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FAEDO-GALERKIN APPROXIMATE SOLUTIONS FOR NONLOCAL
FRACTIONAL DIFFERENTIAL EQUATION OF SOBOLEV TYPE
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Abstract. This paper studies a fractional differential equation of Sobolev type with nonlocal ini-
tial conditions in an arbitrary separable Hilbert space. We study the associated integral equation
and then, consider a sequence of approximate integral equations obtained by projection of con-
sidered associated integral equation onto finite dimensional space. The sufficient condition for
providing the existence and uniqueness of mild solution to every approximate integral equation
is obtained via the techniques of Banach fixed point theorem and analytic semigroup theory. By
utilizing the Faedo-Galerkin approximations, we establish some convergence results for approx-
imate solutions. Finally, an example is given to explain the applicability of the discussed abstract
results.

1. Introduction

Recently, the theory of fractional calculus which provides the integration and dif-
ferentiation of any order, not necessarily an integer, has proved to be an important tool
in the modeling of dynamical systems associated with phenomena such as fractals and
chaos. Differential equation of fractional order has been applied in different fields such
as physics, chemistry, electronics, mechanics, medicine, nonlinear oscillation of earth-
quake, models of population growth, electrodynamics of complex medium and many
other branches of sciences and technology. For further applications of differential equa-
tions with fractional order in other domains and useful backgrounds, we refer to the
references [1]-[5], [1 1], [20]-[22]. The existence of a solution for abstract Cauchy dif-
ferential equation with nonlocal conditions in a Banach space has been considered first
by Byszewski [6]. Many authors have considered and studied the existence of the mild
solution to the nonlocal conditions, see [7], [9], [11], [12], [13], [18], [19], [22], [28],
[32]. In physical science, the nonlocal condition may be connected with better effect in
applications than the classical initial condition since nonlocal conditions are normally
more exact for physical estimations than the classical initial condition.

On the other hand, Sobolev type differential equations with fractional order arise in
control theory of dynamical systems, when the controller is characterized by a Sobolev
type differential equation with fractional order. Moreover, the mathematical modeling
and simulations of systems and phenomena are focused around the description of their
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properties in terms of Sobolev type differential equations with fractional order. These
new models are more satisfactory than previously utilized integer order models. Differ-
ential equations of Sobolev type have not been considered by the authors, extensively.
In [10], authors have studied the existence of solutions to Sobolev-type partial neutral
differential equations by utilizing fixed point theorem. In [11], authors have considered
the Sobolev type fractional differential equation and established the existence of the
mild solution for the considered system by virtue of the theory of propagation family
via the techniques of the condensing maps and the measure of noncompactness. In [13],
Feckan et al. have discussed the controllability of Sobolev type fractional differential
equation via the techniques of a fixed point theorem and characteristic solution opera-
tors. Very recently, Debbouche et al. [18] have considered a new kind of Sobolev type
nonlinear fractional differential equations in terms of two linear operators. To describe
the solution of the problem, authors have introduced two new characteristic solution op-
erators and obtained the existence results by using Leray-Schauder fixed point theorem.
For more study of Sobolev type differential equations, we refer to papers [10]-[19] and
references cited therein.

To the solvability of evolution problems in the time domain, we have various ap-
proaches, namely, the evolution family approach and an approach using finite-dimen-
sional approximations known as Faedo-Galerkin approximations. The Faedo-Galerkin
approach may be used for the study of more regular solutions, imposing higher regu-
larity on the data. In [25], author has extended the results of the [24] and considered
the Faedo-Galerkin approximations of the solutions for functional Cauchy problem in
a separable Hilbert space with the help of analytic semigroup theory and Banach fixed
point theorem. In [26], authors have studied the Faedo-Galerkin approximations of the
solutions to a class of functional integro-differential equation extended the results of
[25]. Muslim et al. [29] have studied the fractional order differential equation and
proved some convergence results for Faedo-Galerkin approximations. For more study
on Faedo-Galerkin approximations of solutions, we refer to papers [24]-[32] and refer-
ences cited therein.

Motivated by above mentioned work, our main purpose of this paper is to study
the following nonlocal functional differential equation of Sobolev type illustrated by

DY [By(1)] = Ly(t) + F(1,y(0),(h(1)), 1 €J=10,T], (D
gy)=¢eX 2)

where 8 € (0,1), 0 < T < o and CD? denotes the fractional derivative in Caputo
sense. In (1), we assume that the operator B: D(B) CX — Y and L: D(L) C X =Y
are closed, positive and self-adjoint operators, where X and Y are the Hilbert spaces
such that Y is continuously and densely embedded in X, the state y(-) takes its values
in X and functions F: [0,T7] x X — X, h:[0,T] — [0,T] and g: C([0,T],X) — X are
appropriate functions.

