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SOME k–FRACTIONAL INTEGRAL INEQUALITIES
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(Communicated by S. Yakubovich)

Abstract. The celebrated Hadamard inequality has been studied extensively since it is estab-
lished. We have found a weighted version of the Hadamard inequality for harmonically convex
functions via Riemann-Liouville k -fractional integrals. Also, we have obtained some bounds
of its difference. These results have some connection with fractional integral inequalities for
Riemann-Liouville fractional integrals.

1. Introduction

In recent years the study of fractional integral inequalities is an important research
subject in mathematical analysis. During the last two decades or so, several interesting
and useful extensions of many of the fractional integral inequalities have been consid-
ered by several researchers. We are interested to give new Hadamard type inequalities
for harmonically convex functions via Riemann-Liouville k-fractional integrals.

Let f ∈ L1[a,b] . The Riemann-Liouville fractional integrals of order α > 0 with
a � 0 are defined as follows:

Jα
a+ f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, x > a

and

Jα
b− f (x) =

1
Γ(α)

∫ b

x
(t− x)α−1 f (t)dt, x < b,

where Γ(.) is the Gamma function defined as

Γ(α) =
∫ ∞

0
e−uuα−1du,

one can note that
Γ(α +1) = αΓ(α)

and
J0
a+ f (x) = J0

b− f (x) = f (x) .
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For further details one may see [3, 5, 6].
In [4], there is given definition of Riemann-Liouville k -fractional integrals as fol-

lows.
Let f ∈ L1[a,b] . Then Riemann-Liouville k -fractional integrals of order α,k > 0

with a � 0 are defined as

Jα ,k
a+ f (x) =

1
kΓk (α)

∫ x

a
(x− t)

α
k −1 f (t)dt, x � a

and

Jα ,k
b− f (x) =

1
kΓk (α)

∫ b

x
(t− x)

α
k −1 f (t)dt, x � b

where Γk (α) is the k -Gamma function defined as

Γk (α) =
∫ ∞

0
tα−1e−

tk
k dt.

One can note that
Γk (α + k) = αΓk (α)

and
J0,1
a+ f (x) = J0,1

b− f (x) = f (x) .

For k = 1, k -fractional integrals give Riemann-Liouville fractional integrals.
In the following we define the Beta and the Hypergeometric functions, respec-

tively:

β (x,y) =
Γ(x)Γ(y)
Γ(x+ y)

=
∫ 1

0
tx−1 (1− t)y−1 dt, x,y > 0,

2F1 (a,b;c;z) =
1

β (b,c−b)

∫ 1

0
tb−1 (1− t)c−b−1 (1− zt)−a dt,

c > b > 0, |z| < 1. For more details of above functions one may see [12].
Let f : I ⊂ R −→ R be a convex function defined on the interval I and a,b ∈ I ,

a < b . Then the following inequality holds

f

(
a+b

2

)
� 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
. (1)

It is well known in the literature as the Hadamard inequality.
In [8], Fejér established the following inequality which is the weighted general-

ization of the Hadamard inequality.

THEOREM 1.1. Let f : [a,b] −→ R be a convex function. Then the inequalities

f

(
a+b

2

)∫ b

a
g(x)dx �

∫ b

a
f (x)g(x)dx � f (a)+ f (b)

2

∫ b

a
g(x)dx, (2)

hold, where g : [a,b] −→ R is nonnegative, integrable and symmteric with respect to
a+b
2 .
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In [7], İşcan gave the definition of harmonically convex functions.

DEFINITION 1.2. Let I ⊂ R−{0} be a real interval. A function f : I −→ R is
said to be harmonically convex, if

f

(
xy

tx+(1− t)y

)
� t f (y)+ (1− t) f (x) (3)

for all x,y ∈ I and t ∈ [0,1] . If the inequality in (3) is reversed, then f is said to be
harmonically concave.

DEFINITION 1.3. [9] A function g : [a,b]⊂R−{0}−→ R is said to be harmon-
ically symmetric with respect to 2ab

a+b , if

g(x) = g

(
1

1
a + 1

b − x

)
(4)

holds for all x ∈ [a,b] .

We will use the following lemma in sequel to prove some of our results.

LEMMA 1.4. [10, 11] For 0 < α � 1 and 0 � a < b we have

|aα −bα | � (b−a)α .

In this paper we give a weighted version of the Hadamard inequality for harmoni-
cally convex functions via Riemann-Liouville k -fractional integrals. We also find some
bounds of a difference of this inequality by using harmonically convexity of functions
| f ′|q , q � 1, via Riemann-Liouville k -fractional integrals. Also we find some results
of [2] in particular.

