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SOME k-FRACTIONAL INTEGRAL INEQUALITIES
FOR HARMONICALLY CONVEX FUNCTIONS

WAQAS AYUB AND GHULAM FARID

(Communicated by S. Yakubovich)

Abstract. The celebrated Hadamard inequality has been studied extensively since it is estab-
lished. We have found a weighted version of the Hadamard inequality for harmonically convex
functions via Riemann-Liouville k-fractional integrals. Also, we have obtained some bounds
of its difference. These results have some connection with fractional integral inequalities for
Riemann-Liouville fractional integrals.

1. Introduction

In recent years the study of fractional integral inequalities is an important research
subject in mathematical analysis. During the last two decades or so, several interesting
and useful extensions of many of the fractional integral inequalities have been consid-
ered by several researchers. We are interested to give new Hadamard type inequalities
for harmonically convex functions via Riemann-Liouville k-fractional integrals.

Let f € Li[a,b]. The Riemann-Liouville fractional integrals of order o > 0 with
a > 0 are defined as follows:

) = s [ =0 0, x>
and

Ff @) = [ "0 f 0y, x<b,

I'(a) Jx
where T'(.) is the Gamma function defined as

F(a):/ e “u®du,
0

one can note that
INa+1)=ol(a)

and
0 _ 70 _
Jar f () =Ty f (x) = f (%)
Mathematics subject classification (2010): 26B15, 26A51, 26A33.
Keywords and phrases: Harmonically convex functions, Hadamard inequality, k-fractional integrals.
© depay, Zagreb 73

Paper FDC-08-05


http://dx.doi.org/10.7153/fdc-2018-08-05

74 W. AYUB AND G. FARID

For further details one may see [3, 5, 0].

In [4], there is given definition of Riemann-Liouville k-fractional integrals as fol-
lows.

Let f € Ly]a,b]. Then Riemann-Liouville k-fractional integrals of order o,k > 0
with a > 0 are defined as

o 1 * a_

0= g [, 60T 0 x>
and 1 .

z?kf( )= KTy (@ )/ (t—x)%*lf(t)du x<b

where T (o) is the k-Gamma function defined as

o k
(o) = /o 1% e~ Tdr.

One can note that
T (o4 k) = ol (o)
and
Tt f ) =20 () = £ (x).
For k = 1, k-fractional integrals give Riemann-Liouville fractional integrals.

In the following we define the Beta and the Hypergeometric functions, respec-
tively:

B (x.y)= % = /OltH (1—1) tdr, x,y>0,
2 F (a,b;C;Z) = m/olthl (1 _t)cfbfl (1 —Zl‘)iudt,

¢>b>0, |z] < 1. For more details of above functions one may see [12].
Let f:I C R — R be a convex function defined on the interval / and a,b €1,
a < b. Then the following inequality holds

() st om0

It is well known in the literature as the Hadamard inequality.
In [8], Fejér established the following inequality which is the weighted general-
ization of the Hadamard inequality.

THEOREM 1.1. Let f: [a,b] — R be a convex function. Then the inequalities

(457 [ewavs [ rmeman< D0 Moan o

hold, where g : [a,b] — R is nonnegative, integrable and symmteric with respect to
a+b
2




k-FRACTIONAL INTEGRAL INEQUALITIES FOR HARMONICALLY CONVEX FUNCTIONS 75

In [7], Iscan gave the definition of harmonically convex functions.

DEFINITION 1.2. Let I C R — {0} be a real interval. A function f:/ — R is
said to be harmonically convex, if

xy
! (tx—i— (L—1t)y

for all x,y € I and 7 € [0,1]. If the inequality in (3) is reversed, then f is said to be
harmonically concave.

) <HFO)+ (-0 () 3

DEFINITION 1.3. [9] A function g: [a,b] C R—{0} — R is said to be harmon-

ically symmetric with respect to % , if
) ( : ) @
W =8\ 1T 1_2
a + T X

holds for all x € [a,b].

