply Lemma 2.2, we should define an open bounded subset Q2 of X centered at zero
such that (i), (ii) and (iii) in Lemma 2.2 hold. To obtain €, we do three steps. The proof
of this theorem is divided into four steps.

Step 1. Let Q) = {x € XND(L) \ KerL, Lx = ANx forsome A € (0,1)}. We
prove that Q; is bounded.

In fact, for x € Q, we have Lx = ANx and Nx € ImL. Then

D, x(1) = lf(t,x(t)), 1€ (ts,t541], s €ING,
DY'x(0) =0, icIN,
0+ x( )= jEIN2717
AL “x( _Y)zlln(ts,x(ts)), s e INT,
ADSIx(ty) = AL, x(5)), jEINT', s e INT.
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So
1

—s)k-
s z s (1= 1,k 4 o S fels)ds = 0. (5.2.9)

w=l1v

It follows from (H1) that

1 (1,x(0)] < T (=1 (0) ) 7 (1-0)0 < T (el (L=0)9, 1 € (1), s € ING,
1 (15 x(6))| < L (]}, s € N7, j € ING.

It follows from (H2) and (5.2.9) that there exists 7 € (;,#;1] (for some i € INjJ) such
that

x(7)| <M. (5.2.10)
‘We have from Claim 2 that
n—k—1 m k+o k+o—v k+o—1
y lva w)(1=tw 1—s
x(t) = Z Mo ( 21 21 1£[(kzr(6jv4)rl) + o ¢ l"k)+0' Afi(s)d ) R
= w=1 v=
n—k—1 m k+o k+0—v c
lvx w —tw N —-o—(n—
+ X Meop—k— 1(2 2 . lg(k)Jr(;—jvll) +f01 (ll—(k)Jro_) lfx(S)ds> [ad (n=1)
o=1 w=1v=1
+enof® "+ z I e )+ Ll Afi(s)ds
Then
|cnol

—k—1 1 tw)l‘+0 v 1 1 sl‘ﬂ’ 1

=7 [aoi £ el £, 2 F T SR 6 s 7o)

o= w=1v=

n—k—1 m vawlwkﬂ;\ —o—(n—
ot 2 |Mgn—k— 1( 1‘ (11"(1250 Iv+1 +Jo & k+6 |fx( )|ds | 7%~ (=1

i

n 7 (f_g)o—1
+ 53 el (-0,) "+ g e fa(s)lds

w=1v=1

n—k—1 m k+o N k+0—v _g)kto-1
<Mt Y (n—k—1>(z P nf<||x|>sp<1—s>ws)

o=1 w=1v=1
n—k—1 m k+o ) (1=t e oY 1—s5)k+o-1
bt 8 k1) (8 zlﬂfﬁg,ll&,_’vll) 1 S T s (1575 )
w=1v=

o=
+ 5 3 UL 7o (T (| )s? (1 - 5)0ds

n—k—1
<M+To—k-1"3 (n,<|x|> $ 'S o + Tl 2z )

T'(k+0)
n—k—1

to A T—k-1)" 3 (n,<||x|> 3 2 Mo it Hf(||x|)>

o=1

+ I (J[x[[) Z 2 M Fomry + T LD T (][]
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n—k—1
<M+20(0—k=1)" % (mlk+0) (1)) + 22T ()

o=1

& m B p+1
T 3 et + 2R T (),
Then for 7 € (5,7,+1], we have
(t —t5)" “|x(t)]

. n—k—1 m k+0—l (b ” kto—v s k+c 1
= (r—1)" " Gél Mtrl(z 3 k+<17 tw)rl) +Jo (lr(k+c) Afsls)ds |10

w=1v=1
" 1 (L—s)kto-!

k—1 m k+o A (6) (1=t k+o—v
+-o 2 Mon—x—1 ( 2 Z ! r(t(klg;_tvj_l) +f0 ( r(k+g) xfx( )

o=1 w=1v=1

o—(n—1)

& Mty
et ¥+ 21 le—a :+)1)(t—tw)a V+f0 ( )
=
n—k—1 m k+o Bk+ " +1
<75 o ( £'5 refldl + B 1)

n—k—1 m k+o N Bk 1
bt "8 gl (£ Il Bgapi g )

B( + +1)
Hewl+ 3 z e e a ) 1 ()
212

n—k—1 m k+o
<ornk-1)" 8 ('Y e el + B2 11

o=1 w=1v=1

+leao| + z rrosry T (1) + B T (][] )

<M ar(n—k—1)" 3 (mlk+ o) (|l + BEEEEEL ()
1

T'(k+o
o=

+ 3 ey Tl )+ 2 T ()

<M+ (4r(n—k)m+2mr(n—k+ D) ([]xl])

I'(k+o

n—k—
HAT(—k=1) X Blktgropsl (1)
< m 2B(0+g,
+ 3 ey Tl )+ 2 T ().
It follows that

ol < M-+ [ (4T 20—kt 1)+ e [T

n—k—1
+[4l"(n—k—1) ) B(";@jf(;l)’“)+2“(“ng§’“)}nf(|x|). (5.2.11)
o=
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Since rh_>n.3<, W)*BH/‘() > 1, we get from (6.21) that there exists a constant M4 > 0

independent of A such that ||x|| < My. It follows that Q; is bounded.
Step 2. Let Qp = {ct® " € KerL: N(ct*") € ImL}. We prove that Q, is bounded.

For ct* ™" € Q,, we have

flt,cr®™™)
L (t5,ct™™) s € INT
N(ct* ™) = | L(ts,ct&™") 15 € INT
L(tg.ct™") 1 s € INY
So
L _ _s k—1 _
35 et () ) S (e s =0,
From (H3), we get that |c| M . This shows Q, is bounded.

Step 3. If the first inequality in (H3) holds, we prove that Q3 = {ct* " € Ker L :
AN(ct® ™)+ (1—=2A)ON(ct* ") =0, A €]0,1]} is bounded, where A : KerL — Z/ImL
is the isomorphism given by A(ct*™") = (c,0:i € IN}™!, j € INT).

For ct* " ¢ Ker L, one sees that

“ANA(ct*™) = —2A(c,0:i € INyJ~! j € INT)
(1= 1) (Quon iy ey 01 € NG j € INT).

where

m

0 —T(k+1 Bltwety ") (g Yoy g (1 ()] a-n)g
Qcta’",l,-(t_,yct?*") =T(k+1) 2 2 Tk—vrT) (L=0)""+ fo Wf(&cs )ds| .
Then

; n _y _Skfl _n
_/lc2:(1—/l)l"(k+l)[2 > ’}’;vﬁ;l) (=1, v+ f %f(s,csa )ds]

w=1v=1

IfA=1,wegetc=0.If A €]0,1),and |c| > My, we get
—Ac?

— (1= 2)T(k+ 1)e [z 3 At (1 g, o i

F(‘]){)lf(&cso‘")ds] >0,

a contradiction. Then |c| < My. Then Q3 is bounded.

If the second inequality in (H3) holds we can prove that Q3 = {ct* " € Ker L :
AN (ct®* ™) = (1 =A)ON(ct* ™) =0, A €[0,1]} is bounded.

Step 4. We shall show that all conditions of Lemma 2.2 are satisfied.

Set Q be a open bounded subset of X centered at zero such that Q D U Q;. By

i=1

Lemma 4.4, L is a Fredholm operator of index zero and N is L-compact on Q. By
the definition of Q, we have
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(a) L(x) # AN(x) for x € (D(L)\KerL)NdQ and A € (0,1);

(b) N(x) ¢ ImL for x € KerLN0JQ.

(c) deg(ON|kers, @NKerL,0) #0. Infact, let H(x,A) =+AA(x)+(1-21)ON(x).
According the definition of Q, we know H(x,A) # 0 for x € dQNKerL, thus by ho-
motopy property of degree,

deg(ON| ke, 2NKerL,0) = deg(H(-,0),22NKerL,0)
=deg(H(-,1),QNKerL,0) = deg(A,Q2NKerL,0) # 0.

Thus by Lemma 2.2, Lx = Nx has at least one solution in D(L)NQ. Then x is a
solution of BVP(1.4.14). The proof is complete. []

5.3. Positive solutions of BYP(1.4.15)

The motivation of this section is [90]. We establish existence results for solutions
of BVP(1.4.15). We suppose that

(H1) f is nonnegative, u — f(¢,u) is continuous on [0,), t — f(z,u) is mea-
surable on (;,#;11] (i € INJ') for all u € [0,00) and there exist constants p > —1,
g € (n—1—0,0] such that u € [0,r] implies that there exists a constant M, > 0 such
that | f(r,u)| < MytP(1—1)? for almostall 7 € (0,1), f(¢,0) # 0 on each subinterval of
0,1).

(H2) u— f(t,u) is nonnegative, u — I;(ts,u) is continuous, and u € [0,r] implies
that there exists a constant M,.; > 0 such that |;(z;,u)| < M, forall i € INS_l , s € INT.

LEMMA 5.3.1. Suppose that there exist constants p > —1, q € (n—1— o,0] such
that |h(t)| <tP(1—1)? for almost all t € (0,1). Then x € X is a solution of

‘Dfx(t) =h(t), te(ttina], icINy,
A (1) = (e, x(6)), i€ Ny, jeINGT, (5.3.1)
xD(0) —kx) (1) =0, jeNg!

if and only if
i —s)e—i-l
() =5, i | (B3 B0 — oo} St as)
n—1 n=2 n 1
ky ki Io (trx(tc)) (1 _ 4 yo—i
+i:u2+1v:111<r( V{1-k) ( i ( Slo=i 1o Tio-ien (1 =12)
_g)a—i i n— 5 (te x(tr _g)a-l
+ Iy Ll h(s)ds) ) +3 z loltedlec)) (1 1) 4 fo CHb—h(s)ds,

t€ (titiy1], i€INY. (5.3.2)
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Proof. Suppose that x € X is a solution of (5.3.1). From Corollary 3.2.3, there
exist constants ¢,; € R (v € INZ !, j € IN) such that

i n—1 1
x(t) = 20 2 FG-&T-I (t—1)° +fo h(s)ds7 t€ (ti,ti], i€INf. (5.3.3)
T =i
Then
. i n—1 ) 1
=3 3 ﬁ(t )~ +f0 r ]) h(s)ds, t€ (titip1], 1€ INj.
t=00=j

From AxY)(t;) = I;(t;,x(t;)), i € NI, j € INg~', we have ¢j; = I;(t;,x(t;)), i € INT,
Jj€ INg_l. From x/)(0) —ij(j)(l) =0,j€ INg_l, we have
m n—1 —j-1

Cot —Jj 1-5)%
cjo = k, [TZOGZJW(I —[T)O- J 4+ f()l %h(s)ds] .