2. Main results

LEMMA 2.1. If g : [a,b] ⊆ R−{0} −→ R is integrable and harmonically sym-
metric with respect to 2ab

a+b , then

Jα ,k
1
b +

(g ◦ h)
(

1
a

)
= Jα ,k

1
a−

(g ◦ h)
(

1
b

)
(5)

=
1
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

with α,k > 0 and h(x) = 1
x , x ∈ [ 1

b , 1
a ] .
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Proof. Since g is harmonically symmetric with respect to 2ab
a+b . By substitution

t = 1
a + 1

b − x in the following integral and doing some calculation we get

Jα ,k
1
b +

(g ◦ h)
(

1
a

)
=

1
kΓk(α)

∫ 1
a

1
b

(
1
a
− t

)α
k −1

g

(
1
t

)
dt

= − 1
kΓk(α)

∫ 1
b

1
b

(
x− 1

b

) α
k −1

g

(
1

1
a + 1

b − x

)
dx

=
1

kΓk(α)

∫ 1
b

1
b

(
x− 1

b

) α
k −1

g

(
1
x

)
dx

= Jα ,k
1
a−

(g ◦ h)
(

1
b

)
.

From which we get equality in (5). �

REMARK 2.2. If we put k = 1 in (5), then we get [2, Lemma 2].

THEOREM 2.3. Let f : [a,b]−→R be a harmonically convex function with a < b
and f ∈ L[a,b] . If g : [a,b] −→ R is nonnegative, integrable and harmonically sym-
metric with respect to 2ab

a+b , then the following inequalities for k-fractional integrals
hold

f

(
2ab
a+b

)[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

�
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]
(6)

� f (a)+ f (b)
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

with α,k > 0 and h(x) = 1
x , x ∈ [ 1

b , 1
a ] .

Proof. Since f is harmonically convex. Using (3) for t = 1/2 and making
substitution x = ab

tb+(1−t)a , y = ab
ta+(1−t)b , then multiplying resulting inequality by

2t
α
k −1g

(
ab

tb+(1−t)a

)
, and integrating over [0,1] we have

2
∫ 1

0
t

α
k −1g

(
ab

tb+(1− t)a

)
f

(
2ab
a+b

)
dt

�
∫ 1

0
t

α
k −1g

(
ab

tb+(1− t)a

)
f

(
ab

tb+(1− t)a

)
dt

+
∫ 1

0
t

α
k −1g

(
ab

tb+(1− t)a

)
f

(
ab

ta+(1− t)b

)
dt.
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Setting tb+(1−t)a
ab = x and using that g is harmonically symmetric we have

2 f

(
2ab
a+b

)∫ a+b
2ab

1
b

(
ab

b−a

) α
k
(

x− 1
b

) α
k −1

g

(
1

1
a + 1

b − x

)
dx

�
∫ a+b

2ab

1
b

(
ab

b−a

) α
k
(

x− 1
b

) α
k −1

f

(
1

1
a + 1

b − x

)
g

(
1
x

)
dx

+
∫ a+b

2ab

1
b

(
ab

b−a

) α
k
(

x− 1
b

) α
k −1

g

(
1
x

)
f

(
1
x

)
dx

2

(
ab

b−a

) α
k

f

(
2ab
a+b

)
kΓk(α)Jα ,k

1
a−

(g ◦ h)
(

1
b

)

�
(

ab
b−a

) α
k

kΓk(α)
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]
.

Using Lemma 2.1 on left hand side of above inequality we have(
ab

b−a

) α
k

f

(
2ab
a+b

)
kΓk(α)

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

�
(

ab
b−a

) α
k

kΓk(α)
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]
and the first inequality of (6) is proved.

On the other hand by harmonically convexity of f we have

f

(
ab

tb+(1− t)a

)
+ f

(
ab

ta+(1− t)b

)
� f (a)+ f (b). (7)

For the proof of the second inequality in (6), multiplying (7) by t
α
k −1g

(
ab

tb+(1−t)a

)
,

then integrating over [0,1] we obtain∫ 1

0
t

α
k −1g

(
ab

tb+(1− t)a

)
f

(
ab

tb+(1− t)a

)
dt

+
∫ 1

0
t

α
k −1g

(
ab

tb+(1− t)a

)
f

(
ab

ta+(1− t)b

)
dt

� [ f (a)+ f (b)]
∫ 1

0
t

α
k −1g

(
ab

tb+(1− t)a

)
dt.