We will use the following lemma in sequel to prove some of our results.

LEMMA 1.4. [10,11] ForO< o <1 and 0 <a < b we have
la® —b*| < (b—a)*.

In this paper we give a weighted version of the Hadamard inequality for harmoni-
cally convex functions via Riemann-Liouville k-fractional integrals. We also find some
bounds of a difference of this inequality by using harmonically convexity of functions
| il |7, g > 1, via Riemann-Liouville k-fractional integrals. Also we find some results
of [2] in particular.

2. Main results

LEMMA 2.1. If g:[a,b] CR —{0} — R is integrable and harmonically sym-

. . 2ab
metric with respect to =0 then

o,k o l _ g0k ° 1
spkeon (5 ) =i won (3 )

with o,k >0 and h(x) =1, x e [}, 1].
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ab

Proof. Since g is harmonically symmetric with respect to 2— By substitution

t= é + % —x in the following integral and doing some calculation we get

ten(y)=mm (i) <(7)a

From which we get equality in (5). [
REMARK 2.2. If we put k =1 in (5), then we get [2, Lemma 2].
THEOREM 2.3. Let f:[a,b] — R be a harmonically convex function with a < b

and f € Lla,b]. If g : [a,b] — R is nonnegative, integrable and harmonically sym-
metric with respect to 292 then the following inequalities for k-fractional integrals

atbh
hold
£(22) [t teom (2) gt eom (3)]
< [rrtureon (3) +ot o (3] ©

gwwk( oh)( )+~’1 (s h)(%ﬂ

with o,k >0 and h(x) = % L x €5, 2]

Proof. Since f is harmonically convex. Using (3) for 1 = 1/2 and making
substitution x = m, y = then multiplying resulting inequality by

2t g <ﬁ) , and integrating over [0, 1] we have

2/ ! <tb+ g ))f<azibb>dt
[ ()
+/ (tb+ i ))f<’a+(alb_t)b>dt.

m+(1 1)b>




k-FRACTIONAL INTEGRAL INEQUALITIES FOR HARMONICALLY CONVEX FUNCTIONS 77

Setting M = x and using that g is harmonically symmetric we have

) ) )
S () ()
S D))
(2 5 (22 ) artens som (1)
< (2) i [t sem (B) vt eem ()]

Using Lemma 2.1 on left hand side of above inequality we have

(25) (5o e () opton )]
<<b‘ﬁ’a) kTe(o )[J?f(fgoh)(l)—k.]l (fgoh)@ﬂ

and the first inequality of (6) is proved.
On the other hand by harmonically convexity of f we have

f(ﬁ) +f<ﬁ) < f(a)+ f(b). 7

For the proof of the second inequality in (6), multiplying (7) by e g <tb+(“+t)a> ,
then integrating over [0, 1] we obtain

/olt s (tb+(alb—t)a)f(tb+zllb—t)a)dt
+/01t%_1g (tb+(alb—t)a>f<ta+(alb—t)b> di

1 a
<@+ 1 (i

-, = and doing some calculation we get the second inequal-

=R

=R

Again setting
ity in (6). O

REMARK 2.4. (i) If we put k =1 in (6), then we get [2, Theorem 5].

(ii) If we put o,k =1 in (6), then we get [2, Theorem 4].

(iii) If we put g(x) = 1 along with k =1 in (6), then we get [2, Theorem 3].
(iv) If we put g(x) = | along with o,k =1 in (6), then we get [2, Theorem 2].
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LEMMA 2.5. Let f:1C (0,00) — R be a differentiable function on I°, such that

f'€Lla,b], where a,b €I with a<b. If g: |a,b] — R is integrable and harmonically

symmetric with respect to jib, then the following equality for k-fractional integrals

+b
holds

HSEB gt ten () +opton (5)
B [f‘;f‘f<fg°h> (%) +J§‘f(fgoh) (%)]

L
(— —s) (goh)(s) ds) (foh) (t)dt] (8)