It follows that

n—

ot Col < 110 XUt —j 1 (1—s)*~
o=k L et =k | X 3 R (-0 g S h(s)ds|
o=j T=10=j

That is
1 ——% k& . _ ko €00
T k)  TON(1%) M) (1% o
0 1 — ky e ky
O] Th—2)(1—k) 20
0 0 1 Cn—10
[(m n_l ya—0-1 ]
15—0](0 2 z I(((i-h()(_:l);(l —lr)o- O+f0 7)}1(5‘)(15‘
|T=10= 0 |
m n— Ot -1
lf—lkl Tzl 21 I[(‘I(i-r’ﬁ_tgl)))(l _t‘r)o- 1+f0 lsail)h(s)ds
= m n— D! 21 3
| 2, 2 ’r";“’;iffi(l 10072+ Jo Lol h(s)ds
kn— Z Ig‘([r x(l,)) o—(n—1)—1
6 Lzm% | Tlo—tn-t+m (L =107 00+ f) Seryh(s)ds
Then for j € IN§ ! we have
o\l Xt i —s a—j—1
C.fo [Z % ;“(t; j_t;,_l (l _l‘r)o- j+f01 %h(é‘)dé}

+% M [t

i=j+1v=i—1
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x(tr i —s)oiml
[ote (8 et 1 - oot 1) U s ).

Substituting c;; into (5.3.3), we get (5.3.2). On the other hand, if (5.3.2) holds, we can
prove that x € X and x is a solution of (5.3.1). The proof is complete. [J

Define the following operator 7 on X by
Is 7. ‘L' 1 s D! u—1
(Tx)(t) = 2 Fu+l [1 ku <§ Z ré u+1) (1_ ) M"’fo' T(o— M)—f(s7x(s))ds>
ST (e
i=u+1v=i—1 Tn=v)(1=k)

( (2 'S R0 07+ 3 U (s ) )|

x(tr —s)o-1 .
+ Z 2 o ZZHII (t—1)+ [ (IF(ZX) f(s,x(s)ds, 1€ (t;,ti41], i € INJ.

REMARK 5.3.1. By Lemmas 5.3.1, T : X — X is well defined and x € X is a
solution of system (1.52) if and only if x € X is a fixed point of the operator T .

LEMMA 5.3.2. The operator T : X — X is completely continuous.

Proof. The proof is standard and is omitted, one may see [81]. [

Now, we present the main theorem and its proof in this subsection. Define the
cone in Banach space X and N by

P={xeX:x(t) >0foralls € (0,1)},

K:max{l, :ieINgl},

—k

N = mn?IK +mrd 1K™ 4l + BOEEEED (K gt z Botemtp=ll,

THEOREM 5.3.1. Suppose that there exists a > 0 such that

(H3) f(t,x1) < f(t,x2), I5(t,x1) <Is(t,x2) forall t € (0,1) and 0 <x; <xp < a,
o € INT.

(H4) there exist nonnegative constant p > —1, g€ (—1,0] and [ >0, M >0
such that

P(1—1)4, te(0,1), uel0,1],

ftu) <
<4, ocelNFl seIN!, uel0,q].

Is (t5,u)

Then BVP(1.4.15) has two positive solutions w* and v* such that 0 < ||w*|| < a and
lim wy = lim THwo =w* with wo(t) =a, t € (0,1), and 0 < [|v*|| < a with lim v, =
’J*}oo

’_1~>oo “—}w

lim T*vy =w* and vo(t) =0 on (0,1).

JTES)

Proof. By Lemma 5.3.1, Remark 5.3.1 and the definition of 7', we know that
T : P— P is completely continuous. For xj,x; € P, with x| (¢) <x(r) forall t € (0,1),

IR IR
~
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from the definition of 7 and (H2), we can easily get that (Tx;)(¢) < (Txz)(¢) for all
€ (0,1). We denote

Py={xeP:||x]|<a}.
We first prove that T : P, — P,. If x € P,, then ||x|| < a. Using (H3)—~(H4), we get

n—1 m n—1 w1
() < 2 ) {1"“,{ (z X ATon L+ Iy Yy %sp(l—s)qu>

<3 M ()

iI=u+1lv=i—1
k
% (1_

) m n—1 oa—i—1 4
% (2 zzl_NFG 1) +f0 Fa—i) Nsp(l_s)qu)ﬂ

+ z 2 NF6+1 +f0

a Nsp(l —5)4ds

n—1 n—1
1 ku mal B(at+q—u,p+l) a
< LEO TwrD {—1—1@, (Géu No—wiD) T~ Tla—u) N)

n—1 n-2 n—1 .
+ ky ki : ( muI' + B(OCJrLI*L'PJrl) 1)>:|
i:§‘+lv:111 (F(n—v)(l—kﬂ) (l—k, O'Z=i NI (c—i+1) T(a—i) N

J 1 B(a+gq,p+1)
+ z 62_’ Nl“a )+ q.P

(o+1 () %

—1 .
2 3 n+1 n+1 —
mn“alK | mn’alK’ mnal | B(atq.pt+l) a ank’ B(a+q—ip+1)
SN N N N N EO T(o—i)

Hence we have show that T : P, — P,.

By wo, one sees that ||wg|| = a. Then wg € P,. Let w; = Twy and wy = Twy.
Then above discussion implies that wi,w, € P,. We denote w,.| = Tw, = T"wq for
u=1,2,---. Since T : P, — P,, we have w, € P, forall u=1,2,3,---. It follows from
the complete continuity of 7' that {w, :u=0,1,2,3,---} is a sequentially compact set.

By (H3)-(H4), we get similarly to above discussion that

S Wwollt —u —s o—u—1
w1 (t u+1 |: (Z z IG [g I,({)"lfl)))(l —l‘r)o— +f()l %f(&WO(S))ds)
n—1 -2
ky
+i—uz+1v—i 1(m>
g " wo (tz ) _gyo—i-l
( (szzlla - Octr))lill)t) "‘fol (11"(3(4) f(s,wo(s)ds>>}

i

+ 33 e

<a:w0(t), t € (ti,tiv1], i€ INg.

g0l
F(Zx) Sf(s,wo(s)ds

So by the monotonic property of f,I; and the definition of 7', we get
wa(t) = (Tw1)((t) < (Two) (1) =wi(t), 1€(0,1).
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By induction, we get
Wu+1(t)<wu(t)7 te(071)7 u:172737""

Thus there exists w* € P, such that w, — w* as u — oo. Applying the continuity of T
and w, 1 = Tw,,, we get that w* = Tw*.

Let vo(t) =0 forall # € (0,1). Then vy € P,. Let vi = Tvy and v, = Tv;. One
can prove that v{ € P, and v, € P,. We denote v, | = Tv, = T"vg for u=1,2,3,---.
Since T : P, — P,, we have v, € P,. forall u=1,2,3,---. It follows from the complete
continuity of 7' that {v,} is a sequentially compact set.

Since v; = Tvy € P,,, we have

vi(t) = (Tvo)(t) 20=vy, t€(0,1).
So by induction, we get
Vur1(t) Zw(t), t€(0,1), u=1,2.3,---.

Thus there exists v* € P, such that v, — v* as u — co. Applying the continuity of T
and v, = Tv,, we get that v* = Tv*.

Since f(#,0) # 0, we see that the zero function is not the solution of BVP(1.4.15).
Thus both w* and v* are positive solution of the operator equation x = Tx in P,,.

It is well known that each fixed point of 7 in P is a solution of BVP(1.4.15).
Hence w* and v* are two positive solutions of BVP(1.52). The proof is complete. [

REMARK 5.3.1. Theiterative schemes in Theorem 5.3.1 are wy (1) = a and w4 (¢)
= (Twy)(t) for u=0,1,2,3,--- and vy(t) =0, vy41(t) = (Tv,)(t) for u=0,1,2,3,---.
They start off with a known simple function and the zero function respectively. This is
convenient for application.

6. Some remarks

In this section, we point out some results in published paper are unsuitable.

REMARK 6.1. In [45], existence of positive solutions of (1.3.18) was studied.
Suppose o € (1,2). Lemma 3.1 [45] claimed that if u € PCJ0, 1] is fixed point of the
operator A : PC[0, 1] — PCJ[0, 1] defined by

(Au)(r) = [y G(t,s)f(s,u(s))ds +1%" 3 1ikck”(tk)7 u € PCl0,1],

1<t <1

where
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then u is a solution of BVP(1.3.18). However we find that this lemma is in-correct.
The reason is as follows:

Proof. In fact, if u is a fixed point of A, we have

u(t) = fol G(t,s)f(s,u(s))ds+t*1 3 1i—kau(tk), u € PC[0,1],

1<t <1

For ¢ € (11,1;), by Definition 2.2, we have by direct computation that

o _ 1
Dy-u(t) = rr—g
s<n<l

Jo(t—s)t— (fol G(s,v)f(vu(v))dv+s*1 3 lc"Cku(tk)> ds]

[Jot—s)t- folG(s,v)f(v,u(v))dvds}H+[fé(tfs)l’”‘x“’l 3 ﬁ—ktku(tk)d.\}

— s<tp<l
I2—a)
U= (3 Gls ) fru(v)dv [ Gls,v) f (vau(v))dv) ds]”
= T2—a)
[ s s f =55 & 1t
+ =g
r2-o)
[ s (s =) =(s=0)* 1) £ (v, ())dvdSHé(t*-\')l’“fsl[S(I*V)]“’lf(vvu(V))dvdS}”
- I2-o)
[ syt es s § St -5 )
+ I2-o) ’

By interchange integral order for the first term and w = 7 for the second term, we get

[ 2 (=9)" = ([s(1=v)] % = (s—v) @ s (vu())dvt [ fo1=)' =% L ds(1-v) % Fva(v))av]”

Dgu(t) = T2—a)
{/’(1 w)l == ldwz Tl (=W m}
+ o)
_ [ Sy r=5)1 %5 s (1)@ L f (v (v))dv—f§ [ (e=5)1 =% (s—v)@ Lds) f(vau(v))dbv]”
- r2—o)
tfl m c _ - m c "
rfot (1—w) oo 2 17"6ku(tk)+tf,171(lfw) w kzzl’k”ku([k)}
+ T2—o
_ [(B=0,0) 5 (1=0) fu(v)dv—f§ fi (e=s) ' (s=v) % Lds) f(vu(v))dv]”
- I'2—o)
ffoTl (1=w)! =0 L L u(t|)+tB(2foc,a)l§2 5 u(tk):|
+ T2—a) — 7é _f(ta”(t))'

Then Lemma 3.1[45] is in-correct. [

REMARK 6.2. The impulse conditions u(#;") = (1 — c)u(z; ) in (1.3.18) is un-
suitable for this kind of problem. The reason is as follows:
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Proof. By Corollary 3.1.1, we have from D u(t) = —f(t,u(t)), t € (t5,t541],
s € Ny that

78‘01—1 S Cviva—l s Cv*va72
u(t) = —fé %f(s,u(s))ds—i— ZO L (tr(ixg + 20 zr([(at—)l) o 1 E (ts,1541], s € INJ.
V= =
According to assumptions #(0) =0 and u is right continuous at 7 (k € IN}"), we have
c2;, =0, s € INij. Then
)oc—l

—s)* ! S G m
u(t) = — Jy L f(s,u(s))ds + go%, 1€ (15,0501, s €INJ.

