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CONTINUOUS VARIABLE COEFFICIENT BY GREEN FUNCTION

SUNAE PAK, HUICHOL CHOI AND KINAM SIN
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Abstract. In this paper, the representation of solution to linear inhomogeneous Caputo fractional
differential equation with continuous variable coefficient has been considered by using Green
function. We have proved that the solution of linear inhomogeneous equations with homoge-
neous initial condition can be represented by using classical Green function, generalized Green
function and modified Green function.

1. Introduction

A solution method by classical Duhamel principle for general linear inhomoge-
neous Riemann-Liouville fractional differential equation with constant coefficients was
proposed [5]. The solutions of general linear inhomogeneous Riemann-Liouville frac-
tional differential equations with constant coefficients were obtained by using the Ado-
main decomposition method and it was proved that these solutions are equal to those
gained by Green function method [6]. The general theory on a system of linear in-
homogeneous fractional differential equation was developed and a solution method by
Green function was proposed in case of constant matrix coefficients [7]. A power se-
ries solution method was presented for some linear fractional differential equations with
analytic coefficients [8].

Researchers proved that classical Duhamel principle does not apply for inhomoge-
neous Cauchy problem of fractional differential equations and generalized Duhamel’s
principle for fractional pseudo-differential equations [9]. Also they applied the frac-
tional generalization of Duhamel’s principle to the Cauchy problem for inhomogeneous
fractional order differential equations [10].

In this paper, we focused on how the Green function method may be applied on
initial value problem of linear inhomogeneous Caputo fractional differential equations
of general type according to distribution of orders of derivatives and found the repre-
sentation of solution to the initial value problem by Green function. This paper is orga-
nized as follows. In Section 2, some definitions of fractional calculus were introduced.
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In section 3, a representation of solution to linear inhomogeneous Caputo fractional
equation with continuous variable coefficients and homogeneous initial condition were
provided by using classical Green function method, generalized Green function method
and modified Green function method.

2. Preliminary

DEFINITION 1. ([1]) Let R = (−∞,+∞) , R+ = (0,+∞) . We denote by Cn
r [0,T ]

the space of functions f that f : (0,T ] → R (∀T > 0) and tr f (n)(t) ∈ C[0,T ] for
0 � r < 1. In particular, denote C0

r [0,T ] by Cr[0,T ] .

DEFINITION 2. ([1,5]) Let α ∈ R+ , f ∈Cr[0,T ] , 0 � r < 1. Then

Iα
0+ f (t) =

1
Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ, t > 0

is called the fractional integral of order α (α > 0) of function f in the means of
Riemann-Liouville. In particular, we denote as I0 f (t) = f (t).

DEFINITION 3. ([1, 5]) Let n− 1 < α � n , n ∈ N , In−α f ∈ Cn
r [0,T ] and 0 �

r < 1. Then

Dα
0+ f (t) = DnIn−α f (t), Dn =

dn

dtn

is called the fractional derivative of order α of function f in the means of Riemann-
Liouville.

DEFINITION 4. ([5]) Let n− 1 < α � n , n ∈ N , In−α f ∈ Cn
r [0,T ] , 0 � r < 1.

Then

cDα
0+ f (t) = Dα

0+

[
f (t)−

n−1

∑
k=0

f (k)(0)
k!

tk
]

is called the Caputo fractional derivatives cDα
0+ f of order α of function f .

REMARK 1. When α = n , we have cDα
0+ f (t) = Dα

0+ f (t) = Dn f (t) .

DEFINITION 5. ([1, 5]) Let n ∈ N . We define the set

ACn[a,b] :=
{

f : [a,b] → R |Dn−1 f ∈ AC[a,b], D =
d
dt

}
.

Here AC1[a,b] = AC[a,b] is the set of absolutely continuous functions on [a,b] .