([ () womonar) vonsinal

=

= f (@) kT (@) I (go ) (é) —KTk(@)J 7 (fgoh) (%)

— ATy () [f(a);‘bf‘f (goh) (é) - (fgboh) (éﬂ :

using Lemma 2.1 we have

[% (/ét (S_%>%l(goh)(s)ds> (foh) (t)dt 9)

I goh) (3) +I7 (goh) (5)
=kl () [f(a) pt - a b _Jgf(ngh)<é)]’
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and

(10)

_ _f(b)kl"k(a)fgf(g"h) (é) +ka(a)J?vk (fgoh) (‘) ,

using Lemma 2.1 we have

I ( [ (+-3) o) <s>ds> (Fon) (1)d an

TE(gom) (3) 77 (o) ()
= kT (@) | £(b) | =5 5 b —J:f”k(fgoh)G)

Using (9) and (11) in right hand side of (8) we get the left hand side of (8). Hence (8)
is established. [

REMARK 2.6. (i) If we put k =1 in (8), then we get [2, Lemma 3].
(ii) If we put g(x) = 1 along with k=1 in (8), then we get [1, Lemma 3].

THEOREM 2.7. Let f:1 C (0,00) — R be a differentiable function on I°, the
interior of 1, such that f' € Lla,b], where a,b € I and a < b. If |f'| is harmonically

convexon [a,b], g [a,b] — R is continuous and harmonically symmetric with respect
to Zi—ll’), then the following inequality for k-fractional integrals holds

e (o)
e () ezven ()|

. gr:?(l;(f;)@ (ba—b“> (D)1 @I+ (T) 1 )]
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where || g ||o= sup,ciap) | &(¢) | and
-2

(%) - gt (055430 -2)

b2 v o .
SEEe B g),
Z(a—i-b)_2 o b;a)
+(%+1)(%+2)2Fl<2’k+1 % hra)
(%)= b A (2% 31-9)
\k _(%+1)(%+2)21 k b
p2 o .
e g
(#)_2 o o b—a
+(%+1)2FI<Z’E+I’Z+2’b+a)’
_ 2(a—|—b)_2 ( o o b a)
CrnE) M et

with o <k and h(x) =1, x € [} 1].

Proof. Using Lemma 2.5 we have

‘f(a)-l-f(b) [ o (goh)( )+]g=’<(goh)<%)] (13)

Using harmonically symmetricity of g with respect to % and computing modulus in

the integrand of right hand side as follows

[

b

o
o)

(%—Syl(goh)(s)ds—/[Z (s—%) (goh)(s)ds
/+— (S_ %) e (S)d”/;t (S‘ %)  gomisas
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_ /;%_t (s_ %) T o) (5)ds

fﬁ*%”(s—%)%* (goh)(s)ds|, te€[},%2]
< (14)
[l (=9 gomds|, re[5R.L].
Therefore using (14) in (13) we get
fa)+ £ (b) a1
L0210 o (2) 100 (1)
OC o, l
—[ "(fgoh)( )+J *(fgon) b)]
U]y E :
<mah (s=5) " wom |as)ireny @iar
1o [ 1! ,
e (/+ (s-3)  @eno dS>|(foh) () las
lglle (5 (ot 1\E' N 1], /1
Sl ST () ) w () e
lgll (7 ( NN 1]
+k1“k(a)/fgg </;,+;,_t (S_E) ds) 2 f<?> «
lell- (5 [(1_\% INE] L)
_al“k(a)/% l(a") ‘(“5) 1 2 f(;) dt
lgle [+ NNE /1 N\t 1], /1
+ark<a>/%[("z) (i) ]— r(i)] e
Setting M =1 in the resulting inequality obtained from above we have
f(a)‘;f(b)|:b (goh)( >+J1 (gOh)<%>} (15)
1
[“k(fgoh)< )+J°"‘(fgoh>(bﬂ ’
I g Il (ab)* (b a>“ P (1—wh —uf ( ab )
S oly (o) (ab /0 (ub+ (1 —u)a)? 7 ub+(1-u)a a
| & |l (ab)? N Ol ( ab )
* ol () (ab) /% (ub+ (1 —u)a)? f ub+ (1 —u)a du.
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Using harmonically convexity of |f’| on [a,b], we have

e en (3) en )

