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SOLVABILITY FOR A SYSTEM OF NONLINEAR FRACTIONAL
HIGHER-ORDER THREE-POINT BOUNDARY VALUE PROBLEM

SABBAVARAPU NAGESWARA RAO

(Communicated by B. Ahmad)

Abstract. Existence of eigenvalues yielding single and multiple positive solutions for a system
of higher order fractional differential equations along with boundary conditions is established.
The results are obtained by the use of a Guo-Krasnosel’skii fixed point theorem in cones.

1. Introduction

In recent years, boundary value problems of nonlinear fractional differential equa-
tions have been studied by many researchers. Fractional differential equations appear
naturally in various fields of science and engineering, and constitute an important field
of research. As a matter of fact, fractional derivatives provide an excellent tool for the
description of memory and hereditary properties of various materials and processes
[17, 29, 30]. For more details of some recent theoretical results on fractional dif-
ferential equations and their applications, we refer the reader to [4, 5, 7, 8, 21, 31].
Some recent work on boundary value problems of fractional order can be found in
[12, 14, 15,22,24,25, 27, 32] and the references therein.

In this paper, we consider the system of nonlinear fractional differential equations

D% u(t)+Af(t,u(t),v(t))=0,t€ (a,b),n—1<

o<
1
DB (1) + glo,u(0)v(1)) =0, 1 € (ab), m—1< B < .

with the boundary conditions

o —2, (but fixed)
B —2, (but fixed)

where DY and Dg . are denote the Riemann-Liouville fractional derivatives of order
o and B respectively, n— 1 <o <n,m—1<B<m, nmeNnm=3, 1< 0 <
o—2, 1< B < B —2 are fixed integers and & € (0,00), N € (a,b) are constants with
0<éMm—-a)* 4 l<(b—a)* a1,
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The aim of this paper is to establish some simple criteria for the existence of single
and multiple solutions of the system (1)—(2) in explicit intervals for A and y. By a
positive solution of problem (1)—(2) we mean a pair of functions (u,v) € C(|a,b]) x
C([a,b]) satisfying (1) and (2) with u(z) > 0, v(z) > 0 for all 7 € [a,b] and (u,v) #
(0,0).

The following assumptions are made to establish our results.

(H1) The functionsf and g are continuous and nonnegative. f(z,u,v) <

p1(®)qi(t,u,v), g(t,u,v) < pa(t)qa(t,u,v), (t,u,v) € [a,b] x [0,00) x [0,00), where g; €
Clleb] X [0,5%) x [0,00),[0,0)] , and.pi € C[[a, ], [0,22)] satisfy [? pi(s)ds < o=, i =
1,2.
(H2) The limits
t t
fo= tim min {85 i g L8
utv—0 t€lah] uU+v utv—es t€lah] UtV
t t
go= _lim min st,,v) 7u7v)7 8= _lim min glt,,7) 7u7v)7
u+v—0 tE[a,b] u + 1% U—+vy—oo tE[ll.,b] u + Vv
ill,u, — ilt,u,
gio= lim max M, Gi.o = lim max M
M+V—>0 t€lap] U+V utv—eo tcfab] U+ V

exist with fo, fie, 805 8w, Gi0, Gice € [0,00),i =1,2.

The rest of the paper is organized as follows.In Section 2, we present the defini-
tions, some lemmas from the theory of fractional calculus and also state Krasnosel’skii
fixed point theorem. In Section 3, we construct the Green’s function for the fractional
order boundary value problem and estimate the bounds for the Green’s function. Later,
we express the solution of the boundary value problem (1)—(2) into an equivalent inte-
gral equation. In Section 4, we discuss the existence of a single positive solution of the
system (1)—(2). The intervals in which the parameters A, can guarantee the existence
of a positive solution are obtained. In Section 5, we study the existence conditions of
at least two positive solutions of the system (1)—(2). Finally, we give an example as an
application.