DEFINITION 6. ([1]) We denote by Iα(L1) the set of functions f which is rep-
resented as integral of order α > 0 of some integrable function ϕ ∈ L1(0,T ) , that is
f = Iα ϕ .
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3. Main result

By using Green function method, the solution of the initial value problem of linear
inhomogeneous Caputo fractional differential equation with continuous variable coef-
ficients can be obtained.

cDα0
0+y(t)+

m

∑
i=1

ai(t) cDαi
0+y(t) = g(t), t ∈ [0,T ], (1)

with
Dky(t) |t=0+= 0, k = 0,1, · · ·n0−1. (2)

Here, Riemann-Liouville fractional differential operator

RL(Dτ+) = Dα0
τ+ +

m

∑
i=1

ai(t)D
αi
τ+ (3)

and Caputo fractional differential operator

cL(Dτ+) = cDα0
0+ +

m

∑
i=1

ai(t)cDαi
0+, (4)

were considered. Also α0,αi ∈ R+ , i = 1, · · · ,m usually satisfied the condition of
α0 > 0, α0 > α1 > · · · > αm � 0 and n0 , ni are natural numbers which satisfy the
condition of n0 − 1 < α0 � n0 , ni − 1 < αi � ni , i = 1, · · · ,m . The solution of the
initial value problem

RL(Dτ+)G(t;τ) = 0, t > τ, (5)

Dα0− j
τ+ G(t;τ) |t=τ+=

{
1, j = 1,
0, j = 2, · · · ,n0,

(6)

In0−α0
τ+ G(t;τ) ∈ ACn0 [τ,T ], ∀T > τ

can be obtained as [3]

GR(t;τ) = Φα0(t − τ)+
∞

∑
k=0

(−1)k+1Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)Φα0−αi(t− τ). (7)

DEFINITION 7. GR(t;τ) is called the Green function of the Riemann-Liouville
fractional differential operator (1).

On the other hand, the solution Gc(t;τ) of the initial value problem

cL(Dτ+)G ≡ cDα0
τ+G+

m

∑
i=1

ai(t) cDαi
τ+G = 0, t > τ, τ > 0, (8)

DkG |t=τ=
{

1, k = n0−1,
0, k = 0,1, · · · ,n0−2,

(9)

G ∈Cn0(τ,T ), ∀T > τ
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can be obtained as follows by [3]:
When n0 = n1 ,

Gc(t;τ) = Φn0(t−τ)+
∞

∑
k=0

(−1)k+1Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=hn0−1

ai(t)Φn0−αi(t−τ), (10)

and when n0 > n1 ,

Gc(t;τ) = Φn0(t− τ)+
∞

∑
k=0

(−1)k+1Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)Φn0−αi(t− τ). (11)

DEFINITION 8. Gc(t;τ) is called the Green function of the Caputo fractional dif-
ferential operator cL(Dτ+).

LEMMA 1. ([5]) Let g(t) , ai(t) ∈ C[0,T ] , i = 1, · · · ,m. Then there exists the
unique solution y(t) ∈Cα0,n0−1[0,T ] to the initial value problem of the inhomogeneous
equation (1) with homogeneous initial condition (2) and it is represented as

y(t) =
∞

∑
k=0

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t). (12)

3.1. Representation of solution of the initial value problem of non-homogeneous
equation by classical Green function me1thod

Some previous researches (e.g. [9]) had indicated that classical Green function
method may not be applied for Caputo fractional differential equations and used gen-
eralized Green function method. But even for Caputo differential equations classical
Green function method can be used to find out solutions of non-homogeneous differen-
tial equations equipped with homogeneous initial conditions.

THEOREM 1. Assume that g(t) , ai(t) ∈C[0,T ] , i = 1, · · · ,m and α0 = n0 , n0 >
n1 . Then there exists the unique solution y(t) ∈ Cn0 [0,T ] the initial value problem of
non-homogeneous equation (1) equipped with homogeneous initial condition (2) and it
is represented as

y(t) =
∫ t

0
Gc(t;τ)g(τ)dτ =

∞

∑
k=0

(−1)kIn0
0+

[
m

∑
i=1

ai(t)I
n0−αi
0+

]k

g(t), (13)

where Gc(t;τ) is the Green function of the Caputo fractional differential operator
cL(Dτ+) when n0 > n1 .

Proof. From the assumption, Lemma 1 shows the existence and the uniqueness of
the solution of the initial value problems (1) and (2) and it is sufficient to show (13) by
calculating the first part of (13) because of in the case α0 = n0 , the second part of (13)
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is equal to the expression (12) which is the solution of the initial value problem (1), (2)
from Lemma 1.