However, we find that u(z;") —u(;) = 0. So the impulse conditions u(r;") = (1 —
cx)u(t, ) in (1.3.18) are unsuitable. [J

REMARK 6.3. In [13, 14], the solvability of (1.3.20) and (1.3.21) were studied
respectively. Results in [13, 14] are un-suitable.
Define ug(t) = t>~%u(t) and

PCl0,1] = {x:x|(; ., € C(tistiv1],x(2;),x(67) exist, x(t,7) = x(1:), i =0,1,2,-- -k}

with norm |[x|| = sup |x(¢)| for x € PC[0,1],
1€(0,1]

X=Au: ua,DS‘jlu € PC[0,1]}
with norm ||u|| = max{HuaH,HDgle} foruecX,
Y = PC[0, 1] x R*

with norm ||(u,c)|| = max{||«||,|c|} for (u,c) €Y.
A linear operator L is defined in [13, 14] by

(LX)(t) = (Dg+“(t)7Au(tl)7' a aAu(tk)7ADg+_lu(tl)a”' 7ADg+_1u(tk))
with its domain
(weX: lim 2 %u(t) = 3 au(&), u(1) = 3 bu(ni)}, in[13]
+ i=1 i=1

D(L) = o m n
{ue X :D§'u(0) = 3 aD ' u(&), u(1) = ¥ bin? %u(n;)} in[14].
i=1 i=1

(i) D(L) is not well defined. In fact, Lu ¢ Y for u € X . The definition of D(L) in
[13, 14] should be replaced by

n

{we X : D% ue PC0,1], lim 2~%u(r) = 3 au(&), u(l) = él bu(n)},

10T i=1
for (1.3.20)
D(L) =

{u€ X : DY uePCl0, 1]7Dgflu(o):ﬁlaiDgflu(éi),u(l):é bin?~ “u(n;)}
for (1.3.21).
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(i1) In Lemma 2.3 in [13], it is claimed that L is a Fredholm mapping of index zero
and KerL = {h1t* ' +hyt*~2 : hy,hy € IR}. This claim is unsuitable. In fact u € KerL
if and only if

D§u(t)=0, te€(0,1), t#t, i=1.2,--k
th%}r tziau(t) = 'zl aiu(€i>7 M(l) = _21 biu(ni)a (61)

Au(t;) = ADgflu(n) =0, i=1,2-k

By Theorem 3.1.1 and D{, u(t) = 0, we know that there exist constants ¢;, (i € INf/,
v € IN?) such that

u(t)= Y cit—1)* 1+ 3 cplt—1;)%2, 1€ (titia], i€INg. (6.2)
j=0 j=0
So

Dg‘jlu(z):l"(oc) lzocjl, 1€ (ti,1i41], i€INJ. (6.3)
=

From ADg‘jlu(ti) =0, we get ¢;; =0 (i € INT"). By (6.2), we know u(t;") may be
infinite. So this kind of impulse function (Au(t;) = u(t;") —u(t;") = I; in (1.3.20),
(1.3.21)) is unsuitable. Even cp = 0(i € IN""), this means u(z;") is finite, we have
u(t) = co1t* 1. So KerL = {h;t*~' : hy € IR}. But some other boundary conditions in

(1.3.20) and (1.3.21) are redundant. [

We propose the following impulsive boundary value problems and suggest readers
investigate their solvability

D& u(t) = f(t,u(t),D " u(r)), 1€ (ti,tis1], i€ IN,

1i1(1)1 2 %u(t) = i aiu(&;), u(l) = i biu(n;),

t—0+F i=1 i=1

lim (¢ — ;)2 %u(t) = Liu(t), DS u(t;)), ADS () = Ji(u(ti), DY u(y)), i € INY!

IHII-
and
Dg+u(t):f(t7u(t)aDg:1u(t))v te(tiati-‘rl]a iem?f;
DEtu(0) = z aiD§ u(&), u(1) = ) b}~ %u(m),
= 1=

lim (¢ — ;)2 “u(t) = Li(u(t;), DS u(t)), ADS u(t) = Ji(u(ts), DS u(ti)), i € INT.

1t

REMARK 6.4. In [95], authors studied the existence of solutions of the following
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impulsive boundary value problem for fractional differential equation

DG.u(t) = f(t.v(t).Df.v(t)), Dv(e) = g(t,u(t), DYy u(r)), 1€ (0,1),
Au(ti) = i(v(ti)v ( )) +u(tl) = Bi(v(ti)ng+v(ti))7 i=1,2,--k,
Av(t;) :C'(u(ti)a +u(t,)) Lt )ZDi(M(li),Dg+u(li)), i=1,2,---k

Dg-u(0) - $ aidg lu@z)—u()—ébmi u(m) =0,

Dh-1(0) - chm (&) =v(1) - X 67 Pu(6) =0,

i=1

(6.4)
where 1 <o, <2,0<g<a—1,0<p<P-1,0<é <<, <1,0< <
<M <1,0<8 < <n<1,0<0 < <O, <1, f,g:[0,1] xIR? - IR
are Carathéodory functions, A,,Bl,C,,D :IR? — IR are continuous functions, Aw(t;) =
w(t) —wit; ). ADY, w(t) = Dow(t") — DL.w(t;" ). here w € {u,v}. Y€ {p.q}. and
w(t;"),w(z;) denote the right and left limits of w(t) at ¢ = #;, respectively, and the
fractional derivative is understood in the Riemann-Liouville sense. k, m, a;, b;, ¢;, d;
(i=a,2,---,m) are fixed constant satisfying

ﬁaisz,-:ﬁc,_zd_zbn,_zde_l
i=1 i=1 i=1 = — —

= = =

PCI0,1] = {x : x|, 1., ,] € Cltistip1],x (17 ), x(1]7) exist, x(t;7) = x(1;),i = 0,1,2,-- -k}

with norm ||x|| = sup |x(¢)| for x € PC[0, 1],
1€(0,1]

Y, ={u: ua,DS‘flu € PC|0,1]} with norm ||u|| :max{Hua\LHDg‘le} for ueyy,
Yo ={u: uﬁ,Dgflu € PC[0,1]} with norm ||u]| :maX{HuﬁH,HDgle} for ueys,
Y =Y x Y, is a Banach space with norm ||(yy,y2)|| = max{||y],|y2||}

for (yi,y2) € i x 1,
71 = Z» = PC[0,1] x R** with norm ||(u,c)|| = max{||ul|,|c|} for (u,c) € Z, or Z,,
Z =7y x Z, is a Banach space with norm ||(z1,22)|| = max{||z1]|,||z2]|}

for (z1,22) € Z1 X Z;.

A linear operator L: Y ND(L) — Z and a nonlinear operator N : Y — Z are defined in
[95]. The similar unsuitable things as in [13, 14] happened.

Let &, mi, &, 6 € (tj,ti41] (i € INJ'). We suggest readers study the following
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impulsive boundary value problem:

DS, u(r) = f(t,v(r), Dy, v(1)), Dg+v(t) gt u(t), Dq wu(t)),te (ti7t,-+1]7 i € INY,
tlilg(t—ti)z“"u(t)=Ai( v(t:),Dg.v(ti),  ADGu(ti) = Bi(v(ti), Dy, v(t:)), i € INY',
) Di(

tlgggt—toz-ﬁv(t):ci(u() D u(t)),  ADDv(t) = Di(u(t),D +u<rz>>7ielN'r7

D= u(0) - zaDm (&) = (1)~ 3. bin?~“u(m) =0,

DR 1v(0) = 3 eDf (&) =v(1) - S 67 Pv(e) =0. O

1:

REMARK 6.5. In[12, 78], Bai studied the existence of solutions of BVP(1.3.19).
The following lemma was proved:

LEMMA 2.1. ([12, 78]) The linear impulsive boundary value problem

DY u(t)—Au(t)=o(t), 1€(0,1), t#5, i=12,--,m,
111151 %(t) —u(l) =k, (6.5)
lim (=)'~ [u(t) —u()] = ai, i=12,--,m,

l—bt

where o € (0,1), A #0, k, a; € R are constants and ¢ € C[0,1], has a unique
solution u € PC1_4|0,1] given by

() = g™ Eaa (M) + [y Ga.alt,5)0()ds + T(@) 3. Gy olt, )i

(6.6)
where Gy, o is defined by

T(a)Eq,a(At*)Eq o
T T(a
T(0)Eq o (At*)Eq o
1-T(x

A(1=)®)e (1)@

aAU) (=) Eg o (A(1—5)%), 0< s <1 < 1,
G)L,oc: A1—s)
o)E A

,0<r<s< 1.

\_/h vﬁ

i
D!OC( )
(1) (1)
010!( )

(6.7)

Proof. Firstly it is proved that u is a solution of BVP(6.5). In [12] on page 215, it
claimed that }%tl‘“w(t) —w(1) =0by DS, w(t) —Aw(r) =0, 1€ (0,1]\{r1,---,tm}.
This claim is unsuitable.