2. Preliminaries

In this section, we present here the definitions, some lemmas from the theory of
fractional calculus and also state Krasnosel’skii fixed point theorem.

DEFINITION 1. The (left-sided) fractional integral of order o« > 0 of a function
f:(0,00) — R is given by

1§10 = g7 [ 09" ). ¢>0.

provided the right-hand side is pointwise defined on (0,e0), where I'(¢t) is the Euler
gamma function defined by T'(ex) = [5°t% le~'dt, a0 > 0.
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DEFINITION 2. The Riemann-Liouville fractional derivative of order o¢ > 0 for a
function f : (0,00) — R is given by

g N0 = (5)" e ><I>Zﬁ(%)"/o’(t_g7fjmdm>o7

where n = [at] 4 1, provided that the right-hand side is pointwise defined on (0, ).
The notation [¢f] stands for the largest integer not greater than ¢oc. We also de-
note the Riemann-Liouville fractional derivative of f by D, f(¢). If o« =m € N then

D f(t) = f™(t) for t > 0, and if & =0 then DY, f(¢) = f()fort>0.

LEMMA 1. ([17]) a)If oo >0, B >0 and f € LP(0,1), (1 < p < o), then the
relation (I, 0+f)( )= a+ﬁf)( 1) is satisfied at almost every point t € (0,1). If ot +
B>1, then the above relatlon holds at any point of [0,1].

b)If >0 and f € LP(0,1), (1< p <o), then the relation (D 15, f)(t) = f(t)
holds almost everywhere on (0, 1).

c)Ifoo>B>0and f€LP(0,1), (1< p< ), thenthe relation (Dg+10+f)( 1) =
(Igfﬁf) (t) holds almost everywhere on (0,1).

LEMMA 2. ([17]) Let ¢ >0 and n =[]+ 1 for o0 ¢ N and n = o for o € N;
that is, n is the smallest integer greater than or equal to .. Then, the solutions of the
fractional differential equation D, u(t) =0, 0 <t <1, are

u(t) = cut® e P e ® ", 0< < 1,

where c1,ca,...,c, are arbitrary real constants.

LEMMA 3. ([17]) Let o >0, n be the smallest integer greater than or equal to o
(n—1<a<n)and ye L'(0,1). The solutions of the fractional equation D, u(r)+
y(@)=0,0<t<1,are

_l t
ut)=—— [ (t—9)*y(s)ds+c1t* '+ .. 4", 0<r <1,
0= gy f, 9" s e+t
where c1,ca,...,c, are arbitrary real constants.

Proof. By Lemma 1 b), the equation D, u(t) +y(¢) = O can be written as
D u(t) +Dgy (I y)(1) =0 or  D§, (u+Iy)(t) =0.
By using Lemma 2, the solutions for the above equation are
ut) Hgy(t) =cut® e e
ut) = —I1gy(t) + et 4 et
—1

1
= W/ (t—8)*My(s)ds+ et de® 0< <1,
0

where cy,cz,...,c, are arbitrary real constants. [
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THEOREM 1. [Krasnosel’skii] Let X be a Banach space, K _Q X be a cone, and
suppose that €y, Ly are open subsets of X with 0 € Q; and Q; C Q). Suppose
Surther that T : KN (Q \ Q1) — K is completely continuous operator such that either

(D) |Tul|<||u|l, ue KNIQy and || Tu ||=|| u]|, u € KNIQy, or
(ii) | Tu|[=] u

,uceKNdQ and | Tu||<||u ], ue KNI,

holds. Then T has a fixed point in KN (Q, \ Q).

3. Green’s function and bounds
In this section, we construct the Green function for the homogeneous BVP corre-
sponding to (1)—(2) and estimate the bounds for the Green function which are needed
to establish the main results.

