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COEFFICIENT FUNCTIONAL FOR THE KTH ROOT
TRANSFORM OF ANALYTIC FUNCTION AND
APPLICATIONS TO FRACTIONAL DERIVATIVES

T. PANIGRAHI AND S. K. MOHAPATRA

(Communicated by J. A. Tenreiro Machado)

Abstract. In the present investigation, the authors introduce certain subclass of analytic function
and obtain the sharp upper bounds for the coefficient functional |bygy — vb,% 41| corresponding
to the kth root transformation of certain normalized analytic function defined on the unit disk
A in the complex plane. As an application of the main results, we obtain the Fekete-Szego
inequalities for the function defined by fractional derivatives. Similar problems are investigated
for the inverse function of f and for the function f(zz) . Our results generalize and unify the work

of earlier researchers in this direction.

1. Introduction and definition

Denote by .o/, the class of functions of the form
f)=z+ Y ay" (D
n=2

which are analytic in the open unit disk A:= {z € C: |z] < 1} and normalized by f(0) =
f'(0) —1=0. Let S denote the family of functions f(z) € < which are univalent.

For two analytic functions f and g in A, the function f is subordinate to g, writ-
ten as f(z) < g(z) (z € A) if there exists a Schwarz function w, which (by definition)
is analytic in A with w(0) =0 and |w(z)| < 1 such that f(z) = g(w(z)) (z € A).
It follows from the Schwarz lemma that f(z) < g(z) (z € A) = f(0) = g(0) and
f(A) C g(A). If the function g is univalentin A then (see [14])

f(z) <g(z) (z€A) < f(0)=g(0) and f(A) C g(A).

The Fekete-Szego functional |a3 — wa3| for normalized univalent function f(z) of the
form (1) is well known for its rich history in the theory of geometric function theory. In
1933, Fekete-Szego disproof the conjecture of Littlewood and Parley that the coefficient
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of odd univalent functions are bounded by unity (see [10]). Since then, it received a
great attention among many researchers (for details, see [1, 3, 5, 6, 7, 8, 9, 12, 16]).
The technique used by Ma and Minda (see [13]) for the Fekete-Szeg6 problem for a
univalent function f(z) of the form (1) for subclasses of convex and starlike functions
were used by many authors to solve the same problem for other classes.

Let k be a positive integer. A domain D is said to be k-fold symmetric if a rotation

of D about the origin through an angle 27” carries D to itself. A function f is said to

be k-fold symmetric in A if f (e%z) =t f(z) forevery z € A. If f is regular and
k-fold symmetric in A, then

f(2) =b12+bk+1zk+l+b2k+122k+l+~~~. 2)

Conversely, if f is given by (2), then f is k-fold symmetric inside the circle of conver-
gence of the series. For an univalent function f of the form (1), the kth root transfor-
mation is defined by

. L o
G(z) = [f()]F =z [f (Zf; )} =2+ 3 b2, 3)

n=1

a 11—k
- bajy1 = f + Wa%

1—k (1—k)(1—2k)
2 aas + 73!](3 a%.

k
Since f is univalent, so % is non-vanishing in A implies that the kth root is an

analytic in A. The Fekete-Szeg6 coefficient functional of the associated function G(z)
is given by |byy| — vb,% +1|- This quantity is known as Fekete-Szeg6 problem of the
kth root transform G.

Recently, Ali et al. [2] (also see [20]) have investigated the Fekete-Szego coeffi-
cient functional for the kth root transform of functions belonging to various subclasses
of analytic functions by means of subordination. Further, Annamalai et al. [4] have
obtained sharp bound of the Fekete-Szego coefficient functional for the Janowski o -
spirallike functions associated with the kth root transformation.

Motivated by the works of Ali et al. [2], Sharma et al. [20] and Annamalai et
al. [4], in this paper the authors define generalized subclass of analytic functions of
complex order and investigate the Fekete-Szego coefficient functional associated with
kth root transformation of the function f and for the function defined through convo-
lution and fractional derivative in these classes. Similar approach is used to obtain the
Fekete-Szego inequalities for the inverse function of f and for the function ﬁ .

DEFINITION 1. Let ¢(z) be a univalent analytic function with positive real part
on A with ¢(0) =1 and ¢'(0) > 0 where ¢(z) maps A onto a region starlike with
respect to 1 and is symmetric with respect to the real axis. Let b be a non-zero complex
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number and y be a real number such that 0 < y < 1. A function f € &7 is said to be in
the class %’Za ﬁ(q)) if

1 f@\Y ., paf'@) (£
1+Z [(1 -B) (T) +ﬁm (T) - 1] <o) (O0<B<LI, a=0).
“)
The powers are taken with their principal values.