We present a direct proof for this lemma. In fact, by Theorem 3.1.1, if u is a
solution of (6.5), we know that there exist constants C,, € IR such that

u(t) = i Co(t —1,)* "EBaa (At —1,)%) + [§(t = )* 1 Eq.a(A(t — 5)*) 0 (s)ds,

v=0
t € (ti,ti41], 1€ING. (6.8)
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One sees that lim (t —#;)'~*[u(t) — u(t;)] = a; implies lim (t — 1) %u(t) = a;. Then

-t -t
(6.5) implies C; =T'(ct)a; (i € INT'). One sees that 111(1)1+t1 “u(r) —u(l) =k and (6.5)
11—
imply
m
= | £ 000) Baa@(1-1)%+ 5 (1=9)% Bl (1-5) )0 (5)ds| = k.
It follows from C, =T'(a)a, (v € INT') that

Co = iy 3 a1 =1)" ' Equ(A(1-1)%)

v—l

+l—l"((7Emf0(l_s)a lEaa(x(l—S) ) ()dS-F%

Hence
u(t) = st Baa(Ar%)
+H(F7§w Jo(1=5)* " Eq g (A(1 —5)%) 0 (s)dst® "B q(A1%)

+ ot =5)* "Eq (At —5)*)0(s)ds
I(a)? < 1—1)* R A1 — )% IR e
Aoy r2) S o) glav( t) a,a(A(1—1,)%)t a,a(A%)

TT(0) S aylt— 1) B A0 — 1))

v=1

= e BeaM®) + i Gra(t,5)0(s)ds +T(0) 3 G altt)a

On the other hand, by direct computation, we can prove that u is a solution of (6.5) if
u satisfies (6.6). [

We suggest readers to establish existence results for the following BVP
Di%u(t) — Au(e) = f(t,u(t),Dgu(r), 1€ (t,ti41], i €ING,
limt'~%u(t) = u(1), }Tltl “D§ u(t) = D§ u(l),

t—0
lim (¢ — ;)" u(r) = 11, u(t;), D u(tr), i€ Ny,

t— t

lim (¢ — 1) ~“Dg, u(t) = J (5. u(t). DG u(t), i€ N},

[*)[i
where o € (0,1), Dy, is the standard Riemann-Liouville fractional derivative of order
*, D(z)ﬁ‘ = D, D{, is the sequential Riemann-Liouville fractional derivative, f : [0, 1] x
IR? - R, and 1,7 : {t;: i € IN"} x R — IR are continuous, m is a fixed positive
integer, #; (i € INT') are fixed points with 0 <7} <ty <--- <ty < 1.

REMARK 6.6. From Corollary 3.2.1, we know that x is a solution of the impulsive

problem

LD0+'X( ) h(t)a re (tiati+1]a i€ INgqa Ax(ti) = Vi, i€ INT: .X(O) = X0, 0 € (Oa 1)
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if and only if x satisfies
i _o—1 .
x(t) =xo+ Zlyﬂ-fé %h(s)ds, te (titiy1], i€INY.
Jj=

Here o € (0,1), xo, y; (i €INT") are constants, 0 =19 <1y < - <l <tymp1 =1, m
a positive integer, 1 € L'(0,1). This is just Lemma 2.7 in [32] and Lemma 3.3 in [80].
Furthermore, Lemma 2.7 in [33] is also derived from this result.

From Corollary 3.1.1, we know that x is a solution of the impulsive problem

DY .x(1) = h(t), 1 € (t;,ti41], i € ING, linl(t—t,-)l_o‘x(t) =y, i€eIN', o €(0,1)

[*)ti

if and only if x satisfies

i _g)a-1 .
x(t):Zoyj(t—tj)afl—kfé(tr(zx) h(s)ds, 1€ (titir1], i€IN.
f

Here o € (0,1), y;(i € INJ') are constants, h € L'(0,1). We suggest readers study the
existence and uniqueness of solutions of the following problem
IDG x(t) = f(t,x(t)), 1€ (titiv1), i€INy,
lim (t — ;)" %x(¢) = I(t;,x(1;)), i€ INg,ax(0)+bx(T) = c,

1=t

where o € (0,1), a,b,c € R, f,I satisfies some assumptions.

REMARK 6.7. In [70], BVP(1.3.15) was studied in which the fractional differen-
tial equation has one starting point. In [72, 89], authors studied the existence of solu-
tions of the following boundary value problem of nonlinear fractional order impulsive
differential equation which has multiple starting points

‘DYx(t)+ f(t,x(1)) =0, 1€ (ti,ti1], €N,
Ax(t;) = Li(x(t:), AY(t) =Ji(x(4)), €N,
oyx(0) — Bix'(0) =xo,  ox(1)+ Box'(1) = xy,

where oy, 2,00, € R with n =: 00+ o1+ 00B1#0,0=10<t; < <ty <
tnr1 = 1, xo, x; €IR.

In fact, suppose that x is a solution of above problem, by Corollary 3.2.1, there
exists a;, b; (i € INJJ') such that

x(0) = ar+ bilt — )+ L LT fls.x(s))ds, 1€ (tip), i€ NG
From 04x(0) — B1xX'(0) = 0, opx(1) + Box' (1) = 0, we get

onag — Bibo = xo,



98 Y. L1U AND X. YANG

‘)a—z

N ~1 —S
Ot -+ (B2 + 02(1 = 1)) b+ ) | S22 —=+ B2 f(s,x()ds = xi.

From Ax(1;) = Ii(x(t;)), AX'(t;) = Ji(x(#;)), we have for i € IN}' that

a;— (aifl‘f'bifl( —ti1) + f l%f(s,x(s))dg = Ii(x(1:)),

bi— (b fi Sy £ x()ds) = Ji(x(@)

i j-1 i i
Use ¥ Y ajbs= Y Y ajbs,wehave
j=20=1 o=1j=0+1

by = by + -iljj( )+ i i O fls x(s))ds, i€ N,
P

i i . gyl
ai=ap+ ¥ bj_1(tj—tj—1)+ Z,llj(x(tj))—l— Zlﬁjﬁl (tjl-(()x) f(s,x(s))ds
j= Jj=

j=1

i i gyl
= ap+tibo+ g Ii(x(z))) + g ﬁ;’fl ([’F(g‘) Sf(s,x(s))ds

45 (- 1701) 5 Jolst >>+i'2< ~0) 3 1, R s

j=2 Jj=

or—l

= ag+1iby + Ell/( x(t;))+ Z le . f(s,x(s))ds

£3 T (-t el + X T (1) S s x(s))ds

o=1j=0+1 o=1j=0+1

i i . gyl
= ap+tibg+ '21 Ii(x(z))) + '21 ﬁtj’fl (tjr(g‘) Sf(s,x(s))ds
j= j=

i i _g)o—2 .
+ X (ti —te)Jo(x(ts)) + Zlf,ff,l (ti—t5) ("F(aln f(s,x(s))ds, i€ INT.
o=

o=1

a—1

Ay = ag +tnbo + Z,llj(x(tj))—l— Xz f,tjﬁl (tj;(sgt) f(s,x(s))ds
= -

m

+ 3 (n—t)olelia)) + 3 7t t0) gy (5.5(0) s

o=1

by = by + ‘gljj( x(t; ))+ % ft] X Fof 172f(s,x(s))ds.
=

Then

onag — Pibo = xo,

nay + (on + )b + @2 3 (1)) + 3 (Br-+ (1 —10)) o (x(0))
Jj= o=

_ —s o2 S o2 5—s a—1
3 i [t 4 Gl el (s x(s)ds

)
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5)1 )02
[+ B | F(sx(s))ds = .
It follows that

aFW—%EI 1i(y)) = 3 BB (x())

m _ _g)e-2 o—s)%2 5—s)%1
e [ ]

_g)e-1 s a2
B b [l BT f(s,x(s))ds,

by = S -8R 3 (1)) = X B (x())

+

m ) 0'7-\')0!7
2 ftc 1 [Oczt l"(oc(tl)

—s 1—s)%2
—# f,m {QZ(;(Q)) + ﬁZIS(aJl) }f(s,x(s))ds.

_s o—2 S o—1
(tlg(o;ll) + Otz(tr(a)) F(s,x(s))ds

Hence

a0+bot+f0 a (s7x(s)) t € (fo,11],
A+ Bt —1;) + [ L lf(s x(s))ds, 1€ (1), i€ NV,

(a)

where ag, by are defined above and A;, B; are defined by

Bi= byt X Jj(x(1) + i e fﬂs,x(s))ds, i€ N,
J=

= agp+tibg+ 'lej( ( ))+ zl“ f’/ 1
j=

- f(s,x(s))ds

i —S -2 .
+3 (ti—z(,)J(,(x(z(,))JrG;l ft;{l(ti—z(,ﬂ’g(d}l) f(s,x(s))ds, i€IN".

o=1

One sees that Lemma 2.2 in [72] and Theorem 2.1 in [89] are unsuitable. [

REMARK 6.8. Suppose that a+ b # 0. In [88], author studied the solvability of
(1.3.26) and (1.3.27) respectively. We find that Lemma 2.9 and Lemma 2.10 [88] are
incorrect.

