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ANALYTIC SOLUTION OF GENERALIZED SPACE TIME
FRACTIONAL REACTION DIFFUSION EQUATION

RITU AGARWAL, SONAL JAIN AND R. P. AGARWAL

(Communicated by R. Garrappa)

Abstract. The aim of this paper is to investigate the solution of a generalized space-time frac-
tional reaction-diffusion equation associated with the Hilfer-Prabhakar time fractional derivative
and the space fractional Laplacian operator. The solution of the equation in terms of the three
parameter Mittag-Leffler function, is obtained by applying the Laplace and Fourier transforms.
The work by K. B. Kachhia and Prajapati (2015), R. Garra et al. (2014) and S. D. Purohit (2011)
and references therein follow as particular cases of our results.

1. Introduction

Fractional calculus has gained remarkable popularity and significance during last
few years, mainly due to its attractive applications in frequent, ostensibly diverse and
wide spread fields of science and engineering. Fractional differential equations have
been used for mathematical modeling in potential fields, viscoelastic materials, sig-
nal processing, diffusion problems, control theory, heat propagation and many others.
The various type of partial differential equations occurring in the fluid mechanics are
discussed by Debnath [14]. Kachhia and Prajapati [11] investigated the solutions of
fractional partial differential equations, occurring in the study of heat transfer through
diathermanous materials. Purohit [29] found the solutions of some fractional partial
differential equations occurring in quantum mechanics. Agarwal et al. [20] investi-
gated the solutions of time-space fractional advection-dispersion equation with Hilfer
composite fractional derivative. Many authors like Mainardi [7], Boyadjiev and Schere
[12], Saxena and Kalla [28] and Agarwal et al. [19] have discussed various applications
of fractional differential equations in their work.

Garra et al. [22] analyzed and discussed Hilfer-Prabhakar derivative and its prop-
erties. Further, they showed some applications of the generalized Hilfer-Prabhakar
derivative in the classical equations of mathematical physics, like the heat and the
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free electron laser equations, and in difference-differential equations governing the dy-
namics of generalized renewal stochastic processes. Garrappa [21] have shown the
applications of Prabhakar function in anomalous relaxation problems. He discussed
fractional operators describing the time relaxation in systems governed by Havriliak-
Negami laws. He proposed a formulation of Griinwald-Letnikov type which turns out
to be effective not only to provide a theoretical characterization of the operators asso-
ciated to Havriliak-Negami model which is obtained by inserting two independent real
powers in the classical Debye model. Polito and Scalas [6] introduced a generalization
of the so-called space-fractional Poisson process by extending the difference operator
acting on state space present in the associated difference-differential equations by us-
ing Prabhakar derivative. Recently, Polito and Tomovski [5] studied some properties
of the Prabhakar integrals and derivatives and of some of their extensions such as the
regularized Prabhakar derivative or the Hilfer-Prabhakar derivative.

Reaction-diffusion equations have found many applications in applied science and
engineering. In recent work, many authors have explained some significant physical
issues of reaction-diffusion equations such as oscillations, stationary, spatio-temporal
dissipative pattern formation, waves etc. (see, e.g., Frank [31], Gafiychuk et al. [33]).
A reaction-diffusion equation comprises a reaction term and a diffusion term, i.e. the
typical form of this equation is as follows:

u(x,t) = kAu+ f(u)

u(x,t) is a state variable and describe density or concentration of a substance or a
population at position x €  C R at time t ({2 being an open set). A denotes the
Laplace operator. The first term on the right hand side describes the diffusion, £ being
diffusion coefficient. The second term, f(u) is a smooth function f: R — R and
describes processes which really change the present u, i.e. something happens to it
(birth, death, chemical reaction, etc.), not just diffuse in the space. Analytical solution
of generalized reaction-diffusion equation studied by Saxena et al. [25], [26] and [27].
Linear fractional reaction-diffusion equation on a finite domain is solved by Yildirim
and Sezer [3] using homotopy perturbation method and Yu ez al. [18] using Adomian
decomposition method. Recently, Garg and Manohar [17] obtained analytical solution
of linear space-time fractional reaction-diffusion equation using generalized differential
transform method.