Again setting tb+(1−t)a
ab = x and doing some calculation we get the second inequal-

ity in (6). �

REMARK 2.4. (i) If we put k = 1 in (6), then we get [2, Theorem 5].
(ii) If we put α,k = 1 in (6), then we get [2, Theorem 4].
(iii) If we put g(x) = 1 along with k = 1 in (6), then we get [2, Theorem 3].
(iv) If we put g(x) = 1 along with α,k = 1 in (6), then we get [2, Theorem 2].
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LEMMA 2.5. Let f : I ⊂ (0,∞)−→R be a differentiable function on Io , such that
f ′ ∈ L[a,b] , where a,b∈ I with a < b. If g : [a,b]−→R is integrable and harmonically
symmetric with respect to 2ab

a+b , then the following equality for k -fractional integrals
holds

f (a)+ f (b)
2

[
Jα ,k

1
b+

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]

=
1

kΓk(α)

[∫ 1
a

1
b

(∫ t

1
b

(
1
a
− s

) α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)′ (t)dt

]
(8)

− 1
kΓk(α)

[∫ 1
a

1
b

(∫ 1
a

t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)′ (t)dt

]

with α,k > 0 and h(x) = 1
x , x ∈ [ 1

b , 1
a ].

Proof. Taking and solving the terms on right hand side as follows

∫ 1
a

1
b

(∫ t

1
b

(
1
a
− s

)α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)′ (t)dt

=

(∫ t

1
b

(
1
a
− s

) α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)(t)

⏐⏐⏐⏐⏐
1
a

1
b

−
∫ 1

a

1
b

(
1
a
− t

)α
k −1

(g ◦ h)(t)( f ◦ h)(t)dt

= ( f ◦ h)
(

1
a

)∫ 1
a

1
b

(
1
a
− s

)α
k −1

(g ◦ h)(s)ds

−
∫ 1

a

1
b

(
1
a
− t

)α
k −1

( f g ◦ h)(t)dt

= f (a)kΓk (α)Jα ,k
1
b+

(g ◦ h)
(

1
a

)
− kΓk (α)Jα ,k

1
b +

( f g ◦ h)
(

1
a

)

= kΓk (α)
[

f (a)Jα ,k
1
b +

(g ◦ h)
(

1
a

)
− Jα ,k

1
b +

( f g ◦ h)
(

1
a

)]
,

using Lemma 2.1 we have

∫ 1
a

1
b

(∫ t

1
b

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)′ (t)dt (9)

= kΓk (α)

⎡
⎣ f (a)

Jα ,k
1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)
2

− Jα ,k
1
b+

( f g ◦ h)
(

1
a

)⎤
⎦ ,
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and

∫ 1
a

1
b

(∫ 1
a

t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)′ (t)dt

=

(∫ 1
a

t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)(t)

⏐⏐⏐⏐⏐
1
a

1
b

(10)

+
∫ 1

a

1
b

(
t − 1

b

) α
k −1

(g ◦ h)(t)( f ◦ h)(t)dt

= − f (b)
∫ 1

a

1
b

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds+
∫ 1

a

1
b

(
t− 1

b

) α
k −1

( f g ◦ h)(t)dt

= − f (b)kΓk (α)Jα ,k
1
a−

(g ◦ h)
(

1
b

)
+ kΓk (α)Jα ,k

1
a−

( f g ◦ h)
(

1
b

)
,

using Lemma 2.1 we have

∫ 1
a

1
b

(∫ 1
a

t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

)
( f ◦ h)′ (t)dt (11)

= −kΓk (α)

⎡
⎣ f (b)

⎛
⎝Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)
2

⎞
⎠− Jα ,k

1
a−

( f g ◦ h)
(

1
b

)⎤
⎦ .

Using (9) and (11) in right hand side of (8) we get the left hand side of (8). Hence (8)
is established. �

REMARK 2.6. (i) If we put k = 1 in (8), then we get [2, Lemma 3].
(ii) If we put g(x) = 1 along with k = 1 in (8), then we get [1, Lemma 3].

THEOREM 2.7. Let f : I ⊂ (0,∞) −→ R be a differentiable function on Io , the
interior of I , such that f ′ ∈ L[a,b] , where a,b ∈ I and a < b. If | f ′| is harmonically
convex on [a,b] , g : [a,b]−→R is continuous and harmonically symmetric with respect
to 2ab

a+b , then the following inequality for k-fractional integrals holds

⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(12)

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖g‖∞ab(b−a)

Γk (α + k)

(
b−a
ab

) α
k [

C1

(α
k

)
| f ′ (a) |+C2

(α
k

)
| f ′ (b) |

]
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where ‖ g ‖∞= supt∈[a,b] | g(t) | and

C1

(α
k

)
=

b−2(α
k +2

)2F1

(
2,1;

α
k

+3;1− a
b

)

