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INEQUALITIES OF JENSEN’S TYPE FOR GENERALIZED
k-g-FRACTIONAL INTEGRALS OF FUNCTION f
FOR WHICH THE COMPOSITE fog~!' IS CONVEX

SILVESTRU SEVER DRAGOMIR

(Communicated by J. Pecaric)

Abstract. In this paper we establish some inequalities of Jensen and Hermite-Hadamard type for
the k- g-fractional integrals of function f for which the composite function fog~! is convex.
Some examples for the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a,b] are also given. Applications for
Hadamard fractional integrals are provided as well.

1. Introduction

The following integral inequality
a-+b 1 b fla)+f(b)
< t)dt < ————, 1.1
f( ! ) — [ 1 . (L.1)

which holds for any convex function f : [a,h] — R, is well known in the literature as
the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in Theory of Special Means and in Information Theory for
divergence measures, from which we would like to refer the reader to the monograph
[27], the recent survey paper [19] and the references therein.

In order to extend these type of inequalities for general fractional integrals we need
the following preparations.

Assume that the kernel k is defined either on (0,e0) or on [0,c0) with complex
values and integrable on any finite subinterval. We define the function K : [0,e0) — C
by

Jok(s)ds if 0<t,

K(t):=
) 0if r=0.

As a simple example, if k(t) =t*"! then for o € (0,1) the function k is defined
on (0,00) and K (1) := 11% for t € [0,e0). If ¢ > 1, then & is defined on [0,cc) and
K (t):= Lt% for 1 € 0,).

o
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Let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). For the Lebesgue integrable function f: (a,b) — C, we define the k- g-left-
sided fractional integral of f by

Suartf ()= [ (g0 =g(0)¢ ()£ ()dt, x € (a.] (12)
and the k- g-right-sided fractional integral of f by
b
Stas-f (0= [ K(g(1)=g(x)g ()7 ()dr, x€ la,b). (13)
If we take k(1) = ﬁt“’l, where T is the Gamma function, then
1 * oa—1 7
Stsar) ()= Frgy | 80 —s @17 ¢ () (s (14)

=gy f(x), a<x<b

and

1 b o—1 1
Sk,g,hff(x)=m/x [g(t) =g ()™ g () f(r)dt (1.5)

=1y f(x), a<x<b,

which are the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a,b] as defined in [30, p. 100].

For g(¢) =1t in (1.5) we have the classical Riemann-Liouville fractional integrals
while for the logarithmic function g (#) = Inz we have the Hadamard fractional inte-
grals [30, p. 111]

1 < x\1o-L f(r)dr
o = = - < < N
HE, f(x) F(a)/a {m(t)] S 0<a<a<h (1.6)
[ Ty ) R
bl x'_l"(oc)x . T 0<a<x<b. .
One can consider the function g () = —¢~! and define the Harmonic fractional inte-
rals b
o RY (x)-—xl_a/x fOdt < (1.8)
(@) Ja (x—1) %ot T b '
d

B [ Py L A OL S 1.9
b—f(x) T F(a)/;; (t—x)l_ato‘+17 xa X . ( . )

Also, for g (1) =exp(Bt), B > 0, we can consider the 3 -Exponential fractional inte-
grals

B p 10 = pros [ e (B —exp (BO* exp (B0 f(0ar, (110
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for a <x<b and

b
B g0 = ey | lesp(B) —exp (B Texp(Br)f (ar, (11D
for a <x<b.

If we take g(r) = in (1.2) and (1.3), then we can consider the following k-
fractional integrals

X
Starf (0= [ k(x=1)f(O)dt, x€ (a,8] (1.12)
and .
sk,,,_f(x):/ k(i —x) f(0)dt, x € [a,b). (1.13)
In [33], Raina studied a class of functions defined formally by
70 (=Y K :
T35 () '_,Z;)F(pkwt)xk’ |x| <R, with R >0 (1.14)

for p, A > 0 where the coefficients ¢ (k) generate a bounded sequence of positive
real numbers. With the help of (1.14), Raina defined the following left-sided fractional
integral operator

X
Horarwl () = / (=t I, (W —1)P) f(1)dt, x> a (1.15)
where p, A >0, w€ R and f is such that the integral on the right side exists.