Note that, by specializing the parameters b, o, 3 and 7, the class %’Z o.p (¢) re-
duces to the following classes studied by various earlier researchers.

° %Z 0.1(0)= SY(¢) introduced and studied by Sharma et al. [20].

%117071 (¢) = S"(¢) introduced and studied by Ma and Minda [13] (also see [2]).

%,;071 (¢) = Sp(¢) introduced and studied by Ravichandran et al. [18].

%’11 «.1(9) = B%(¢) introduced and studied by Ravichandran et al. [19].

° ff’é[of %(q)) =Ry .o, (¢) (with p=1) introduced and studied by Ramachandran et
al. .

The paper is organized in the following manner. In Section 3, sharp upper bounds
for the Fekete-Szego coefficient functional |bygiq — vbi 4 ,| associated with kth root
transform of the function f belonging to the above mentioned class is investigated. In
Section 4, applications for the functions defined by fractional derivatives is obtained.
Similar results have been derived for the function % in Section 5 and inverse of the

function f in Section 6.

2. Preliminaries
Let Q be the class of analytic functions w, normalized by w(0) = 0 satisfying the

condition |w(z)] < 1.
We need the following lemmas in order to prove our main results:

LEMMA 1. (see [3]) If w € Q and
w(z) =wiz+wit +w3r 4+ (z€A),

then for any real numbers t, we have

—t r<—1
lwy —twi| < {1 —1<r<1
t t>1

Fort < —1 ort > 1, equality holds if and only if w(z) = z or one of its rotations. For
—1 <t < 1, equality holds if and only if w(z) = z* or one of its rotations. Equality
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holds for t = —1 if and only if w(z) = z( 1+8Zz) (0 < e < 1) orone of its rotations,

while for t = 1, equality holds if and only if w(z) = —z (&) (0< e < 1) orone of
its rotations.

LEMMA 2. (see [11]) If w e Q, then
lwy — tw?| < max{1,r|},

for any complex number t. The result is sharp for the function w(z) = z* or w(z) = z.

3. Coefficient bounds

In this section, the bounds for the functional by — vbﬁ 1| corresponding to the
kth root transformation for the function f in the above class is derived.

THEOREM 1. Let ¢(z) = 14+ Biz+Boz> +--- with By >0, By >0 and B,’s
real. If f € % ﬁ((P) and G is the kth root transformation of f given by (3), then for
any complex number vV, we have

2 |b|yB:
ok 1= VD] < at2p) ™™ L,

byB(0+2p)

AL 2v—(1—ak)]- = —*—B;

The estimate is sharp.

Proof. Let f € %’Z op (¢). Then by Definition 1, there exists a Schwarz’s function
w(z) € Q with w(0) =0 and |w(z)| < 1 such that

vz [0-p (22) L2 (L) ] cpwar. @

b f(2) z
Since Y
(@) =1+aa22+<aa3+WCl%) 24
and /
Z;(g) =1+4ayz+ (a3 —a3)> +---,

it follows from above that

dfo-n () 5 (2

o o+2 a—1)(a+2
:l—i—%ﬁazz—f—( —Zﬁag—k( )2(b+ ma%)zz—f—---

)
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Also,

[¢(W(7))p’ = [1 +Biwiz+ (31W2 —|—Bzw%)12 4. .]Y
y(r—1

= L+ yBiwiz+ {yBiwy + vBowi +

Making use of (7) and (8) in (6), we obtain

byBlwl
a) =
o+ p
and
Y 2 Y1, 5 (a—1)(a+2P)
= B B —B -
as (X—|—2ﬁ 1W2+ 2W1+ ) 1W1 2((X—|—ﬁ)2
If G(z) is the kth root transformation of f(z), then
G(z) = [f())} =2+ L+ 4 a3 k=1 o wer
' ' k- k 2k?
=z+ Z bnk+1znk+l.
n=1
Equating the coefficients of Z*! and z2**!, we get
b - a_z - b)/Blwl
T T ka+ )
and
a3 k—1 , byB, B, , 7v—-1 2
bysy = 2 — = 22 g
= T T T arpk TR T T M
1— 2 1 2
(1B g (1-1) 28
2(a+p) k) 2(a+PB)
Thus, for any complex number v, we have
byB, 2
bops — Vb, = — L [y —1
2k+1 — VDt 1 (a+2[3)k[w2 Wl]’
where
byB (0 +2P) B, y—1
= LTy — (1— k)] — =2 — LB,
T I E A S i
Therefore,
|b|YB1 2
b b = —twyl.
|baks1 — Vb (a-%zﬁ)khv Wi

byB%w%} |

2byBlw% .