The article is organized as follows: Section 2 presents some basic definitions,
lemmas and theorems which will be required to prove the result. Section 3 studies the
existence and uniqueness of solution for every approximate integral equation by virtue
of the theory of analytic semigroup via Banach fixed point theorem. Section 4 proves
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the convergence of the solution to each of the approximate integral equations with the
limiting function which satisfies the associated integral equation and Section 5 focuses
on the convergence of the approximate Faedo-Galerkin solutions. Section 6 provides
an application for illustrating the discussed abstract results.

2. Preliminaries

In this section, we provide some essential facts about fractional calculus, semi-
group theory, theorems and lemmas which will be required to obtain our results.

Throughout the paper, we assume that (X, || -], {-,-)) and (Y,]|-],(-,-)) are sepa-
rable Hilbert spaces. The space C(|0,T],X) represents the Banach space of continuous
functions from [0,7] into X with the norm [|y[[jo,7] = sup{[[y(#)[| : # € [0,T]}. Let
L(X) be the Banach space of bounded linear operators from X into X endowed with

the norm || f1[1x) = sup{[l/ ()l - [[y[] = 1}
Now, we state some basic definitions and properties of fractional calculus.

DEFINITION 2.1. The Riemann-Liouville fractional integral operator j,ﬁ is given
by
PR = =P FG)as )
I(B) Jo

where F € L'((0,7T),X) and 8 > 0 is the order of the fractional integration.
DEFINITION 2.2. The Riemann-Liouville fractional derivative is given by
RLpPr(ty =D 72 PF(1), s—1<B <8, 8N, 4)

where DS = Z—i, Z € L'((0,T),X), j,é_ﬁF e W31((0,T),X). Here, the notation
W91((0,T),X) stands for the Sobolev space defined by
woL((0,T),X) = {yex:a 2e LY((0,T),X) :

-1 4k (01
y(t)= ]Zz)dkE‘F G- xz(1), 1 € (O,T)}.

Note that z(z) = y%(z), d; = y(0).

DEFINITION 2.3. The Caputo fractional derivative is given by

‘DPF(1) = ﬁ/ot(t—s)é_ﬁ_lﬁs(s)ds, S§—1<B<3s, (5)

where F € C3~1((0,T),X)NL'((0,T),X) and the following holds
-1 4k

AHDIF@) =F(1) = X 7 (0). (©6)

k=0
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Next, we impose following additional data on operators L and B:

(C1) L:D(L) Cc X —Y is alinear, closed operator and B: D(B) C X — Y is a linear
operator.

(C2) D(B) C D(L) and B is bijective operator.

(C3) The operators B~!: Y — D(B) C X is assumed to be linear, continuous operator
with Im(B~') € D(L) and Im(L) C D(B~")such that LB~! =B~ L.

By the hypothesis (C3), it follows that B~! is closed and injective. Thus, its inverse is
also closed i.e., B is closed. By the hypotheses (C1)—(C3) and closed graph theorem,
we conclude that the boundedness of the linear operator LB~! : Y — Y. Since B is
invertible positive operator, therefore, the operator B~! is positive operator. Thus, it
follows that LB~! is bounded, positive and self-adjoint operator. Therefore, LB~!
is the infinitesimal generator of a semigroup {.(t),1 > 0}, .Z(t) := ¢/#”'. Thus,
without loss of generality, we may assume that Ny := sup,~ [|-'(¢)|| < e and W; =
1B~
According to previous definitions, we have that if the following integral

1 (t—g p—1
By(0) = By(0) + [ e ly(s) + P60, @

exists a.e. for ¢ € [0,T]. Then, the system (1)—(2) is equivalent to the integral equation
).