In [1], the right-sided fractional operator was also introduced as

b
I ) ::/ (1= "L Z8, (wlt —x)) £ (1)dt, x < b (1.16)

where p, A >0, we€ R and f is such that the integral on the right side exists. Several
Ostrowski type inequalities were also established.

We observe that for & (1) = t’l’lfg_l (wtP) we re-obtain the definitions of (1.15)
and (1.16) from (1.12) and (1.13). /

In [31], Kirane and Torebek introduced the following exponential fractional inte-
grals

T f (x) ::é/axexp{— “(x—z)}f(z)dz,x>a (1.17)

and

T2 f(x) :=é/bexp{—Ta(t—x)}f(t)dnx<b (1.18)

where a € (0,1).
We observe that for k (t) = L exp (—1=%¢) , € R we re-obtain the definitions of
(1.17) and (1.18) from (1.12) and (1.13).
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Let g be a strictly increasing function on (a,b), having a continuous derivative g’
n (a,b). We can define the more general exponential fractional integrals

l—o

0= [ -2l ew -} OrOa a9
and

75 10— [(o{ -2 60 -sw) )¢ s x<s 020

o

where o € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative g’
n (a,b). Assume that oo > 0. We can also define the logarithmic fractional integrals

Lgarf (x) = /ax (g(x) =8 (1)* 'n(g(x) —g (1) g () f (1) dr, (1.21)

for0<a<x<b and

4 @= [ 08 mEe0) g W) O FOa (12

for 0 < a < x < b, where o > 0. These are obtained from (1.12) and (1.13) for the
kernel k(1) =t* !int, t > 0.
For ov =1 we get

Lyarf (x /m g)g () f(D)dr, 0<a<x<b  (1.23)

and
Ly fx /ln g()g () f(D)dr, 0<a<x<b  (1.24)

For g (t) =, we have the simple forms
L0 f(x) = /x(x—t)a_lln(x—t)f(t)dt7 0<a<x<b, (1.25)
b 1

L2 F (%) :/ (=) In(t—x) f(1)dt, 0< a <x<b, (1.26)
L f (x /ln x—t)f(t)dt,0<a<x<b (1.27)

and
/ln t—x)f(1)dt, 0 <a<x<b. (1.28)

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[22], [28]-[41] and the references therein.
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For k and g as at the beginning of Introduction, we consider the mixed operator

Sk.gatb—f (x) (1.29)

1
= 5 [Sk,g,aJrf (x)+Sk,g,bff(x)]

= %[/:k(g(x)_g(f))g/(l)f(t)dt—i—/xbk(g(t)—g(x))g’(t)f(t)dt

for the Lebesgue integrable function f: (a,b) — C and x € (a,b).
Observe that

Seaxs /()= [ (3 (0) 808 () (1), x€ [0

and

X
Steat (@) = [ K(g(0) = g(@)g (1) £ (0)dr, x€ (a ]
a
We can define also the dual mixed operator

S'k,g,qu,hff ()C)
1

=5 [Sk.grf (b) + St f (a)]

= %[/ka(g(b)_g(f))g/(Z)f(t)dt-l—/:k(g(t)—g(a))g’(t)f(t)dt

forany x € (a,b).
In the recent paper [26] we obtained the following inequalities for convex func-
tions f : [a,b] — R:

THEOREM 1. Assume that the kernel k is defined either on (0,0) or on [0,e0)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly in-
creasing function on (a,b), having a continuous derivative g' on (a,b). If f: |a,b] —
R is a convex function, then

N =

+f3Kg

N —~
—
oo
=
I
oQ
—
2
=
+
>
<
~—
I
oQ
S

<ﬂf<“m .

o (b_ K(g(b)—g(x)) Jx
< Sk7g,a+,bff (.X)
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< (K (g(x) ~8(@) f (@) + K (g (5) () £ (b)
#5 | PO e - emar- FO=LD oo - gar
(1.30)
and
DK (8() 8 (@) + K (g(6) 2 ()]
oo JOK(8(b) —g()dr — [FK (1) ~ g (a))d
Xf( TR (s () - 8(@) K (5 (6) 2 () )
1 1 "
<37 (= e s <60 s @) K -s00)
b
1 (v e | K(g(b)—g(t))dr)Kg< >—g<x>>]
< Skgatpf (%)
< (K (g() ~8(@) +K (g(b) g ()] £ ()
3O P o) g~ L0 k) - gty
(1.31)
Sor x € (a,b).