["‘"(fgom( >+Jl (fgoh)Q)H

_ lgll- (ab)® (b—a)E*!
b )

ol (o ab
O L L) ey () LA PP
; l/o i | 0 d]f( )

L gl ( ab b— a)

(er
i (1_u)%_ % Loy —(1—u)* B
XVO w1 —war Y ) e mar ”)d”] 7@l

We calculate the integrals appeared on the right hand side of (16) as follows

=R

o
k

=R

Io(1— _ Uoy% —(1—
/z (I—u)k —u 2udu—|—/ uk —(1—u) i
0 (ub+(1—u)a ) 3 (ub+(l—u) )

1 1 _ @
_/ ut (1 udu+2/ (1—u) kzudu
(ub+ (1 —u)a) (ub+ (1 —u)a)

T+l Y
g/ deu—/ (l—u)zudu
0 (ub+(1—u)a) 0 (ub+(1—u)a)

b oo(1—2u)f
2 ———ud 17
* /0 (wb+ (1 —wa) " (7

from here we take the right hand side as

»\Q
Q

L (1—u)rt! L (1—u)ux
/0 (wa+ (1 —u)b)? “_/o (wat ()"

2/ Fi; )2ud”
o« asy —2
—b / (-wf (1-u(1-2)) au
—b /(l—u 1—u(1—%>>_2du
G <y S (1 (229) T
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o o a
—p2 (1,— 2) F (2,1;— 3;1——)
B A +2)28 3 + b
—b2ﬁ< +12>2F1<2a+1 31— )
Tk b
CL b—a
2
12 p(2 1,2) A(2%+1.% 43 .
+ B(k—f— 21( o Hh k—l— b—l—a)

Using the definition of f-function we have

3 (l—u)%—u% udu 1 u%—(l—u) udu
/0 (ub+ (1 —u)a) ¢ +/% (ub+ (1 —u)a)* ¢
b2 (

=R

1—+31 b)

o o a
—_——— > F <2,— 1;— 3;1——)
211 k+ k+ b

o o b—a
Fl2,—+1—+3—
2)“<’k+ s b+a>

—
=R
_l’_
—_
—
=R
_l’_

and similarly we get

1 (4 a
3 (1—u)k —ux 1 — 1_
/2 (mwf—ut (1—u) du—|—/ u u) ——————— (1l —u)du
0 (ub+(1—u)a)? (ub+ (1 —u)a)

! (I —u) uk
</o (ua+(1—u)b)2”d”_/o (at (1= o)

=R

! (l—u)% I rbou(l —u)%
—p2 lu(l—u)% (1—u<1—%>>_2du

0 b
at+b\ 2 [l g b—a\\ 2
o T(1-
(7)) L) @
(42" p b—a)\ "’
12 F—v)(1- a
5 /Ov( v)( v(b—l—a)) dv
_ 2 @ O g
—b B<27k+1>2Fl<2,2,k+3,1 b)
o
B

o
b2 (— 271) F (27 2.% 439 )
k+ 21 + k—l— b

k

83

(18)
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at+b\ % o b—a
—+1,1)2F (2 1; 2;
+< 2) ﬁ<k+’>21< TR b+a)
b

-2
() 2 o, ,b-a
B k+1,2>2F1<2,k+1,k+3,b+a .

Using the definition of f3-function we have

[\

o

1 o

7 (1—u)k —ux 1 — 1_

/2 M=of=ut st ut Sl Cl) LR 1)
0 (ub+(1—u)a) 5 (ub+(1—u)a)

<e ()

Using (18) and (19) in (16), we get (12). U

a
k

REMARK 2.8. (i) If we put k =1 in (12), then we get [2, Theorem 6].