− b−2(α
k +1

)(α
k +2

)2F1

(
2,

α
k

+1;
α
k

+3;1− a
b

)
,

+
2(a+b)−2(α

k +1
)(α

k +2
)2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)
,

C2

(α
k

)
=

b−2(α
k +1

)(α
k +2

)2F1

(
2,2;

α
k

+3;1− a
b

)

− b−2(α
k +2

)2F1

(
2,

α
k

+2;
α
k

+3;1− a
b

)

+

(
a+b
2

)−2(α
k +1

) 2F1

(
2,

α
k

+1;
α
k

+2;
b−a
b+a

)
,

− 2(a+b)−2(α
k +1

)(α
k +2

)2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)
,

with α � k and h(x) = 1
x , x ∈ [ 1

b , 1
a ].

Proof. Using Lemma 2.5 we have⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(13)

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� 1

kΓk (α)

∫ 1
a

1
b

⏐⏐⏐⏐⏐
∫ t

1
b

(
1
a
− s

) α
k −1

(g ◦ h)(s)ds

−
∫ 1

a

t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

⏐⏐⏐⏐⏐|( f ◦ h)′ (t) |dt.

Using harmonically symmetricity of g with respect to 2ab
a+b and computing modulus in

the integrand of right hand side as follows⏐⏐⏐⏐⏐
∫ t

1
b

(
1
a
− s

)α
k −1

(g ◦ h)(s)ds−
∫ 1

a

t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

⏐⏐⏐⏐⏐
=

⏐⏐⏐⏐⏐
∫ 1

a

1
a + 1

b−t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds+
∫ t

1
a

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

⏐⏐⏐⏐⏐



k -FRACTIONAL INTEGRAL INEQUALITIES FOR HARMONICALLY CONVEX FUNCTIONS 81

=

⏐⏐⏐⏐⏐
∫ t

1
a + 1

b−t

(
s− 1

b

) α
k −1

(g ◦ h)(s)ds

⏐⏐⏐⏐⏐

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⏐⏐⏐⏐⏐∫ 1
a + 1

b−t
t

(
s− 1

b

) α
k −1 (g ◦ h)(s)ds

⏐⏐⏐⏐⏐, t ∈ [ 1
b , a+b

2ab

]
⏐⏐⏐⏐⏐∫ t

1
a + 1

b−t

(
s− 1

b

) α
k −1 (g ◦ h)(s)ds

⏐⏐⏐⏐⏐, t ∈ [
a+b
2ab , 1

a

]
.

(14)

Therefore using (14) in (13) we get⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� 1

kΓk (α)

∫ a+b
2ab

1
b

(∫ 1
a + 1

b−t

t

⏐⏐⏐⏐⏐
(

s− 1
b

) α
k −1

(g ◦ h)(s)

⏐⏐⏐⏐⏐ds

)
|( f ◦ h)′ (t) |dt

+
1

kΓk (α)

∫ 1
a

a+b
2ab

(∫ t

1
a + 1

b−t

⏐⏐⏐⏐⏐
(

s− 1
b

) α
k −1

(g ◦ h)(s)

⏐⏐⏐⏐⏐ds

)
|( f ◦ h)′ (t) |dt

� ‖ g ‖∞

kΓk (α)

∫ a+b
2ab

1
b

(∫ 1
a + 1

b−t

t

(
s− 1

b

) α
k −1

ds

)
.
1
t2

⏐⏐⏐⏐⏐ f ′
(

1
t

)⏐⏐⏐⏐⏐dt

+
‖ g ‖∞

kΓk (α)

∫ 1
a

a+b
2ab

(∫ t

1
a + 1

b−t

(
s− 1

b

) α
k −1

ds

)
.
1
t2

⏐⏐⏐⏐⏐ f ′
(

1
t

)⏐⏐⏐⏐⏐dt

=
‖ g ‖∞

αΓk (α)

∫ a+b
2ab

1
b

[(
1
a
− t

)α
k

−
(

t − 1
b

) α
k
]

.
1
t2

⏐⏐⏐⏐⏐ f ′
(

1
t

)⏐⏐⏐⏐⏐dt

+
‖ g ‖∞

αΓk (α)

∫ 1
a

a+b
2ab

[(
t − 1

b

) α
k

−
(

1
a
− t

)α
k
]

.
1
t2

⏐⏐⏐⏐⏐ f ′
(

1
t

)⏐⏐⏐⏐⏐dt.

Setting ub+(1−u)a
ab = t in the resulting inequality obtained from above we have⏐⏐⏐⏐⏐ f (a)+ f (b)

2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(15)

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐du

+
‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐du.
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Using harmonically convexity of | f ′| on [a,b] , we have⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(16)

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1

×
[∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2
udu+

∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 udu

]
| f ′(a)|

+
‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1

×
[∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2
(1−u)du+

∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 (1−u)du

]
| f ′(b)|.