Motivated by the above results, in this paper we establish some inequalities of
Jensen and Hermite-Hadamard type for the k- g-fractional integrals of continuous func-
tions f: [a,b] — R for which the composite function fog~! is convex on [g(a),g (b)].
Some examples for the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a,b] are also given.
Applications for Hadamard fractional integrals are provided as well.

2. General results

We have the following simple representation for the k- g-fractional integrals:

LEMMA 1. Assume that the kernel k is defined either on (0,0) or on [0,e) with
complex values and integrable on any finite subinterval. Let g be a strictly increasing
function on (a,b), having a continuous derivative g' on (a,b) and f : [a,b] — C be a
complex valued Lebesgue integrable function on the real interval [a,b]. Then

Susar ()= [ (800 g@)s) Fog ™ (g(@) +(1-9)g (s, 21



INEQUALITIES OF JENSEN’S TYPE 133

for x € (a,b] and

Suas F0)= [ K(8(0) ~g()s) Fog (1-9)g ) +sgB)as, 2

for x € [a,b).
We also have

Suan 0= [ K(50)~g(W)9) fog (g +(1-9)gB)ds ()

for x € [a,b) and

Seas S10)= [ k(e 9 fo8  (1-9)g(@)+sg()ds 2
for x € (a,b].

Proof. Using the change of variable u = g (¢), then we have du =g’ (t)dt, 1t =
g '(u) and

5(x) .
Sgarf (1) = /;, o HEC) —0 fog™ Wdu xe (a,B] 2.5)

and "
§
Susof (9= [ Tklu-g () fog W x€ lasd). 26)
g(x
Further, if we change the variable u = (1 —s) g (a) +sg (x), with s € [0, 1], then
for a < x < b we have

Skgatf (x) 2.7
—/k ) (1=5)) fog™ (1=9)g (@) +s3(x))ds, x € (a.p]
—/ ( )s) Fog ! (sg(a)+ (1—s)g(x))ds, x € (a,b].

If we change the variable u = (1 —s) g (x) +sg(b), with s € [0,1], then for a <
x < b we also have

Stas P = [ K((g0)~g(0)5) fog (1~ 5)g0) +3g (1) ds, x€[ab), 29

which proves the first part of the lemma.
Further, if we replace x with b and a with x in (2.7), then we get

Sease 0= [ K(s )9)Fog™ (s (x)+ (1 - 9)g (b)) ds
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and if we replace x with a and b with x in (2.8), then we obtain

s (@)= [ (800 g@)s) Fog™ (1 -9)2(a) +58(x) s,

which proves the last part of the lemma. [J

REMARK 1. From the above lemma, we have the representations

Stsars ) = 3 [ (800 ~(@)9)fog™ (s8(a) + (1~ 9)g () ds

+%/1k((g(b)_g(x))s)fogfl((l—S)g(X)+sg(b))ds (2.9)
0

and

Sesars () =5 [ (6 (6)~g())9) oz (5800 + (1) g (b)) s

%/lk((g(x) —g(a)s)fog (1 -s)g(a)+sg(x))ds (2.10)
0

for x € (a,b).

We have:

THEOREM 2. Assume that the kernel k is defined either on (0,0) or on [0,e0)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b) and f :

[a,b] — R be a continuous function on [a,b]. If fog~! is convex on (g(a),g (b)),
then for any x € (a,b) we have the inequalities

E[K(g(x)—g(a)) K(g(b)—g(X))}
2

¢(a))s)ds — 3 (K (g(b) — g () 5) ds>
K(g(x)—g(a)) + K(g(b)—g(x))
g(x)—g(a) g(b)—g(x)
x)—gl(a ! x)—gla
<3 |ror (s@+ L [k (o) - la)oyas ) EEH =)
. gb)—gx) ! g
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1 1 1 1 !
< 30 (i [ Ket—g(@nast ot [ K((s(b)-et)sias)

L[Sl
2 [g(x)—g(a)/o K (g() — g (@) =K (8 () ~ g a)) )] ds

s [ K@) =)~ K (e0) - el @.11)

