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A PROBLEM INVOLVING A NONLOCAL OPERATOR

RATAN KR. GIRI, D. CHOUDHURI AND AMITA SONI

(Communicated by A. Viana)

Abstract. The aim of this paper is to deal with the elliptic pdes involving a nonlinear integro-
differential operator which are possibly degenerate and covers the case of fractional p-Laplacian
operator. We prove the existence of a solution in the weak sense to the problem
—Lou=Au|"?uin Q,
u=0inRY\Q,

if and only if a weak solution to

—Lou=Mul"u+f, f(#0) €LV (Q),
u=0inRY\Q,
(p' being the conjugate of p), exists for g € (p, p}) under certain condition on A , where — %o
is a general nonlocal integro-differential operator of order s € (0,1) and pj is the fractional

Sobolev conjugate of p. We further prove a necessary condition for the existence of a weak
solution to the problem

—Zpu = A|u92u4 1 in Q,
u=0inRV\Q,

where U is a measure.

1. Introduction

In the recent years, a great amount of attention has been given to the study of
fractional and nonlocal operators of elliptic type, both, for research in pure Mathematics
and for concrete real world applications. From a physical point of view, the nonlocal
operators play a crucial role in describing several phenomena such as, the thin obstacle
problem, optimization, phase transitions, material science, water waves, geophysical
fluid dynamics and mathematical finance. For further details on these applications, the
reader may refer to [6], [8], [9] and the references therein. For a general reference to
this topic, one may refer to the recent article of Vazquez [33].
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Of late there has been a rapid growth in the literature on problems involving non-
local operators and hence without being exhaustive we now give a literature survey all
of which might not be related to our results but is worth mentioning. A testimony to this
can be found in [4], [5], [22], [23], [31], [34] in the form of existence and multiplicity
results for nonlocal operators like fractional Laplacian, fractional p-Laplacian in com-
bination with a convex or a concave type nonlinearity. An eigenvalue problem for the
fractional p-Laplacian and properties like finding the smallest eigenvalue are studied
in [13], [18] and [21]. The Brezis-Nirenberg results for the fractional Laplacian and for
the fractional p-Laplacian operator has been considered in [30] and [24] respectively.
A Dirichlet boundary value problem in the case of fractional Laplacian with polynomial
type nonlinearity using variational methods has been studied in [7], [10], [28] and [29].
In [1], the authors proved the existence of weak solution of the fractional p-Laplacian
equations with weight for any datum in L'.

Recently, Piersanti and Pucci [26] have proved existence results of nontrivial so-
lutions of a perturbed, nonlinear eigenvalue problem involving the integro-differential
nonlocal operator that includes the fractional p-Laplacian case. Kussi et al. [20],
has established an existence, regularity and potential theory for a nonlocal integro-
differential equations involving measure data. The nonlocal elliptic operators consid-
ered here are possibly degenerate and also cover the case of the fractional p-Laplacian
operator. Based on some generalization of the Wolff potential theory, the authors ob-
tained the existence of a weak solution belonging to a suitable fractional Sobolev space.

Motivated by the interest shared by the mathematical community in this topic, we
study here the equivalence of the following two problems involving a nonlocal operator,

P — Lou=Au| *uin Q,

1
u=0inRV\ Q, M

and

Py: — Lou=Au|"2u+ f, f(#0) €L (Q),

2)
u=0inRV\ Q,
in the sense that if one problem has a nontrivial weak solution then the other one also
has a nontrivial weak solution. We emphasize that the A appearing in the problem P,
is different from the A in the problem P,. Here Q is a bounded open subset of R" for
N > 2 and — % is a nonlocal operator (refer, [20]) which is defined as

(—Zog)= [ [ @) —u()(0(0) ~ oODK(xy)dxdy, ()

for every smooth function ¢ with compact support, i.e., ¢ € CZ°(RY). The function
@ is a real valued continuous function over R, satisfying ®(0) = 0 together with the

following monotonicity property

AP <O(r)r < AltfP, Ve eR. (4)
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The kernel K : RY x RV — R is a measurable function satisfying the following ellip-
ticity property

1

W < ,Vx,y € RN, X#y, )

