ractional
ifferential
alculus
Volume 7, Number 2 (2017), 357-369 doi:10.7153/fdc-2017-07-17

REPRESENTATION OF SOLUTIONS OF LINEAR INHOMOGENEOUS
CAPUTO FRACTIONAL DIFFERENTIAL EQUATION WITH
CONTINUOUS VARIABLE COEFFICIENT BY GREEN FUNCTION

SUNAE PAK, HUICHOL CHOI AND KINAM SIN

(Communicated by S. Umarov)

Abstract. In this paper, the representation of solution to linear inhomogeneous Caputo fractional
differential equation with continuous variable coefficient has been considered by using Green
function. We have proved that the solution of linear inhomogeneous equations with homoge-
neous initial condition can be represented by using classical Green function, generalized Green
function and modified Green function.

1. Introduction

A solution method by classical Duhamel principle for general linear inhomoge-
neous Riemann-Liouville fractional differential equation with constant coefficients was
proposed [5]. The solutions of general linear inhomogeneous Riemann-Liouville frac-
tional differential equations with constant coefficients were obtained by using the Ado-
main decomposition method and it was proved that these solutions are equal to those
gained by Green function method [6]. The general theory on a system of linear in-
homogeneous fractional differential equation was developed and a solution method by
Green function was proposed in case of constant matrix coefficients [7]. A power se-
ries solution method was presented for some linear fractional differential equations with
analytic coefficients [8].

Researchers proved that classical Duhamel principle does not apply for inhomoge-
neous Cauchy problem of fractional differential equations and generalized Duhamel’s
principle for fractional pseudo-differential equations [9]. Also they applied the frac-
tional generalization of Duhamel’s principle to the Cauchy problem for inhomogeneous
fractional order differential equations [10].

In this paper, we focused on how the Green function method may be applied on
initial value problem of linear inhomogeneous Caputo fractional differential equations
of general type according to distribution of orders of derivatives and found the repre-
sentation of solution to the initial value problem by Green function. This paper is orga-
nized as follows. In Section 2, some definitions of fractional calculus were introduced.

Mathematics subject classification (2010): 26A33, 34A08.
Keywords and phrases: Linear inhomogeneous equations, Caputo fractional differential equations,
continuous variable coefficients, Green function.
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In section 3, a representation of solution to linear inhomogeneous Caputo fractional
equation with continuous variable coefficients and homogeneous initial condition were
provided by using classical Green function method, generalized Green function method
and modified Green function method.

2. Preliminary

DEFINITION 1. ([1]) Let R = (—o0,+00), R = (0,4o0). We denote by C[0,T]
the space of functions f that f: (0,T] — R (VT > 0) and 7" f")(r) € C[0,T] for
0 < r < 1. In particular, denote C°[0, 7] by C,[0,T].

DEFINITION 2. ([1,5]) Let @ € R, f € C,[0,T], 0<r< 1. Then

1

Iy ft) = (o)

1
/ (t— )% f(t)de, >0

0
is called the fractional integral of order o (o > 0) of function f in the means of
Riemann-Liouville. In particular, we denote as 1°£(¢) = f(t).

DEFINITION 3. ([1,5]) Let n—1<a<n,ne N, I"%fcC!0,T] and 0 <
r < 1. Then
J— d"
Cdm
is called the fractional derivative of order o of function f in the means of Riemann-
Liouville.

DY, f(t) =D'I" (1), D"

DEFINITION 4. ([5]) Letn— 1 <o <n,ne N, " *feC!0,T], 0<r<1.

Then
n—1 r(k)
k=0 k!

Dy f(t) = D&r

o

is called the Caputo fractional derivatives “Df f* of order o of function f".

REMARK 1. When a = n, we have °Df, f(t) = D§, f(t) =D"f(t).
DEFINITION 5. ([1,5]) Let n € N . We define the set

d
AC"(a,b):= {f:[a.b] — RID"™'f € ACla,b], D= T}
Here AC'[a,b] = ACla, b] is the set of absolutely continuous functions on [a,b].