So the first part of (13) can be calculated:

y(t) =
∫ t

0
Gc(t;τ)g(τ)dτ

=
∫ t

0
Φn0(t− τ)g(τ)dτ +

∞

∑
k=0

(−1)k+1
∫ t

0
In0
τ+

[
m

∑
i=1

ai(t)I
n0−αi
τ+

]k

×
m

∑
i=1

ai(t)Φn0−αi(t− τ)g(τ)dτ

(by using
∫ t

0
Φn0(t−τ)g(τ)dτ = In0

0+g(t) from the definition of fractional integral)

= In0
0+g(t)+

∞

∑
k=0

(−1)k+1
∫ t

0

[
1

Γ(n0)

∫ t

τ
(t − ξ )n0−1

[
m

∑
i=1

ai(ξ )In0−αi
τ+

]k

×
m

∑
i=1

ai(ξ )Φn0−αi(ξ − τ)g(τ)dξ

]
dτ

(Interchanging the order of integration by Dirichlet’s formula)

= In0
0+g(t)+

∞

∑
k=0

(−1)k+1 1
Γ(n0)

∫ t

0
(t− ξ )n0−1

[∫ ξ

0

[
m

∑
i=1

ai(ξ )In0−αi
τ+

]k

×
m

∑
i=1

ai(ξ )Φn0−αi(ξ − τ)g(τ)dτ

]
dξ

= In0
0+g(t)+

∞

∑
k=0

(−1)k+1In0
0+

[∫ t

0

[
m

∑
i=1

ai(t)I
n0−αi
τ+

]k m

∑
i=1

ai(t)Φn0−αi(t− τ)g(τ)dτ

]

= In0
0+g(t)+

∞

∑
k=0

(−1)k+1In0
0+

[
m

∑
i=1

ai(t)I
n0−αi
τ+

]k m

∑
i=1

ai(t)
∫ t

0
Φn0−αi(t − τ)g(τ)dτ

= In0
0+g(t)+

∞

∑
k=0

(−1)k+1In0
0+

[
m

∑
i=1

ai(t)I
n0−αi
0+

]k m

∑
i=1

ai(t)I
n0−αi
0+ g(t)

= In0
0+g(t)+

∞

∑
k=0

(−1)k+1In0
0+

[
m

∑
i=1

ai(t)I
n0−αi
0+

]k+1

g(t)

= In0
0+g(t)+

∞

∑
k=1

(−1)kIn0
0+

[
m

∑
i=1

ai(t)I
n0−αi
0+

]k

g(t)

=
∞

∑
k=0

(−1)kIn0
0+

[
m

∑
i=1

ai(t)I
n0−αi
0+

]k

g(t).



362 S. PAK, H. CHOI AND K. SIN

It can also be seen that y(t) ∈Cn0 [0,T ] . �

REMARK 2. The method of finding out the solution of (1), (2) by using Green
function of Caputo fractional differential operator cL(Dτ+) like in Theorem 1 is called
Classical Green Function Method.

3.2. Representation of Solution of the initial value problem of non-homogeneous
equation by generalized Green function method

In the previous subsection, it was shown that when α0 = n0 , n0 > n1 , classical
Green function method could be used even for Caputo fractional differential equations.

The following theorem shows a generalized Green function method which may
be applied to Caputo fractional differential equations for which the classical Green
function approach could not be used.

THEOREM 2. Let n0 −1 < α0 < n0 , n0 > n1. Assume that g(t) , ai(t) ∈C[0,T ] ,
i = 1, · · · ,m. Then there exists the unique solution y(t) ∈ Cα0,n0−1[0,T ] of the initial
value problem (1), (2) and it is represented by

y(t) =
∫ t

0
Gc(t;τ)Ξn0−α0

0+ g(τ)dτ =
∞

∑
k=0

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t), (14)

where Gc(t;τ) is the Green function of the Caputo fractional differential operator
cL(Dτ+) in case of n0 > n1 and differential symbol Ξn0−α0

0+ denotes Riemann-Liouville

fractional derivative Dn0−α0
0+ or Caputo type cDn0−α0

0+ .

Proof. From our assumption, Lemma l yields the existence and the uniqueness of
the solution of the initial value problem (1), (2).

Similarly to Theorem 1, it is sufficient to show (l4) by calculating the first part of
(14) because that the second part of (14) is equal to the expression (12), which is the
solution of the initial value problem from Lemma 1.