In this work, A = LB~! : D(A) C Y — Y is the infinitesimal generator of an ana-
lytic semigroup of uniformly bounded linear operators .#(-). Thus, it follows that there
exists a positive constant Ny > 1 such that ||.7(¢)|| < Ny for each r > 0. We assume
that 0 € p(A), p(A) means resolvent set of A. Therefore, we may define the fractional
power A* for o € (0,1] as closed linear operator with domain D(A%) with inverse
A~%. Moreover, the subspace D(A%) is dense in X with the norm ||y||o = [|[A%y|| for
y € D(A%). Thus, it is not difficult to show that D(A”) is a Banach space with supre-
mum norm. Hence, we signify the space D(A%*) by X, endowed with the o/-norm
(Il Il«) - We also have that for X;, — X, for 0 < or < 1 and therefore, the embedding
is continuous. Then, we may define X_, = (X )* for each o > 0, dual space of X,
is a Banach space endowed with the norm ||y||—o = [[A~%y|| for y € X_. For more
details on the fractional powers of closed linear operators, we refer to book by Pazy
[23].

Now, we present the following lemma follows from the results [20], [21] which
will be used to establish the required result.

LEMMA 2.1. Let us assume that A is the infinitesimal generator of an analytic
semigroup . (t), t 20 and 0 € p(A). Then,

(i) Z(t): X — D(A%) foreveryt >0 and a > 0.

(ii) L(1)A% =A% L (t)y foreach y € D(A?).
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(iii) Foreacht >0,

| & S| <Ny =12, ®)

where N;, j = 1,2 are some positive constants.

(iv) The operator A% (t) is bounded and | A% (t)|| < Nyt~ %e~ %" for each
t>0.

(v) Foreach o € (0,1] and y € D(A%), then ||.7(t)y — y|| < Cat*||A%Y||.

REMARK 2.1. [18] The operator A% is a bounded linear operator in X such
that D(A%) = Im(A~%).

We denote by Xy (T) = C(]0,7],X) Banach space of all X,,-valued continuous
functions on [0,7] endowed with the supremum norm ||y([x,(r) = sup,cjo.7] [[¥(?) le
foreach y € X (T).

3. Existence of approximate solutions

In this section, the sufficient condition for the existence and uniqueness of o -
mild solution for system (1)—(2) is derived. To prove the result, we impose following
assumptions on the data of the system (1)—(2).

(O1) A is a closed, positive definite and self-adjoint linear operator from D(A) C Y
into Y. We assume that operator A has the pure point spectrum

0<l< << <A<, )

with A,,, — o as m — o and a corresponding complete orthonormal system of
eigenfunctions {¢;},i.e.,

Ad; = A;¢;, and (¢,9;) = &, (10)

where
L, j=1,
8= .
0, otherwise.

(02) The mapping F : [0,) x Xy X X — Y is continuous and there exists a increas-
ing function mg : [0,0) — (0,°0) that depends R > 0 such that

mg(t) (11)

|F(t,2,w) ,
me(t)[[t —0|" + o —2lle),  (12)

I <
HF(Il,Zl,Wl) (t2a227w2)|| <

for all (I,Z,W), (tl,Zl,Wl), (ZQ,ZQ,WQ) [ ,°°) X @R(XQ) X %R(XO‘), where
Br(X) = {z€ X: ||z]|lx <R} and 6; € (0,1).
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(O3) h:[0,T] — [0,T] is a nonlinear function such that
(i) h satisfies the following condition A(r) <¢, V ¢ € [0,T].

(if) There exists a constant L;, > 0 such that

[h(11) = h(12)| < Ly|ty = 1o, 11,22 €10, T]. (13)

(O4) (i) There exists a function y € C([0,T],X) such that g(x) = ¢.
(i) There function y () € X, is locally Lipschitz continuous on [0,77].

Motivated by the paper [18], we present the following definition of mild solution of
system (1)—(2).

DEFINITION 3.1. A continuous function y : [0,7] — X, is said to be a mild so-
lution of system (1)—(2) if y(0) = yo and y(-) satisfies the following integral equation

0 = @) BI(0) + [ (=5 Tyt =) F(5.3(5)3(h(s))ds, 1€ (0.7, (14
where
0= [ BTGP0,
0= [ BB g (P 0C

i(_l)"—lg—ﬁ"—lwgn(nnﬁ), ¢ €(0,00),

and Eg(&) the probability density function defined on (0,), i.e., £g(&) >0, & €
(0,00) with [5"E5(£)dl = 1.

REMARK 3.1. [21] For each v € [0, 1]

1
[esmm-[ormous- it o

LEMMA 3.1. [18] Let A be the infinitesimal generator of a semigroup of uni-
formly bounded linear operators ./ (t), t = 0. Then, the operator S (t) and T(t),
t > 0 are bounded linear operator such that

(1) We have |73 (0)y]] < WiNolly]| and || 7o)y < L3 |y for each y € X.