—D%u(t)=0, a<t<b, 3)
u(a)=0, 0<i<n—=2, W™ (b) = &ul™(n) )

LEMMA 4. If y € Cla,b|, then the fractional order BVP
D% u(t)+y(t)=0, a<t <b, %)

with (4), has a unique solution, u(t) = fab G, (t,5)y(s)ds where G) (t,s) is the Green
function for the BVP (5)—(4) and is given by

Gylt,s) =G S—a) G 6
) =G G e g ge a2 ©
o[t a<s<i<b,
Gi(t,5) = =— et e (7)
[(a) | “)h ()’;C)l e a<t<s<b,
) o — (- 5™ a<s <,
GZ(TI7S> = W (n_a)o(ﬁglafl(b_ls)a—alfl (8)
(b_a)l)!*lllfl 9 n < s < b
Proof. Assume that u € Clo+! [a,b] is a solution of fractional order BVP (5)—(4)
and is uniquely expressed as 1% D% u(t) = —1%y(t), so that
1 gt
u(t) = —— / (1 — ) y(s)ds+c1(t — @)% 4 ealt — @)% 4 -+ enlt — @)%,
I'a) Ja
From u')(a) =0, 0<i<n—2, wehave ¢, = cy_| =2 =---=c, =0. Then

u(t) = %Olc) /at(t — )% y(s)ds+ci(t —a)* !,
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ul®) (1) = ¢ 1 —)(t—a)* %~ _0‘1 —i ! t — )% % y(s)ds
0 =al@-6-a® " ~Tle-dgg [0 ysas
From u(®)(b) = Eul®) (7)), we have

= N (b oa—op—1 e . 1 b b oa—op—1 d
) R | (LR ACED R OLE

A . o—o— ul N K o—0—
=¢[eTto i —a Tl [ -9 ysas)

Therefore
1

F(O() [(b _ a)oc—oq—l _ é (n _ a)a—al—l]

<[/ (b )=y (s)ds - & / o — )%y (5)ds]
1 b
@[b-a e ]/ (b= )" (s
£

c1 =

n— a)a—al—l

. (
[(a)(b—a)*n~ [(b a)e—ou—1_g(n—q)e—o-1

| [ sy

_r(a)[(b_a)a o 15 é(n—a)a—al—l] /an(n—s)afarly(s)ds
- F(a)(b_la)a o 1/a})(b—S)"‘*"‘“1 (s)ds
+[(b o T /Gzns
Thus, the unique solution of (5)—(4) is
”(”:%/Qtﬁ—ﬂ“‘l (s + ;é;"i;l. 1 /ab(b—s)a_a‘_ly(s)ds
+[(b a)o- of( /Gz’“
_/Glls ds+ba)aof(1 P — /G2ns

= [ G

where G (t,s) is givenin (6) O
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LEMMA 5. The Green’s function G,/(t,s) satisfies the following inequalities
(i) Galt,5) < Gy (b.s), forall (t,5) € a.b] x [a,B],
(ii) G)L(t7s> YIGl(b7s>rf0rall (I,S) € [nab} X [a7b]’

EANA
where Y = <2_Z> .

AR/

Proof. The Green’s function Gy(z,s) is given (7).
For a <t <s<b,

dG(t,s) 1 (t—a)*2(b—s)* 0!
= > 0.
o T(o- 1)[ T |>0 ©)
Fora<s<t<b
i) _ _1_[=a) 20" e
o T(a_1) (b—a)o—on-1 y
N2/ No—og—1 _ (4 o—2(1 _ No—op—1
> 1 {(l a)*2(b—s)* % (t—t5)*2(b—a)* ™ ] >0.
Ia—1) (b—a)o—ou-1
Now we prove
G>(n,8) =20 s € [a,b]. (10)
In fact, if s > 1, obviously, (10) holds. If s < n one has
1 fm—a) i b—s)* ! a—ay—1
GZ(n7S) - F(a) |: (b—a)‘X*‘Xl*l (Tl S)
o No—o =1/ No—oq—1 _ _ o—og—1(p _ ,\o—o;—1
21{(17 Q)N (b )N —(n—ns) TN (b)Y
I'a) (b—a)*—0oa-1
That implies that (10) is also true. Therefore, by (6), (9) and (10) we find
9G,(t,s) _ dGi(t,s) (a—1E(—a)*?
_ >
ot o h—aea l—g(n—a)a—al—le("’S)/o