1© When Ξn0−α0
0+ = Dn0−α0

0+ , we have

y(t) =
∫ t

0
Gc(t;τ)Dn0−α0

0+ g(τ)dτ

=
∫ t

0

[
Φn0(t − τ)+

∞

∑
k=0

(−1)k+1Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)Φn0−αi(t− τ)

]

×Dn0−α0
0+ g(τ)dτ

=
∫ t

0
Φn0(t− τ)Dn0−α0

0+ g(τ)dτ +
∫ t

0

∞

∑
k=0

(−1)k+1Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k

×
m

∑
i=1

ai(t)Φn0−αi(t − τ)Dn0−α0
0+ g(τ)dτ
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(
Taking account of

∫ t

0
Φn0(t− τ)Dn0−α0

0+ g(τ)dτ =
∫ t

0

(t − τ)n0−1

Γ(n0)
Dn0−α0

0+ g(τ)dτ

=
1

Γ(n0)

∫ t

0
(t − τ)n0−1(Dn0−α0

0+ g)(τ)dτ = In0
0+Dn0−α0

0+ g(t)

)

= In0
0+Dn0−α0

0+ g(t)+
∞

∑
k=0

(−1)k+1Iα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)I
n0−αi
0+ Dn0−α0

0+ g(t), (15)

where
In0
0+Dn0−α0

0+ g(t) = In0−α0+α0
0+ Dn0−α0

0+ g(t) = Iα0
0+In0−α0

0+ Dn0−α0
0+ g(t). (16)

In (16), it must be true that g(t)∈ In0−α0
0+ (L1) to hold true that In0−α0

0+ Dn0−α0
0+ g(t) = g(t) .

On the other hand, g1−(n0−α0)(t) = I1−(n0−α0)
0+ g ∈ AC[0,T ] since 0 < n0−α0 � 1. And

g1−(n0−α0)(0) = I1−(n0−α0)
0+ g(0) = 0 because 1− (n0−α0) > 0, g ∈C[0,T ] .

So the relation g(t) ∈ In0−α0
0+ (L1) can be obtained from Lemma 1 and the expres-

sion (16) can be expressed as

Iα0
0+In0−α0

0+ Dn0−α0
0+ g(t) = Iα0

0+g(t).

Moreover, since n0 − αh = n0 − αh + α0 − α0 = α0 − αh + n0 − α0 > 0 and
In0−α0
0+ Dn0−α0

0+ g(t) = g(t), the expression In0−αi
0+ Dn0−α0

0+ g(t) from the second term of
(15) is reduced to

In0−αi
0+ Dn0−α0

0+ g(t) = Iα0−αi
0+ In0−α0

0+ Dn0−α0
0+ g(t) = Iα0−αi

0+ g(t)

(15) can be expressed as follow:

y(t) = Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1Iα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k m

∑
i=1

ai(t)I
α0−αi
0+ g(t)

= Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1Iα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k+1

g(t)

= Iα0
0+g(t)+

∞

∑
k=1

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t)

=
∞

∑
k=0

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t),

Therefore

y(t) =
∞

∑
k=0

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t).
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can be obtained.
2© If Ξn0−α0

0+ = cDn0−α0
0+ , then

y(t) =
∫ t

0
Gc(t;τ)cDn0−α0

0+ g(τ)dτ

=
∫ t

0

[
Φn0(t− τ)+

∞

∑
k=0

(−1)k+1Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)Φn0−αi(t− τ)

]

×cDn0−α0
0+ g(τ)dτ

=
∫ t

0

(t− τ)n0−1

Γ(n0)
cDn0−α0

0+ g(τ)dτ

+
∞

∑
k=0

(−1)k+1Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)
∫ t

0
Φn0−αi(t− τ) cDn0−α0

0+ g(τ)dτ

can be obtained. Taking account of

cDn0−α0
0+ g(t) = Dn0−α0

0+ [g(t)−∑ f (0)Φ1(t)] = Dn0−α0
0+ g(t),

∫ t

0

(t − τ)n0−1

Γ(n0)
cDn0−α0

0+ g(τ)dτ =
1

Γ(n0)

∫ t

0
(t−τ)n0−1(Dn0−α0

0+ g)(τ)dτ = In0
0+Dn0−α0

0+ g(t),

and∫ t

0
Φn0−αi(t − τ) cDn0−α0

0+ g(τ)dτ =
∫ t

0
Φn0−αi(t− τ)(Dn0−α0

0+ g)(τ)dτ

= In0−αi
0+ Dn0−α0

0+ g(t)

= In0−αi+α0−α0
0+ Dn0−α0

0+ g(t) = Iα0−αi
0+ In0−α0

0+ Dn0−α0
0+ g(t)

= Iα0−αi
0+ g(t).