Linear space-time fractional reaction diffusion equation on finite domain 0 < x <
L,t>0with 0<pu <1 and 0 < v <2 as discussed by Yildirim and Sezer [34] and
Yu et al. [35]

Mu(x,t)
Jart

- b(x)av;)(;’t ) —e(@)ulx,t) + f(x.1) (1)

H . . . . . v .
where 2 = t(;f’[) is the Caputo time fractional derivative of order 0 < u < 1, 2 5’)&5”) is

the Caputo Space fractional derivative of order 1 < v < 2 and 0 < b(x) < bpmax and
0 < ¢(x) < cmax are continuous for 0 < x < L and the function u(x,7) represent source
or sink and f(x,7) is a sufficiently well behaved function.
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2. Mathematics prerequisites

The right-sided Riemann-Liouville fractional integral of order o, (R(ex) > 0)
(Samko et al. [30]) is defined as:

t

T%(u(x,1)) = KU, =% (u(x, 1)) = %m/(z—r)a—lu(x,r) at, t>a ()

The right-sided Riemann-Liouville fractional derivative of order ¢, (R(cx) > 0) can
be defined as:

d

D) = (4

n
) @), n= )1 @
where [x] represents the integral part of the number x.
The following fractional derivative of order o, R(or) > 0 is introduced by Caputo
[15] as

ft (m)(x i drt I<a<
, m— <m

D2 (u(x,1)) = 5@:31 ) a (=)ot @)
gt—mu()c,t)7 ifa=m

a m

where u™ (x,1) =
respect to 7.

-u(x,t), m € N is the m-th derivative of the function u(x,7) with

DEFINITION 1. [22] (Prabhakar integral). Let f € L'[0,b], 0 <t < b < co. The
Prabhakar integral can be written as

P} oo f() = /Ot (1= Ef ulo( —y)PLf()dy = (freppo) 1), )
where p, u, o, ye C,r € R with R(p), R(u) > 0 and the kernel is given by
ehuowt)=t""1E] (0rP),
In 1971, Prabhakar [32] introduced the generalization of two parameter Mittag-
Leffler function as

B = 3, e

}’1

C, R 0, R 0. 6
pn—l—,u = 1P HeC, R(p)>0, R(u)> (6)

Taking y = 1, (6) reduces to the two parameter Mittag-Leffler function studied by
Wiman [2] and defined as

- Z
E,  (2)= e EEr—
pvﬂ() r;)r(pn_’_.u)

n

p,u€C, R(u)>0. (7



172 R. AGARWAL, S. JAIN AND R. P. AGARWAL

As v — 0, then by virtue of the limit formula [24, Eq. 24]

1
E! j(2) = == (8)
()
The fractional Prabhakar derivative was introduced and studied by Ovidio and
Polito [16] as follows.

DEFINITION 2. (Prabhakar derivative). Let f € L'[0,b], 0 <t < b <o and f*
e;}/n, nol) € W™1[0,b], m = [u]. The Prabhakar derivative of the function f is given
by

D’ 4 pey
w0 [0 = BT F0) ©
where  €R, p, u, o, ye C, R(p), R(u) >0.

A generalization of the Riemann-Liouville fractional derivative operator (3) and
Caputo fractional derivative operator (4) is given by Hilfer [23], by introducing a frac-
tional derivative operator of two parameters.

DEFINITION 3. (Hilfer derivative). Let 0 < u <1 and type 0 < v <1, f €
L'[a,b], —o<a<t<b< oo, F*Ka—y)i—p) € AC'[0,b]. Then Hilfer derivative of
u(x,t) with respect to variable 7 is defined as

oD (u(x,1)) = H,““*‘”% () (10)
Itis interesting to observe that for v =0, Eq. (10) reduces to the classical Riemann-
Liouville fractional derivative operator (3). On the other hand, for v = 1, it gives the
Caputo fractional derivative operator defined by (4).
The Laplace transform (see, e.g. Sneddon [10, Chapter 1]) for this operator is
given by Hilfer [23]. Hereafter and without loss of generality, we set @ = 0 in (10).

L{DY Y u(x,1);s} = s*Li{u(x,0)} — " DIV 0t), o<p<1 (D)

where the initial value term I(gi_v)(l_” )u(x,0+) involves the Riemann-Liouville frac-

tional integral operator of order (1 —v)(1 — u) evaluated in the limit as t — 0.
A generalization of the Hilfer derivative operator (10), was given by Garra et al.
[22] as

DEFINITION 4. (Hilfer-Prabhakar derivative). Let u € (0,1), v € [0,1], f €

L0,6], 0<1<b<oo, fre 1N, (:p) € ACT[0,5].
Then Hilfer-Prabhakar denvative is defined by

, d [p—11-v)
L) = (B, oo g (Bl monr} ) 02

where 7, ® € C, p > 0 and where PV

p0.wo+H = U
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It is interesting to observe that for y = 0, Eq. (12) reduces to the Hilfer derivative
(10) and for y =0, v =0, Eq. (12) reduces to the classical Riemann-Liouville frac-
tional derivative operator (3). On the other hand, for y =0, v = 1, it gives the Caputo
fractional derivative operator (4), respectively (see, e.g. [5]), [22]].