K(x,y) <

‘x y‘NJrsp

where A > 1, s € (0,1), p>2— 5 with g € (p7N1X’_zp =pi) and p' = ﬁ, the con-
jugate of p. Assumptions made in (4) and (5) makes the nonlocal operator —%g
to be an elliptic operator Note that, upon taking the special case ®(r) = |t|P~2¢ with
K(x,y) = |x—y|~N*P) in (3), we recall the fractional p-Laplacian [27] which is de-
fined as

ux)—u “2lu(x) —u
(—Ap)'u = /RN ) |(3C])_py|N[+1(¢.y) (y)]dy' (6)

In other words, the nonlocal operator — %, is a generalization of the fractional p-
Laplacian for 1 < p <eo and s € (0,1).

A similar type of equivalence result for problems P and P, but involving the local
operator —A,,, defined as V- (|V(-)|P=2V(-)), in place of nonlocal operator — %, are
obtained in the work of Giri and Choudhuri [16]. Few other classical and noteworthy
existence and multiplicity results has been studied for the case of local operators like
Laplacian and p-Laplacian operators by several mathematicians. For instance, Azorero
and Alonso [15] have found the conditions on p, ¢ and A4 for the existence of infinitely
many nontrivial solutions to the problem

—Apu=Alu|"u inQCRY,
u=0 ondQ.

Bahri [2] considered nonlinear elliptic equations of the type

—Au=[ul" 'u+n(x) inQcRY,
u=0 on 0Q,

where the function 7 € L?(Q) and has proved the existence and multiplicity of the

solutions. Bahri and Lions [3] have found a range of p, 1 < p < w ,0<a <2,

for which the elliptic equation

—Au=[ul""tu— f(x,u) inQCRY,
u=0 on 0Q,

where f(x,t) is Caratheodory function on Q x R with some growth conditions, has
infinitely many solutions. Further, Tarantello [32] studied the Dirichlet problem

—Au=[ulPPu+f inQCRY,
u=0 on 0Q,
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with p = %,N >3, feH! (Q) and has proved the existence of two solutions in
H}(Q).

In this paper, we use the variational approach to the nonlocal framework. Inspired
by the fractional Sobolev spaces, we will work in a functional analytic set up in order
to correctly encode the Dirichlet boundary datum in the variational formulation. The
paper has been organized as follows. In section 2, we will present some useful tools
and preliminaries that we will use throughout this paper like fractional Sobolev space
WSP(RY) and embedding results of W*?(R") into the Lebesgue space. We will also
define the weak sense in which the solutions to the problems P; and P, are defined. In
section 3, we will discuss a few preliminary and main results. In section 4, we will
prove a necessary condition for the existence of a weak solution to the problem

— Lou=Mu|?*u+pin Q,
u=0inRV\ Q,

where 1 € #(Q).

2. Functional analytic setup and Main tools

In this section, we discuss the functional analytic setting that will be used below.
Due to the nonlocal character of %¢ defined in (3), it is natural to work with Sobolev
space W*”(RV) and express the Dirichlet condition in RV \ Q rather than dQ. Though
fractional Sobolev spaces are well known since the beginning of the last century espe-
cially in the field of harmonic analysis, they have become increasingly popular in the
last few years under the impulse of the work of Caffarelli & Silvestre [9] and the refer-
ences therein. We now turn to our problem for which we provide the variational setting
on a suitable function space for (1) and (2), jointly with some preliminary results. For
all measurable functions u : RN — R, we set

P
felbsien, = ( [, lwora) "

where p € (1,%0) and s € (0,1). The fractional Sobolev space W*?(RV) is defined
as the space of all function u € LP(R") such that [u]; , is finite and endowed with the

norm
1

ey = (11l gy + 12,)

More on fractional Sobolev space can be found in Nezza et al. [11] and the references
therein. We now define a closed linear subspace of W*?(RV):

Wy?(Q) ={ue WSP(RY):u=0a.e.in ]RN\Q}.
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It is trivial to see that the norms || - ||y and || [|.r(q) agree on Wy (Q2). We also
have a Poincaré type inequality which is as follows:

[l (@) < Cluls,p, for all u € WP (Q).