Therefore the following expression can be lead.

y(t) = In0
0+Dn0−α0

0+ g(t)+
∞

∑
k=0

(−1)k+1Iα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k m

∑
i=1

ai(t)I
α0−αi
0+ g(t)

= In0−α0+α0
0+ Dn0−α0

0+ g(t)+
∞

∑
k=0

(−1)k+1Iα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k+1

g(t)

= Iα0
0+g(t)+

∞

∑
k=1

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t).

i.e.

y(t) =
∫ t

0
Gc(t;τ)Ξn0−α0

0+ g(τ)dτ =
∞

∑
k=0

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t). �
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REMARK 3. The method of finding out the solution of (1) and (2) by using Green
function of Caputo fractional differential operator cL(Dτ+) like Theorem 2 is called
Generalized Green Function Method.

3.3. Representation of Solution of the initial value problem of non-homogeneous
equation by modified Green function method

As seen in section 3.2, the generalized Green function method could be applied to
Caputo fractional differential equations only in special cases.

The following theorem shows a modified Green function method which can be
applied to Caputo fractional differential equations in every case.

THEOREM 3. If g(t) , ai(t)∈C[0,T ] , i = 1, · · · ,m, then there exists the unique so-
lution y(t) ∈Cα0,n0−1[0,T ] to the initial value problem of the non-homogeneous equa-
tion (1) with homogeneous initial condition (2) and it is written by

y(t) =
∫ t

0
GR(t;τ)g(τ)dτ =

∞

∑
k=0

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t), (17)

where GR(t;τ) is the Green function of the Riemann-Liouville fractional differential
operator RL(Dτ+) represented by (7).

Proof. Similarly to the above theorems, the existence and uniqueness of solution
y(t)∈Cα0,n0−1[0,T ] of (1) and (2) can be claimed. Therefore, it just needs to be verified
that (17) holds true by calculating the first part of (17).

So,

y(t) =
∫ t

0
GR(t;τ)g(τ)dτ

=
∫ t

0
Φα0(t− τ)dτ +

∞

∑
k=0

(−1)k+1
∫ t

0
Iα0
τ+

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k

×
m

∑
i=1

ai(t)Φα0−αi(t − τ)g(τ)dτ

= Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1
∫ t

0

[
1

Γ(α0)

∫ t

τ
(t − ξ )α0−1

[
m

∑
i=1

ai(ξ )Iα0−αi
τ+

]k

×
m

∑
i=1

ai(ξ )Φα0−αi(ξ − τ)g(τ)dξ

]
dτ
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can be obtained. (Interchanging the order of integration by Dirichlet’s formula)

= Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1 1
Γ(α0)

∫ t

0

[∫ ξ

0
(t− ξ )α0−1

[
m

∑
i=1

ai(ξ )Iα0−αi
τ+

]k

×
m

∑
i=1

ai(ξ )Φα0−αi(ξ − τ)g(τ)dτ

]
dξ

= Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1 1
Γ(α0)

∫ t

0
(t− ξ )α0−1

[∫ ξ

0

[
m

∑
i=1

ai(ξ )Iα0−αi
τ+

]k

×
m

∑
i=1

ai(ξ )Φα0−αi(ξ − τ)g(τ)dτ

]
dξ

= Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1Iα0
0+

[∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)Φα0−αi(t−τ)g(τ)dτ

]
. (18)

In the second term of the above,

∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)Φα0−αi(t− τ)g(τ)dτ.

is calculated. Now

A :=
∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]k m

∑
i=1

ai(t)Φα0−αi(t − τ)g(τ)dτ.

It can be inductively calculated for k = 0,1,2, · · · .
When k = 0,

A =
∫ t

0

m

∑
i=1

ai(t)Φα0−αi(t− τ)g(τ)dτ

=
m

∑
i=1

ai(t)
∫ t

0
Φα0−αi(t− τ)g(τ)dτ

=

[
m

∑
i=1

ai(t)I
α0−αi
0+

]0 m

∑
i=1

ai(t)
∫ t

0
Φα0−αi(t− τ)g(τ)dτ.