The Laplace Transform of Hilfer-Prabhakar derivative (12) is given by [22, Eq.
20]

.
o yv y(1-v)
L{DIy u(e)ss) = {Pp w0 o5 (B (1—v)(1—u),w,0+”(t)>}(s)

= st (1= o5 P)Lfu)(s) =W —os P BTN )

(13)
=071

A symmetric fractional Laplace operator of order A4 is defined by Brockmann and
Sokolov [4, Eq. A.7-A.9] as

A= ﬁ{_wpf +.0RY, 0<A<2 (14)
2cos ( &=
where
N 1 / u®(z) B
—oDf (u(x)) = ) Gop dt, k=[A]+1
and

DA (u(x) = — x/ M di, k=[]4 L.

Further, the Fourier transform of fractional Laplace operator [4, Eq. A.19] is given by

F{A® (u(x,0));n} = —[n*Flu(x,0);n}, 0<2A <2 (15)

where, Fourier transform (see, e.g. Debnath [13, chapter 2]) of function u(x,7) with
respect to variable x is defined as

F{u(x,t);n} =u"(n,t) = /e”’xu(xJ) dx, —oo <1 <oo. (16)
The inverse Fourier Transform of function u*(n,7) is defined as

-
F .0} =uter) = o [ ™ (n.0) an. a7



174 R. AGARWAL, S. JAIN AND R. P. AGARWAL

3. Unified generalized space time fractional reaction diffusion equation

In this section, we investigate the analytic solution of the generalized space-time
fractional reaction-diffusion equation involving fractional Laplace operator contained
in the following theorem:

THEOREM 1. Consider the generalized Cauchy type problem for unified general-
ized linear space-time reaction-diffusion equation

DY (1) = kAS (u(x.0)) +culx,1) + bp(x,1), 1>0, xER,  (18)

with initial condition

(11—
B, w0 1 07) | = () (19)
and boundary condition
|llim u(x,t) =0, t>0 (20)
X|—o0

with u € (0,1), ve[0,1], e R, p >0, y>0 and k > 0 is diffusion coefficient.
Here, IPZ":O’& is the Hilfer-Prabhakar fractional derivative operator as defined in

(12). A% s the fractional generalized Laplace operator of order A, where 0 < A <2
u(x,t) represent source or sink. @(x,t) and g(x) are both sufficiently well behaved
functions and b, ¢ are arbitrary constants.

Then the solution of Eq. (18), subject to the above constraints, is given by

=

2 Het lEgEZJ(;lJr_lv))_v(u—l)(wt")[W(C—k\n\l)"fmxg*(n)dﬂ

b n n+1 % —inx
2—/ / (c —k|n|*)r gD 1Eg(u&ll)(wrp) ¢ (n,t —1)e Mdn dr,
2D

where g"(n) and @*(n,t) are Fourier transforms of the functions g(x) and @(x,t)
respectively.

Proof. In order to prove the theorem, we take the Fourier transform of Eq. (18)
with respect to the space variable x and using boundary condition (20) and Eq. (15)
therein, to obtain

DI - " (n,0)) = =k * (" (n,1)) + cu”(n,1) +bp"(n,1), >0 (22)

where u*(n,t) is the Fourier transform of the function u(x,7).
Now, taking Laplace transform of (22) with respect to variable # and making use
of the Eq. (13), we get

- * - - —y(1— *
1= 05 PP (n,5) =" WD — s P BT (n,07)] .

= —kn[*u*(n,s)+cu’(n,s) +be*(n,s)
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where L{u(n,t);s] = i(n,s).
Next, taking the Fourier transform of the initial condition (19) and putting in (33),
we get
sH[1—ws P]7u" (n,5)—s"* D [1—os ]V g" (n)=—kIn*u’ (n.5)+cu’ (1,5)+b@" (1,5).
Simplifying,
s (1= s P)T+kn* —c|w(n,s) ="V [1 = 5P g"(n) + bo*(n, ),

which gives

* Sv('u_l)l—a)s_l)yv * b@ P
w5 = o e ) oy (24)
(L — s P +kIn|* —c  s*(1 —ws=P)Y+kn|* —
Hence,
u (n,s) =s FHVE=D (1 — gsP) T IV)g* () 1+Ll_c )
sH(1— s=P)Y
1 (25)
. Kn*—c |
M1 — P\ TYp* 10— =" '
+bsTH(1—wsP) o*(n,s) +s”(l—a)s—P)V
Finally,

w'(n,s) = E(C—khﬂ s MDD () — gmP) TNV g* ()
n=0

oo -~ k 7{, o
+5Y (e KnAYs (1 - ws) " (n.s), ( " —c
n=0

sH(1— ws=P)Y

< 1> |
(26)