DEFINITION 6. ([1]) We denote by I%(L;) the set of functions f which is rep-
resented as integral of order o > 0 of some integrable function ¢ € L;(0,T), that is

f=1%.
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3. Main result
By using Green function method, the solution of the initial value problem of linear

inhomogeneous Caputo fractional differential equation with continuous variable coef-
ficients can be obtained.

D y(1 +2m Dyy(1) =g(t), 1€[0,T], (1)

with
DYy(t) [i=o4=0, k=0,1,---np— 1. )

Here, Riemann-Liouville fractional differential operator
RL(Dey) =D + 2 a;(t 3)
and Caputo fractional differential operator
‘L(D:y) = DY + Za, )‘Dy “4)
were considered. Also og,; € Ry, i = 1,---,m usually satisfied the condition of
oy >0, ag >0y >---> 0y, =0 and ng, n; are natural numbers which satisfy the

condition of ng — 1 < oy < ng, nj—1 <oy <nj, i =1,---,m. The solution of the
initial value problem

RL(D:1)G(t;7) =0, 1>7, (5)
_; =1,
L - ©

I "G(t;t) € AC[1,T), VT > 1

can be obtained as [3]

i=1

oo k m
Gr(t;T) = @y (1 — 7) + 3, (— 1)1 [Ea, Iz ""] Y ai(t)Poy—oy (t — 7). (7)
k=0

DEFINITION 7. Gg(t;7) is called the Green function of the Riemann-Liouville
fractional differential operator (1).

On the other hand, the solution G.(z;T) of the initial value problem

°L(D:4)G CD"‘OG+Za, (t)°D¥.G=0, t>1, 7>0, 8)
k _ 1»k:n0—1»
DG|IT_{ka:07l7"'7nO_27 (9)

GeC"(r,T), VT >



360 S. PAK, H. CHOI AND K. SIN

can be obtained as follows by [3]:
When ng =ny,

Gc(t;T)=¢no(f—f)+i(—1)k“13$liai(f)lfi_al i ai(t) Pry—o; (1= 7), (10)
i=1

k=0 i=hyy—1

and when ng > ny,

Gc(t;r):d),,o(t—r)—ki "“1"‘0[251, I ""] Eal D@yy—g,(t — 7). (11)
k=0

DEFINITION 8. G(;7) is called the Green function of the Caputo fractional dif-
ferential operator “L(Dz.).

LEMMA 1. ([5]) Let g(t), ai(t) € C[0,T], i =1,---,m. Then there exists the
unique solution y(t) € C%"0~1(0, T to the initial value problem of the inhomogeneous
equation (1) with homogeneous initial condition (2) and it is represented as

k
yt) =Y (- "1"‘0[251, I~ "‘11 g(1). (12)

3.1. Representation of solution of the initial value problem of non-homogeneous
equation by classical Green function melthod

Some previous researches (e.g. [9]) had indicated that classical Green function
method may not be applied for Caputo fractional differential equations and used gen-
eralized Green function method. But even for Caputo differential equations classical
Green function method can be used to find out solutions of non-homogeneous differen-
tial equations equipped with homogeneous initial conditions.

THEOREM 1. Assume that g(t), a;(t) € C[0,T], i=1,---,m and o = ng, no >
ny. Then there exists the unique solution y(t) € C"[0,T] the initial value problem of
non-homogeneous equation (1) equipped with homogeneous initial condition (2) and it
is represented as

k=0

k
:/OtGC(t;T)g(T)dT: S (—DF1Y [Eal NI “’] g(1), (13)

where G (1;T) is the Green function of the Caputo fractional differential operator
¢L(D7+) when ng > nj.

Proof. From the assumption, Lemma 1 shows the existence and the uniqueness of
the solution of the initial value problems (1) and (2) and it is sufficient to show (13) by
calculating the first part of (13) because of in the case oy = ng, the second part of (13)
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is equal to the expression (12) which is the solution of the initial value problem (1), (2)
from Lemma 1.