In fact, by Theorem 3.4.1, we know that x is a piecewise continuous solution of

D, (CD u(t)) + Au(t) = f(t,u(t)), 1€ (t,1:1], i€ NG

if and only if there exist constants C;, D; € IR (j € IN') such that

1) = X DiEapi (A= 1) P) + 2 Cilr— )P Eoip g (A —17)%*P)
J= J=
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=) P E g o p (A — )P fux(w))du, 1€ (1], i€ NG
(6.9)

By Corollary 3.4.2, we know
ﬁ d a+B
Dy x(t) = ZOC,/Ea+ﬁ,1(7L(t—tj) )
=

+ Jolt —u)* "By yp o(A(t — w) B f(u,x(u))du, 1€ (t,441], i€INJ.
(6.10)

From Ax(r)) = yi (i € IN7') and (6.9), we get D; =y; (i € INV'). By “Db.x(1) = d;
(i € INf) and (6.10), we get Cy = dp and

i—1
G+ X C,/'Eoc+/3.,l(l (t,'—tj)aJrﬁ)-i-féi (t,-—u)o‘flEaH;’a(?L(t,-—u)o‘+ﬁ)f(u,x(u))du =d,,
=0

i€ NV,
This is
Eop1(Alta—11)*"F) 1 0 G
Eqipi(Ats—11)*P) Egip 1 (A(ts—1)*P) - 0 G
Eoip1(Ati—11)%P) Eqip (At —12)%tP) - 1 Ci
di —do— [§' (1 —u)* "By p o (A(ty —1)* P )h(u)du
dy—do— [ (t2 —1)* "By p o (A2 — )" *P) £ (u,x(u) ) du
=| dy—dy— f(? (13 — u)o‘_lEaH;’a(?L(tg —u)“+/3) Su,x(u))du
di—do— [ (ti —1)* Egy g o (At — )" P) f(u,x(u) ) du
Then
o) 1 0 .o\ !
G Eoip1(Alta—11)"P) 1 - 0
G | = | Eaupi(A(t3—1)%P) Eqp (A3 —12)*F) -+ 0
G Ea+/371(7t(ti—t1)a+ﬁ) Ea+/371(7t(ti—t2)a+ﬁ) 1

dy—dy— f(;l (tl — u)ailEoH_l;’a(l (1‘1 - u)‘”ﬁ)h(u)du
dy —dy— f(;z (th— u)“_lEa+ﬁ7a(7L (tr — u)o‘+/3)f(u7x(u))du
X | ds—do— [ (13— )" Boipa(A (13 — 1)) £ (u,x(u) ) du

di—do— [g (ti = u)* "By p o (At — )" P) f (u,x(u))du
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It follows that
1
Ci = dy—do— [ =) By oAt~ ) ) x(0) i
0
i—1
+ 3 Mo (do—do= Ji? (1a=10)% B (A1g=1) 1)/ .x(0)d)
o=
t € (tj,tiy1], i € INY,

where M, is the algebraic cofactor of mg; in M, i.e,

Mg = (—1)19x

Ea+[3,l(k(tc+l—t6)a+ﬁ) 1 0 --- 0
Eoip.1(Ator2—to)*™P) Egyp1(Altoso—tos1)*P) 1 - 0
Eoip1(A(timt0)*™P)  Boypi(Alti—teyn)*F) oo Eo p1(Ali—ti1)*P)

From ax(0) + bx(1) = ¢, we get

aDy + b|Do+doEqp 11(A) + X, iEeip i (A(1—1))*7F)
j=1

+ X G ~1j)PEq g pra(A(1—1;)""P)
j:

+ Jo (L=w)**PTEy 5 o p(A(1 — 0)*P) f(u,x(u))du| = c.

Then
Do = 55~ 5Barppr () gt 2 vBaipa (1))
+at5 G0 =) R g (1 =1)")
2 I (1= P B g (A(1 =0 P) f a,x(u) e
Hence BVP(1.3.26) is converted to
)= 3,3/ Bapa (A1) )+ AP 1 (R9P) + Di o (4°9)

i ) j—1
+ 3 {dy—do— 1= 00" Eqp aAlty = )" P)f () du+ S Mods
J= oc

i—1 i—1
~do' S Mo =3 Mo Ji? (1o =1)% a1 = 1)), ()

X (t=1;)PEqyp it (A(r—1;)%"P)
+ f5(t =) P E g g o p(A(t —u) P fu,x(u))du, 1 € (ti,ti1], i€ NG
6.11)
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Hence (2.5) in Lemma 2.9 in [88] is wrong. Similarly we can verify (2.14) in Lemma
2.10in [88] is also wrong. We omit the details. []

REMARK 6.9. Consider the following problems:

D (DL u(t) +Aut) = ft,u(t), 1€ (i), i €N,

Au(ty) = u(t;") —u(t;) =yi, €N}, (6.12)
au(0)+bu(1) =c, ["Dgu]\t:tizdi, ie INY,

and
D (Dfu(t) + Au(r) = f(t.u(r)), 1€ (i, i€ ING,
Au(ll)—u(ﬁ)—u( )=y, i€INT, (6.13)
a[CDOJuH,:o—l—b[CDOJu]\,Zl =c, u(ty)=d;, icINy.

By Theorem 3.4.1, we know that x is a piecewise continuous solution of
CDS‘_+ (CDgu(t)) +Au(t) = f(t,u(t)), t€ttir1], i€INJ
if and only if there exist constants C;,D; € IR (j € IN') such that
x(t) = DiEqyp 1 (At —1)*P) + Ci(t —1:)PE o g gyt (A (e — 1) P)
[0 P B M=) ) fla x5 € (], T€ING.
! (6.14)
By Corollary 3.4.2, we know
“Dyx(t) = CBypa (A —1)*P)
+ t(t—u)o‘_lEa_‘_l;’a(?L(t—u)a+l3)f(u7x(u))du, t € (ti,tiy1], i€INg.
' (6.15)

Using the boundary conditions, impulse functions in (6.12) together with (6.14)—(6.15),
we can convert BVP(6.12) to an integral equation. Similarly use (6.13) and (6.14)—
(6.15), we can convert BVP(6.26) to an integral equation. We omit the details. [J

REMARK 6.10. Let p = 1 — [} sg(s)ds. Lemma 2.3 in [52] claimed that x is a
solution of

D0+x( ) y(t)7 te(ti7ti+l]7 iEINm» 066(172)7
Ax(t) =hi, ADE x(t)=h¢, ieINY, (6.16)
x(0)=0, x(1) = fyx(s)g(s)ds
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if and only if
x(1) = [) G(1,5)y(s)ds + z H(t,t:)hi + z K(t,t:)hs, t€[0,1] (6.17)
where
—1 (tf.\')afl

Glios) = LI7g(s) = 5rigy (1 —9)" "+ g, 0<s <<,

élf"g(s)_pr[(a)(l_s)a_l7 Ogt s < 17

ﬁ(ft,-lg(S)dS—l>+l, 0<<t<l,
H(t,4) =

ﬁ(ﬁ,-lg(S)dS—1>, 0<r< <1,

p .
tl-l3 —|—% (f,ll g(s)ds — 1) % 5 o sg(s)ds, 0<r<r<1,

B
%(ﬁ}g(s)ds—l) LLﬁfé sg(s)ds, 0<r<y<1.

K(t,1) = -T'(2-B)

Suppose that x is a solution of BVP(6.16) and p = 1 — fol sg(s)ds # 0. By Corol-
lary 3.2.1, there exists constants C;,D; (i € IN{J') such that

x(t) = z (C;+D; (t—t~,»))+f’ (- ‘ ( )ds, t€ (titiv1], i€INF.  (6.18)
far

By direct computation, we have

i D; — —s a—p-1 . m
§+x(t) Zor(z—_’,;)(f—’j)l Py s (Ir(()xi_,;;))’(s)d& t€ (titia], i€ING.
j=
(6.19)
From Ax(t,) h; and (6.18), we have C; = h; for i € IN]". x(0) =0 and (6.18) imply
that Co = 0. x(1) = [, x(s)g(s)ds and (6.31) imply that

_s o—1
Do+ z<h +H5(1—= 1))+ fy Urim—y(s)ds
=

s—u)o1
Dos + 2 (hj+hS(s—17) + Jo ( 1-(21) y(u)du] ds.

= 3 flotig(s)
o=0

=
It follows that
—_—t a 4 s (s—u)®1
Do = i s 2 e ot ()(El(hﬁh;(s—t,))ﬁ()(F(;) y(u)du)ds
3 c 1 (1-5)*!
=T P AUARL IS )~ e o T Y)ds:

We note A‘Dggc(tl) "Dggc(t;“) g+x( T)=h{and 0< B <a—1<1. Since
i D; _ a B-1
D) = X gt — 1) P+ I gy (s)ds
j=
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and
_ i (t—s)0—B-1
D (1) = zr g5t = 1)1 7P 4 fo By (s)ds,

we have i =0. So the impulsive function ACDg+x(tl) k¢ is unsuitable. Then Lemma
2.3in [52] is wrong. [J

7. Some examples

In this section, to illustrate the usefulness of our main result, we present some
examples.

EXAMPLE 7.1. Consider the following impulsive boundary value problem

8 1 . 1
D ult)—u(t) = 175 (1=t) % | Bora|(1=i/2)2/3ur) | +col (1—i/21° D3, u(r)|° |
te(é,%—i-%], i=0,1,
2 2 3 3
5.u(0) =I5, u(1), Dgu(0) =Dg,u(1),
3
lim (1 —1/2)5u(t) =1, AD3.u(1/2)=

t—st

(7.1)
where bg, ag, co, I,J, 0 > 0 are constants. Then BVP(7.1) has at least one solution
if o <1.

Proof. Corresponding to BVP(1.4.5), wehave 0 =1y <1, =1/2<5,=1, a
with n=2and p=1, m=1,k=1=-1,

Flx,y) =173 (1=1)7% [bo +agl(e = i/2)*°x]° +co(e — i/213]|°

te(4,444],i=0,1, b(1/2,x,y) =1, and I;(1/2,x,y) = J, f is a II-Carathe6dory
function. By Theorem 4.1.1, BVP(7.1) has at least one solution. [
Claim 7.1. Let
b 0 0 -~ 0 O
. 0 0

ai-1ai-1a-1--a-1 b

Then the algebraic co-factor M,,;(u € ]N’l) of my; in M is given by

i—2
y (—1)a bV T (a;—b), 1<u<i—1,
ui = Jj=u

b=l u=i.
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EXAMPLE 7.2. Let h € L'(0,1)NC(0,1), a € (1,2), ¢, d; € R (s € INT"),
0=1)<t) <-- <ty <tyy1 =1 and there exist constant k > —1, [ € (—1,0] such
that |A(t)| < t*(1—1)" for all # € (0,1). Then Dirichlet boundary value problem for
impulsive fractional differential equation

D x(t) = h(t), ae., t € (titis1], i€INY,
137 %x(0) =137 %x(1) =0, (7.2)
Algjo‘x(t_y) = cslgjo‘(t_y), AD{ x(ty) = d Dy~ x(t;), seINT

has a unique solution

x(1) = Jo CEEh(s)ds + Agr® !+ zA (r—1)* "+ zB( 1)*2,

= (7.3)
re (tl7tl+l] i e INT,
where
’211 (F(a—l)"’lr(a)difl lflz (F(oc)d_,-+r(a_1))> |
A= — r(a,J;)i de f(;c h(s)ds+T (ot —1)~d; f(;' h(s)ds
e ey [(e)do+T (0~ 1) "T(c)d; | Ao,
ic INY,
i—§11 (F(Otfl)o;ll—(a)difl ’ﬁ (F(a)dj+r‘(a71))>
e i o Ji 1o — s)h(s)ds
(0 — 1) Ve; [l (t; — s)h(s)ds
iill (F(afl)ﬁfll"(a)di—l lﬁz (r(a)dﬁr(aq))) ol
o J=0
+ T(a—1) INo)eq JEOAJ.(IG_IJ,)
+T(0 — 1)~ 'T(a)ci Z Ajti—t))
j_
iill <r(a—1)071r(a)di71 11:[ (F(a)dj+r(a_1))>
o J=0
* T(o—1) I'(a—1)csBo
+F(a—1)i—1r(a_1)c.307 ieIN",
Ao fo( )()dS—ZA( )+ T § g
j=1 =