On taking inverse Laplace transform of Eq. (26) and using convolution theorem, we get

* n n+1 %
u (n,t)=2(c—kln| R AR N (VDT ) .

n n+1 ®
—|—b/ — k|n|*yrehnt D)= 1Eg(uzrnll)(anp)(p (n,t—r)dr.

Further, taking the inverse Fourier transform of (27), we get
+1 « A _j
=g lEz(Z(nH”Q v (@) [ (e kin[Hye g (n)an

(n n+1 * —inx
/ / — K} T (@) 9" (1,0 = T)e Mdn dt
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where g*(n) and ¢*(n,7) are Fourier transforms of the functions g(x) and ¢@(x,7),
respectively. [

It is interesting to observe that as an particular case of Theorem 1, we can obtain
solution of homogeneous Schrédinger equation occurring in the quantum mechanics,
solution of non homogeneous fractional generalized diffussion wave equation and the
solution of fractional partial differential equation that arises in the study of heat transfer
through diathermanous materials.

(1) If we set ¥ =0 then the Hilfer-Prabhakar fractional derivative (12) reduces to
a Hilfer fractional derivative (10) and we get the following result:

THEOREM 2. Consider the generalized Cauchy type problem for fractional linear
space-time reaction-diffusion equation

DY u(x,t) = kA% (u(x,1)) +cu(x,t) +bo(x,1), t >0, xR, (28)
with initial condition

10y (01 = [ng(lfv)“fm’w’mu(x,0+)] —g(x), xR  (29)

and boundary condition
lim u(x,t1) =0, t >0 (30)

[x[—e0

with p e (0,1), ve[0,1], ®eR, p>0, 0< A <2.
Then, the solution of (28) is given by

(H=DA=v) e Aop i
urt) = 5 [ & ) Epurvaivy(c—kin*)te dn

(€29
I L .
b0 || & e —kn )t e* (.0 — E)dEdn
where g*(n) and @*(n,t) are Fourier transforms of the functions g(x) and @(x,t),
respectively and Ej ;(-) is the two parameter Mittag-Leffler function.

Proof. In order to prove the theorem, we take the Fourier transform of Eq. (18)
with respect to the space variable x and using boundary condition (30) and Eq. (15)
therein, to obtain

DY (' (n,0)) = —kIn|* (" (n.0)) + cu* (n,0) + bo* (1), >0  (32)

where u*(n,t) is the Fourier transform of the function u(x,7).
Now, taking Laplace transform of (22) with respect to variable # and making use
of the Eq. (11), we get

stut(n,5) — "B DTy 04) = —kin Pt (n,5) + i (n,s) +bo* (1, 5)
(33)
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where L{u(n,t);s] = i(n,s).
Next, taking the Fourier transform of the initial condition (29) and putting in (33),
we get

st (n,5) =YW Vu(n,04)g"(n) = —kIn|*u(1,5) + cu” (n,5) + be™ (1, 5)
Simplifying,
[+ kin =] (m,5) = "4 Vg () + bg* (n,5),

which gives
5 sVW=Dg*(n bo*(n,s
Fns) = ) 1)
st+kn|t —c  st+knt —c

(34)
On taking inverse Laplace transform of equation (51), by means of the following result

by haubold et al ([8], Eq. 18) and using convolution theorem,

N G _
L l{m =1 ﬁEa,afﬁJrl(_ata) (35)
where R(s) >0, R(a) >0, R(ax— ) > —1, we obtain
wi(n,s) =t*DIVE, v (e — k)™ (n)
1 et A (36)
+ [ &4 Bl =kt (n. - E)ae

Further, taking the inverse Fourier transform of (27), we get

(H=DA=V) e Al —inx
ulrt) = [ & Eurvavye—HnPute ™an

b [ .. .
+%/_ /05“ "By (e —kInM )it o* (0,1 — E)dEdn.