(2) The families {-(t), t =0} and {Tp(t), t =0} are strongly continuous i.e.,
for0< 1 < <T andyeX, we have ||.75(12)y — -7 (11)y|| — 0 and || Tp(12)y —
Tp(n)y| —0as 1 — 1.

(3) If Z(¢), t =0 is compact, then Sp(t) and Fp(t), t > 0 are compact oper-

ator.
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(4) Foreach y e X, n € (0,1) and o € (0,1), we have ATp(t)y = Al- TTANy
for t € [0,T]. We also have ||A* Tp(1)|| < %t B for each t € (0,T].
(5) For any y € Xy and fixed t > 0, we have || g(t)y|la < WiNoly|lo and

WiN,
1 T35l < T3y .
Let Ty > 0 be arbitrarily fixed such that 0 < T < Ty < e and

_ WiN,J(2— ) Th(1-)
Y= mmR(TO)W <1. (16)

Next, we consider that H,,, spanned by {¢o, ¢1,---,®,}, is the finite dimensional sub-
space of Hilbert space X and for each n, let P" : X — Hj, be the corresponding pro-
jection operator, where n =0, 1,---,. Now, consider the function F, : [0,T] x X, — X
defined by

Fu(t,y(2),y(h(1))) = F(t,P"y(t),P"y(h(1))), (17)
and the operator Q,, : Br(Xq(T)) — Br(Xo(T)) given by

(Quy)(t) =3 (t)Bx(O)—l—/Ot (t_s)ﬁ—lﬁﬁ(t—s)F,,(s7y(s),y(h(s)))ds7 t€1[0,T]. (18)

THEOREM 3.2. If the assumptions (O1)—(02) are fulfilled, then there exists a
unique fixed point y, € Br(Xo(T)) of the operator Q, i.e. Quy, =y, for each
n=0,1,2,--- and y, fulfills the approximate integral equation

0l0) = Z5OBEO)+ [ (=P T =)o)y h6))ds, 1€ 0.T). (19)

Proof. Firstly, we consider the operator Q,, : Br(Xo(T)) — Br(Xy(T)) defined
by

(Quy)(1) = (1)Bx(0)+ /O (1—s)" L T (1—5)Fa(s,3(s),y(h(5)))ds, 1 € [0,T]. (20)

We firstly show that Q, is well-defined map. To this end, it is sufficient to show that
t — (Quy)(#) is continuous from [0, 7] into X, with respect to oc-norm (|| - ||). For
t1,tp € [0,T] with t, > 11, we get

(@) 12) = (@) ()l
< N7p(6) = Z B O et | [ (=P~ Ty 12 = )55,y

o

+H /Otl (2 —$)P ' T (12 — 5)F(5,y(5),(h(s)))ds

o AR ACERL A ERENE

04
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< |[[Z(t2) — 7(t1)]1Bx(0)||a
+/[12(f2—s)ﬁ_1||Aa7ﬁ(l2—S)|| NFa(s,(s),y(h(s)))llds

+ [0y ﬁ—lnA“[%(u =)= Zp(t2 =9I 1Fals,3(6).5(0(5) s

+/ (= 9)P 7" = (12— )P IA T (12 = 5) | % || Fa(s, y(5), ¥ (h(s))) l1ds

BWiNaT(2 — o) ()P0

< 75 (2) —p(11)]Bx(0) || + (11+ﬁ(1_a))mR(T0) 2ﬁ(11—a)

s () [ 9P =9~ (=) Hlas
e (i) [ (0= = =P a9 Pas. )

For y € X, we have
p Beviy— [ L oBeyar— [ epB-1A7(B
G- sy = [ LI Ot = [T P AP @)
Thus, we get
| 55170 - Oll1A“Bx 0)ag
<[5 el 157 PO lnBAL©)]ag
< (B OW @ - n)BIZ(O)]wdt

< Ri(2—1), (23)
where Ry = NiWi||B|| x [|x(0)|a.- Also, we have
13
/l(fl =P (0 =) — (12— )" *P)ds
0
< OdPH (1 — )P U= gy gy )P (1=0) (24)

where i = [1 — (9/p1)"/ V], py=1—Ba, 8 =(1-B)/(1—Ba) and 0 < d; < 1.
Moreover, it follows that

/ot1 (61 =P~ = (11 = )P 1](12 =)~ *Pds

< N;“b?”(l — ) PO gy g )BlI-0) (25)

where iy = (1—(ot/B)"/(@®B)), 0 < by <1 and Ny, is some positive constant with
|A%TLZ(1)|| < Nijpgt ™' =%, V¢ > 0. Thus, from the inequalities (21)—~(25) and (02),
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we deduce that the mapping 7 — Fy(7,y(¢)) is uniformly Holder continuous on [0,7].