Proof. From Corollary 3.1, we know that there exist constants A;, B; € IR such
that

x(1) = Jo U5 ()ds+zA<t G LB -)" 1€ (), €N,

Jj=
(7.4)
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Then Corollary 3.2 implies that
Igjo‘x(t) = [§(t=s)h(s)ds+T () 2 Aj(t—tj)+T(a—1) ZOBJ, t € (titin1], i € INJ
Jj=0 Jj=

and
DY 'x(t) = [yh(s)ds+T(cx) ZOA,-, 1€ (ti,ti1], i€ IND.
j:

From Igj"‘x(O) = Igjo‘x(l) =0, we get
Bo=0, [y(1=s)h(s)ds+T(at) 3 Aj(r—1;)+T(0c—1) 3 B;i=0.
j=0 J=0

So

Ao =~y [y (1 =s)h)ds — 2 A0 —1)+ it 3 B

From Algj“x(ts) = cslgj"‘( s), ADg () =d sDg x(t;), we get

(o —1)B; = ¢; ( Ui (1 — s)h(s)ds +T(a ; (a—1)§;3,»>,
F(OC—I)AiZdi<(;ih( )ds+T (o ,) i € INT.
It turns to
Nae—1) 0 - 0 A d, f(’)l h(s)ds+T(o)d1Ag
- ( )dl Floa—1) - 0 Ay | _ d2f02h(s)ds+r(a)d2A()
( )d F( )d ~Tla—1) ) \ A d; Jy' h(s)ds+T(a)diAo
So
Ay Ta—1) 0 - 0 U dy [V h(s)ds + T(e)diAg
Ay | _ | T(e)di T(a—=1)--- 0 d> [y h(s)ds+T(a)drAg
A; ~T(a)d; —T(a)d; - T(ax—1) d; Jo h(s)ds +T(a)diAg

By Claim 7.1 (b =T(o.— 1) and a; = —T'(a)d;), we have

A= ﬁ zl (F(a ~ 1) (a)d;i—y iﬁz (T(a)dj+T (o — 1)))

j=0
x (dg Jo° h(s)ds+T(a)dsAo) +T(a— 1)1 [d; [ h(s)ds + () diAo)
) (r(a—lrf*r(a)diq b (r<a>d_,-+r(a—1>>>

_ o =y do J§° h(s)ds+T (0= 1)"\d; [/ h(s)ds
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igl (1—(0(71)<f*ll“(o¢)dl.71 ’ﬁz (F(a)derl"(afl))) ‘
= r(a—Jf)i [(a)ds+T(a—1)""T(a)d; | Ao,
i€ INT.
Similarly
I'(a—1)B; _c,fo(

i—1 i—1
) ( )dS—FF( )C,‘ ZAJ'(IZ‘—Z‘./)-FF(OC—I)C,' ZBJ', lEIern
=0 j=0
is turned to

B T(a—1) 0 0 -
B, —F(OC — I)Cl F(OC — 1) 0
5) \ -ra-1)a -1 Ta-1)

leO (l_s) ( )ds+F( )Cl EA (l_tj)‘f'r(a—l)ClBo

| )i (2= s)h(s)ds + T (e >c2iA< —1;)+T(0t— 1)caBo

ci Jo (ti = s)h(s)ds +T (ot )cle(

' tj)—i—l"(a— l)CiB()
j_

So

’i’l (rwfl)“*‘r(aw,-fl T <r<a>dj+r<a71))>
o= j=0
Bi= T(a—1)

X (Co’ fé" (te —s)h(s)ds +T(ct)co c:z_,;Aj(tg —tj)+T'(o— l)cGBO>

+T (o — 1)1 [c,fo( $)h(s)ds+T(a)c; ii;Aj(ti—tj)"rr(a—l)CiBO]

’Ell (r(a—uﬂr(a)m T <r(a>d,»+r(a—1>>>
o= j=0

NCEI Co 6" (te — s)h(s)ds
ci Jo'(ti — s)h(s)ds

iijl (F(a—l)"’lr(a)di,l i (r(a)d_,-+r(a—1))> o1
— F(a)es X Aj(to—tj)

J=0

+T(o — 1)1

+F(OC - I)FIF((X)C,' iilAj(t,‘ — tj)
=0
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’i’l (rwfl)“*'r(aw,;l T <r<a)d,-+r<a—1>>>
o= j=0

F(OC — l)Co'BO

+ T(o—1)
+T (o — 1) T (e — 1)ciBy, i€ INT.

Substituting A;, B; into (7.4), we get (7.3). On the other hand, if x satisfies (7.3), we
can prove that x satisfies (7.2) by direct computation. [

REMARK 7.1. Let h € L'(0,00) NC(0,%), a € (0,1), by, cs(s € R) €IR, 0 =
fo <t <t < --- and there exist a constant k > —1 such that |A(z)| < t* for all
t € (0,00). We suggest readers to establish the solution of the generalized periodic
boundary value problem for impulsive fractional differential equation

D§.x(t) =h(t), ae., t€ (titiv1], i€INT,
I, %x(0) = bo lim I, %x(1),
AL Ox(ts) = eIy =% (15), s € INT.

REMARK 7.2. Let h € L'(0,00) NC(0,), o € (1,2), ¢5, dy € R (s € INT),
0=ty <1t <t <--- and there exist a constant k > —1 such that |h(r)| < ¢* for all
t € (0,00). We suggest readers to establish the solution of the boundary value problem
for impulsive fractional differential equation

D§.x(t) = h(t), ae., t€ (ttip1], i€INg,
I37%x(0) = lim DY 'x(r) =0,
AIZ—ax(ts) = C.\'Ig:a(ts)a ADg:lx(t.\') = d.\'Dg:lx(t.\')a RIS INT

In [76], authors studied the existence of at least one solution of the following anti-
periodic boundary value problem

CDa M() f(t7 (t))a tE(li,tH.l}, iem?f’
Ault) = Bu(r)), A () = Jiu(n)),  Au'(i) = Oilulr)), i€ N,
u(0) = —u(l), W' (0)=—u'(1), u"(0)=—u"(1),
where o € (2,3), “Dy+ is the Caputo fractional derivative, f : [0,1] x IR — IR is con-
tinuous, /;, J;, Q; : IR — IR are continuous, 0 =1y <ft; < - <ty <typ+; =1.

Motivated by [76], we can investigate the following anti-periodic boundary value

problems
DYu(t) —Au(t) = f(t,u(t)), t€ (ti,ti1], i€INY,
u(t) =L(u(n), W@ =Jiu), o"(")=0iu(n), i€Ny, (7.5)
u(0) = —u(1), W'(0)=—u'(1), u"(0)=—u"(1),
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and
‘DEcu(t) —Au(t) = f(t,u(t)), t€ (titiv1], i€INg,
Au(ty) = Li(u(t)), A (4) =Ji(u(t)), A’(t;) = Qi(u(t;)), i€INT, (7.6)
u(0) = —u(l), w'(0)=—u'(1), u"(0)=—u"(1),

where o € (2,3), A € R, f,1;,J; are continuous functions. Choose the Banach space

—>t

PC[0,1] = {x: (0,1] = R : x[(;,,.,) € Clti,ti41], lim x( ) is finite, i € INB"}

with the norm ||x|| = sup |x(¢)|. We will seek solutions of BVP(7.5) and BVP(7.6) in
1€(0,1]
X.

EXAMPLE 7.3. x € PC(0,1] is a solution of BVP(7.5) if and only if

—A0(t)n(x(tm)) = Bo(t)m(x(tm)) = Co(t) O (x(t)) = ), G(1,5) f (5,x(s))ds
+ Jo(t =) Eq q(A(t — 5)%) f(s,x(s))ds, 1€ (to,11],

x(1) = Ea1 (At —1)*)i(x(t:)) + (1 — 1) Eo 2 (A (£ — 1) %) Ji(x(1:))

(1 —1:)*Eq 3 (A (1 —1)*) Qi (1))

+f;(t — ) Eqa(A(t —5)*)f(s,x(s))ds, t€ (ti,t;41], i€ INT',

(7.6)
where

Ao(t) = Egq i (A9 Eq 1 (A1 —1)*) +1Eq2(At*)A (1 — 1) * "Eq (A (1 —1,,)%)
+12Eq 3 (At A (1 — 1) * 2Ego—1 (A (1 —1)%),

Bo(t) = Eq,1 (At%)(1 = ty)Eq 2 (A(1 —t)®) 4+ 1Eq 2 (A1%)Eq, 1 (A (1 — 1))
FPE 3 (A (1~ i) B g (A(1 ~ 1)),

Co(t) = Eq1(At%)(1 = 13)*Eq3(A(1 — t)*) + tEq 2 (A1) (1 — 1) Eq 2 (A (1 — 1) %)
+12Eq3(At%)Eq 1 (A (1 — 10)%),

G(t,s) = Eq 1 (At%)(1—5)* ' Eq q(A(1—5)%)+1Eq 2 (At%)(1—5)*2Eq o1 (A(1—5)%)

‘HzEa,B (At*)(1 - s)a73Ea,a—2()L(1 —5)%).

Proof. Suppose that x is a solution of BVP(7.5). We know from Theorem 3.2.1
that there exist constants a;, b;, ¢; (i € IN{J') such that

x(t) = @B (A(t — 1)) 4+ bi(t — 1) Ega(A(t — 1)) + ci(t — ;) B 3(A(t —1;)%)
+fti(t—s)o‘_lEma(?L(t—s)o‘)f(s7x(s))ds, 1€ (titipn], i€INg. (71.7)

X (1) = aid(t = 1) "Eq,a(A(t —1)®) +biEe1 (At —1)%) +¢i(t = 1)Eqp (At — 1))
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+ft';(t —s)“_zEa7a,1(?L(t —8)*)f(s,x(s))ds, t€ (ti,tip1], €Ny,
() = aid(t — 1) PEq a1 (At — 1)) +bA(t — 1) 'Eqa (At —1,)%)
+ciEg 1 (A(t—1;)%) + j;f (t— s)""3Ea’a_2(7L (t—9)%)f(s,x(s))ds,
t € (titir1], i€INg.