So the first part of (13) can be calculated:

_ /O Gl T)g(1)dT
k
:/0 d)no(t—r)g(r)dr+k§6(— k“/ [Eaz A a’]
Xzal no oc, T)g(T)dT

(by using / ®,,(1—1)g(7)d7 = I} ¢(t) from the definition of fractional integral)
0

k
= 6’+g —|—Z k+1/ lr(io)/r no 1[2611 no a,]
xZal Dy ( T)g(r)dé] dt

(Interchanglng the order of integration by Dirichlet’s formula)

=Ipls(t +2 s 1)/’(t_ gyn-1 / [Eaz - a,]k

['(ng

X Za, Dy ( T)g(r)drl dé

= 60+ X0 / [zaz - ] i - —r)g(r)dr]
oo :m T m 1

= 1008()+ X (DM | Y o zaia) | @u-at—Dig(e)ar
k:O :1:11 :ktjnl

= 150+ X (DM | S a0 | Y aon ()
k:O :lzl :kjrzll

= 20+ SO S| s

- k
= Sig(t)Jr];l(—l)kISi [Zai(fﬂfﬁ_a"] 8(1)

i=1

Il
Mx

T
f=l

k
lZa, 1,0 a’] g(t).
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It can also be seen that y(¢) € C"[0,7]. O

REMARK 2. The method of finding out the solution of (1), (2) by using Green
function of Caputo fractional differential operator °L(D.4) like in Theorem 1 is called
Classical Green Function Method.

3.2. Representation of Solution of the initial value problem of non-homogeneous
equation by generalized Green function method

In the previous subsection, it was shown that when oy = ngy, ng > ny, classical
Green function method could be used even for Caputo fractional differential equations.

The following theorem shows a generalized Green function method which may
be applied to Caputo fractional differential equations for which the classical Green
function approach could not be used.

THEOREM 2. Let ng— 1 < o9 < ng, nog > ny. Assume that g(t), a;(t) € C[0,T],
i=1,---,m. Then there exists the unique solution y(t) € C*"0~1[0,T| of the initial
value problem (1), (2) and it is represented by

=

k
/G l"l.':g?F % ( )d = 2 k10+lzal Iao OC,‘| (t)7 (14)

k=0

where G.(t;T) is the Green function of the Caputo fractional differential operator
“L(D+4) in case of no > ny and differential symbol Ego!ao denotes Riemann-Liouville

fractional derivative Dg?;ao or Caputo type "Dgf’;ao.

Proof. From our assumption, Lemma 1 yields the existence and the uniqueness of
the solution of the initial value problem (1), (2).

Similarly to Theorem 1, it is sufficient to show (14) by calculating the first part of
(14) because that the second part of (14) is equal to the expression (12), which is the
solution of the initial value problem from Lemma 1.

@ When E% * = D%~ *, we have

o) = | Gt 1)DI " g(t)d

k
r m m
- /o o (1 —T) + Z DLaRY sl [Zai(t)lf‘fﬁ“’] Y ai(t)®ny—o, (t — r)}
i=1 i=1

x Dy’ “g(t)dT
_ tq) "0 (26 d k+11050 -
= Jo no(t —T)D 0+ g(t)dt+ 2 T+ | 24 !

X 2, ai(t)@ny (1 = T)DGY “g(T)dT
i=1




LINEAR INHOMOGENEOUS CAPUTO FRACTIONAL DIFFERENTIAL EQUATION 363

(Taking account of

! 10— 0 ! (t - T)n071 1no— 0
/O @, (1 — 7D “g(t)dt = /0 DR s

- ﬁ/(:(f‘f>"°‘1<DSi‘°‘“g><f>df =181D81‘“°g<r>>

oo

k
=13iD8i‘°”g(r)+2(—1>"“13£[2a,-(t>12‘.2‘°"'1 N ai(t) ) DY “g(r), (15)
k=0 i=1 i=1

where
I DR 0g(r) = Ry 0D g(0) = 0RO V(). (16)
In (16), it must be true that g(r) € Iy *(L1) to hold true that 1) ** Dy, *g(1) = g(1).
On the other hand, g|_(;,—a)(t) = Ié;("o_a(’)g € AC[0,T] since 0 <np— o < 1. And
1—(np—

81 (a0 (0) = Ip " ®(0) = 0 because 1 — (ng— o) >0, g € C[0,T].