195

€))

(10)

(1)

12)

13)

(14)
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An application of Lemma 2 to the right hand side of (14) gives the desire result as stated
in Theorem 1. The estimation is sharp and followed by

bt — VB o (w(z) =2)
2k+1 = VOiy 1| = —
i {| B v (o) R @) =9)

This complete the proof of Theorem 1. [J

REMARK 1. (i) Putting o =0 and 3 = | in Theorem 1 gives the result obtained
by Sharma et al. [20].

(i) Letting « =0, B =b =7y =1 we get the result due to Ma and Minda [13]
(also, see [2]).

Now, we determine the bounds for the functional |by;41 — vb,% +1| for real v for

the class ‘@{a 8 (¢). We denote such class by %éﬁ((b).

THEOREM 2. If f € %g B(¢) and G is the kth root transformation of the function
f defined by (3), then for any real number v and for

g 2k(ct+ B)*[Ba — By + =B} + yB} (e +2B) (1 — otk)
- <a+2ﬁ>yB%
5 k(o + B)?[Ba+ By + LA B] + yBY (o +2B) (1 — k)
o o218}
we have
B B 1 YB (a+2/3)
[bak1 = Vbii | < (a-@p)k disvsd
B B (0+2 B ~1
e [Vzk&mz) (2v—(1-ok)) — B2 — YTBI] V> ds.
(15)
Each of the estimates in (15) is sharp.
Proof. Let f € %Zﬁ(d)). From (13) we have
B
b2k+1_Vb%+1 = (()¢?|/-721[3)/7¢[W2_tw%]’ (16)
where

2k(a+B)? By 2
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Taking modulus on both sides of (16), we get

YB1
(o +2B)k

An application of Lemma 1 on right hand side of (17) gives the following cases.
Case 1: If v <dj, then

Dokt — Vb | = wy — twi. 17)

<2k(a+ﬁ)2[(32—31)+% N+ (1 — ak)(a+2B)yB3
h 2(a+2B)yB?
=< —1l= |wm -t} < 1t =
B B —1 By (o +2
‘bzkH_Vbl%H‘g((x—{iZlﬁ)k B—f ”2 Bl—yzkl(((;x_i_ﬂﬁ)(zv—(l—ak)) . (18)

Case 2: If dy < v <dj, then

2k(o+ B)?[Ba— Bi + 1B + yB (e +2B) (1 — ak) _

2(a+2B)yB: S
_ k(o + B)?[Ba+ By + L1 B3] + B} (o +2B) (1 — ok)
h (a+2ﬁ)7/3?
— —-1<t<1l =
by — VbE |<¢ (19)
* S (o 4-2B)k
Case-1II: If v > d,, then
- 2k(ae+B)*[B2+Bi+ 15 YB3+ yB3 (0 +2B) (1 — ok)
- (a+2ﬁ)7/Bf
— 1> 1= w1l <1 =
2 YB1 YB1 (o +2f3) By vy—1
— < 2v—(1— -—=_1L B 2
‘b2k+l ka-‘rl‘ (Oﬂ+2ﬁ)k 2k(a+[3)2 ( \4 ( ak)) B1 ) 1 ( O)

The results in (15) follows from (18), (19) and (20). We also note the following:

(i) When v < d, the equality holds if and only if w(z) = z or one of its rotation.

(ii) When d; < v < d,, then the equality holds if and only if w(z) = 72 or one of
its rotation.

(iii) When v > d,, then the equality holds when w(z) =
of its rotation.

This complete the proof of Theorem 2. [

z2(e+z)
1+ez

(0<e<1)orone

REMARK 2. (i) Putting & =0 and 8 =1 in Theorem 2 gives the result due to
Sharma et al. [20].

(ii) Taking ¢ =0 and f =b =7y =1 in Theorem 2 we obtain the first part result
of Ali et al. ([2], Theorem 2.1, p. 122).
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4. Applications to functions defined by fractional derivatives

For a fixed g € o/, we define ,%’Zfé p(¢) to be the class of functions f € &/ for

which (fx*g) € ‘%;a,p(‘b)' In order to introduce the class %‘;’;ﬁ((b), we need the
following:

DEFINITION 2. (see [15]) Let f(z) be analytic in a simply connected region of
the z-plane containing the origin. The fractional derivative of f of order 6 is defined
by

_ L a e f(é)
Dgf(z)_l“(l—(S)dz/o (z—é)adé (0<o<D),

% js removed by requiring that log(z — &) is real for

where the multiplicity of (z— &)

(z—&)>0.