Then x(0) = —x(1), X'(0) = —x'(1), x”(0) = —x"(1) imply

(1=t)Eq 21 (A (1—1)%)

)9 = [ (1-5)% " Eq.a(A(1-5)%) f(5,x(s))ds,

1—1)*)=buEq 1 (A (1—1,,)%)
—cm(1=tw)Eq 2 (A (1=t)*)— [} (1=5)%2Eq o1 (A (1—5)%)

co = —aml(l—t,n)a_zEaﬂ,l(QL(l—tm) )=bp A (1—tp)*~ IEM(A
—cmBo, 1 (A(1=t)®)= [} (1=5)% 3 Eq g2 (A(1=5)%) £ (5,x(s

By x(}) = L(x(1). X () = Ji(x(0). (1) = Qi(x(1) . we have
ai:Ii(x(t,-)), b,-:Ji(x(t,-)), Ci :Qi(x(t,-)), iGINT.

ag = —amBo,1 (A(1=t)")~bm
—cm(1=tn)*Ea3(A(1=tn
by = —amA(1—ty)* "Eq.a(A(
Sf(s,x(s))ds,
(1=tm)®)
))ds.

Then

ao = =B 1 (A (1=t) *) I (6(t)) = (1=tm) B 21 (A (1=t) *) I (x(2))
~(1~t)Eq3 (A (1=t)®) Qo (x(tm)) = f, (1=5)" Eqoe (A (1)) f(s,x(s)) ds
1-

bo = ~A(1~t)* " Eq.a(A(1~tn)*)In(x(tm)) ~Ea,1 (A (1—t) *)Jpn (x(tm) )
—(1=tm)Eq 2 (A (1=tm)®) O (x(tm)) = fyr, (1=9)* 2E e 1 (A (1=5)%) f (5,x(s))ds
co = —A(1=tn)* *Ea o1 (A(1=t)*) I (x(t))
A (1—1) B (A (1) )T (X))~ Eogr, 1 (A (1) %) Qo (x(1))
— o (1=8)%3Eg g 2 (A(1=5)%) f(s5,x(s))ds.

Substituting all as, by, ¢, into (7.7), we get (7.6). On the other hand, if x satisfies (7.6),
we can get (7.5) by direct computation. [

EXAMPLE 7.4. Let
1+Eq1(A) Ego(R) Ey3(4)
M= (mij) = ( Ea,a(k) 1+Ea,l(l) Ea,Z(A) )
Eq 0-1 (A) Eqoad) 1 +Eq 1 (L)

and M;; be the algebraic cofactor of m;; in M. Suppose that [M| # 0. Then x €
PC(0,1] is a solution of BVP(7.6) if and only if

0= = £ A6~ 3 BiIi((5) ~ 3 C004(x07)

J=1 J=1
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_ fol G(t,s)f(s,x(s))ds + jé Eo1(A(t —1))*)1;(x(t)))

+ X (t—1))Eap(A(r —1;)%)J;(x(t;)) + ,il(t —1j)*Eq 3(A(t —1))*)Q;(x(t;))

j=1

+ Jo(t =)  Eqa(A(t — $)*) f(s,x(s))ds, t€ (titit1], i€ ING, (7.9)
where
Ajt) = %—leal(M“)Ea.l(l(l—h) )+ Bt (A1) A (1-1))* ' Eq 0 (A (1-1)%)

B (A1) A (1=1) P Eg g1 (A (1=1))7)

+ 1 Ea2 (A1) Eq 1 (A(1-1)%)

+‘22tEa2(7U°‘) (1=1;)* " Eaa(A(1-1))%)

‘”tEaz(?LtO‘) (1—t;)* 2 Eq.q—1(A(1—1;)%)

‘IleEm(Ma)Eal( (1—t ) )
+W23‘t2Ea73(7Lta)7L(l tj)o‘ a,a(A(1=1;)%)
+1“473TI2E053(7U“)7L(1 1)%" 2Eaa 1(A(1=1;)%),
Bj(t) = ‘M‘Eal(ha)( 1j)Ea2(A(1-1;)%)+ ‘ZIEal(At JEq1(A(1—1;)%)

+A%Ea71(Ata)(l—lj)a_lEa,a(k(l_tj) )
+ B2 (A7) (1=1))Ea 2 (A (1-1))*)+ 7 1Ea 2 (A1) Eq 1 (A (1-1))%)
+A B2 (A1%) (1) Eq.a(A(1-1))%)
B 5 (%) (11 Baa (A (1)) + 13 a3 (A1) Eaa ((1-1))
MR 2R, 3 (A?)(1-1)* " Eg.a(A(1-1;)%),
1] / ’
Ci(t) = T Ea 1 (M) (1=1)"Eq,3 (A (1-1))®)+ 13 Bo 1 (A7) (1-1))Eq 2 (A(1-1;)%)
it Bt (A1) ey (A(1-1))) i B2 (A1) (11, PEee s (A (115))
+ it a2 (A1) (1)) B (A (1)) + T (B 2 (A" B 1 (A (1-1)%)
B3 () (11 PEa s (A (1-17)%)
U 2B 3 (%) (11 2 (A (117) )+ 2B 3 (A1) B (A (1-1)%),
G(t,s) = T Ea1 (A7) (1=5) " Eg a(A(1-5)")
\ZIEOCI( ) 1—s5)%~ 2Eaa71 A(1-5)%)

(
)
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+ 1 E a2 (A1) (1-5)* SEMQ(M_S)&)
+ 1 7 Ea3 (A1) (1-

+ i B3 (%) (1-5)% 2Eaa71(
+‘33‘I2Ea3(7tz°‘)(1 )% 3Eq.q2(A(1-5)%).

Proof. Suppose x is a solution of BVP(7.6). By Theorem 3.2.1, we know that
there exist constants a;, (i € INj', v=0,1,2)) such that

x(t) = Zi:oajOEa,l(A (l‘ —l‘j)a) + ioajl(l —tj)Ea.’Q(l (l‘ —l‘j)a)
J= J=

+E ap(t—1;Ea3(A(t —1;)%) + [o(t = )% Eq.a(A(r = 5)%) f(s,x(s))ds,

t € (t,ti11], | € ING. (7.10)

Then
X)) =2 ZOajo(f 1)) "EBg o (At —1;)%) + Zoa,ﬂEa,l(?t(t—tj)"‘)
j= Jj=

+3 ap(t=1))Bap(A(1=1;)%)+ o (1=5)* 2 Eao1 (A(t—=5))f(5.x(s))ds,

Jj=0
t € (t;,ti41], 1€ INY,

X'(t)=2A i ajo(t—1))* Eg a1 (At —1))%)+ 1 ioajl(t—tj)"‘*lEa?a()L(t —1;)%)
- f

+ 2 ajpBo 1 (A(t—1;)%)+ Jo(t=5)* Eq.q-2(A(t=5)%)f(5,x(5))ds,

j_
t € (t;,ti41], 1€INY.

Then x(0) = —x(1), X'(0) = —x'(1), x(0) = —x"(1) imply
ag) = — ; ajoEe,1(A(1—1;)%) — goajl(l —1))Eq2(A(1—1;)%)

= § ap(1-1) Eas(A(1-1)%)
J=

— Jo (1 =$)* Eqa(A(1—5)%) f(s,x(s))ds,
apr = —A goajo(l —1j)* "Eqa(A(1—1;)%) — goalea,l(l(l —1;)%)
J= J=

= % (= 1)L 1)) [ (19" a1 (L1 =9/ 5.2(5)ds

ap = —A g ajo(1—=1;)* ?Eq g1 (A(1—1;)*)—A goaﬂ(1—t,f)“*lEa,a(l(l—tj)“)
=

J=0
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m
= 5 B (11 —4)%) ~ (1= g a2(A(1 ~5))(55))ds.

By Ax(;) = hi(x(1)). AV(17) = Ji(x(6)). A¥' (") = Qi(x(1)) we have
aio =L(x(t)), an=Ji(x(%)), an=0ix(%)), icIN.
Then
(I+Eq,1(A))aoo+Eq2(A)aoi +Eq3(4)ao:
= —élEaJ()L(l — 1)) ;(x(t))) — gl(l —1j))Eq2(A(1 —1;)*)J;(x(2;))

—jgl(l —tj)zEa73(?L(l —1))*)Q;(x(r;)) — fol(l —s)a_lEa,a(l(l — )9 f(s,x(s))ds,
Eq .0 (A)aoo+(1+Eq1(A))aoi+Eq2(A)ao:

==-1 g (1=1)* "Eaa(A(1 = 1)) ;(x(t;)) —nga,l(l(l —1j)%)Jj(x(t;))
m 1
= 2 (1=1))Eq2(A(1 = 1;)")Q;(x(t))) — /0(1—S)“_zEa,afl(l(l—S)O‘)f(&X(S))ds,
j=1

Eo 0-1(A)aop+Eq,q(4)aoi+(1+Eq 1 (4))ao
==-23 (1—1)* *Ega1(A(1—1;))1;(x(t))

=1

3

A 3 (1= 1) B (A= 1)"W;(x(1)) — 3 Bt (A(1-1,)?)Q5(x(1;)

j=1 j=1
—Jo (1 =5)"Eqa-2(A(1=5)*)f(s,x(s))ds.

It follows that

m

{ ZEal( (1=1j)*)Lj(x(17) = X (1=1)) B2 (A (1=1))%)Jj(x(t;))

j=1 j=1

| <

aopo = I

g

||M§

At )" Ea3(A(1-1))*)Q; (x(1; ))—fol(I—S)"“lEa,a(l(l—S)O‘)f(s,X(S))dS]

.