Now, we claim that Q,(%Br(X(T))) C Br(Xa(T)). Let y € Br(Xe(T)) and 1 €
[0,T]. Then, we have

HQuy) (@)l < H%(I)BX(O)HaJr||/Ot(t—S)ﬁ_l%(t—S)Fn(&y(S),y(h(S)))dSIIa

WINeIT(2—a) [ _
< WBINLL O ot Ty e =P me(Ti)ds
WiNoT'(2 — ) TP
< Wi||B||Nol|x (O = xm,(T; . 26
IBINlL O+ B »Xm(oul_w (26)
Now, we can choose the positive integer R such that
B WiNI'(2 — ) TB(1-a)
R=WiIBINZO)let iy 1oy <™ Ty @D

Thus, we deduce that Q,(%r(Xe(T))) € Br(Xe(T)). Next, we show that Q, is
a contraction mapping on Bg(Xq(T)). For y1,y2 € Br(Xy(T)) and ¢ € [0,T], we
obtain

1(Quy1)(1) = (Quy2)(1)|
II/ (1= )P 7" T (1 = 9)[F(s,y1(5),y1 (h(5))) = F(,y2(5),y2 (h(5)))]dls |

WiNal2=0) oy
< o ——m — |1 -
ritpi—a)) 0= Y1 —y2llx4(1)
< Allyt = y2llxq ) (28)
WiNeT(2—ct)

where A = Sty mR(To) (1 ;) < 1. Thus, we conclude that Q, is a contraction
on Br(Xy(T)). Thus, there exists a unique y, € Br(Xy(T)) such that Q,y, = y,
which is solution for the integral equation (19). This finishes the proof of the theo-
rem. [

PROPOSITION 3.3. Let us assume that (O1)—(02) are fulfilled. If x(0) € D(A%)
Sforsome 0 < a < 1, then y,(t) € D(AV) foreach t € (0,T] and 0 < v < 1. Moreover,
if x(0) € D(A), then y,(t) € D(A®) forall t € [0,T] and 0 < v < 1.

Proof. From the above theorem, we have that there exists a unique y, € Br(X(T))
which satisfies approximate integral equation (19). By the theorem 6.13(a) in [23],
we have that .7 () : X — D(AV) fort >0 and 0<v<landfor0<v<n<l,
D(B™) C D(B"). We also have that . (¢t)y € D(A) if y € D(A) using Theorem 2.4 in
[23]. The result follows from these facts and the fact that D(A) C D(AV) for 0< v < 1.
This finishes the proof of proposition. [

LEMMA 3.4. Suppose that the hypotheses (01)—~(02) are satisfied. If x(0) €
D(A%) for 0 < a <1 and ty € (0,T], then there is a constant S, independent of



214 A. CHADHA, D. BAHUGUNA AND D. N. PANDEY

n such that
Hyn(t)vast(w O<U<l7 ZE[ZO7T].

Furthermore, if % (0) € D(A), then there is a constant Sy > 0 such that
[ya(@)[v < S0, 0<V <1, 7€]0,7],

and Sy is independent of n.

Proof. Let x(0) € D(A%). Then, for ¢ € [to,T], we apply A” on both the sides in
(19) and get

pNyWT(2—v) . Th(1-v)
a1 p0 o)™ g )

B
Moreover, let x(0) € D(A). Then x(0) € D(AV) foreach 0 < v < 1 and we get

ya(@)llo < NoWi[Bllz5 || (0)[] + < Sip- (29)

BN,W (2 — ) (T>Tﬁ(1*“>
T+ B(1—v) " B1-v)

Thus, the proof of the lemma is completed. [

[ya(@)llv < NoWr[[BI| < [[2(0)[lu + < So. (30)

4. Convergence of solutions

The convergence of the solution y, € X (T) of the approximate integral equations
(19) to a unique solution y(-) € X4 (T) of the equation (14) on [0,7] is discussed in
this section.

THEOREM 4.1. Suppose that the assumptions (O1) and (02) are satisfied and
x(0) € D(A%) for 0 < o < 1. Then,

lim — sup |lyn(t) = ye(t) |l =0, (3D
k—eoty>k, telty,T]}

foreach 1y € (0,T].