Using Definition 2, Owa and Srivastava [15] introduced a fractional derivative
operator Q9 : o7 — o7 defined by

Q%f(z) =T(2—8)PD0f(z) (6+#2,3,4,--).

The class %‘Zgﬁ((b) consists of function f € <7 for which Q% f ¢ Zzaﬁ((b). The

class %’7’6

b’a’ﬁ(q)) is the special case of the class %)% .(¢) when

b,

B o I'(n+1)r(2-9) ,
80 =2+ X T 1—9)
Let .
@) =z+Y g (g.>0).
n=2

Since f € %};’&ﬁ (0) = (f*g)(2) =2+ 2 gnan" € ‘@;’,a,/} (¢). Applying Theorem
1 and Theorem 2 for the function

(f*8)(2) = 2+ 2022 + g3a32° + -+

we get Theorem 3 and Theorem 4 (mentioned below) respectively.

THEOREM 3. Let g(z) =2+ X, »8:2" (gn > 0) and let the function ¢(z) be
given by ¢(z) = 1+X7 B,Z" (B >0). If f(z) € & given by (1) belong to the
class %’Zji’ﬁ(([)) and F is the kth root transformation of f given by (3). Then for any
complex number Vv, we have

b|yBy { ’byBl(a+2[3)g3 [ ( g3

b1 —Vh>. || < __plyBr max< 1, | ————2°2 1 oy—1)4k [ 1—(1—ax)22

| 2k+1 k+l‘ k((x+2ﬁ)g3 2k(0€—|—[3)2g% ( ) ( )g3
_32 B y—1 }

B 2

By

The estimate is sharp.
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THEOREM 4. If f € %Z’% (¢) and F is the kth root transform of the function f

given by (3), then for any real number v and for

1 2k(o+B)*g3 (Bz y—1 ) ( g%)’
— 1+ 22 Bi—1)—k(1-(1-0)22
2 yBi(a+2B)gs \ B 2 ! ( ) ]

[

and

[ 2k 292 B -1 2\
et [ BB (BTl (1)

21 yBi(a+2p)g3 B 2 83
we have
_ v By lp  ¥Bi(a+2B)ss _ Y]
R [BT—F 7 B 2k(o+B)2e3 {(2" D+k(1-(1 O‘)g:’;)H
(v<er)
|b2k+1—Vb%+1‘ < m (e1<v<er)
VB vB1(a+2B)g &\ B, y-1
k(a+2lﬁ)g3 [ 2k1(oc+/3)2g§3 {<2V—1)+k (1_(1_a)ﬁ> ——T—TBlH
(v=e)
The result is sharp.
As
I'(n+1)I'(2-0)
Qf(z) = ¢ 21
f(Z) Z+22 F(n+1—6) anZ ( )
we have 5
82=7"5 (22)
6
(23)

8T 02-6)(3-0)
For g, and g3 given by (22) and (23) respectively, Theorem 3 and Theorem 4 reduces
to the following results.

THEOREM 5. If f € ,%’Z’g_ﬁ(q)) and F is the kth root transform of [ given by (3),
then for any complex number vV, we have

blyBi1(2-8)(3-9) {1 3byBi (o +2B)(2—8)
6k(o+2P) | 4k(3—6)(a+B)?

><{(Zv—l)—i—k(l—(l—a)ig:g)}—%—%l&

byt — Vb | <

THEOREM 6. If f € %g%(([)) and g, > 0 and F is the kth root transform of f
given by (3), then for any real number v and for

1 4k(o+B)*3—68) (B, y—1 2(3-9)
“=3 [”3(2—6>y31<a+2ﬁ> <3_1+T‘1) ‘k<1‘(1‘“>3<2—6>)]’
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and

1 4k(a+P)*(3-9) By, vy-1 2(3-6)
=313 smiarap ) H (-1 05g)]

we have

|bois1 — Vb |
—6)(3-6 - -5 -5
¥B1(2-6)(3-6) [%+YTIBI_3)’31(OC+2I3)(2 ){(2v—1)+k(1—(1—05)58_5””

6k(a+2P) 4k(a+p)?(3—5)

(v<ep)
< YB16(k2(:xi)2([35)_8) (e1<v<en)
B (2-6)(3-8) [37B1(a+2B)(2—8) 23-8)\ B, y-1

ERIES { e e {(2v—1)+k(1—(1—a)3(2_5)> ~B_rlp }

The result is sharp.