Proof. By the convexity of fog~! on [g(a),g(b)] we have

fog  (sg(a)+(1-5)g(x) <sfog ' (g(a))+(1—5)fog™ (g (x))
=sf(a)+(1—=s9)f(x)

and
fog (1—5)g () +sg(b)) < (1—=9)f(x)+5f (D)
for x € (a,b).
Therefore
Sk;, a+,b— f( )
<1 [ ks 9)[sf (@) + (1 =5) £ (x))ds
+5/ k((s(b) - —5)f () +5f (B))ds
. /k sds+;f /k —(a))s) (1 —s)ds
+= f /k (1—s)ds+ f /k —g(x))s)sds
::B( ) (2.12)
for x € (a,b).

Using the chain rule for the derivative over s we have

(K((g(x)—g(a)s)) =K' ((g(x) —g(a)s) (8 (x) — g (a))
=k((g(x)—g(a))s)(g(x) —g(a))

and

for x € (a,b).
Therefore

/ k(( s) sds
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= [ () - (@)9) (- )

g(x)—g(a)
_ 1 | 1 |
T i-z@ [K((g(x)—g(a))s)( —s)|0—|-/0 K((g(x) - g(a))s)ds
1 1
- m/o K((g(x)—g(a))s)ds,

/Olk((g@ —g(x))s) (1—s)ds

B ;/ol (K ((g(b) =g ()5)) (1—s))ds

g(b)—g(x)
1 | 1
T i) —gm [K((g(b)—g(x))s)(l—s)0+/0 K((g(b)—g(x))s)ds
— e | K (s 0) - gy
and
[ k()5 0)9)sas
- g(b)ig(x) /Ol(K(g(b)_g(x))s)/sds
- g(b)ig(x) {(K(g(b)—g(x))S)Skl)—/Ol (K(g(b)—g(x))s)ds]
:g(b)ig(x) [K(g(b)—g(x))—/o1 (K(g(b)—g(x))s)ds}
_K(g(b)—gx)) 1 1
B g(b)—g(x) _g(b)—g(x)/o (K(g(b)—g(x))s)ds
for x € (a,b).
We have
_l “ K(g(X)_ga))_ ! 1 x)—g(a))s)ds
B(X)_zf( )[ gx)—gla) g()—g(a) Jo K((g(x)—g(a)) )d}
1 1 1
3O g f K (@ —sg@) s
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1 1 1
3O i, K(e®)—g()s)ds
1 K(g(b)—gx)) 1 !
b — K(g(b)— d
e s, K@ st
and by (2.12) we get the third inequality in (2.11).
We use Jensen’s inequality to get

I k() ~g(@)s) fog™! (s (a) + (1 =)z ()ds @.13)
0 k(g () g (@)s)ds
> fog-! (f&k((g<x>—g<a>>s> [sg(a) +(1 —s>g<x>}ds>
Jo k(s () — g (@)s) ds
and
Jo k(e(b) =g @)5)f o (1=5)8 () + 55 (b)) ds o
Jo k(8 (b) ~ g (x)))ds
- fog! (f&k«g(b)—g(x))s)[ 1—s>g<x>+sg<b>}ds>
Jo k(g (b) =g (x))s)ds
for x € (a,b).
Observe that
1 1 1 /
[ k() g @) 9)ds = s [(K (5() —g ) ) ds
_K(g) ~g(@)
g(x)—g(a)
and
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Then

K(g(x)—g(a))
g(x)—g(a)
x)—gl(a 1
—s(@)+ I E s [k (50 - g (@)o)as
and by (2.13) we get
/k s) fog ' (sg(@)+(1—s)g(x))ds 2.15)
oo o(q) s W) —8@ ! ol s)gs ) K8 —g(@)
> fog (g<>+1<<g(x>_g<a>>/o’<<<g<> st@)s)as) FELEE
for x € (a,b).
Alse ! K(g(h) g ()
|| (e B) g as = =508 S
and
/k —s)g(x)+sg(b)]ds
1
500 [ k((g(b)—g(x))s)(l—s)ds+g<b>/ K((3(8)~ 8 (x))s)sds
8 (%) 1 —g(x))s)ds
e |, K@) —g@)n)d