When k = 1,

A =
∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]1 m

∑
i=1

ai(t)Φα0−αi(t− τ)g(τ)dτ

=
m

∑
i=1

ai(t)
∫ t

0

[
Iα0−αi
τ+

m

∑
i=1

ai(t)Φα0−αi(t− τ)g(τ)

]
dτ
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=
m

∑
i=1

ai(t)
∫ t

0

[
1

Γ(α0 −αi)

∫ ξ

τ
(ξ −η)α0−αi−1

m

∑
i=1

ai(η)Φα0−αi(η − τ)g(τ)dη

]
dτ

=
m

∑
i=1

ai(t)
1

Γ(α0 −αi)

∫ ξ

0

[∫ η

0
(ξ −η)α0−αi−1

m

∑
i=1

ai(η)Φα0−αi(η − τ)g(τ)dτ

]
dη

=
m

∑
i=1

ai(t)
1

Γ(α0 −αi)

∫ ξ

0
(ξ −η)α0−αi−1

m

∑
i=1

ai(η)

[∫ η

0
Φα0−αi(η − τ)g(τ)dτ

]
dη

=
m

∑
i=1

ai(t)I
α0−αi
0+

m

∑
i=1

ai(ξ )

[∫ η

0
Φα0−αi(η − τ)g(τ)dτ

]

=

[
m

∑
i=1

ai(t)I
α0−αi
0+

]1 m

∑
i=1

ai(t)
∫ t

0
Φα0−αi(t − τ)g(τ)dτ.

When k = 2,

A =
∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]2 m

∑
i=1

ai(t)Φα0−αi(t − τ)g(τ)dτ

=
∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]1[ m

∑
i=1

ai(t)I
α0−αi
τ+

]1 m

∑
i=1

ai(t)Φα0−αi(t− τ)g(τ)dτ

(Using the result in case of k = 1)

=

[
m

∑
i=1

ai(t)I
α0−αi
0+

]1 m

∑
i=1

ai(t)
∫ t

0

[
Iα0−αi
τ+

m

∑
i=1

ai(t)Φα0−αi(t− τ)g(τ)

]
dτ

=

[
m

∑
i=1

ai(t)I
α0−αi
0+

]1 ∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
τ+

]
m

∑
i=1

ai(t)Φα0−αi(t − τ)g(τ)dτ

=

[
m

∑
i=1

ai(t)I
α0−αi
0+

]1[ m

∑
i=1

ai(t)I
α0−αi
0+

]1 m

∑
i=1

ai(t)
∫ t

0
Φα0−αi(t − τ)g(τ)dτ

=

[
m

∑
i=1

ai(t)I
α0−αi
0+

]2 m

∑
i=1

ai(t)
∫ t

0
Φα0−αi(t − τ)g(τ)dτ.

Therefore the express can be inductively written as

A =
∫ t

0

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k m

∑
i=1

ai(t)Φα0−αi(t − τ)g(τ)dτ

=

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k m

∑
i=1

ai(t)
∫ t

0
Φα0−αi(t− τ)g(τ)dτ.
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and it can be also rewritten by using the definition of fractional integral as follow;

A =

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k m

∑
i=1

ai(t)I
α0−αi
0+ g(t).

So, (18) can be expressed as

y(t) = Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1Iα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k m

∑
i=1

ai(t)I
α0−αi
0+ g(t)

= Iα0
0+g(t)+

∞

∑
k=0

(−1)k+1Iα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k+1

g(t)

=
∞

∑
k=0

(−1)kIα0
0+

[
m

∑
i=1

ai(t)I
α0−αi
0+

]k

g(t).

Therefore (17) has been verified. �

DEFINITION 9. The method of finding out the solution of the initial value prob-
lem of linear non-homogeneous Caputo fractional differential equation by using Green
function of Riemann-Liouville fractional differential operator cL(Dτ+) like in Theorem
3 is called Modified Green Function Method

REMARK 4. Theorem 3 yield a new Green function method which find out the
solutions of initial value problems of non-homogeneous Caputo fractional differential
equations by using the Green function of Riemann-Liouville differential operator not
Caputo type and the method can be applied to every type of equations.

4. Conclusion

In this paper, We have discussed that the solution of linear inhomogeneous Ca-
puto fractional differential equation with continuous variable coefficient under homo-
geneous initial condition can be represented by classical Green function, generalized
Green function and modified Green function. For future research, we will study the
representation of solution to semi-linear inhomogeneous Caputo fractional differential
equation with continuous variable coefficient by using Green function.
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