Therefore G, (t,s) is increasing with respect to ¢ € [a,b]. Hence the inequality (i) is
proved. Now, we establish the inequality (ii).
On the other hand, if s < then

L [(t=a)* ! (b—s)* ! o
F(a)[ b—gea T U9 1}
_ (=" e (b—s) N
- T(a)(b—a)*! [ (b —a)o—o1

1 —a)% (p_g)o-l

( [(I (b) a)‘(x = ~ (=5

)
> () [ o9
> (1=4) )

Gl(l‘,S)Z

_ (b_s)a—l}
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If r <s, we have

1 [(t—a)* '(b—s)*n-!
Gi{t>s) F(a)[ (b—a)e—a-1 ]
(t _a)afl (b_a)afl(b_s)a*arl o
r(a)(b—a)a—l[ (b—a)*—o-1 —(b=s) 1}
1 [(t—a)* Y (b—s)*!
+1"(a)[ b—a)o 1 ]
t—a (b—a)* (b —s)* ! o—
F b— a> [ (b—a)*—r-1 —(b=9) 1}
> (5= ) G
Therefore e
Gl(ts)><b ‘;) Gi(b,s). (11)
From (6) and (11) we have
E(t—a)*!

G (t,s) =G(t,s)+ [ b—a)aa-T_E(n _a)afalfl]Gz(n’s)

t—a\o-l é(l—a)o‘_l
= (b —a) Gi(b,s) + [(b _a)oc—oq—l _é(n — a)a—al—l} G2(n,s)

> (122" 6w

Therefore
Gy (t,5) 2 1nGy(b,s) for all (¢,5) € [n,b] x [a,b]

a—1
where y; = (Z:Z) . Hence the inequality (ii) is proved. O

We can also formulate similar results as Lemma 4-Lemma 5 above, for the frac-
tional boundary value problem,

D5+v(t)—|—h(t):0,a<t<b, m—1<f <m, (12)

vW(a)=0,0<j<m—2, vB)(b)=EvPI(n), 1< B <B—2, (butfixed) (13)

where m >3, 1 < B; < B —2 is a fixed integer. We denote by G, and 7, the corre-
sponding Green’s function and constant for the problem (12)—(13) defined in a similar
manner as G, and 7 respectively.

By using the Green’s function G, and G, our problem (1)—(2) can be written
equivalently as the following nonlinear system of integral equations

{ u(t) = A [° Gy (1,5)f(s,u(s),v(s))ds, a <t <b,
v(t) =1 [P Gyu(t,5)g(s,u(s),v(s))ds, a <t <b.
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We consider the Banach space X = Cla,b| with supremum norm || - ||, and the
Banach space Y = X x X with the norm || (u,v) ||=]| u || + || v . It is easy to show
that (Y, | - ||) is a real Banach space. We define the cone kK C Y by

Kz{(u,v)EY:u(t)}Q W(1)>0,¥1 €la,b] and min (u(r)+v(1)) > 7| ()| }

t€ [n,b]

where y=min{y,%}.
For A, u > 0, we define the operators 0,0, : Y — X as

01 )0) =4 [ Gy o,9)(5u(s)v(5)ds, @<t <b,
0ulu)0) =1t [ Gule.)gls, ) v(9)ds, a<e<b,
and an operator Q:Y — Y as

0(uv) = (1 (), Qu(wy)), (wv) €Y.

It is clear that the existence of a positive solution to the system (1)—(2) is equivalent to
the existence of a fixed points of the operator Q.

LEMMA 6. If (H1) and (H2) hold, then Q : Kk — K is completely continuous.