Thus, we define the norm on the space W;”'(Q) by setting ||u||W8up(Q) = [ul;p. Let p; =

NIX’;F , with the agreement that p} = o if N > sp. Itis well known that (W (Q), || -
HW(.;,p(Q)) is a uniformly convex reflexive Banach space, continuously embedded into
L' (Q), forall r € [1,p}] if sp <N, forall 1 <r<eo if N=sp and into L*(Q) if
N < sp. Itis also compactly embedded in L"(Q) for any r € [1,p}) if N > sp and in
L=(Q) for N < sp. Furthermore, C;°(€2) is a dense subspace of W, (Q) with respect
to || [lwsr(q)- For further detail on the embedding results, we refer the reader to [17],
[25] and the references therein.
We define an associated energy functional to the problem P; as

Ip, (u /RN /RN —u(y))K(x,y)dxd —%/Q|u‘1dx,

where Z®(1) := (ltl ®(7)dT being the primitive of ®. Thus by (4) we have
P P
A < oy <Al (7
p p

for t #£0 and 2®(0) = 0. The Fréchet derivative of Ip, which is in W, " ,(Q), the
dual space of Wy (Q) where p’ = L5 is defined as

) = [ [ @) a0 0) —vODK (dxdy = [ [l v, (8)
for every v € W7 (Q).

DEFINITION 1. We say that u € Wy”(€) is a weak (energy) solution to the prob-
lem P; if

L, L, @) —ut) (00— 90)K(xy)dxdy =4 | [uf 2upds,
holds for every ¢ € C°(Q).

The weak solutions of the problem P; are the critical points of the energy func-
tional /p, . Similarly, let the corresponding associated energy functional to the problem
P, be denoted by Ip, which is defined as follows:

)= [ [ 200 —u)Ke sty [ utas— [ puac o)
RN JRN qJo Q
whose Fréchet derivative is defined as
(i ),0) = [ [ @) =u() 600K ydsdy—2 [ Jult v | o,
Q Q
(10)

for every v € W7 (Q).
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DEFINITION 2. We say that u € W;”(Q) is a weak (energy) solution of the prob-
lem P, if

Ly Ly @) —ut)(00) = 0K xy)dxdy =4 [ fuftupds— [ fpdx=o.
forall p € C(Q).

The main results in this paper, when stated heuristically, are as follows. The prob-
lem P; has a nontrivial weak solution if and only if the problem P, has a non trivial
weak solution. In the implication from P; to P, the main tool we will use is the Moun-
tain Pass Theorem [12, 19]. For the converse part, we guarantee the existence of a
weak solution to the problem P; by considering a sequence of P; type problems whose
nonhomogeneous part will be denoted by (f,,). In addition to this we will assume that
f — 0 in L” (Q). The corresponding sequence of weak solutions (u,) to the problem
P>, will be shown to have a strongly convergent subsequence. The subsequence will
still be denoted by (u,) whose limit is, say u. We complete the proof of the converse
part by showing that this limit « is a weak solution to P;. One common result, which
will be used in proving both the implications is as follows:

THEOREM 1. If the sequence u, — u in Wy'" (Q), then

Lo L (@000 = 0,(5)) = @(ux) = u(3))) (9() = 9K (x,y)dlxdy — 0
Sforall ¢ €CZ(Q).

The proof of this theorem, can be found in the work of Kussi et al. [20], Theorem
1.1.

3. Existence results

We begin the section by assuming that the problem P; has a nontrivial weak so-
lution in Wy”(Q). In order to show the existence of a non trivial weak solution to
the problem P, we will use the Mountain pass theorem. To apply the Mountain pass
theorem, we need the following technical lemmas.

LEMMA 1. The function I defined in (9) is a C' functional over W' (Q).

Proof. 1tis trivial to see that the functional [ is differentiable over Wy (Q). Thus
it is enough to show that I’(u) is continuous. Thus from (10), for each u € Wy"(Q)
we have
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< [ [ 19000 = uO)II6G) ~ IR (e )dxdy+2 [ [l vlds

+ [ 1fIvlax
z PPy vl
<A /]RN ~/]RN |)C y|N+sp d‘Xdy + A‘”u” HV”q
+ 11l
() —uy)p”!
< |||+ irlulg, + Colflly | Iy
|X—y| v e

where C;,C, are constants obtained from the embedding of W;”(Q) into L4(Q) for
q € (p,p}) andinto LP(Q) respectively. Thus I isa C! functional over Wy ”(Q). O

LEMMA 2. Forthe functional I given in the lemma 1, there exist ug,u; € Wy (Q)
and a positive real number Cs such that I(ug),I(u;) < C3 and 1(v) > Cs, for every v
satisfying ||v — u0||W5up(Q) =r for some r > 0.