We calculate the integrals appeared on the right hand side of (16) as follows

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu+
∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2
udu

=
∫ 1

0

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 udu+2
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu

�
∫ 1

0

u
α
k +1

(ub+(1−u)a)2 du−
∫ 1

0

(1−u)
α
k

(ub+(1−u)a)2 udu

+2
∫ 1

2

0

(1−2u)
α
k

(ub+(1−u)a)2 udu, (17)

from here we take the right hand side as

∫ 1

0

(1−u)
α
k +1

(ua+(1−u)b)2 du−
∫ 1

0

(1−u)u
α
k

(ua+(1−u)b)2 du

+
1
2

∫ 1

0

(1−u)
α
k(

u
2b+

(
1− u

2

)
a
)2 udu

= b−2
∫ 1

0
(1−u)

α
k +1

(
1−u

(
1− a

b

))−2
du

−b−2
∫ 1

0
(1−u)u

α
k

(
1−u

(
1− a

b

))−2
du

+

(
a+b
2

)−2

2

∫ 1

0
(1− v)v

α
k

(
1− v

(
b−a
b+a

))−2

dv
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= b−2β
(
1,

α
k

+2
)

2F1

(
2,1;

α
k

+3;1− a
b

)
−b−2β

(α
k

+1,2
)

2F1

(
2,

α
k

+1;
α
k

+3;1− a
b

)

+

(
a+b
2

)−2

2
β
(α

k
+1,2

)
2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)
.

Using the definition of β -function we have

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu+
∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 udu (18)

� b−2(α
k +2

)2F1

(
2,1;

α
k

+3;1− a
b

)

− b−2(α
k +1

)(α
k +2

)2F1

(
2,

α
k

+1;
α
k

+3;1− a
b

)

+
2(a+b)−2(α

k +1
)(α

k +2
)2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)

= C1

(α
k

)
,

and similarly we get

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 (1−u)du+
∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 (1−u)du

�
∫ 1

0

(1−u)
α
k

(ua+(1−u)b)2
udu−

∫ 1

0

u
α
k +1

(ua+(1−u)b)2 du

+
∫ 1

0

(1−u)
α
k(

u
2b+

(
1− u

2

)
a
)2 du− 1

2

∫ 1

0

u(1−u)
α
k(

u
2b+

(
1− u

2

)
a
)2 du

= b−2
∫ 1

0
u(1−u)

α
k

(
1−u

(
1− a

b

))−2
du

−b−2
∫ 1

0
u

α
k +1

(
1−u

(
1− a

b

))−2
du

+
(

a+b
2

)−2 ∫ 1

0
v

α
k

(
1− v

(
b−a
b+a

))−2

dv

−
(

a+b
2

)−2

2

∫ 1

0
v

α
k (1− v)

(
1− v

(
b−a
b+a

))−2

dv

= b−2β
(
2,

α
k

+1
)

2F1

(
2,2;

α
k

+3;1− a
b

)
−b−2β

(α
k

+2,1
)

2F1

(
2,

α
k

+2;
α
k

+3;1− a
b

)
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+
(

a+b
2

)−2

β
(α

k
+1,1

)
2F1

(
2,

α
k

+1;
α
k

+2;
b−a
b+a

)

−
(

a+b
2

)−2

2
β
(α

k
+1,2

)
2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)
.

Using the definition of β -function we have

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 (1−u)du+
∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 (1−u)du (19)

� C2

(α
k

)
.

Using (18) and (19) in (16), we get (12). �

REMARK 2.8. (i) If we put k = 1 in (12), then we get [2, Theorem 6].
(ii) If we put α,k = 1 in (12), then we get [2, Corollary 1 (1)].
(iii) If we put g(x),k = 1 in (12), then we get [2, Corollary 1 (2)].
(iv) If we put α,k = 1 and g(x) = 1 in (12), then we get [2, Corollary 1 (3)].