Proof. By using standard arguments, we can easily show that, the operator Q
is completely continuous, we need only to prove Q(k) C k. Let (u,v) € x clearly,
Q1 (u,v)(¢) >0 and Q(u,v)(¢) =0 for ¢ € [a,b]. Also, for (u,v) € K,

b
| @ (u,v)(0) || < l/a G (b,s5)f (s,u(s),v(s))ds,
b
1 Qu(u,v)(2) || < H/u Gu(b,s)g(s,u(s),v(s))ds.
In fact, for any (z,s) € [n,b] x [a,b], we have from Lemma 5

min [0 (,v)(1) + Qu (4, (1)

t€n,b]

:,gfﬁr}, /G;Lts S(s,u(s),v(s) ds+,u/ Gyu(t,s)g(s,u(s),v(s))ds

> Ay / G (bys) f(s,1(s),v(s))ds + iy / G (b, )g(s,u(s), v(s))ds
=711 Qa () | 71 Quliey) = 7| Quv) .
hence,

min_ |04(,)(1) + Qu(V)(0)] > 7]l Q) I

te(n,b
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Therefore, O(x) C k. Let (u,v) € xk and € > 0 be given. By the continuity of f and
g, there exists 6 > 0 such that

| f(t,uv)— fe,ud' V) |<e,| g(t,u,v) —g(t,u V) |< e,

whenever |u—u'|< 8, |v—V |< 8 forall 7 € [a,D].

b
| Oa () (1) — Oy (u,v)(2) | =7L/a G (t,s) | f(s,u,v) = f(s,u' V') | ds
b
< en / G, (1,5)ds.

Thus, || Qs (u,v)(£)—0; (V) () || < €A [P G (¢,5)ds. Inasimilar manner || O (u,v)(7)
—Qu(u' V() |I< suf:Gu(t,s)ds and Q is continuous. Now, let {(u,,v,)} be a
bounded sequence in k. Since f and g are continuous, there exists N > 0 such that
| f(t,u,vn) |<N, | g(t,un,vy) |<N forall uy,,v, € [0,e). Then, for each ¢ € [a,b] and
for each n,

b
| Q) 0) | =14 [ Ga0.9)f (5,00, |
a
b
<A [ 1Ga(b.s) | (s.t0v0) | ds
b
<NA / G, (b,s)ds.
In a similar manner | Qy (in,v,)(t) [< Nt [? Gy (b, s)ds. By choosing successive sub-

sequences, there exists a subsequence {Q(un;,vy;)} Which converges uniformly on
[a,b]. Hence Q is completely continuous. [

If y € x is a fixed point of Q, then y satisfies (6) and hence y is a positive solution
of the BVP (1)—(2). We seek the fixed points of the operator Q in the cone x.

4. Existence results

In this section, we discuss the existence of at least one positive solution to the
system (1)—(2). We use the following notation for simplicity.

b b
A= [ Gubspi(s)ds, Bi= [ Gu(bs)as,
a n

b b
A2:/ Gu(b,s)pa(s)ds, B2:/ Gyu(b,s)ds.
a n

Our approach is based on the following Guo-Krasnosel’skii fixed point theorem [11,
16].

THEOREM 2. Suppose (H1),(H2) hold, and 0 < § < 1 then we have the follow-
ing results:
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(1) If 0< 10, fs020,8= < %, A110 < 8V [, then for each A € (. 22

and U € (0, A;f{)) , the system (1)—(2)has at least one positive solution.

(2) 10 < 410, for 20,8 < =, A2ga0 < (1= 8)PBage, then for each . € (0, 72)

1 1-8 - - .
and |l € (yz Boes’ Azqzo) , the system (1)—(2) has at least one positive solution.