(2) Further, on taking, c =0 and k = % , the above result yields the solution of the

non-homogenous fractional generalized Schrédinger equation considered in Corollary
3.1 by Purohit [29]. O

COROLLARY 1. Consider the following one dimensional non-homogenous gen-
eralized fractional Schrodinger equation of a particle of mass m, defined by

ih
DY u(x,t) = (;—m) Afu(x,t) +bo(x,1), >0, 0<A<2 xeR, (37)
with initial condition

I 0, 04) = g(x), —w<x<ew, 0<pu<l, 0<v<l — (38)
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and boundary condition

‘l‘un u(x,t) =0, t >0, (39)
where b is arbitrary, h = 27h is the Plank constant and g(x) and @(x,t) are given
functions.

Then, the solution of (37), under the given conditions, is given by

u(x,r) /G1 d§+b/t—r /G2 —Er—1)p(&,1)dE | d1,

(40)
where the Green’s function G (x,7) is given by

v 21[ el J(13), (v (1 =), £).(1,5)
Gi(x,t) = HY YA YA ’2] 41)
1) Alxl T Lahd (1,1),(1,1),(1,3)
and the function G, (x,t) is given by
1 21[ e (15, (1,5, (1 i)}
Gx,t:—H7 LYV (VA D (42)
000 = 73 oL (D), (1,15

where a = 2’h and H,; is well known H-function defined by (see, e.g. Mathai et al.

[1, Eq. Chapter 1]).

(3) On taking ¢ = 0 and k = y?, in Eq. (28) we get the solution of non-homogenous
fractional generalized diffusion wave equation considered in Corollary 3.2 by Purohit
[29].

COROLLARY 2. Consider the following one dimensional non-homogenous gen-
eralized fractional diffusion wave equation, defined by

DY u(x,t) = WZA%u(xJ) +be(x,t), t>0, 0<A<2, x€R, (43)

with initial condition

I8 u(x,07) = g(x), —e<x<es, O<pu<l, 0<v<I (44)
and boundary condition
|1|1m u(x,t)=0, t>0 (45)
X|—o0

where b is arbitrary constant and g(x) and @(x,t) are given functions.

Then, the solution of (43) under the given conditions, is given by

u(x,t) /G1 d§+b/ -1 /Gz(x—é,t—r)(p(é,r)dé dr,
a (46)
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where the Green’s function G (x,#) and Gy(x,7) are, respectively, given by (41) and
(42) with a = y2.

(4) On taking b =0, ¢ =0 and A =2 in Theorem 1, we arrive at the following
result by Garra et al. [22, Theorem 5.1]:

COROLLARY 3. Consider the Cauchy problem

2

]D)y’ O+u(x 1) = kmu(x,t), t>0, xeR (47)
with initial condition
(11—
B w0 46,00 = () (48)
and boundary condition
lim u(x,r)=0, >0 (49)

[x[—e0
with p € (0,1), ve[0,1], ®eR, p>0, y=0.

Then, the solution of equation (47) is given by

oo

1 00
_ np(n+1)— 1 pY(n+1-v) 2n *
u(x,t) = Enga(_k) Ht D) =v(u=1)= Ep w(nt1)—v (u_l)(wtp)[wn cosnxg*(n)dn,
(50)
where g*(n) is the Fourier transform of the function g(x).
(5) Further, if we take y=0, ¢c=0, k=0, b= and ¢(x,t) = e~ ™, Theorem 2

yields the solution of fractional partial differential equation arising in the study of heat
transfer through diathermanous materials considered by Kachhia and Prajapati [11].

COROLLARY 4. Consider the fractional partial differential equation that arise in
the study of heat transfer through diathermanous materials as

DMVu(x,1) = aAT u(x,r) + Be™, 0<A <2 1)
with initial condition
18V My (x,0%) =0, (52)
and boundary condition
‘l‘nn u(x,t) =0, t>0. (53)

with i € (0,1), ve[0,1], a > 0.