K )
=g ()= S [ K e —g () ds
for x € (a,b)
Then
Jok((g(0) — g () ) [(1 = 5) g (x) + 58 (b)) ds
Jo k(g (b) — g () 5)ds

g (b) K [N (K (g(b) — g (x))s) ds

a K(g(b)—g(x)

8(b)—g(x)
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and by (2.14) we have

[ K5 0) ~g@)s) rog (1~ 518+ 55 () ds
ool g)—glx) ! ol s ds ) K &) —g ()
> /s (g(b) RGO 20y K(E®)-¢0) ”) < (0) 2 ()
(2.16)
for x € (a,b).
Therefore, by (2.9) we have
Skg7a+b f()
= 3 [ KW —g@)s) o8 (e@) + (1~ 5)g ) ds
2/ K(g(B) ~g(0)9) fog ™ (1-5)g(x) +5¢ (b)) ds
L PO R 1okt 1N O el s)ds ) KEW —g(@)
>z[f 8 (g“*K(g(x)—g(a))/oK“g“ 8(a) ”) () 3@
.  gb)—glx) ! ol s ds) KB —g)
es (g(b> RGO 200 Jy K(E0)—¢00) )"’) @) 50 }
(2.17)

which proves the second inequality in (2.11).
The first inequality is obvious by the convexity of fog=!. [

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers a,

bel as
Mg(a,b) ::g—l (g(a);g(b)> )

If /=R and g(t) =1 is the identity function, then My (a,b) = A(a,b) := “t2,

the arithmetic mean. If I = (0,%) and g(t) = Int, then My (a,b) = G (a,b) := V/ab,
the geometric mean. If I = (0,00) and g(t) = 1, then Mg (a,b) = (a b) := a+}l’77
the harmonic mean. If I = (0,%0) and g(¢t) =17, p #0, then Mg (a,b) = M, (a,b) :=

1/p
(M) , the power mean with exponent p. Finally, if I =R and g (1) = expt, then

My (a,b) = LME (a,b) :=In (w) |

the LogMeanExp function.
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COROLLARY 1. With the assumptions of Theorem 2 we have

2k ((2b)=g@
<72>f(Mg (a,b))

The following inequalities for the dual operator also hold:

THEOREM 3. Assume that the kernel k is defined either on (0,0) or on [0,e0)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b) and f :
[a,b] — R be a continuous function on [a,b]. If fog™' is convex on (g(a),g (b)),
then for any x € (a,b) we have the inequalities

1 [K(g(X)—g a)) K(g(b)—g(X))]

< Sk,g7a+7b—f ()C)

1 1 1
S/ <g(b>—g<x>/o K

1 1
t =@ / [K(g(x)—g(a))—K((g(x)—g(a))s)}ds)

)
~—~
S
N
oo
—
=
N—
=
|
~—~
>
—
)
—~
S
N
|
oo
—
=
N~—
N—
[
=
QU
[}
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#5 | o s [ K —gtpsyast o k(e —g(ans)as).
(2.19)
Proof. From the convexity of fog~! we have
Stgars £ ()
= 1 [k )fo8™" (sg()+ (1= 5)g (b)) ds
+2/ K( $)fog ™ (1=5)g(a) + 53 () ds
<3 [kt 9)[5 (0)+(1=5)f (b)) ds
5/ k(g0 - =5)f (@) +5f (9] ds
- G /k sds+;f ) [ K(60) - g@)s) (1~ s)as
s f /k (1—s)ds+f(x /k —g(a))s)sds
::C( ) (2.20)

for any x € (a,b).
We have

% b M/OIK((g(b)—g(x))s)ds
1 1
7@/0 K((g(x)—g(a))s)ds

g(x)
[K(g)(c;)—_gg(c(zt)l)) S g(v) ig(a) 01 k(s =g(@)s) ds}
1

m/ol K (g(b)— g (x) — (K (g(b) — g (x))s)]ds

1 1

b e K- 2(@) K () - g@)las)
L
2 ) -5

fla@) o
O [k s >d]

|
DN =
\
~
=
= =

[ k(@ 0) s 9)9)as

for any x € (a,b) and by (2.19) we get the third inequality in (2.19).
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By Jensen’s inequality we have

Jok((g(b) —g()s) fog " (sg(x) + (1 —s)g (b)) ds
Jok((g(b) — g (x))s)ds
(f&k«g(b) g(0))s) (s (x) + <1—s>g<b>>ds>
Jo k((g(b) =g (x))s)ds
1<g(x)folk((g(b) g(x)s )5d5+g(b)folk((g(b)—g(x))s)(l—5)d5>
Jo k((g(b) —g(x))s)ds

2.21)

> fog!