(i) If we put o,k =1 in (12), then we get [2, Corollary 1 (1)].

(iii) If we put g(x),k =1 in (12), then we get [2, Corollary 1 (2)].

(iv) If we put o,k =1 and g(x) = 1 in (12), then we get [2, Corollary 1 (3)].

THEOREM 2.9. Let f:1 C (0,00) — R be a differentiable function on I°, such
that ' € Lla,b], where a,b €l and a <b. If |f'|1, g > 1, is harmonically convex on

[a,b], g:la,b] — R is continuous and harmonzcally symmetric with respect to af;w
then the following inequality for k-fractional integrals holds

f(@)+f®) [ ok 1\ | ok 1

‘f J%Jr(goh) 2 +J;117(8°h) A (20)

-l eonm (5) o (fgoh)@)H
< leler ) (l’a‘b“)% (Dl (Fr@ee (ol o
1 (9 o (S @ira ()17 o)

where || g ||= supiciap) | &(t) | and

o\ 2(a+b)? a .o _b-a
¢ (7) ~Er 2 (2,—+1,—+3, )
b

==
[

(%4_1 k k b+a
oy (a+b)* a
C“(Z) B (%+1)(%+2)2F1 (2 b k+3 b+a>’

s(7)=0(F) o)
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(§)- o 2§ o219
)

(7;‘+1)2F1(2’Z+1 ¥ BT b>+c3<%>’
C7<%>:(%b7+22)2ﬂ<2,1;%+3;1—g>
2
—mzﬂ(zk—i—lk 31— b>+c4(k)

a(%)-a(2)-a ()

].

—

with o <k and h(x) =1, x € [

Q=

)

=

Proof. Using (15), power mean inequality and the harmonically convexity of | /|4

10278 g (2) o}

- ireonm (5) ot (fgoh)C])H

gl (@) (b—a\F b (1-w)f —u
S ol (o) (ab) /0 (ub+ (1 —u)a)?
| [l (ab)® B uf (1wt
() ( ab ) /1 (ub+ (1 — u)a)?

2

du

(i)
# (v —a)

du

from here we take the right hand side as
_ g~ (ab)” (b ) o /% <1—u%—
S Ti(a+k) \ ab 0 (ub+(1—u)a

fl(ub—i— l—u)a )

3 (l—u)%—uv
. </0 (ub+(l—u)a)2
gl (ab)* (b—a\ " [ 1 uf —( 1_,,%
+ I (o +k) ( ab ) (/% (ub+(1—u)a )

) </%1 (Zlir_((ll—_uu))cj)2 4 <”b + Flb_ ”)a> du)




86 W. AYUB AND G. FARID

Using harmonically convexity of | /|7 we have

‘iﬁ@é&égi[’?f@0h>(%)-+fgf@oh>(%)]
“lgtueen (3) e )]
B ()

4 a
k —uk

(1-u) , ) d
x(AEE:H—TTwaW+u Hf®md>

a -1
gl Caf gt '
" T ( OH—k ( ab ( % (ub+ (1 —u)a )Zdu>
1 uk—(] )% . 5
X(A iy @I+ (-l ) >.

From which we have

’f(a)+f(b) [Jg,k(goh)G)+J£«,k(goh)<%ﬂ 1)

gl @) (b—a\EH (5 (1w ouf )
S Telath) <ab ) (/0 mdu>
(1—w)f —uf , P a—wft—u B g
. <|f( )|’1/0 mud"""f (b)|q/0 m(l u)du)
gl £ 1uk_1_uﬁ 11
+rk a+k ( ) ( V (ub+ (1 —u)a )2d“>

s (17 (a) |9 IIMWH“ b) | IIMU—MW“ ,
b (ub+(1-u)a)’ > (ub+(1-u)a)

By calculating the appearing integrals on right hand side of (21) we have
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o
k

/0 (ub+(1—u)a)2d </o (ub+ (1 —u)a)’ 7
)

=R

a
a
k

(1—u
2/ 1__ )2du

:2(a+b)*2/01v% (1—\1(2;2))_2(1\1

_ o b
=2(a+b) 2[3<E+1,1)2F1 (2 L k+2 b+;’).