+
:|§

{ Ay (1—fj)“‘lEa,a(l(l—fj)o‘)lj(X(fj))—élEa,l(l(l—fj)"‘)fj(x(fj))

=1

||M§ =

(1=1)Eq2(4 (1—1,;')“)Qj(x(fj))—fol(I—S)“‘zEa,a—l(l(l—S)Q)f(S,X(S))dS]

~.
= —_

§|§

[ A 3 (1) 2Eq 0t (A (1)1 x(17)

Jj=

4 3 ()" (1) 5olt) - & B (1))@ x(1)

— (15 B2 (A (1)) (5,x(5))ds .
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m

an = ¢ {— glEa,l(l(l—fj)“)lj(X(fj))— 3 (1=1j)Eo2(A(1-1))%)J;(x(t)))

j= j=l
- él(l—thEa,a(l(l—tj)"‘)Qj(X(tj))— I (I—S)OHEa,a(?L(l—S)"‘)f(s,X(S))dS}
+ 7% {—l él(l—fj)“’lEa,a(l(l—fj)"‘)lj(X(tj))—él Eo 1 (A(1=1j)*)Jj(x(17))

= 3 (1) Ea2(A(1—1)")Q;x(t7)— i (1-5)% a1 (A(1=5)%)f(5,x(5) s

J=1

[ 8 10 B (1))

e (1—fj)°"1Ea,a(7L(l—fj)"‘)Jj(X(tj))—élEa,l(l(l—fj)"‘)Qj(X(tj))

J=1

02 = 5[ £ Baa (=) 5a(0)~ %, (17172 (h(1-1))9;x(7)

-3 (l—fj)zEa,s(l(l—fj)"‘)Qj(X(fj))—fol(1—8)“_1Ea,a(l(1—S)"‘)f(S»X(S))dS]

J=1

i {—QLjgl(l—tj)a—lEma(?L(l—tj)a)lj(x(tj))—jglEml(l(l—tj)a)_]j(x(tj))

= 3 (1) Ea2(A (1) )0 (xt7))— Jg (1=9) g1 (A (1-5)%)f(5,x(5))ds]

j=1
(-2 3 (1) B o1 (A (1) L (x(1)
j=1
4 3 ()" a1 s(ole) - £ Baa (142, x(1)

3 (125 B2 (A (1)) f(5,x(5) s

Here M;; is the is the algebraic cofactor of m;; in M = (m;;) defined in Theorem.
Substituting all ayg, a1, ag into (7.10), we get (7.9). On the other hand, if x satisfies
(7.9), we can get (7.6) by direct computation. [

THEOREM 7.1. Suppose that there exist constants My > 0, M; > 0, M; > 0,
Mo > 0 such that

[f@x)l <My, 1 €(0,1], xe R, [L(x)| <M, [Ji(x)| < My, |Qi(x)| < Mg, i € INY'

Then BVP(7.5) has at least one solution.
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Proof. Define the operator 7 on X by

—A0()In(x(tn)) = Bo (1) (x(tm)) = Co (£) O (x(tm)) — Jy1. G(2,5) f (5,x(s))ds
+ [o(t = 5)*  Eqq(A(t —5)%) f(s,x(s))ds, 1 € (to,11],

(Tx)(1) = § o (A —1:)*)L(x(t:)) + (t = 1:)Eq 2 (A (£ — 1) *)Ji(x(1:))

(= 1) a3 (At — 1)) 0i(u(s)

+ [t =) Eq o (A(t —5)*) f(s,x(s))ds, 1€ (tti11], i€IN}.

Then T : X — X is well defined and 7 is completely continuous, x is a solution of
BVP(7.5) if and only if x is a fixed point of T in X . By the definition of T, we have

(Tx)(1)] < sup [(Tx)(r)+ sup [(Tx)(2)|

1€(19,11] 1€t tiy1]
< [Ea 1t (1A + A Ea2(|A)Eaa(|A]) +|A[Eqs(A])Eqa—1(|2])] M
+[Eq,1([2))Eq1(|A]) + Eq2(|A)Ea1(|4]) +[A[Eq3(|A])Eaqa(|A])] M)
+[Ea1(IA)Ea3(|2]) + Eq2(|A))Ea2(|A]) +Ea3(|A])Ea,1(|A])] Mo
+ fo [Bot (A1) (1 =) Eqa(|A]) + Eq2(JA]) (1 =) 2Eq,-1(]A])
+Eq3([A)(1—5)"Eq a—a(|A])] Myds + [5(t —5)* " Eqa(|A[)Mds
+Eq1 (1AM +Eq (A )My +Eq3(|12 )Mo + [t —5)* ' Eq o (|2 |)Myds
< [Eq 1 (IA])? + 2 [Ea2(|A)Ea,a(|A]) +A[Eqs(|A])Eqa—1(|A])] My
+[Eaq1(|A)Eeq1(|A]) + Eq2(|2))Ea,1(|A]) +A[Eq3(|A ) Eq,a(|A])] M)

+[Eo1 (ADEa3(|A]) + Eo2(|1A)Eaa(|A]) +Ea3(|A))Eq1(|4])] Mo

Eo 1 (1A)(1-9)""Eqa(IA) | Ea2(A)Eaa-1(A])
+[ : lalpha + - oa—1 l

Eq3(A)Ea.a—2(2 Eoo(|A)My
w %+Ea,1(|7t|)M1+Ea,2(|M)MJ

+ ]Mf—F

+Eaq (|2 )Mo + e

o : My aconstant independent of x.

Set Q={xe X :||x|]| <Mp+1}. Then TQ C Q. Lemma 2.1 implies that 7" has fixed
point x € X which is a solution of BVP(7.5). The proof is complete. [

THEOREM 7.2. Suppose that M # 0 and there exist constants My > 0, M; > 0,
M; >0, Mo > 0 such that

|f(t,x)| <Myp, 1 €(0,1], x e R, [Li(x)| < M;, |Ji(x)| <My, |Qi(x)| < Mp, i € INT

Then BVP(7.6) has at least one solution.

Proof. Set

M =max{1+Ey1(1),Eq2(A),Eq3(1),Eq.0(A),Eq2(A) Eqo 1(A),Eqa()}.
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Then we know M;; (the algebraic cofactor of m;; in M) satisfies [M;;| < 2M° . Define
the operator 7 on X by

m m m

(Tx)(1) = — X A;(Oi(x(1))) — X Bj(0)J;(x()) — X Cj(t)Q;(x(7)))

j=1 J=1 J=1

— Jo G(t,5)f (5 x(s))ds + é Eo 1 (At —1j)*)1(x(1;))

j=1

+ i (t—tj)Ea 2 (A(t—1;)%)Jj(x(t;))+ i (t—1)*Eq3(A(t—1))*)0;(x(t}))

j=1 j=1
+ Jo(t =) Eq (A (t —5)%) f(s,x(s))ds, t€ (tistix1], i€ INZ.

Then T : X — X is well defined, T is completely continuous and we will seek fixed
points of 7 in X which is solutions of BVP(7.6). One sees that there exists My > 0
such that ||Tx|| < Mp. Set Q={xe€ X :||x|| <Mp+1}. Then TQ C Q. Lemma 2.1
implies that T has fixed point x € X which is a solution of BVP(7.6). The proof is
complete. [l

8. Possible trends of researches

The advantages of fractional calculus have been described and pointed out in the
last few decades by many authors. It has been shown that the fractional order models of
real systems are regularly more adequate than usually used integer order models. Ap-
plications of these fractional order models are in many fields, as for example, rheology,
mechanics, chemistry, physics, bioengineering, robotics and many others [21].

Kilbas and Trujillo in [42, 43], Agarwal, Benchohra and Hamani [3] gave a survey
of methods and some results in the theory of fractional differential equations respec-
tively. Some problems and research directions were also presented in [42, 43]. In recent
years, there has been much interest by many authors in developing theoretical analy-
sis like asymptotic periodicity, asymptotic behavior in general, numerical methods and
computational simulation.

In [21], authors presented applications and implementations of fractional order
systems. It provides a brief theoretical introduction to fractional order system dedicat-
ing almost all the space to the modelling issue, fractional chaotic system control and
fractional order controller theory and realization.

In [34], Hilfer reviewed phenomenological and physical arguments for the general
importance of fractional derivatives. Many physical applications of fractional calculus
such as the Polymer science applications, the decimation transformation of random
walk models, the rouse model, the rheological constitutive modelling, the relaxation
and diffusion models and the unorthodox applications were reviewed in [34].

The theory of impulsive differential equations describes processes which experi-
ence a sudden change of their state at certain moments. Processes with such character-
istics arise naturally and often, for example, phenomena studied in physics, chemical
technology, population dynamics, biotechnology and economics. For an introduction of
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the basic theory of impulsive differential equation, we refer the reader to [49]. It is nat-
ural and interesting to make deep studies on impulsive fractional differential equations
(systems).

As we have seen above, only the first steps were done in constructing the the-
ory of impulsive fractional differential equations. The first paper concerned with the
solvability of impulsive fractional differential equations with the Caputo type fractional
derivatives may be [4]. When o — 2, 6 — 0, we know that Df.u— u” Dg+u —u,

DS‘+ Y — ' (see (2.105) and (2.90) in [65]). So (1) becomes

W' (t) = p()f (tult ) u(t),u'(t)), € (titiv1), i€INg,
W(0)=0, u(l)=

u(t) =1(ti,u (tz),u() "(6)), i€ INT,
A (t;) = J(ti,u(t),u(t;),u' (), i€INJ.

The boundary conditions #/(0) = u(1) = 0 is called mixed boundary conditions.
BVP(8.1) was studied in [56, 94].

In this paper, by considering some boundary value problems for impulsive frac-
tional differential equations with the Caputo fractional derivatives or the Riemann-
Liouville fractional derivatives, we have presented methods (the continuation theorem
in coincidence degree theory and the Schauder’s fixed point theorem) and results based
on a reduction to integral equations.

One knows that some other kinds of fractional derivatives have also been proposed
such as the Hadamard type fractional derivative, fractional g-difference and so on, see
text books [34, 43, 63, 65]. So there have been many questions on impulsive fractional
differential equations for investigating in this field.

From research methods, many methods have been applied successfully in study-
ing boundary value problems of ordinary differential equations or impulsive ordinary
differential equations or functional differential (difference) equations such as the con-
tinuation theorem in coincidence degree theory, the Schauder’s fixed point theorem,
upper and lower solution method, monotone iterative technique, fixed point theorems
in cone in Banach space, critical point theorems and so on. However, these methods
seem to be difficult to be applied in impulsive fractional differential equations. There
has been few published papers.

We hope that the specialists in the theory of ordinary differential, fractional dif-
ferential, partial and fractional partial differential equations shall pay their attention to
this field.
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