Proof. For n > k, we obtain that

[1Fn (2, 3n (), yn(h(5))) = Fi(t, 3k (2), i (h(2))) |
1 (3 yn(R(8))) = Eu (8, 316 yie (R ()| 4 1t 906 11 (5))) = Fe(t, i ya (R (5))) |

<
< 2mp(T0) [y () =y () otmr (To) [|(P"—PE)yic (1) oI (P —PE)yi (1 (2)) |-+ (32)

[\~

ForO< o <v <1, weget

1
IA(P" — P )ye(0)l| < A%P(P" = PYA y(1)]| < To=a Ol 33)
k
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Thus, from (32) and (33), we obtain
1
1F (e, 3n) = Fie(t yi) | < 2me (To) [[n () =y (Ol + 255 e @)llo]- - (34)
k

We choose 7, such that 0 <7y <y < T, we have

[[ya(t )— k()] o

<(['+ )P A T ) 309,30 5) 53400 34 5 s
(35)

We estimate the first integral of the above inequality as

/OIO(I—S)WIIIA“%(I—S)H X || Eu(s,yn (), (h(s))) — Fie(s, yi(s), vk (h(s))) || ds
2BW1Na1"(2— OC)
ST+ B(1-a)

The second integral of the inequality (35) can be estimated as

2mp(To)(T —1h)PU=9=14 (36)

/t,t(t—S)’}_lHA“%(t—S)ll X |[En(5,9n(8), 30 (h(5))) = Fic(s,3x(s), y (h(s))) | ds

B(l-a)
BNaWAT(2—0t),, Uy T / B1-)-1
PO i S 0 _ _
(37)
Thus, from the inequalities (35) to (37), we conclude
2BWiNeT' (2 — o) INB(1—a)—1,1
_ g P ¢ = 7 _
Hyn(t) yk(t)HOC A F(l+ﬁ(l _a)) sz(TO)(T tO) tO
U, Th-a)
BNWIT(2 (x)sz(T ) x 7% __
r(1+p(1—-a)) B(1—a)A,
NoWi ' o g —a)—
%ZW( 0) X /t (t=s)P=O 1y — yill ey (5)ds
0
(38)
From Gronwall’s inequality, we deduce that
2BWiNaI(2 — o) N e
_ < =% = _
”yn(t) yk(t)”a X F(I—Fﬁ(l _a)) 2WZR(T())(T tO) Iy
B(l-a)
BNoWIT(2 — ) Uy T
T+ B(1—a)) eI X g a)/yy*a} X% (39
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Letting k — oo and taking supremum over [fo, 7], we have the following inequality

ZﬁWINaF(Z — OC)

”yn_)’k”Xa(T)\ msz(To)(T_t(’))ﬁ(lfa)*lté . (40)

As t is arbitrary, the right hand side may be made as small as desired by taking 7
sufficiently small. The proof of the theorem is finished. [J

COROLLARY 4.1. Let us assume that x(0) € D(A). Then

! ) = 3l =0 41
o im0 () =0l )

Now, we have the following result for the convergence of the solution y,(7) € X (T)
of the approximate integral equation (19).

THEOREM 4.2. Let us suppose that hypotheses (O1)—(02) are satisfied and y(0) €
D(A%). Then, there exist a unique function y,(t) € Xo(T) fulfilling

ya(t) =SB (t)Bx(0) + /Ot (r— s)ﬁ_lﬂﬁ(t —8)Fu(s,3n(s),yn(h(s)))ds, t € [0,T], (42)

and y(t) € Xo(T), satisfying

1) = Fp0BLO)+ [ (9P T = 9F (.3(5)5(hs))ds, 1 € 0.T], 43)
such that lim,_, y,(t) = y(t) in Xo(T).