Then, the solution of (51) under the given conditions, is given by

Briie™ 1 11,3, +1,4),01,
) = H [ e {l% (), (L)L)

3)
2 aE (54
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4. Tlustrative examples

EXAMPLE 1. Consider the generalized Cauchy type problem for unified general-
ized linear space-time reaction-diffusion equation

Dy’wmu( 1) = kA% (u(x,1)) +cu(x,t) +bo(x,t), t >0, x€R, (55)

with initial condition

—y(1-v) ] — -
P 1-v)(1-p).w 07450 >] =e’ (56)
and boundary condition
|llim u(x,t) =0, t>0 (57)
X|—o0

with g € (0,1), ve[0,1], o, keR, k, p>0,7>0,0<A <2
In view of Theorem 1, the solution of equation (55) is given by

n n+1 n_ —inx

= Zr“ g (@) [ (e=KnP e 1 Gn)an
n n n+1 * —inx

+%/—m/o (c —k|n|*)r gD lEg(u(tlll)(wrp)(p (n,t—1)e ™dn dt
(58)
where ¢*(n,t) is Fourier transform of the functions @(x,7) and G(n) =F {e ;n} =
1 (I+in) _
V2r [ 1+in }

Next, we take an example where, in the initial condition, we put g(x) = §(x), the
Dirac delta function.

EXAMPLE 2. Consider the generalized Cauchy type problem for unified general-
ized linear space-time reaction-diffusion equation

Dy’wmu( 1) = kA% (u(x,1)) +culx,t) +bo(x,t), >0, xR, (59)
with initial condition
—v(1-v) | —
Pp,(l—v)(l—u),w,0+u(x’o )| = 6(x), (60)
where &(x) is the Dirac delta function and boundary condition

lim u(x,1) =0, t >0 (61)

[x[—e0

with g € (0,1), ve[0,1], weR, k, p>0,y>0,0<A <2
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In view of Theorem 1, the solution of equation (59), is given by
_ (n+1)—v(u—1)—1 pY(n+1-v) - Ay —i
__ Ztﬂn v Ep u(n+1)—v (pfl)(wtp)/;w(c_k‘n‘ )ne mxd?’l

2n/ /1 —kin[*) ’HU1E§Hﬁu®”ﬂ¢“ﬂﬁ—fk4mdndr
(62)

where ¢*(n,t) is Fourier transform of the function ¢(x,7) and F {6(x);n} =1.

5. Concrete applications

When y =0, v =1, the Hilfer-Prabhakar fractional space derivative (12) get
reduced to Caputo fractional derivative (4) and it yields the following result:

COROLLARY 5. Consider the generalized Cauchy type problem for fractional lin-
ear space-time reaction-diffusion equation

DM u(x,r) = kA%(u(x,t)) +cu(x,t) +bo(x,t), t >0, xeR, (63)
with initial condition
]It(l_”)u(x,OJr) =g(x), (64)
and boundary condition
|1|1m u(x,t) =0, t>0 (65)

with p € (0,1), 0 <A <2
Then the solution of equation (63), is given by

! - * —inx
uln) = E/,wg (MEyo(c—kn|*)i*e ™ dn
b o[~ [t )
_n/_ /05” YEyu(c—knM) o™ (n,1 — E)dédn.

where g*(1) and @*(n,t) are Fourier transform of the functions g(x) and @(x,t)
respectively and Ey ;,(-) is the two parameter Mittag- Leffler function.

On taking Yy =0, v =0, the Hilfer-Prabhakar fractional derivative (12) reduces to
a Riemann-Liouville fractional derivative (3) and the Theorem 2 yields the following
corollary:

COROLLARY 6. Consider the generalized Cauchy type problem for fractional lin-
ear space-time reaction-diffusion equation

Rt u(x,r) = kA% (u(x,2)) +cu(x,t) +bo(x,t), t >0, xR, (66)
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with initial condition

]It(l_”)u(x,OJr) =g(x), (67)
and boundary condition
|llim u(x,t) =0, t >0 (68)

with u € (0,1), 0 <A < 2.
Then, the solution of equation (66) is given by

t(u—l)
2

b [~ [t .
+E/, /05” "By u(c— k| o*(n,1 — &)dEdn.

u(et) = [ " (Euulc—kin/Hytedn

(69)

where g*(n) and ¢*(n,7) are Fourier transforms of the functions g(x) and ¢@(x,7),
respectively and E, (-) is the two parameter Mittag-Leffler function.

6. Conclusion

The solution of a unified generalized linear space-time fractional reaction-diffusion
equation involving Hilfer-Prabhakar time fractional derivative and the space fractional
generalized Laplace operators is obtained in terms of Mittag-Leffler function by using
Laplace transform and Fourier transform. This Method is very useful for studying the
various problems arising in fluid dynamics, control theory, aerodynamics and applied
sciences. The analytic solutions are the exact solutions. Efficient numerical technique
can be developed to find the solution of the fractional PDE by considering their analytic
solutions as base.

Acknowledgement. Authors are thankful to the referees for their useful suggestions
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