So the relation g(¢) € I; *(L;) can be obtained from Lemma 1 and the expres-

0+

sion (16) can be expressed as

10150 D g (1) =152 g(1).

Moreover, since ng — oy, = ng — 0y + 0 — 0 = 0y — O, + ng — oy > 0 and

I "D’ “g(t) = g(1), the expression Iy} “D’” “g(t) from the second term of

(15) is reduced to

Io2 DGy g () = Ig2 It Dgy (1) = 17 "e(1)

(15) can be expressed as follow:

k
¥(t) = I08(0) + X (~ DR [Zaxtmﬁ“"] Y a0l ()

Therefore
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can be obtained.
@ If 2% % =D’ ™, then

/G (t;7)° Dy *g(t)dT

1
=)
<DL ()t

}’10 1
_/ C O(J)r aﬂg(‘[)dl’

M=

Il
-

a,-(t)d)nofa,- (t - T)

k
d>n0(t—T)+z DLaRY sl [Za, ()12~ ""]

k=0

k=0

+2( 1)k+11°‘0[2a, “'] Za, / Dy (t — T) “D° “g(T)d7T

can be obtained. Taking account of

Dy 0g(r) = DR [g(r) — X, F(0)b1 (1)) = DR (0,
t(t_T)n07lc 10— 0 1 ! no—1 10— 0 ny 10—
/O W D (= /0 (1= (D “g) (x)d = 2 DY “g(),
71, o ! 710 — 04
/ uya(1 = 1) D (0)dr = [ @yt = T)(DR “e) (T

= IR DR g0
— Igi—aﬁ%—angg_—aog( ) _ Ig@—ailno—%Dno—%g(t)

= Igfﬁ_a’ g(0).
Therefore the following expression can be lead.

Y(0) = DY () + Y (- 1>k+lz“°[zal ] za, g g

k=0 i

k+1
_ 1317%+%D8&7%g(1)+ Z k+110¢0 lz Iao 061] g(t)

i.e.
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REMARK 3. The method of finding out the solution of (1) and (2) by using Green
function of Caputo fractional differential operator “L(Dr.) like Theorem 2 is called
Generalized Green Function Method.

3.3. Representation of Solution of the initial value problem of non-homogeneous
equation by modified Green function method

As seen in section 3.2, the generalized Green function method could be applied to
Caputo fractional differential equations only in special cases.

The following theorem shows a modified Green function method which can be
applied to Caputo fractional differential equations in every case.

THEOREM 3. Ifg(t), ai(t) € C[0,T], i=1,---,m, then there exists the unique so-
lution y(t) € C%"0~1[0,T] to the initial value problem of the non-homogeneous equa-
tion (1) with homogeneous initial condition (2) and it is written by

k
t
1) :/ Gr(t;7)g(7)dt = 2 DA [Za, il ""] g(1), 17)
0 k=0

where Gg(t;7) is the Green function of the Riemann-Liouville fractional differential

operator RL(D+.) represented by (7).

Proof. Similarly to the above theorems, the existence and uniqueness of solution
y(t) € C%"0~1[0,T] of (1) and (2) can be claimed. Therefore, it just needs to be verified
that (17) holds true by calculating the first part of (17).

So,
y(t) = /Ot Gr(1;7)g(7)dT
hnd 1 m k
oo S [

X iai(t)cl)ao_ai (t—1)g(7)dt
i=1

i=1

k
DRI [@ [a-g [Zai@ﬂf‘i%]

xZa, )Pery—o )g(r)d&]dr
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can be obtained. (Interchanging the order of integration by Dirichlet’s formula)

t 13 . m u k
+Z D e ) [/0 =3 I[i:zlai@lﬁ ]