Proof. Let us consider ug =0 and let w € B(0,1) = {u € Wy’ (Q) : el () =
1}. Consider v = up+ rw for r > 0 so that ||v— u0||W5up(Q) = r. We first show that
there exists a r > 0 such that for each v satisfying ||v — u0||Wgﬁp(Q) =r we have I(v) >

Cs, where C3 > 0. From the monotonicity and ellipticity conditions in (4) and (5)
respectively,

A
= [, [, 20t —uts)Kwy)asay—2 [ futtax— [ uds
> gy~ 2 [ it [ s

Thus we have,

A—Z
I(ug+rw) —I(up) >

rP P
ol gy — sl [ .

Note that [|w||ysr(q) =1 and WyP(Q) — LP(€), hence ||w]|;, < Callwllysr () = Ca-
Similarly, since W”(Q) — L(Q) for q € (p,p}). we have ||w||§ < Cs. This
leads to - .
AP~ 1A 1
I(ug+rw) —I(ug) = r » - 7 Cs—Cy f||p’:|'

1
—2,p—1 —1 - —1 -2
Let F(r) = % - "’qAC5 —C/|Iflly- Then F(0) <0 and for ry = ?7((271; . fl‘—cs,
we see that F'(rg) = 0. Further, a bit of calculus guarantees that F”(ry) < 0 and hence
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q—p

2 -~ p—1
7o is a maximizer of F. Note that, if 0 <A < A; = Acspli(qlill)) (p?qpl) : Cl/”if\\ ) ,
4 Jlp!

then F(rp) > 0. Hence there exist ri,r» >0 and r; < rg < ry such that F(r) > 0 for
each r € (r1,r2). Thus, we choose r = ry such that ||v— MOHW(;"I’(Q) = rp and for which

I(v) = C3 > 0 for each v such that ||v — MOHWS‘I’(Q) =rp.
Choice of uy: Let w, be a nontrivial weak solution of the problem P;. Then

consider g = kw,, k € R, where we have normalized w, with respect to the norm of
W, (Q) without changing its notation. Now we have,

100 <l 2 [ttt [ fua
u\puwgr,,(g) un X qu.

From this it can be seen that

A’kP AK4
I(g) < - —/ |wg|dx — kC,
p q JQ

where C = [, fwydx. Since p < g < p§, we observe that k can be chosen so large, say

2P q
ko such that % - % Ja|wqg|9dx —koC < 0. Then I(kow,) < 0. Thus we can choose

uy = kowg, where ko > ro, due to which |lu; — u0||W(;:p(Q> > rg. Hence the lemma
follows. [

LEMMA 3. The functional I given in the lemma | satisfies the Palais-Smale con-
dition when A € [1,(£)!/4).

Proof. Let (uy,) be asequence in Wy’ (Q) such that |I(uy,)| < M and I'(u,,) — 0
in W7 (Q). Now,

(0 )v) = [ [ ®0m(6) = 10 (9)) () =) K . y)dady

—JL/ \um|’172umvdx—/fvdx,
Q Q

for every v € W’ (Q). From the definition of the functional and its derivative we have
) = [ [ P 0 ) () 0 (5) K )y

—JL/ \um|qu—/fumdx
Q Q

I(um) = ~/]RN RN @q)(um(x) _um(y))K(xay)dXdy_ %/Qum|qu_/gfumdx~
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From the above two equations, it follows that
q /R N / PO (um(x) — um(v))K (x,y)dxdy
= [ L ®00m(5) = 105)) 1) = (K (5, 9)cxly

= 1) = (0} tn) + (g = 1) [ fun (11)

From (4) and (5), we have

il < [ [ @) = n0)) o (3) — n (K )

2
<A HumHé’Vgp

(@)
and hence
! K(xy)didy < ]2
s gy < [ [ 200000~ un(3)K (5. 3)dxdy < = anll g
From (11), we get
(q—pA4) P /
o ol ) < @) = (0 )t + g =) | Frms

S M+ ||I/(”m)||7.v,p’||”mHWg*P(Q) +(q— l)C”pr’H”m”W(;"’(Q)

From this, it follows that the sequence (HumHWgﬁp(Q)) is bounded. If not, then divide

r— 0, we get a

by ||umH€/5‘p(Q) in the above and let m — eo. On using ||I'(um)| -y

(a—pAY)
Azp
a subsequence of (u,), which will still be denoted by (u,), converge weakly to u
in Wy”(€). We will now show that this subsequence (i) is strongly convergent in

Wy (Q).