Proof. We only prove case (1). The other case can be proved similarly. We
construct the sets 1 and €, in order to apply Theorem 2. Let

Ae( 1 0 ) “6<0 1—5)
V’Bif A1qio/’ "Argao/’
and we choose € > 0 such that

1 0 0<u< 1-6

- <A —, <—.
V2B (fe —€) Ai(qio+€) H As(ga0+€)

By the definition of g1 and g, there exists R; > 0 such that ¢ (¢,u,v) < (q10 +
e)u+v), qt,u,v) < (qao+¢€)(u+v), for u+v e [0,R;]. Choosing (u,v) € x with
|| (u,v) ||= R we have

b
02(u)(1) =2 | Ga(1:5)1 (s,u(5),v())ds
< [ Galb,5)p (5 5.u(5).v(5)s
< JL/uh Gy (b,s)p1(s)(qio+€)(u+v)ds
<A+ @) | [ Grb.pi(s)as
<Alqio+€) || (wv) [| A <8 (v) ]
In a similar manner, we obtain
b
0ul0:v)(1) =t | Gult,5)g(s.uls). v(s))ds
b
<u / G (b,5)pa ()2 (s,u(s), v(s))ds
SU /ab Gu(b,s)p2(s)(q20+€)(u+v)ds

b
<ulg+e) |y [ Gulb.s)pa()ds
<ulg+e) || () | A2 < (1=8) | () ||



EIGENVALUES FOR A SYSTEM OF FDE 161

then || O(u,v) ||[< 0 || (u,v) || +(1 =98) || (u,v) ||=] (u,v) || . Consequently, if we set
Q= {(u,v) € x:| (u,v) | <Ry}, then

Il O(u,v) [|<]| (,v) ||, forall (u,v) € kKNIQ;. (14)

On the other hand, by the definition of f., there exists R, > 0, such that f(z,u,v) >
(fro—€)(u+v),forall u+v e [Ry,). Let R, = max{2R;, R72} and Q = {(u,v) € x:|
@,v) < Ra}. If (u,v) € k with || (u,v) [|= Rz, then mine(y p(u+v) = 7| (u,v) || >
R, thus we have

b
02 (u)(1) =2 [ G1(1.9)f(5,u(5),v(5))ds
> Ay/n"Gl<b,s><fw—e><u+v>ds

b
> AP (fa—8) | (wy) | /n Gy (b,s)ds

> A7 Bi(fo—€) || (u,) |
=|| (u,v) ||, forallz € [n,b],
then
| Q(u,v) [IZ]| @ (u,v) [IZ]] (u,v) ||, for all (u,v) € kN IQy. (15)

TEerefore, it follows from (14),(15) and Theorem 1, Q has a fixed points in KN
(Qz\Q 1) , which is a positive solution of (1)-(2). [

Similarly, we can also obtain the following theorem that is in some way of duality
of Theorem 2.

THEOREM 3. Suppose (H1),(H2) hold, and 0 < § < 1 then we have the follow-
ing results:

(1) If 0< f0,01,80, 2= < %, A1 < 3FB fo, then for each A € (=, 78—

1910

and U € (0, A;i) , the system (1)—(2)has at least one positive solution.

(2) If 0< f0,q1005 80,200 < °°, A2qreo < (1 —5))/2B2g0, then for each A € <07 ﬁ)

and |l € ( 1 1-6 >7 the system (1)—(2) has at least one positive solution.

¥?*Bago’ A2q2
5. Multiplicity results

In this section, we prove the existence of at least two positive solutions for the
system (1)—(2).

THEOREM 4. Suppose (H1), (H2) hold. In addition, assume that there exist
Sfour constants r\,M,K,8 where K is sufficient small, 0 < 8 < 1, with 6yB\M > A K,
(1 —08)yBoM > AyK, such that:
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(1) q10=q1e =0, 20 = q20o = 0;

(2) f(t,u,v) = Mry, or g(t,u,v) = Mry, for yr1 <|| (u,v) ||< ri. Then for any A €
1’6 1 1 1-6
(yBlM’Al_KL ue (O,A K] or A€ <O’m]’“ € (szM7A2K] the system (1)—(2)

has at least two positive solutions.

Proof: We only prove the case of A € ('YBll e LK] pe (o —1‘2] The other case

is similar.