=fog

forany x € (a,b).
Since

§0) [ K(g(0) g (0)5)sds +8(5) [ k(s (0)~g)5) (1 ~5)ds

= (g 0) g 0) ) sas

o
—~
S
N—
o\
>
—
—~
—
o
—~
S
)
|
oo
—
=
N—
SN—
[
N—
—
—~
—
|
[
N—
QL
[N

and

[ k((s(0) ~g(3))s) fos™" (s (x) + (1 —5)g (b)) ds (222)
S SK (2 (0) — () + Jy K ((2(b) — 2 (x)5)ds \ K (g(b)— g (x))
>fos Kl(0) (1) o) —gx
g(b)—g(x)
IS R 1 () 15N ol s ds ) K& —g ()
= o (800 oy Jy K0 -stnois) SERES
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forany x € (a,b).
By applying Jensen’s inequality again, we get

Jo k((g(x) —g(@)s) fog " ((1-s)g(a)+sg(x)ds

(2.23)

_fog! (g(a)f&k«g(x)—g<a>>s><1 —s>ds+g<x>f&k<<g<x>—g(a))s)sds)

forany x € (a,b).
Since

= D (g g(@) ) (1 - 9)as

() —g(a)
g (xfixi, @ /O1 (K ((g(x)—g(a))s)) sds
= g(x;g(f;(a) [ (s >—g<a>>s><1—s>5+/01K<<g<x>_g(a>>s>ds]
g(xff";(a> [(K«g( )—g(@)s)sli— [ 1K<<g<x>_g<a>>s>ds]
— S K00 g(@)s)as
o2 R (e -2@) - [ K (e - s@)oas
B g(xfix;@)’“g(x)—g(a»— 01K<<g<x>—g<a>>s>ds
and
| o
[ k(s —st@poas - KleB -l
then by (2.23) we get
/Olk((g (x)—g(a))s) fog ' (1—s5)g(a)+sg(x))ds (2.24)
> fog (W)—%/OIK«gw—g(a»sms) %

for x € (a,b).
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Therefore,

Sk,g7a+7b—f ()C)

Lot o, 80 -8 ) Kgb) —g(x)
> 5fo8 (g(>+1< (g (b)— g(x))/K ®) )d) g(b)—gx)
e i )

which proves the second inequality in (2.19).
The first inequality is obvious by the convexity of fog™!. [

COROLLARY 2. With the assumptions of Theorem 3 we have

2 (22
g(b)—g(a)

< |:fogl (g(a);g(b)JrZ;g((é;;(b_i(g))) /()1K<g(b);g(a)s)ds)
b

- (Cl) ( ) ( )— (Ll) 1 ( )_ (a) e i
+fog1(g ;gbZIi(@)/)K(gbzgS)dS)]W
< Skgaro—f (Mg (a,b))

<snen) e | () - (x () o

fb)+f(a) 2 b (gb)—gla)
WO 2 K(75> ds. (2.25)

[ (Mg (a,b))

3. Applications for generalized Riemann-Liouville fractional integrals

If we take k(1) = ﬁt“’l, o > 0 where T is the Gamma function, then

St () = 16,00 = 1 [ e @)= ¢ ) F 0

@)

for a <x<b and

Sua () =1 S0 i= s [ g0 =g 1™ ¢ 0/ @)

e

for a < x < b, which are the generalized left- and right-sided Riemann-Liouville frac-
tional integrals of a function f with respect to another function g on [a,b] as defined
in [30, p. 100].
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We consider the mixed operators
s f (0= 5 16 oF ) 4 I () G.1)
and
oo S (0= 5 [ () H I (@) (62)
for x € (a,b).