THEOREM 2.9. Let f : I ⊂ (0,∞) −→ R be a differentiable function on Io , such
that f ′ ∈ L[a,b] , where a,b ∈ I and a < b. If | f ′|q , q � 1 , is harmonically convex on
[a,b] , g : [a,b] −→ R is continuous and harmonically symmetric with respect to 2ab

a+b ,
then the following inequality for k-fractional integrals holds⏐⏐⏐⏐⏐ f (a)+ f (b)

2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(20)

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖g‖∞ab(b−a)

Γk (α + k)

(
b−a
ab

) α
k
[
C

1− 1
q

3

(α
k

)[
C4

(α
k

)
| f ′ (a) |q +C5

(α
k

)
| f ′ (b) |q

] 1
q

+C
1− 1

q
6

(α
k

)[
C7

(α
k

)
| f ′ (a) |q +C8

(α
k

)
| f ′ (b) |q

] 1
q
]

where ‖ g ‖∞= supt∈[a,b] | g(t) | and

C3

(α
k

)
=

2(a+b)−2(α
k +1

) 2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)
,

C4

(α
k

)
=

(a+b)−2(α
k +1

)(α
k +2

)2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)
,

C5

(α
k

)
= C3

(α
k

)
−C4

(α
k

)
,
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C6

(α
k

)
=

b−2(α
k +1

)2F1

(
2,1;

α
k

+2;1− a
b

)

− b−2(α
k +1

)2F1

(
2,

α
k

+1;
α
k

+2;1− a
b

)
+C3

(α
k

)
,

C7

(α
k

)
=

b−2(α
k +2

)2F1

(
2,1;

α
k

+3;1− a
b

)

− b−2(α
k +1

)(α
k +2

)2F1

(
2,

α
k

+1;
α
k

+3;1− a
b

)
+C4

(α
k

)
,

C8

(α
k

)
= C6

(α
k

)
−C7

(α
k

)
,

with α � k and h(x) = 1
x , x ∈ [

1
b , 1

a

]
.

Proof. Using (15), power mean inequality and the harmonically convexity of | f ′|q
⏐⏐⏐⏐⏐ f (a)+ f (b)

2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1 ∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐du

+
‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1 ∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐du

from here we take the right hand side as

� ‖ g ‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

(∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 du

)1− 1
q

×
(∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐
q

du

) 1
q

+
‖g‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

(∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 du

)1− 1
q

×
(∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐du

) 1
q

.
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Using harmonically convexity of | f ′|q we have

⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

(∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 du

)1− 1
q

×
(∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2

[
u| f ′ (a) |q +(1−u)| f ′ (b) |q]du

) 1
q

+
‖g‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

(∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 du

)1− 1
q

×
(∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2

[
u| f ′ (a) |q +(1−u)| f ′ (b) |q]du

) 1
q

.

From which we have

⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(21)

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

(∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 du

)1− 1
q

×
(
| f ′ (a) |q

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu+ | f ′ (b) |q
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 (1−u)du

) 1
q

+
‖g‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

(∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 du

)1− 1
q

×
(
| f ′ (a) |q

∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 udu+ | f ′ (b) |q
∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2
(1−u)du

) 1
q

.

By calculating the appearing integrals on right hand side of (21) we have
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∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 du �
∫ 1

2

0

(1−2u)
α
k

(ub+(1−u)a)2 du

=
1
2

∫ 1

0

(1−u)
α
k(

u
2b+

(
1− u

2

)
a
)2 du

= 2(a+b)−2
∫ 1

0
v

α
k

(
1− v

(
b−a
b+a

))−2

dv

= 2(a+b)−2 β
(α

k
+1,1

)
2F1

(
2,

α
k

+1;
α
k

+2;
b−a
b+a

)
.

Using the definition of β -function we have

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 du � 2(a+b)−2

α
k +1 2F1

(
2,

α
k

+1;
α
k

+2;
b−a
b+a

)

= C3

(α
k

)
, (22)

using Lemma 1.4 we have

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2
udu �

∫ 1
2

0

(1−2u)
α
k

(ub+(1−u)a)2 udu

=
1
4

∫ 1

0

u(1−u)
α
k(

u
2b+

(
1− u

2

)
a
)2 udu

=

(
a+b
2

)−2

4

∫ 1

0
v

α
k (1− v)

(
1− v

(
b−a
b+a

))−2

dv

= (a+b)−2 β
(α

k
+1,2

)
2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)

=
(a+b)−2(α

k +1
)(α

k +2
)2F1

(
2,

α
k

+1;
α
k

+3;
b−a
b+a

)

= C4

(α
k

)
, (23)

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2
(1−u)du � C3

(α
k

)
−C4

(α
k

)
=C5

(α
k

)
(24)

∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 du =
∫ 1

0

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 du+
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2
udu

=
∫ 1

0

u
α
k

(ub+(1−u)a)2
du−

∫ 1

0

(1−u)
α
k

(ub+(1−u)a)2
du+

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu
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=
∫ 1

0

(1− v)
α
k

(va+(1− v)b)2 dv−
∫ 1

0

v
α
k

(va+(1− v)b)2 dv+
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu

= b−2
∫ 1

0
(1− v)

α
k

(
1− v

(
1− a

b

))−2
dv−b−2

∫ 1

0
v

α
k

(
1− v

(
1− a

b

))−2
dv

+
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu

= b−2β
(
1,

α
k

+1
)

2F1

(
2,1;

α
k

+2;1− a
b

)

−b−2β
(α

k
+1,1

)
2F1

(
2,

α
k

+1;
α
k

+2;1− a
b

)
+

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu.