Proof. Let x(0) € D(A). From the Corollary 4.1, it implies that there is a y €
Xa(T) such that lim,—.y,(r) = y(¢). Since y, € Br(Xu(T)) for every n, then we
have y € #r(Xq(T)). Moreover, we have

1 (2,30 (0),yn(h(2))) = F (2, 9(2),y(h(s))) |
= [F (P yu(t),ya(h(s))) = F(t,3(1),y(h(s)))|
< 2me(To)[[lyn () =y(@) o + | (P" = D)y(1)]] - (44)

we take supremum over [0, 7] and get

S[IépﬂHFn(t,yn(t))—F(ny(t))ll < 2mp(To)[llyn = ¥llscq () + I1(P* = Dyllsc(7)]
te|0,
— 0, as n— oo, 45)

Thus, from (19), (45), we get

o) = S8+ [ (=9 e =) F (53 3h(s))ds. 1€ 0. 46)
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Now, let x(0) € D(A%). Since, A%y, (t) converges to A%y(¢) for each ¢ € (0,7] and
yn(0) =y(0) = x(0). Then, A%y, (¢) converges to A%y(r) in X. Furthermore, we have
that y, € Br(Xy(T)) for each n and also y € Br(Xq(T)). For t € [tp,T], from the
Theorem 4.1, we obtain

lim sup [yu(r) — (1)l o = 0. 1)

e, T]

Also, we have

IGS;PT] [1Fn (2, yn(2), 30 (h(5))) = F(1,y(2),y(h(s)))

< 2mr(To) [y = Yllxor) + (P = Dyllxg(r)] —0, as n—eo. (48)

Thus, for 0 < 79 < t, the integral equation (19) can be rewritten as

yu(t) = Sp(t)Bx(0) + (/Ofo i ’)(; - s)ﬁ—l%(t — 8)Eu(8,9n(8),yn(h(s)))ds (49)

fo

we estimate first integral as

H/Oto(t—S)ﬁfl%(t—s)Fn(57Yn(5)a}’n(h(S)))dsH < ]}’(E‘g’)l sz(TO)%_ (50)
Therefore, we get
ya(t)—B (I)B%(O)_/t:(t_s)ﬁfl%(I—S)Fn(syyn(S),yn(h(S)))dsH < ]%MR(TM%.
Taking n — oo and getting (5D
[v(0)—~(1) B (0) - /m t(l—s)ﬁ—lﬂﬁ(t—s)F(&y(s),y(h(s)))ds” < %2 R(To)%,
(52)

As 1y is arbitrary, we deduce that y(r) fulfills the integral equation (14).
Now, we show the uniqueness. Let y; and y, be the solution of the integral equa-
tion (14). Thus, we have

[y1(7) = y2(7) [l
< /0 (z= )P A" Ty (7 —5)| x [IF (5,91(5), 31 ((5))) = F (s,y2(5), y2(h(s))) | ds

NoWIF'2—oa) (7 —a)—
e L (S [T RS

Taking supremum on [0,#] and obtaining

NeWiT(2—0at) [© o)
[y1=y2llx, (1) < %/0 (7—5)PU= " 2mp(Ty) [y1 — 2l (5)ds. (53)
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From Gronwall’s inequality and the fact that
1
ly1(@) =y2(0ll < 55 v = y2llsee ). (54)
0

we deduce that y; =y, on [0,7]. This finishes the proof of the theorem. [

5. Faedo-Galerkin approximations

In this section, we study the Faedo-Galerkin Approximation of a solution and show
the convergence results for such an approximation.

We know that for any 0 < T < T, we have a unique y € Xy (7T) satisfying the
following integral equation

) = FpOBO)+ [ (=98 T3~ F(5.3(5)5(h(s))ds, 1€ 0.T]. 53)

We also have a unique solution y, € X4 (7) for the approximate integral equation

l0) = OB O+ [ (=98 Tyle=9) ol hls))ds. 1€ 0.T]. (56)

Applying the projection on above equation, then Faedo-Galerkin approximation is given
by v, (t) = P"y,(t) satisfying

Ply,(t) = vp(t) = 73 (t)BP”x(O)—f—/Ot (t—s)ﬁ_lﬂl; (t—$)P"F (s,P"y,(s),P"yn(s))ds
= S(t)BP"x(0) + /Ot (t—s)B~! Tp(t —5)P"F(5,vn(s),vn(h(s)))ds.  (57)

Let solution y(-) of (55) and v,(-) of (57), have the following representation

Za, Vi, 0i(t) = (y(t), ), i=0,1,2---, (58)

Za ()¢, o (t) = (va(t),¢), i=0,1,2---, (59)

=

respectively.
From (57) and (59), we obtain the following system of fractional differential equa-
tions

B
2—,3 o' (1) + Ao (1) = F' (1,0 (1), 0 (1), -+, 04 (1)), (60)
o' (0) = z;, (61)
where