Step 1. By the definition of g0 = g20 = 0, there exists H; € (0,r;) such that
qi(t,u,v) < K(u+v), q2(t,u,v) < K(u+v), for u+ve (0,H;). Then we have

0, (u,v) l/ G (t,5)f(s,u(s),v(s))ds
<2 / G (b,)p1 (s)aqu (s.u(s), v(s))ds

b
< [ G (K -+ v)ds
SAK | (,9) || Ay <8 () |-

In a similar manner, we obtain

b
0uli0v)(1) =t | Gult,5)g(s.uls). v(s))ds
<t [ Gulb,5)pals)aats. ). vs))ds

b
<u/a Gu(b,s)p2(s)K(u+v)ds
SUK ] (u,v) [[A2 < (1=6) || (u,v) [,

Hence, || Q(u,v) [|=[| Q2 (u,v) | + | Qu(u,v) [I<] (u,v) || -
Set Q; = {(u,v) € k:|| (u,v) ||< Hy }, then

|| O(u,v) || <] (w,v) ||, forall (#,v) € KN IQ. (16)

Step 2. By the definition of . = g2.. = 0, there exist H, > r; such that g, (¢,u,v)
<K(u+v), g2(t,u,v) < (u+v), for u+v e [Hy, o). Similarly, set Q, = {(u,v) € x:||
(u,v) | < Hp}, then

H Q(u,v) HSH (M,V) ”a for all (u,v) € KOQQT (17)
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Step 3. Set Q3 = {(u,v) € k:|| (u,v) |[<ri}, then ¥(u,v) € k with || (u,v) ||=r1,
we have

b
02(u)(1) = 2 | G (1,5) (s,u(s),(5))ds
b
>y /n G, (b, )/ (s,u(s),v(s))ds

b
> M// G (b,s)Mrds
n

> AyMriBy >r) Vte€n,bl,

then
| Q(u,v) [|> (u,v) ||, forall (u,v) € KN IQ;3. (18)

Consequently, from (16)—(18) and Theorem 1, the system has at least two positive so-
lutions (uy,v1) € K, (uz,v2) € kK with 0 <|| (u1,v1) ||< r1 <|| (u2,vm) ||. O

The following result is an antithesis of Theorem 4.

THEOREM 5. Suppose (H1),(H2) hold. In addition, assume that there exist four
constants r1,M,K,8 where K is sufficient large, 0 < 6 < 1, with yB1K > A M, (1 —
0)YB2K > AyM, such that

(3) qi(t,u,v) < Mry, or qa(t,u,v) < Mry, for O <[| (u,v) < ri;

(4) fo = foo =0 OF gy = goo = 0. Then for any A € (yBllK7A16M] and L € (O,}‘ ]S]
or A € ( VA M] and 1 € (szK,AzM] the system (1)—(2) has at least two posi-
tive solutzons

For the convenience of the discussion of at least two positive solutions for the
system (1)—(2), we study the problem under a more general case than the assumption
of Theorem 4 and Theorem 5.

oi(r) = sup{q,-(t,u,v) it €la,b], yr<u+v< n}, i=1,2.
vi(r) =inf{f(t,u,v):1 € n,b], yr<u+v<r}.

vo(r) =inf{g(t,u,v):t € [n,b], yr<u+v<r}.

¢(r) = max{@i(r), @2(r)}, w(r) = min{y1(r), ya(r)}.

Then, we can obtain the following result.

THEOREM 6. Suppose (H1) hold. In addition, assume that there exist three con-
stants M,K,8,0 < 6 <1 with 0yBi1M > A K, (1 —8)yBoM > AyK and three constants
dy,dy,ds with 0 < dy < dy < ds, such that one of the following two conditions is satis-

fied:
(1) o(d)) <diK,y(dy) >doM, and @(d3) < Kds,
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(2) y(d)) =diM,p(dy) < oK, and y(dz) > Mds, then for any A € (BIMY,A?K]
and |l € ( ,A’K] or A€ (O,ABK] and |l € (YBzM’AzK] the system (1)—(2) has
at least two positive solutions (uj,vy), (u5,v5) and dy <|| (uf,v}) ||< d2 <]|
(3,v3) ||< ds.