5. Coefficient functional associated with ﬁ

In this section, bounds for Fekete-Szego coefficient functional associated with the
function H defined by
Z o
H(z)=——==14+ ) ;7" (24)
f(z) ,,g‘l ’
where f belongs to the class %}; B (¢) are obtained. The proof of the results obtained
in this section are similar to those given in Section 3 and hence we chose to omit the
details.

THEOREM 7. Let f € %]

_aﬁ(‘P) and H(z) = +5 = 1+ X, sx2". Then for any

@)
} . (25)

complex number v, we have

2 |b|yB1
—V g
Js2 = vsi o+2pB

The result is sharp.

(a+2B)byB; &_‘_y—lB
2@+p)2 "B 2 !

max{l,'(Zv—l—oc)

Proof. A simple computation gives
H(Z) = ——=1—ax+ (a3 —a3)* + - (26)

From (24) and (26) we have
s1= —ay, 27

and
53 =a5—as. (28)
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Using (9) and (10) in (27) and (28), we obtain
_ b’)/Blwl
a+p’
Sy = bz’yzB%W% — by
(x+B)?> a+2B

For any complex number v,

S1 =

|:31W2 + {Bz + y; Lpry u ;F{Oziaﬂ;zﬁ)bw%}w%] .

|b|yB1
o+2p

|s2 — VS%| =

a+2B)byBy B -1

The desire result can be obtained by application of Lemma 2. This complete the proof
of Theorem 7. [

Restricting v to be real and taking b = 1, we now obtain the coefficient inequality
for the function f in the class %; B (¢). Proceeding similar manner as in Theorem 2

for the function ﬁ we can obtain the following result.

THEOREM 8. IF f € %éﬁ(d)) and H(z) = % =147 | sp", then for any real
number v, and for .

(1+ o) (o +2B)yB} —2(c+ B)*(Bi + B+ 11 BY)

pP1=

2(a+2B)yB?

and X

pr— (1+a)(o+2B)yB} —2(a+ B)*(B, — By + L= B?)

2(0+2B)yB?

we have

B 2B)yB B —1
a7+21ﬁ{(gaf%zl(hta—zV)—B—f—yT 1} v <
52— vst| < g pL<v<p

B 28)yB 1
2P {(‘;&f%z‘(ZV—a—l)—i—%—i—y—Bl} V= po.

6. Coefficient inequality for the inverse of the function f(z)

THEOREM 9. If f € ‘%i))/,a,ﬁ(d)) and f~'(w) = w3, L,w" is the inverse func-
tion of f with |w| < ry, where ry is the greater than the radius of the Koebe domain of
the class f € '%Zoc.ﬁ (), then for any complex number v, we have

} . (29

|b|yB1
I3 — vi? < m 1,
13 2| oa+2p ax

The result is sharp.

b)/Bl(OC—FZﬁ) B, ’)/—IB
L A —
200 tB? B 2

(a+3-2v)
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Proof. Since
Ffw)y=w+ Y L' (30)
n=2
is the inverse function of f, we have

@) =1 @) =z (31)

From (30) and (31) we have

e+ Yad)=2 (32)

n=2
Equating the coefficients of z and z?> from equations (30) and (32) we obtain
byBlwl
l = — = —
2 ap o+ ﬂ ’

(a+B)*  a+2p 2 2(o+p)?
For any complex number v, we have
blyB byB 2 B —1
[b17B: 'W2_{ vBi(a+2B) 2 7 BI}W%.

(@ +28) atpr T3 m

v*y’Biw? b —1 1- 2
I3 =2d3—a; =2 rew oY |:31W2+{BQ+Y—B%+—( o) (ot ﬁ)byB%}w%}

I3 —vi3| =

(33)

Applying Lemma 2 on right hand side of (33) we obtain the require result as stated in
(29). The result is sharp and followed by

blyB
|l VZ2‘ ‘aﬁéé W(Z) :ZZ
3TVRETN by, | by (042 B ~1

L‘Lg 772(g$;>2ﬁ)(a+3—2v)—3—f——Yz B w(z)=z O

CONCLUDING REMARK. For k=1, the kth root transformation of f reduces to
the given function f itself. Therefore, the estimate given in equations (5) and (15) (with
b =7y =1)is an extension of the corresponding results for the Fekete-Szego functional
with p = 1 studied by Ramachandran et al. [17]. For the class defined in (4), an
attempt has made for finding second Hankel determinant for the kth root transform of
f by making use of Chebyshev polynomial.
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