F (106 (1), 0 (¢), -, 04/(1) = (B~'F Z %Za ). ¢i),  (62)

i=

and z; = (x(0),¢;) foreach n=1,2,---,n.
We also have the following convergence theorem.
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THEOREM 5.1. Suppose that the hypotheses (01)—(02) are fulfilled. Then, we
have
(1). If yo € D(A%), then for any 1y € (0,T],

lim sup |A% v (2) — vi(2)]]| = 0. (63)

k—eoty>k, tefty.T)}
(2). If yo € D(A), then

lim  sup  [JA%[vu(t) —vi(2)]]| =0 (64)
k—eofy>k, 1€[0,T]}

Proof. Let n >k and 0 < oo < v. Then, we get
[va(t) = vie)llec = [1P"yn(t) = PAye(t) |
< NP () =y @llo+ 1P = P)yel o
1
< H)’n(t)_}’k(t)Ha‘F“—_a”}’k(t)”v (65)
k

By the Theorem 4.1 and Corollary 4.1, we have that y, — y; and Ay — o as k — .
Thus, this completes the proof of theorem. [

THEOREM 5.2. Suppose that the hypotheses (01)—-(02) are fulfilled and yy €
D(A%). Then, there exists a unique function v, € X (T) fulfilling following equation

t
va(t) = S5 (t)BP"yo +/ (r— s)ﬁ_lﬂﬁ(t —$)P"F(s,vy(s))ds, t €[0,T], (66)
0
and y € Xo(T) that satisfies equation (55) such that v, —y as n — oo,

Proof. For yo € D(A%*) and t € [0,T], we have
[Va(0) =y(@O)lla = [[Pya(t) = P"y(t) + P"y(t) = y(t) ||
<P Oa(0) =y e+ [1(P" = Dy()| - (67)

By the Theorem 4.2, we have y, — y as n — oo. Thus, the results follow from the
Theorem 4.2. [

To prove the convergence of o' to o;, we have the following theorem.

THEOREM 5.3. Assume that the conditions (O1)—(02) are satisfied. Then,
(1). If yo € D(AY), then for any 0 <1y < T,

lim sup [zn: A7%(o(1) — o'(1))*] = 0. (68)

%€y, T] i=0

(2). If yo € D(A), then

lim sup [¥ A7 (ci(r) — o' (¢))*] = 0. (69)
=%re]0,7] i=0
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Proof. We have that

A%[y(1) —va(t)] = A“[i,)(%(t) — 0 (1))9i] = 2)%“(%0) —0o'(1)¢i.  (70)
Thus,
1Ay (1) = va(@)]]* = il?“[ai(t) —of' (1)) (71)
i=0

Thus, the results follows from the Theorem 5.1 and 5.2. 0O

6. Application

Let us consider the following fractional differential system of Sobolev type illus-
trated as

2
CD,? [w(t,x) — wye(£,x)] + % = f(¢t,w(t,x)), x€S,t€]0,1], (72)
w(0,x) = wo(x), xe€[0,7], (73)
w(t,0) =w(t,mr) =0, 0<r<l1, (74)

where CD? is the fractional derivative in Caputo sense, 0 < B < 1. Let w(r)(x) =

W([,.X) and f(t7') :F(t7')'
Now, we take X =¥ = L?[0,xr] and consider the operators L,B on domains and
ranges contained in L?[0, 7r] defined by

By=y—y", Ly=—)" (75)
with domain

D(B)=D(L) ={y € X : y,y are absolutely continuous y” € X, y(0) = y(x) = 0}.

(76)
Thus, B and L can be written, respectively, as
By = Z (14 n%)(y,u,)u,, and Ly = Z —n (v, Uy )ty (77)
n=1 n=1
where u,(1) = \/% sin(nt), n=1,2,---, are eigenfunctions of B corresponding to
eigenvalue A, = —n?. Moreover, we have that for any ye X,
) oo —}’l2
= X T p Orten)un, and LBy = 3 = (v n i (78)
=1 —11+n

with
2

(= Y, exp (7573 ) O 19
n=1
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Clearly, B~! is continuous, bounded with ||[B~!|| <1 and LB~! generates the above
strongly continuous semigroup . (¢) on L*[0, 7] with ||.7(¢)|| <e ' < 1.
Therefore, the system (72)—(74) can be reformulated as

D!|Bu(t)] = Lu(t)+ F(t,u(t)), t>0, (80)
u(0) = wo. (81)

Thus, the results of the earlier sections to guarantee the existence of Faedo— Galerkin
approximations and their convergence to the unique solution of (72)—(74) may be ap-
plied with appropriate function F' satisfying suitable conditions.
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