We know that W'”(Q) is compactly embedded in L'(Q), r € [1,p}) and hence
um — u in L"(Q), for 1 <r < p;. Consider fy, = u, —u. Then i, — 0 in Wy (Q).
Consider,

W an)in) = [ [ @) ~ 0 0)) )~ )5 )l
—x/Qmm\qu—/Qfﬁmdx (12)

contradiction viz. < 0, by the assumption ¢ — pA* > 0. Thus there exists

The second and the third term of the functional approach to 0 as m — oo. This is
because @, — 0 in Wy”(Q) implies [, fiudx — 0 and wu, — u in L'(Q) for r €
[1,p}) implies [q |i#m|?7dx — 0. By the definition of weak convergence, for all u €
Wy?(Q) we have (I'(u),iin) — 0, as m — oo, i.e. ,,l,i_rga/(u)’ﬁw =0, for all u €

W7 (€). Upon taking u = iiy,

lim lim (I’ (ii,),d,) = 0.

Nn—>00 M—>00
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‘We now consider,
(1 @n)otin) = [ @ (5) = 50(3)) (i (3) = () K (5 9)dxdy
) / |9 2t x — / Fitydx (13)
Q Q
Since i, — 0, hence by the work of Kussi et al. [20], we have

tim [ [ ®i0(x) = 52(3)) () = 0 () K (1, )ddy = .

n—o0

In addition to this we have, lim / |it, |‘1_2ﬁnﬁmdx = 0. Passing to the limit n — oo in
n—e |
(13), we have,

fim (' (d), i) = /Q Fiindx. (14)

Nn—oo
On further passing to the limit m — e in (14) we get,

lim lim (I'(iiy), i) = 0.

M—>00 j—>00

Therefore, we have

lim lim (I'(iiy,), ) = lim lim (I’'(ii,),d,) = 0.

M—>00 |—>00 N—>00 M—>00

Hence it follows that lim (I’(ii,,), %, ) = 0. Passing to the limit m — oo in (12), we get

m-—oo

tim [ [ (i (5) = 0 (5)) (1 () = i (5) K . ) iy =O.

m-—oo

But,
1
~ p ~ ~ ~ ~

0y lnllyrigy < [, [, @) = 1) O 3) — ) K )y
From this it is clear that lim |[dn||ysrq) = 0. that is i, — 0 in Wy (Q). Hence
Uy — uin WP (Q). O

THEOREM 2. Suppose that the problem

P i — Zou=Au|"uinQ,
u=0inRV\ Q,

has a nontrivial weak solution for some A >0, where q € (p,pk). Then there exists
A > 0 such that for all A € (0,A;), the problem

Py: — Zou=Alu|"2u+f, f(#0) LV (Q),
u=0inRV\Q,

has a nontrivial weak solution whenever A € [1, (%)1/4), where A is as in equation

(4).



A PROBLEM INVOLVING A NONLOCAL OPERATOR 187

Proof. By the results proved in Lemmas 1, 2 and 3, it follows that the functional
I associated with the problem P, satisfies all the condition of Mountain Pass theorem.
So by the Mountain Pass theorem, an extreme point for / exists in W(‘; P (Q), whichis a
weak solution to the problem . [

The Theorem 2 shows that if the problem P; has a nontrivial weak solution then
the problem P, also has a nontrivial weak solution under certain restrictions on A and
A respectively. We now show the existence of nontrivial weak solution to the problem
P; with the assumption that the problem P, has a nontrivial weak solution for each
f(#0) € LP(Q) in the set M = {u € Wy (Q) : ||u]l,= 1} for some A >0, where g €
(p,ps+) - Existence of such a solution in the subset M of W,"”(€2) can be guaranteed
from the weak lower semicontinuity and coercivity of the associated functional Ip, .