Using the definition of β -function and (22) we have

∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 du (25)

� b−2(α
k +1

)2F1

(
2,1;

α
k

+2;1− a
b

)

− b−2(α
k +1

)2F1

(
2,

α
k

+1;
α
k

+2;1− a
b

)
+C3

(α
k

)

= C6

(α
k

)
∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 udu (26)

=
∫ 1

0

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 udu+
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2
udu

=
∫ 1

0

u
α
k

(ub+(1−u)a)2 udu−
∫ 1

0

(1−u)
α
k

(ub+(1−u)a)2
udu+

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu

=
∫ 1

0

(1− v)
α
k +1

(va+(1− v)b)2
dv−

∫ 1

0

(1− v)v
α
k

(va+(1− v)b)2 dv+
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu

= b−2
∫ 1

0
(1−v)

α
k +1

(
1−v

(
1−a

b

))−2
dv−b−2

∫ 1

0
v

α
k (1−v)

(
1−v

(
1−a

b

))−2
dv

+
∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu

= b−2β
(
1,

α
k

+2
)

2F1

(
2,1;

α
k

+3;1− a
b

)

−b−2β
(α

k
+1,2

)
2F1

(
2,

α
k

+1;
α
k

+3;1− a
b

)
+

∫ 1
2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2 udu
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Using the definition of β -function and (23) we have

∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 udu � b−2(α
k +2

)2F1

(
2,1;

α
k

+3;1− a
b

)
(27)

− b−2(α
k +1

)(α
k +2

)2F1

(
2,

α
k

+1;
α
k

+3;1− a
b

)
+C4

(α
k

)

= C7

(α
k

)
,

and

∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2 (1−u)du � C6

(α
k

)
−C7

(α
k

)
= C8

(α
k

)
. (28)

Using (22), (23), (24), (25), (27) and (28) in (21), we get (20). �

REMARK 2.10. (i) If we put k = 1 in (20), then we get [2, Theorem 7].
(ii) If we put α,k = 1 in (20), then we get [2, Corollary 2 (1)].
(iii) If we put g(x) = 1 along with k = 1 in (20), then we get [2, Corollary 2 (2)].
(iv) If we put g(x) = 1 and α,k = 1 in (20), then we get [2, Corollary 2 (3)].

THEOREM 2.11. Let f : I ⊂ (0,∞) −→ R be a differentiable function on Io such
that f ′ ∈ L[a,b] , where a,b ∈ I and a < b. If | f ′|q,q > 1 , is harmonically convex on
[a,b] , g : [a,b] −→ R is continuous and harmonically symmetric with respect to 2ab

a+b ,
then the following inequality for k-fractional integrals holds⏐⏐⏐⏐⏐ f (a)+ f (b)

2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(29)

[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖g‖∞ab(b−a)

Γk (α + k)

(
b−a
ab

) α
k

[
C

1
p
9

(α
k

)[ | f ′ (a) |q +3| f ′ (b) |q
8

] 1
q

+C
1
p
10

(α
k

)[
3| f ′ (a) |q + | f ′ (b) |q

8

] 1
q
]

where ‖ g ‖∞= supt∈[a,b] | g(t) | and

C9

(α
k

)
=

(
a+b
2

)−2p

2
(α

k p+1
)2F1

(
2p,

α
k

p+1;
α
k

p+2;
b−a
b+a

)
,

C10

(α
k

)
=

b−2p

2
(α

k p+1
)2F1

(
2p,1;

α
k

p+2;
1
2

(
1− a

b

))
,

with α � k and h(x) = 1
x , x ∈ [

1
b , 1

a

]
and 1

p + 1
q = 1.
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Proof. Using (15) and Hölder’s inequality and the harmonically convexity of | f ′|q
⏐⏐⏐⏐⏐ f (a)+ f (b)

2

[
Jα ,k

1
b +

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

−
[
Jα ,k

1
b +

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1∫ 1

2

0

(1−u)
α
k −u

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐du

+
‖ g ‖∞ (ab)2

αΓk (α)

(
b−a
ab

) α
k +1∫ 1

1
2

u
α
k − (1−u)

α
k

(ub+(1−u)a)2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐du,

from here we take the right hand side as

� ‖ g ‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

⎛
⎝∫ 1

2

0

[
(1−u)

α
k −u

α
k

]p

(ub+(1−u)a)2p du

⎞
⎠

1
p

×
(∫ 1

2

0

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐
q

du

) 1
q

+
‖g‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

⎛
⎝∫ 1

1
2

[
u

α
k − (1−u)

α
k

]p

(ub+(1−u)a)2p du

⎞
⎠

1
p

×
(∫ 1

1
2

⏐⏐⏐⏐⏐ f ′
(

ab
ub+(1−u)a

)⏐⏐⏐⏐⏐
q

du

) 1
q

.