xZa, )P ory—ar; ( T)g(r)drl dé

t &l m _k
s E 0 s e | [ Sae

(o i=1

xZal )Dary—oy )g(r)d’r] dé

k=0

k
oo m
= Ig%g(0)+ Y (-1 e [/ lza, (I~ "‘1] Za,-(z)qnomai(t—r)g(r)dr]. (18)
i=1
In the second term of the above,
t m k m
JA [zamlﬁﬁ“"f] S (1) ®oy—a (1 — 7)g(1)d.
i=1 i=1
is calculated. Now

k
A= /[Za, (I~ 0"1 Y ai(t)@ey—o; (1 — T)g(7)d .
i=1

It can be inductively calculated for k=0,1,2,---
When k=0,

/ Za, Yoy (¢ — T)g(T)dT

/%ﬂ ot = 7)g(2)de

li Iao 0‘1] iai(l)/otq)ao—a,-(t_7)8(7)d7~

When k=1,
1
A / lzaz Iaﬂ O(,] Zai(l)q)ao_ai([_ﬂ[)g(r)d,[
i—1
_ éaim [ [1"{2 S (1) Pay ot — 1) g(r)] "

i=1
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Iapg— o) Je

m t 5 m
Z{ai(t)/o [%/ (& —n)%—a,-—li;ai(n)@%ai(n—r)g(f)dn] dt

¢ n o m - -
Zal (oo — 06,)/0 l/o (&E—n)* 1;@(11)@%,%(17 T)g(r)dfldn
< 1 £ a1
= Za,-(t)i.)/o (E—m)% 1;%

i-1 (o — o4

[ @l ()dr]dn
=i NI~ O"Zal l/o - ai(n—f)g(f)dfl
[Za, (1)1 az] i'ﬁlai(z)/ot%ai(z—r)g(r)dr.

t m m
A= A [2 ] Y ai(t) oy -0, (t — T)g(1)dT
i=1 i=1

- /’[im(zﬂ?ﬁ‘ ] [za, ] 5 a0)a -0 = )s(r)

(Usmg the result incase of k = 1)

= iai(t)lgf Za, /[Iﬁ‘“fiai(t)%oai(t—f)g(f)]df
_i:1 J

i=1

Il
M=
2
=
=
2
\

lZa, (10~ a’] iai(t)d)aﬂ,ai(t—r)g(r)dr

i=1

- - 1
- ;ai(t)lgﬁiai [2“1'0)’3‘1“"] Zaz-(ﬂ/o Dy o, (1 — T)g(T)dT

- t
— [ Sa@re | S a) /0 Dy o, (1 — T)g(T)d.
Li=1 1
Therefore the express can be inductively written as
A= / lZal NI a’] Y ai(t)Pgy—o, (1 — T)g(T)dT
i=1
m 1
Zal ()10~ za,-(z) /0 By o1 — T)g(T)d1.

i=1
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and it can be also rewritten by using the definition of fractional integral as follow;

Zal I Za, ()12 “g(t).

So, (18) can be expressed as

- m ko
y(t) o+g(>+k20( DRy ;a,-(t)zgg ;al( £ % g (1)
ket
zlgﬁg(,)+z( 1)k % Zaz oco 0 g(t)
k=0 i=1

= 3 (-2 Za, 2(1).
k=0
Therefore (17) has been verified. [J

DEFINITION 9. The method of finding out the solution of the initial value prob-
lem of linear non-homogeneous Caputo fractional differential equation by using Green
function of Riemann-Liouville fractional differential operator L(D) like in Theorem
3 is called Modified Green Function Method

REMARK 4. Theorem 3 yield a new Green function method which find out the
solutions of initial value problems of non-homogeneous Caputo fractional differential
equations by using the Green function of Riemann-Liouville differential operator not
Caputo type and the method can be applied to every type of equations.

4. Conclusion

In this paper, We have discussed that the solution of linear inhomogeneous Ca-
puto fractional differential equation with continuous variable coefficient under homo-
geneous initial condition can be represented by classical Green function, generalized
Green function and modified Green function. For future research, we will study the
representation of solution to semi-linear inhomogeneous Caputo fractional differential
equation with continuous variable coefficient by using Green function.
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