In order to show the existence of nontrivial weak solution of the problem P; for
g€ (p,p?). letus consider a sequence (f,) C L” (Q) such that f, — 0 in L' (Q). Then
for each such f,, there exists a weak solution to the problem P», say u,. Thus each u,
is a critical point of the functional Ip, , i.e., (Ip, (un), @) = 0 for every ¢ € Wy”(Q). In
particular, (Ip, (), un) = 0. This implies that

Lo L @) = ) 100) = s (5) K (5 9)dixdy = 2 [l = [ fraad.
RN JRN Q Q

15)
Further, since ||u,||; = 1 and using (4) and (5) in (15), we have

-2
”“n”psp /fnundx CanHp”“n”WU’ CM”unHWg‘P(Q)

where M is such that [|f,||,, < M. It follows that (Hu"HWS‘p(Qﬂ is bounded, for if

not, then divide by [|uy||{}.» , and let n — co to get a contradiction viz. A2 <0.
0

(@)
Hence there exists a subsequence (u,) which converge weakly to u in Wy”(€2). Since
Wy (€) is compactly embedded in L(Q) for g € (p,p}). hence u, — u in L7(Q).
Therefore,
/ |1t |92 upvdx — / |u|9™ 2uvdx
Q Q

and [q fuvdx — 0 for each v € Wy"(€2). By Kussi et al. [20] we have,

/ D (un (x) — 1 (v)) (v(x) = v(y))K (x,y)dxdy

RV JRN
= [ @)~ u() () - v3) K . y)dxdy:
RV JRN
Passing to the limit n — oo in the following equation
/ D(up(x) — up(y)) (v(x) —v(y))K(x,y)dxdy — k/ |1t |92 vex = / Sfuvdx,
RN JRY Q Q

we get,

Ly L, @) =) (o) = viy)K e y)dndy =2 [ ult~2uvdx =,
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for each v € W’ (Q). This shows that u is weak solution of the problem P; .

ullyer ()

Assume that A € (O, inf . As in the proof of Lemma 3, it is

uroewy? (@) lullg
easy to see that

unllwsr ) = lullwzr -
Since ||un||q =1 and u, — u in Wy (Q), we have

[[utn ||Wg>”(g)

0 < A <liminf
[unllq

This implies that u is a nontrivial weak solution to the problem P;. We thus have
proved the following theorem.

THEOREM 3. Suppose that to each f € U’,(Q), the problem

Py: — Lou=Alu|"2u+f, f(£0) €LV (Q),
u=0inRV\Q,

has a nontrivial weak solution in MM C Wy’ (Q) for some A >0, where q € (p,p}).
Then the problem

P — Lou=Aul|?u,
u=0inRV\Q

- T . el )
has a nontrivial solution in Wy* (Q), whenever A € | 0,  inf — —————
wroewy? @) ullg

4. A necessary condition for the existence of a weak solution

We now prove a necessary condition for the existence of a weak solution to the
problem

— Lou = Alu|T2u+pu,
u=0inRV\Q, (16)

where (1 is a measure.
DEFINITION 3. Suppose K C Q is a compact set, then we define the capacity as

Caps 4(K) = inf{[|@[[jysq(q) : 9 €CT(Q).0< @< Lo =1in K}

THEOREM 4. Suppose 2 < p < q and u is a weak solution to the problem (16)
then 1 € LN(Q) + W7 (Q).
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Proof. Suppose u is a weak solution to (16). Choose a test function ¢ € C7(€2)

such that ¢@(x) =1 over a compact subset of Q say K and 0 < ¢ < 1 in Q from which
one has ¢ > yx. Thus

w(K) < ‘/ —ffpu(pdx—l/ |u|?2updx
Q Q

< (Coll = Lol () + Crllell gD @l (17)

We refer to a result from Gallouét et al [14] that pu € L'(Q) + W ~5P(Q) iff u(K) =0
whenever Cap; 4(K) =0 for K compact subset of €. Coming back to our theorem, if

we suppose Capyq(K) =0 then there exists (¢,) such that H‘Pn”sz(g) — 0. Hence

if this sequence (¢,) is used in (17), one has (K) = 0. Thus we have u € L'(Q) +
wr(Q). O
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