Using the definition of f -function we have

1 @ a 2
1—u)® —uk 2
/2 (1—u) ukzdué (L(lx-i-b) o (2 OC+1 Lo b— a)
0 (ub+(l—u)a) ;"’-1 k k b+a

“a(®)

using Lemma 1.4 we have

4 a
k 3

1 1

2 (1— 2 1-2

/2 —( ) - sudu < /2 —( ! Sudu
0 (ub+(1—u)a)? 0 (ub+(1—u)a)

uf —(1—u)* u:/‘u
L (ub+(1—u)a)* 0 (ub+(1—u)a)?

1 uw L (1—u)* 2 (1—u)® —u
0 (ub+(1—u)a)2du_/0 (bt (L—uwya) /o bt (1 —wyay
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4

(1— 1 e
_/ ) 2dv_/ dew/ SO LI
(va+ (1 —v)b) 0 (va+ (1 —v)b) 0 (ub+(1—u)a

u)
— b / l—v% v(l—%))izdv—b_z/olv%<1—v<1—%)> v

> (1—u) _u%
+/0 bt (1 —nya ™

—b72B (1,2 +1)2R (2,157 421 )

=R

b 2B( Y 1>2F1(2,Z+1 T+ 1—E>+/0%((l_u#udu.

Using the definition of 3 -function and (22) we have

1 u%—(l—u)%
d 25
/ (wb+(1—wa) 2
b72

(04 a
< 7(%“)25 (2’1’Z+2’1_E>

—(%7;21)21:1(2,2‘“]{ 421 b)+c3<k)

=& (%)

1 u%—(l—u)%
o 1

(ub+(1—u) )2
1 —(1—u)* 1 _NF_ 4
(ub+ ( l—u ) 0 (ub+(1—u)a)
: 1 _ ‘Z _ %_ ¢
:/ —W 2udu—/ (1 “) +/ (- Azudu
0 (ub+(1—u)a) 0 (ub+(1—u)a (ub+(1—u)a)
%+l 1 _ 1 AT -
_/ 2a’v—/ —(1 vV 2dv—|—/2 —(1 “) ukzudu
(va+ l—v)b) 0 (va—|—(1—v)b) 0 (ub+(1—u)a)
. 1 -2
2 [ (1= E (1o (1-2 _—2/ﬁ_ o (1-¢
b /O(l V) <l v<1 b)) dv—b A vk (1 v)(l v(l b)) dv
1 o a
AT
+/2LW2W
0 (ub+(1—u)a)
_ 2 @ O g

1 a a
o a 2 (1—u)® —ux

_p2 +12),F (2% 41;% 4312 +/ ST T du
ﬁ( )21( kU k b> 0 (ub+(1—u)a)*

<

du (26)

B
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Using the definition of 3 -function and (23) we have

1 %_1_ % b72
/lu ( u) udu

o a
(2,12 +3:1-< 27)
L (ub+ (1—u)a)® ? 1< k b)

mzm (2,%+1 31— b)+c4(k)

and

a
k

[t iz (§) - (§) -a($) e

2
Using (22), (23), (24), (25), (27) and (28) in (21), we get (20). O
REMARK 2.10. (i) If we put k=1 in (20), then we get [2, Theorem 7].
(i) If we put a,k =1 in (20), then we get [2, Corollary 2 (1)].

(iii) If we put g(x) = 1 along with k =1 in (20), then we get [2, Corollary 2 (2)].
(iv) If we put g(x) = 1 and o,k = 1 in (20), then we get [2, Corollary 2 (3)].