Using harmonically convexity of | f ′|q we have

⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b+

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]

−
[
Jα ,k

1
b+

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

⎛
⎝∫ 1

2

0

[
(1−u)

α
k −u

α
k

]p

(ub+(1−u)a)2p du

⎞
⎠

1
p

×
(∫ 1

2

0

[
u| f ′ (a) |q +(1−u)| f ′ (b) |q]du

) 1
q
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+
‖g‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

⎛
⎝∫ 1

1
2

[
u

α
k − (1−u)

α
k

]p

(ub+(1−u)a)2p du

⎞
⎠

1
p

×
(∫ 1

1
2

[
u| f ′ (a) |q +(1−u)| f ′ (b) |q]du

) 1
q

⏐⏐⏐⏐⏐ f (a)+ f (b)
2

[
Jα ,k

1
b+

(g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

(g ◦ h)
(

1
b

)]
(30)

−
[
Jα ,k

1
b+

( f g ◦ h)
(

1
a

)
+ Jα ,k

1
a−

( f g ◦ h)
(

1
b

)]⏐⏐⏐⏐⏐
� ‖ g ‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

⎛
⎝∫ 1

2

0

[
(1−u)

α
k −u

α
k

]p

(ub+(1−u)a)2p du

⎞
⎠

1
p

×
[ | f ′ (a) |q +3| f ′ (b) |q

8

] 1
q

+
‖g‖∞ (ab)2

Γk (α + k)

(
b−a
ab

) α
k +1

⎛
⎝∫ 1

1
2

[
u

α
k − (1−u)

α
k

]p

(ub+(1−u)a)2p du

⎞
⎠

1
p

×
[
3| f ′ (a) |q + | f ′ (b) |q

8

] 1
q

.

Calculating the appearing integrals on right hand side of (30) and using Lemma 1.4 we
have

∫ 1
2

0

[
(1−u)

α
k −u

α
k

]p

(ub+(1−u)a)2p du �
∫ 1

2

0

(1−2u)
α
k p

(ub+(1−u)a)2p du

=
1
2

∫ 1

0

(1−u)
α
k p(

u
2b+

(
1− u

2

)
a
)2p du

=

(
a+b
2

)−2p

2

∫ 1

0
v

α
k p

(
1− v

(
b−a
b+a

))−2p

dv

=

(
a+b
2

)−2p

2
β
(α

k
p+1,1

)
2F1

(
2p,

α
k

p+1;
α
k

p+2;
b−a
b+a

)

=

(
a+b
2

)−2p

2
(α

k p+1
)2F1

(
2p,

α
k

p+1;
α
k

p+2;
b−a
b+a

)
= C9

(α
k

)
,

(31)
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and

∫ 1

1
2

[
u

α
k − (1−u)

α
k

]p

(ub+(1−u)a)2p du �
∫ 1

1
2

(2u−1)
α
k p

(ub+(1−u)a)2p du

=
∫ 1

2

0

(1−2u)
α
k p

(ua+(1−u)b)2p du

=
1
2

∫ 1

0

(1− v)
α
k p(

v
2a+

(
1− v

2

)
b
)2p dv

=
b−2p

2

∫ 1

0
(1− v)

α
k p

(
1− v

2

(
1− a

b

))−2p
dv

=
b−2p

2
β
(
1,

α
k

p+1
)

2F1

(
2p,1;

α
k

p+2;
1
2

(
1− a

b

))

=
b−2p

2
(α

k p+1
)2F1

(
2p,1;

α
k

p+2;
1
2

(
1− a

b

))

= C10

(α
k

)
. (32)

Using (31) and (32) in (30), we get (29). �

REMARK 2.12. (i) If we put k = 1 in (20), then we get [2, Theorem 8].
(ii) If we put α,k = 1 in (20), then we get [2, Corollary 3 (1)].
(iii) If we put g(x) and k = 1 in (20), then we get [2, Corollary 3 (2)].
(iv) If we put g(x) = 1 and α,k = 1 in (20), then we get [2, Corollary 3 (3)].
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