‘We observe that for o > 0 we have

(t)—;/s"“lds— A S
“Twh’ P (@ Terny 7Y

In what follows we assume that f : [@,b] — R is a continuous function on [a,b].
If fog~!isconvexon [g(a),g(b)], then by using the inequality (2.11) we get

st (€0~ @) "+ (e 0) - )]

gx)+oag(a) o—1
(e g ()
“Jes <<g<x>—g< N+ (g () —g @)
8

a
o(x o(b
P - el (1

(
)= g(x)*! )
(6 ()~ g (@) + (g (b) ~ g (x)* ']
1 ~1(8(x) +og(a) -
<argarn [o¢ () o) - sty

#og™ (ELEELL) (o (p) - )|

< Igqu,hff ()C)

<

+m [f(@ (g(x) —g(@)* '+ £(b)(2(b) —g(X))"“l] (3.3)
and
1 [( (x)—g@)* '+ (g(b)— (x))“*l}
(o +1) 878 8(b)—g

<fog”! (*’“’L*f‘f(” (8(b)—¢ 8

1 1 (&) +oag(x)
S (et {fog 1(

+fog”! (%) (s () —g(a))“l}
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< I;x('”r b (X)
Sy’ O [EG -2+ W - g @) ]
i O E0) -0 (@) (50— s @) 34
for x € (a,b).

From (2.18) we also have

L (g(b) (@) £ (M, (a,))

201 (a+ 1)
(2Bt Ratg@Y (sl ot De(b)
g[f ¢ ( 2(e+1) )+f ¢ ( 2(0+1) ﬂ
(g(b)—g(@)”
20T (a4 1)
< IS My (D))
< gy €O 2@ |0+ LT O]

1
(
1 a-1f(@)+f(b)
(

< 2T (o4 1) (g(b)—g(a)) 2 (3.5)
while from (2.25) we have
STy (¢ (0~ 8@) " (M )
(s @t (@t 2gB) o (@s(b)+ (@t 2g(a)
o (T e (U]
(5(6) ()"
20T (+ 1)
< iga.hb_f(Mg (a,b))
< gy ¢ O -s@) |0 @ppas T
Gy 0 -l KOS 36)

< - ===
20-1T (e + 1) 2

The last part is obvious by the fact that
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4. Applications for GA-convex functions

Let I C (0,0) be an interval; a real-valued function f:7 — R is said to be GA-
convex (concave) on [ if

7 () < )= FW+AF0) “n

forall x, y € and A € [0,1].
Since the condition (4.1) can be written as

foexp((1—=A)Inx+Alny) < (=) (1 —A) foexp(lnx)+Afoexp(lny), (4.2)

then we observe that f: I — R is GA-convex (concave) on I if and only if foexp is
convex (concave) on Inl := {Inz,z € I}. If I = [a,b] then InI = [Ina,Inb].

It is known that the function f (x) =In(14x) is GA-convex on (0,e0) [7].

For real and positive values of x, the Euler gamma function I' and its logarithmic
derivative y, the so-called digamma function, are defined by

[ (x):= /Omt"_le_tdt and ¥ (x) := 1;((;6))

It has been shown in [42] that the function f : (0,0) — R defined by

F0 =)+ 5

is GA-concave on (0,0) while the function g : (0,00) — R defined by

1 1
W)=y + 5+ 59
is GA-convex on (0,0).
For some recent inequalities on GA-convex functions see [16]-[18].
Consider the Hadamard fractional integrals [30, p. 111]

HY f(x) := ﬁ/ﬂx {ln (;)]a_l f(tt)dt7 0<a<x<h

and

X

g 0= s [ (5] L9 v <acaso,

where o > 0.
We consider the mixed operators

HE ()= 5 [HE 05) + HEE S 0)] @3
and .
Hiorp-f (%) := 5 [HE ] (0) + HE [ (a)] (44)
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for x € (a,b).

If we write the inequalities (3.5) and (3.6) for g (t) = Int, 7 € [a,b] C (0,0), then
for any function f : [a,b] — R that is GA-convex on |a,b], we have

. 1 AN G(a,b
20-1T (a + 1) (n(;)) f(G(a,b))

oa—1
< [f (a;ﬁ:)bm) L amul)b;mﬂ (In(3)

20T (o + 1)
SHY , f(G(a,D))

etz (o) o 25221

S 2 lrta+1) (m (g) ; f(a);f(b) 3
while from (2.25) we have

ctamn(+(2)” o

<HY , f(G(ab))

sty () s 232

<z (°(3) 1 4
where G (a,b) = \/ab.
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