Proof. We only prove the case of (1) and A € (BlMy,AlK] ue (O7ix ,‘2] The

other cases are similar. Let Qg = {(u,v) € k:|| (u,v) [[<d1}. If (u,v) € 9Qy,, then
| (u,v) ||=d,. Since yd; <u+v<dj,a<t<b, then we have

0; (u,v) JL/ G (t,5)f(s,u(s),v(s))ds
<2 / G (b,)p1 (s)aqu (s.u(s), v(s))ds
b
<[ Gbsppld)ds
b
<A |G (bs)pi(5)ds
< )LdlKAl < d16 =6 || (M7V) H .

In a similar manner, we obtain

b
Oulu)(1) = / G (t,5)g (s, u(s),v(s))ds
b
<u [ Gulb.)p2(s)aa(s.u(s).v(s))ds
< H/leGp(b,S)pz(S)<P(d1)d5
< uKdiAy < (1= 8)d) = (1-8) | (wv) | .

Then

| O(u,v) ||<]| (u,v) ||, for all (u,v) € KN IQy, . (19)
Let Q4 = {(u,v) € k|| (u,v) [[<da}. If (u,v) € 9Qq,, then || (u,v) ||=d>. Since
ydy <u+v<dy,t €[n,b], then we have

b
0x(u)(1) = A [ Gal1.9)f(5,u(5),v())ds
> [ ’ G (b.5)w(do)ds
> AydoMB; > dp =|| (u,v) H .

Then
| Q(u,v) [I>| (u,v) ||, forall (u,v) € KN IQy,. (20)
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Let Q4 = {(u,v) € k|| (u,v) [[<d3}. If (u,v) € 9Qq;, then || (u,v) ||=ds. Since
Yds <u+v<ds,a<t<b, then we have

b
02(u)(1) =2 | Ga(1.5)1 (s,u(s),v())ds
< [ 10,901 ()1 (). () s
< [ G5 (s)p(asas

< AdsKA, <d38 =38 | (u,v) |-

In a similar manner, we obtain
b
Oulu)(1) = / G (t,5)g (s, u(s),v(s))ds
b
i [ Gulb.5)p2(9)aa(s,u(5), () ds
< H/leGp(b,S)pz(S)<P(d3)d5
< uKdss < (1= 8)ds = (1-8) | (uv) |

Then
| Q(u,v) ||<|| (u,v) ||, forall (u,v) € KN IQy;. 21

From (19), (20), (21) and Theorem 1, the system has at least two positive solutions
(. v}) € . (5, v3) € ¢ and dy <[| (uwh,v}) | < da <[] (u3,3) [[< ds. O

6. Example

In this section, we demonstrate our main results with an example.
Leta=0,b=1, a:%,nzfﬁl,ﬁz.%,mz.% 172.%,52%, =1, =L
We consider the system of fractional differential equations

D(z)fu(t)+/l[(u+v)3+(u+v)31‘] =0, 0<t<1, )
Dgfv(t)+u[(u+v)2+(u+v)%] =0, 0<r<1,
with the three-point boundary conditions
/ / 1 / 1
u(0) =0, w/(0) =0, and (1) = zu (5)
L1 (23)
_ 100 — "0y rey Loyt
v(0) =0, v/(0) =0, V/(0) =0, and v(l)—3v<2>.

4 14 Lo .
We choose r1 =1, M =3, K = %, S = %7 then all the conditions in

Theorem 5 are satisfied. Therefore, for any A € ({5,8] and u € (0,32] or A € (0,8]
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and u € (28,32], the system (22)—(23) has at least two positive solutions (u;(¢),v1(¢)),
(ua (1), v2(2)) with O <[ (ur(1),v1 (1)) [|< 1 <[] (w2(2),v2(0)) |-
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