THEOREM 2.11. Let f:1C (0,00) — R be a differentiable function on 1° such

that f' € Lla,b], where a,b €I and a < b. If |f'|1,q > 1, is harmonically convex on

[a,b], g : [a,b] — R is continuous and harmonically symmetric with respect to 2%

a+b’
then the following inequality for k-fractional integrals holds

’f(a);rf(b)[ (goh)< )+J (goh)@)] (29)
s E)-urn )|
e

[Cg () {f/(a)qH'f/(b) |q]$+cfl’o(g) [Svl(“’qﬂf’(wlq]él

8 k 8

where || g ||= supiciap) | &(t) | and

ay_ (55" b-a
G (?) _2(%p+l)2Fl <2p, kp—i_l kp+2 b—|—a>’

o b=%P o 1 a
c (— -7 (212 2;—(1——) :
10 k> 2(%p+1)2 1( p kp+ ) b )

with o <k and h(x) = ¢, x € [}, ;] and L+ =1.
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Proof. Using (15) and Holder’s inequality and the harmonically convexity of | /|4

’ f@+f0) [,

> [ (goh)< >+J°"‘(g h)(ll)ﬂ
—[“k(fgoh)< )+J (fg m)(%)}
et () iy

)
HgH (ab)* (b—a £ u%—(l—u)%
ol (o) ( ab ) /% (ub+(1—u)a)?

# (v —a)
(v =)

du

du,

from here we take the right hand side as

[4 p
gl (ab b a £ /% (1wt
= u

Fk(OC—Fk ab 0 ub+ 1_u>a 2p
% q
d
><</0 (ub—i— ) u)

b T

el (0-a) (

| |ut (I—u)* }p
du
Fk(OC—Fk /5 (ub+(1—u)a 2p

x(/; f’(ﬁ) du) .
’M

Using harmonically convexity of |f’|? we have
2 [ (goh)( )+J (goh)(b)]
“prien(G )“"‘"<fgoh>(i)“
gkt ooy (P L)

1

’ </o W @)+ (1=l () 7] d”>q

==

==
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el (@) (b—a\E [ o [uf = -wf]”
+ é(a+k) ( ab ) /% (ub—i—(l—u)a)zpdu

1
1 q
1

< ( / [uf’(a)“r(l—u)f’(b)q]du)

‘ HOLIO et oy (1) 48 wom (3 ) 30

a

. [Jgf(fgoh) (%) +J§f(fgoh)<%)]

el (b-o)E (-0 —uf]

X du
Ti(atk) \ ab (ub+ (1 —u)a)™

==

p

y [f’(a)‘f4;3f’(b) |q]%

==

lelo (@ (b—a\E [ 1 [Wf —0-0)F]"
’ ng(a+k) ( ab ) /5 (ub+(1—u)a)2pdu

31 (@) 19+ 1 (B)19] 7
X[ :| .

8

Calculating the appearing integrals on right hand side of (30) and using Lemma 1.4 we
have

Pla-wf-uf]” g gyt
/0 (ub+(l—u)a)2pdu</() mdu
)

(—“+b)72p o o o b—a
2
~-12) pg(% +1,1) Fl2p,Sp+1opt2——2
2 B(kp 2 1(" KPTEEP b+a>
(a—+b)72p o o b—a o
2
_ Fi(2p,=p+1;=p+2;—— | =C (—)
2(%p+1)° 1<pkp 24 b+a) v
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b2p a a 1 a
=B (L Zp+1)aF (20, p 425 (127

2 ( wPt 21(” gt 2( b))
b= o 1 a
- R (2p 12 +2;—(1——)
2(%p+1)° 1<p KPTE2 T )

o (%) . 32)

Using (31) and (32) in (30), we get (29). O

REMARK 2.12. (i) If we put k =1 in (20), then we get [2, Theorem 8§].

(i) If we put o,k =1 in (20), then we get [2, Corollary 3 (1)].

(iii) If we put g(x) and k = 1 in (20), then we get [2, Corollary 3 (2)].

(iv) If we put g(x) = 1 and o,k =1 in (20), then we get [2, Corollary 3 (3)].
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